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PREFACE TO THE FOURTH EDITION 


The first, single- volume edition of this Work was published in 1965 and the second in 1970; 
continued demand prompted a third edition in two volumes which appeared in 1983. The 
first two editions were edited by myself alone, but in preparing the third, which was much 
longer and more complex, I had the crucial help of Peter Haasen as co-editor. The third 
edition came out in 1983, and sold steadily, so that the publishers were motivated to propose 
the preparation of yet another version of the Work; we began the joint planning for this in 
early 1992. We agreed on the changes and additions we wished to make: the responsibility 
for commissioning chapters was divided equally between us, but the many policy decisions, 
made during a series of face-to-face discussions, were very much a joint enterprise. Peter 
Haasen was able to commission all the chapters which he had agreed to handle, and this task 
(which involved detailed discussions with a number of authors) was completed in early 1993. 
Thereupon, in May 1993, my friend of many years was suddenly taken ill; the illness 
worsened rapidly, and in October of the same year he died, at the early age of 66. When he 
was already suffering the ravages of his fatal illness, he yet found the resolve and energy to 
revise his own chapter and to send it to me for comments, and to modify it further in the 
light of those comments. He was also able to examine, edit and approve the revised chapter 
on dislocations, which came in early. These were the very last professional tasks he 
performed. Peter Haasen was in every sense co-editor of this new edition, even though fate 
decreed that I had to complete the editing and approval of most of the chapters. I am proud 
to share the title-page with such an eminent physicist. 

The first edition had 22 chapters and the second, 23. There were 31 chapters in the third 
edition and the present edition has 32. The first two editions were single volumes, the third 
had to be divided into two volumes, and now the further expansion of the text has made it 
necessary to go to three volumes. This fourth edition is nearly three times the size of the first 
edition thirty years ago; this is due not only to the addition of new topics, but also to the fact 
that the treatment of existing topics has become much more substantial than it was in 1965. 
There are those who express the conviction that physical metallurgy has passed its apogee 
and is in steady decline; the experience of editing this edition, and the problems I have 
encountered in holding enthusiastic authors back from even more lengthy treatments (to 
avoid exceeding the agreed page limits by a wholly unacceptable margin), have shown me 
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how mistaken this pessimistic assessment is! Physical metallurgy, the parent discipline of 
materials science, has maintained its central status undiminished. 

The first three editions each opened with a historical overview. We decided to omit this 
in the fourth edition, for two main reasons: the original author had died and it would have 
fallen to others to revise his work, never an entirely satisfactory proceeding; it had also 
become plain (especially from the reaction of the translators of the earlier editions into 
Russian) that the overview was not well balanced between different parts of the world. I am 
engaged in writing a history of materials science, as a separate venture, and this will 
incorporate proper attention to the history of physical metallurgy as a principal constituent. 

— It also proved necessary to leave out the chapter on superconducting alloys: the ceramic 
superconductor revolution has virtually removed this whole field from the purview of 
physical metallurgy. — Three entirely new topics are treated in this edition: one is oxidation, 
hot (dry) corrosion and protection of metallic materials, another is the dislocation theory of 
the mechanical behavior of intermetallic compounds. The third new topic is a leap into very 
unfamiliar territory: it is entitled “A Metallurgist’s Guide to Polymers”. Many metallurgists 

— including Alan Windle, the author of this chapter — have converted in the course of their 
careers to the study of the more physical aspects of polymers (regarded by many materials 
scientists as the “materials of the future”), and have had to come to terms with novel 
concepts (such as “semicrystallinity”) which they had not encountered in metals: Windle’s 
chapter is devoted to analysing in some depth the conceptual differences between metallurgy 
and polymer science, for instance, the quite different principles which govern alloy formation 
in the two classes of materials. I believe that this is the first treatment of this kind. 

Six of the existing chapters (now numbered 1, 4, 21, 22, 27, 30) have been entrusted to 
new authors, while another five chapters have been revised by the previous authors with the 
collaboration of additional authors (8, 13, 16, 17, 19). Chapter 19, originally entitled “Alloys 
rapidly quenched from the melt” has been broadened and retitled “Metastable states of 
alloys”. A treatment of quasicrystals has been introduced in the form of an appendix to 
chapter 4, which is devoted to the solid-state chemistry of intermetallic compounds; this 
seemed appropriate since quasicrystallinity is generally found in such compounds. — Only 
three chapters still have the same authors they had in the first edition, written some 32 years 
ago. 

27 of the 29 new versions of existing chapters have been substantially revised, and many 
have been entirely recast. Two chapters (11 and 25) have been reprinted as they were in the 
third edition, except for corrected cross-references to other chapters, but revision has been 
incorporated in the form of an Addendum to each of these chapters; this procedure was 
necessary on grounds of timing. 

This edition has been written by a total of 44 authors, working in nine countries. It is a 
truly international effort. 

I have prepared the subject index and am thus responsible for any inadequacies that may 
be found in it. I have also inserted some cross-references between chapters (internal cross- 
references within chapters are the responsibility of the various authors), but the function of 
such cross-references is better achieved by liberal use of the subject index. 

As always, the editors have been well served by the exceedingly competent staff of 
North-Holland Physics Publishing (which is now an imprint of Elsevier Science B.V. in 
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Amsterdam; at the time of the first two editions, North-Holland was still an independent 
company). My particular thanks go to Nanning van der Hoop and Michiel Bom on the 
administrative side, to Ruud de Boer who is responsible for production and to Chris Ryan 
and Maurine Alma who are charged with marketing. Mr. de Boer’s care and devotion in 
getting the proofs just right have been extremely impressive. My special thanks also go to 
Professor Colin Humphreys, head of the department of materials science and metallurgy in 
Cambridge University, whose warm welcome and support for me in my retirement made the 
creation of this edition feasible. Finally, my thanks go to all the authors, who put up with 
good grace with the numerous forceful, sometimes impatient, messages which I was obliged 
to send in order to “get the show on the road”, and produced such outstanding chapters under 
pressure of time. 

I am grateful to Dr. W. J. Boettinger, one of the authors, and his colleague Dr. James A. 
Warren, for kindly providing the computer-generated dendrite microstructure that features on 
the dust-cover. 

The third edition was dedicated to the memory of Robert Franklin Mehl, the author of the 
historical chapter and a famed innovator in the early days of physical metallurgy in America. 
I would like to dedicate this fourth edition to the memory of two people: my late father-in- 
law, Daniel Hanson (1892-1953), professor of metallurgy at Birmingham University for 
many years, who did more than any other academic in Britain to foster the development and 
teaching of modem physical metallurgy; and the physical metallurgist and scientific publisher 
— and effective founder of Pergamon Press — Paul Rosbaud (1896-1963), who was 
retained by the then proprietor of the North-Holland Publishing Company as an adviser and 
in 1960, in the presence of the proprietor, eloquently urged upon me the need for a new, 
advanced, multiauthor text on physical metallurgy. 


November 1995 
Cambridge 


Robert W. Cahn 




PREFACE TO THE THIRD EDITION 


The first edition of this book was published in 1965 and the second in 1970. The book 
continued to sell well during the 1970s and, once it was out of print, pressure developed for 
a new edition to be prepared. The subject had grown greatly during the 1970s and R. W.C. 
hesitated to undertake the task alone. He is immensely grateful to RH. for converting into 
a pleasure what would otherwise have been an intolerable burden! 

The second edition contained twenty-two chapters. In the present edition, eight of these 
twenty-two have been thoroughly revised by the same authors as before, while the others 
have been entrusted to new contributors, some being divided into pairs of chapters. In 
addition, seven chapters have been commissioned on new themes. The difficult decision was 
taken to leave out the chapter on superpure metals and to replace it by one focused on solute 
segregation to interfaces and surfaces — a topic which has made major strides during the 
past decade and which is of great practical significance. A name index has also been added. 

Research in physical metallurgy has become worldwide and this is reflected in the fact 
that the contributors to this edition live in no fewer than seven countries. We are proud to 
have been able to edit a truly international text, both of us having worked in several countries 
ourselves. We would like here to express our thanks to all our contributors for their hard and 
effective work, their promptness and their angelic patience with editorial pressures! 

The length of the book has inevitably increased, by 50% over the second edition, which 
was itself 20% longer than the first edition. Even to contain the increase within these 
numbers has entailed draconian limitations and difficult choices; these were unavoidable if 
the book was not to be priced out of its market. Everything possible has been done by the 
editors and the publisher to keep the price to a minimum (to enable readers to take the advice 
of G. Chr. Lichtenberg [1775]: “He who has two pairs of trousers should pawn one and 
buy this book”.), 

Two kinds of chapters have been allowed priority in allocating space: those covering very 
active fields and those concerned with the most basic topics such as phase transformations, 
including solidification (a central theme of physical metallurgy), defects and diffusion. Also, 
this time we have devoted more space to experimental methods and their underlying 
principles, microscopy in particular. Since there is a plethora of texts available on the 
standard aspects of X-ray diffraction, the chapter on X-ray and neutron scattering has been 
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designed to emphasize less familiar aspects. Because of space limitations, we regretfully 
decided that we could not include a chapter on corrosion. 

This revised and enlarged edition can properly be regarded as to all intents and purposes 
a new book. 

Sometimes it was difficult to draw a sharp dividing line between physical metallurgy and 
process metallurgy, but we have done our best to observe the distinction and to restrict the 
book to its intended theme. Again, reference is inevitably made occasionally to nonmetallics, 
especially when they serve as model materials for metallic systems. 

As before, the book is designed primarily for graduate students beginning research or 
undertaking advanced courses, and as a basis for more experienced research workers who 
require an overview of fields comparatively new to them, or with which they wish to renew 
contact after a gap of some years. 

We should like to thank Ir. J. Soutberg and Drs. A. P. de Ruiter of the North-Holland 
Publishing Company for their major editorial and administrative contributions to the 
production of this edition, and in particular we acknowledge the good-humoured resolve of 
Drs. W. H. Wimmers, former managing director of the Company, to bring this third edition 
to fruition. We are grateful to Dr. Bormann for preparing the subject index. We thank the 
hundreds of research workers who kindly gave permission for reproduction of their published 
illustrations: all are acknowledged in the figure captions. 

Of the authors who contributed to the first edition, one is no longer alive: Robert Franklin 
Mehl, who wrote the introductory historical chapter. What he wrote has been left untouched 
in the present edition, but one of us has written a short supplement to bring the treatment up 
to date, and has updated the bibliography. Robert Mehl was one of the founders of the 
modem science of physical metallurgy, both through his direct scientific contributions and 
through his leadership and encouragement of many eminent metallurgists who at one time 
worked with him. We dedicate this third edition to his memory. 


April 1983 


Robert W. Cahn, Paris 
Peter Haasen, Gottingen 



PREFACE TO THE FIRST AND SECOND EDITIONS 


This book sets forth in detail the present state of physical metallurgy, which is the root 
from which the modem saience of materials has principally sprung. That science has 
burgeoned to such a degree that no one author can do justice to it at an advanced level; 
accordingly, a number of well-known specialists have consented to write on the various 
principal branches, and the editor has been responsible for preserving a basic unity among 
the expert contributions. This book is the first general text, as distinct from research 
symposium, which has been conceived in this manner. While principally directed at senior 
undergraduates at universities and colleges of technology, the book is therefore also 
appropriate for postgraduates and particularly as a base for experienced research workers 
entering fields of physical metallurgy new to them. 

Certain topics have been left to one side or treated at modest length, so as to limit the 
size of the book, but special stress has been placed on others which have rarely been 
accorded much space. For instance, a good deal of space is devoted to the history of physical 
metallurgy, and to point defects, structure and mechanical properties of solid solutions, 
theory of phase transformations, recrystallization, superpure metals, ferromagnetic properties, 
and mechanical properties of two-phase alloys. These are all active fields of research. 
Experimental techniques, in particular diffraction methods, have been omitted for lack of 
space; these have been ably surveyed in a number of recent texts. An exception has however 
been made in favour of metallographic techniques since, electron microscopy apart, recent 
innovations have not been sufficiently treated in texts. 

Each chapter is provided with a select list of books and reviews which will enable readers 
to delve further into a particular subject. Internal cross-references and the general index will 
help to tie the various contributions together. 

I should like here to acknowledge the sustained helpfulness and courtesy of the 
publisher’s staff, and in particular of Mr. A.T. G. van der Leij, and also the help provided by 
Professor P. Haasen and Dr. T. B. Massalski in harmonising several contributions. 

Brighton, June 1965 (and again 1970) R. W. Cahn 
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1. Introduction 

In the very beginning of materials “science”, when men began to produce artificial 
materials, it was the time of trial and error, of pure empiricism. Today, we are a little 
closer to the realization of the old dream of designing any material with given properties 
owing to our improved understanding of the relationships between chemical composition, 
crystal structure and material properties. Though only a very few commercially and 
technologically important materials consist of metallic elements in their pure form (Si, 
Ge, Cu, Au, Ag, Pd, etc.), their crystal structures are of more than academic interest. 
Thus, to give an example, the crystal structure of a pure metal remains unchanged in the 
case of a solid solution, when one or several other components are added to tune the 
properties of a material. This technique has been used since time immemorial by alloying 
gold with copper or silver, for instance, to make jewelry or coins more resistant to wear. 
Especially the close packed structures and their derivatives, which are typical for pure 
metals, are also characteristic for numerous materials consisting of multi-component solid 
solutions or intermetallic alloys. Another reason for the study of “simple” element 
structures is that they are extremely helpful for the development and improvement of 
methods to understand why a given phase is adopting a particular crystal structure under 
certain conditions (temperature, pressure, etc.). The aim is, of course, to learn to predict 
the crystal structure of any given chemical compound under any ambient conditions and 
to model its possible phase transformations. 

It is remarkable that even pure elements can have rather complicated crystal structures 
resulting from complex electronic interactions. Most elements are polymorphous, i.e., 
they occur in up to ten different crystal structures as a function of ambient conditions 
(temperature, pressure). The understanding of the phase transformations in these homo- 
atomic cases is also very helpful for understanding the more complicated phase trans- 
formations of complex intermetallic phases. Indeed, it is possible today to predict 
correctly most of the element structures and phase transformations by one-electron theory 
(Skriver [1985]). 

2. Factors governing a crystal structure 

Crystalline order, i.e., the three-dimensional (or in the case of quasicrystals or 
incommensurate phases, higher-dimensional) translationally periodic repetition of a 
particular atomic configuration, is the outstanding characteristic of condensed matter in 
thermodynamic equilibrium. Which crystal structure for a given chemical composition 
corresponds to the lowest Gibbs free energy, G=H-TS, depends on chemical bonding, 
electronic band structure and geometrical factors. Since it is not possible to solve the 
Schrodinger equation for a crystal and thus deduce the correct crystal structure, many 
approximations have been developed. Indeed, today there exist quite successful attempts 
to predict simpler crystal structures using one-electron approximations: the many-electron 
problem is reduced to a one-electron problem by the assumption that the electrons, 
surrounded by a mutual exclusion zone, are moving independently of each other in the 
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average field of all the others (local density functional theory). 

Beside this rather complicated and lengthy approach to understand and predict crystal 
structures, there exist a number of rules based on two factors: the chemical bond factor, 
which also takes into account the directionality of chemical bonds, and the geometrical 
factor, which considers optimum space filling, symmetry and connectivity. Especially in 
the case of the typical metallic elements, these structural principles work very well for 
predicting structures. (For electron theory of structural stability, see ch. 2, §6.1). 


2.1. Chemical bond factor 

The concept of chemical bonding was originally developed to understand the 
formation of molecules. In a crystal, a collective interaction of all atoms always exists 
which may approximately be considered as the sum of nearest-neighbor interactions. A 
further simplification comes in by the fact that only the electrons of the outer shells 
contribute to the chemical bonding. Traditionally, several limiting types of the chemical 
bond are defined: strong ionic (heteropolar), covalent (homopolar), metallic bonds, and 
weak van der Waals and hydrogen bonds. The strong bonds have in common that the 
outer atomic orbitals contribute to new collective electron states in the crystal, the 
electron bands. They differ mainly in the degree of localization of the valence electrons: 
when these are transferred from one atom to another atom, Coulomb attraction between 
the cation and the anion results and the bond is called ionic; when they remain localized 
between two atoms the so-called exchange interaction results from overlapping orbitals 
and covalent bonds are formed; when the valence electrons are delocalized over the 
whole crystal metallic bonding is obtained. Thus, contrary to the other bond types which 
also occur within molecules, the metallic bond can only exist in large arrays of atoms. 
Since the interaction of electron orbitals depends on their separation and mutual 
orientation, the bond type may change during phase transformations. Sometimes, a slight 
change in temperature can be sufficient, as in the transition from metallic white tin to 
non-metallic grey tin below 29 IK (“tin pest”); sometimes very high pressures are necessary, 
as for the transformation from molecular hydrogen to metallic hydrogen, for instance. 

The type of bonding occurring in crystals of the metallic elements ranges from pure 
metallic in the alkali metals to increasingly covalent for zinc or cadmium, for instance. 
The structural implications of these two bond types, which are just two contrary limiting 
manifestations of electronic interactions with a continuously changing degree of electron 
localization, will be characterized in the following in greater detail. 

2.1.1. The covalent bond 

The covalent bond may be described in terms of the more qualitative VB (valence 
bond) theory by overlapping atomic orbitals occupied by unpaired valence electrons 
(fig. 1). Its strength depends on the degree of overlapping and is given by the exchange 
integral. In terms of the more quantitative LCAO-MO (linear combination of atomic 
orbitals - molecular orbitals) theory, molecular orbitals are constructed by linear 
combination of atomic orbitals (fig. 2). The resulting bonding, non-bonding and anti- 
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bonding molecular orbitals, filled up with valence electrons according to the Pauli 
exclusion principle, are localized between the bonding atoms with well defined geometry. 
Generally, covalent bonds can be characterized as strong, directional bonds. Increasing 
the number of atoms contributing to the bonds increases the number of molecular orbitals 
and their energy differences become smaller and smaller. Finally, the discrete energy 
levels of the molecular orbitals condense to quasicontinuous bands separated by energy 
gaps. Since in a covalent bond each atom reaches its particular stable noble gas con- 
figuration (filled shell) the energy bands are either completely filled or empty. Owing to 
the localization of the electrons, it needs much energy to lift them from the last filled 
valence band into the empty conduction band. The classic example of a crystal built from 
only covalently bonded atoms is diamond: all carbon atoms are bonded via tetrahedrally 
directed sp 3 hybrid orbitals (fig. 3). Thus the crystal structure of diamond results as a 
framework of tetrahedrally coordinated carbon atoms (fig. 4). 

2.1.2. The metallic bond 

The metallic bond can be described in a similar way as the covalent bond. The main 
difference between these two bond types is that the ionization energy for electrons 
occupying the outer orbitals of the metallic elements is much smaller. In typical metals, 
like the alkali metals, these outer orbitals are spherical r-orbitals allowing overlapping 
with up to 12 further r-orbitals of the surrounding atoms. Thus, the well-defined electron 
localization in bonds connecting pairs of atoms with each other loses its meaning. 
Quantum-mechanical calculations show that in large agglomerations of metal atoms the 
delocalized bonding electrons occupy lower energy levels than in the free atoms; this 
would not be true for isolated “metal molecules”. The metallic bond in typical metals is 
non-directional, favoring structures corresponding to closest packings of spheres. With 
increasing localization of valence electrons, covalent interactions cause deviations from 
spherically symmetric bonding, leading to more complicated structures. 
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Fig. 2. (a) Bonding and (b) anti-bonding molecular orbitals of the H 2 molecule, (c) Schematic drawing of the 
building of the most important molecular orbitals from atomic orbitals and (d), (e) examples of molecular 
orbitals (bonding: a, -it and anti-bonding a', tt") (from Vainshtein et al. [1982]). 


2.2. Geometrical factors 

A crystal structure type is fully defined by its general chemical composition, its space 
group symmetry, the equipoint (Wyckoff) positions occupied by the atoms and the 
coordinates of the atoms in the unit cell (fig. 5). The metrics, i.e., the dimension of the 
unit cell (lattice parameters), in general differ for all chemical compounds or phases 
occurring in one particular crystal structure type. Also, for general Wyckoff positions, the 
numerical values of the coordinates may vary in a range not destroying the characteris- 
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Fig. 3. Hybridization of (a) one s- and three p-orbitals to (b) sp 3 -hybrid orbitals (c) which are directed along 
tetrahedron axes (from Vainshtein elal. [1982]). 

tics, i.e., coordination polyhedra and their linkings, of this crystal structure. With these 
data given it is easy to derive both the information about the global arrangement of 
structural units as well as the local environment of each atom (fig. 6). Besides this purely 
geometrical description of a structure, it is necessary to understand the characteristics of 
a crystal structure by identifying crystal-chemically meaningful structural units 
(coordination polyhedra) and their connecting principles (bonding). 

For band-structure calculations, for instance, knowledge of the full crystal structure 



Fig. 4. The structure of diamond cF8-C, space group Fd3m, No. 227, 8a: 0 0 0, A A A. All carbon atoms are 
tetrahedrally coordinated, they occupy the positions of a face-centered cubic lattice and one half of the centers 
of the eighth cubes. 
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is essential; for tensorial physical properties, however, the point symmetry group to 
which the space group belongs is the determining factor. Crystal-chemical properties are 
less sensitive to slight atomic shifts which may break the symmetry but do not change 
local environments of atoms. Thus the study of atomic coordinations may yield valuable 
tools in the analysis, description and comparison of crystal structures. 

2.2.1. Coordination 

A general technique to derive useful coordination polyhedra was suggested by 
Brunner and Schwarzenbach [1971]: all interatomic distances around a particular 
atom are calculated up to a certain limit, and all atoms within a distance defined by the 
first maximum gap in a histogram of distances belong to the coordination polyhedron 
(fig. 6). If there is no clear maximum gap observable, a second criterion may be the 
maximum-convex-volume rule: all coordinating atoms lying at the intersections of at 
least three faces should form a convex polyhedron (Daams etal. [1992]). 

2.2.2. Space filling 

Owing to the isotropic properties of the metallic bond the structure of typical metallic 
elements can often be described in terms of dense sphere packings. A sphere packing is 
an infinite set of non-interpenetrating spheres with the property that any pair of spheres 
is connected by a chain of spheres with mutual contact. A sphere packing is called 
homogenous if all spheres are symmetrically equivalent, otherwise it is called 
heterogenous (Koch and Fischer [1992]). In the last named case, the spheres of the 
different non-symmetrically equivalent subsets may have different radii and occupy the 
positions of different crystallographic orbits. The number of types of heterogenous sphere 
packings is infinite whereas it is finite for homogenous sphere packing types. There are, 
for instance, 199 different cubic and 394 different possible tetragonal homogenous sphere 
packings. The densities, i.e., the fractions of volumes occupied by the spheres, are with 
<7 = 0.7405 highest for the well-known hexagonal closest packing (hep) and cubic closest 
packing (ccp) (figs. 7 and 8, respectively). In both cases the coordination numbers (CN) 
are twelve and the distances to the nearest neighbors the same. The number k of contacts 
per sphere amounts to 3 <k< 12. Table 1 gives some examples for sphere packings with 
the highest and lowest densities and contact numbers, and table 2 space filling values for 
a number of structure types. Very low packing densities, such as that for the cF8-C type, 
for instance, indicate that a hard sphere packing is no longer an adequate description of 
such a structure. 

The crystal structures of the metallic elements adopt dense sphere packings as long 
as purely geometrical packing principles are dominant. Covalent bonding contributions 
and electronic effects give rise to more complicated structures. 

2.2.3. Layer stackings, polytypism 

Many crystal structures can be considered to consist of successive stackings of atomic 
layers. The above mentioned hexagonal closest packing (hep) refers to a stacking of 
dense packed layers with periodic sequence ..AB.., the cubic closest packing (ccp) to a 
sequence ..ABC., (figs. 7 and 8). The atomic layers are denoted by A, B or C depending 


References: p. 45. 
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Fd 3 m Ol m3m Cubic 

No. 227 F4Jd32lm Patterson symmetry Fm3m 

ORIGIN CHOICE 1 



Origin at 4 3m, at —4 , — J , — | from centre (3m) 

Asymmetric unit y£min(i -*,*); -y<,z<.y 

Vertices 0,0,0 ),0,0 U.l 4.4.4 4,4.4 U.l 

Symmetry operations 

Fig. 5. Information given in the International Tables for Crystallography (H\hn (1992]) on the example of the 
space group Fd3m of the diamond structure. Left side, top line: space group symbol in short Hermann- 
Mauguin and Schoenflies notation, point group (crystal class), crystal system. Second line: consecutive space 
group number, full space group symbol, Patterson symmetry, short space group symbol. Upper drawing: frame- 
work of symmetry elements in a unique part of one unit cell. Lower drawings: point complexes generated by 
the action of symmetry operations. Below: choice of origin, definition of the asymmetric unit. Right side: the 
Wyckoff letters a, b, c ... i denote the equipoint positions with multiplicities 8, 8, 16 ... 192. The positions of 
the carbon atoms in the diamond structure are given in Wyckoff position 8a. 
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No. 227 Fd3m 


Generators selected (I); t(l,0,0); ((0,1,0); ((0,0,1); ( (O.i.i); ( (i.O.i); (2); (3); (5); (13); (25) 


Positions 

Multiplicity. 
Wyckolf letter, 
Site symmetry 


192 


( 0 , 0 , 0 )+ 


Coordinates 

m.l)+ ( 1 . 0 , 1 )+ ( 1 , 1 , 0 )+ 


Reflection conditions 

h,k,l pcrmutablc 
General; 


(l)r,y,t 
(5) z.z.y 
(9) y,z,z 

(13) yH.z+l.r+l 
(17) z~l,z + ij+l 
(21) Z + l.y + 1,1+1 
(25) I+l.jt+U+i 
(29) *+!,*+}, J+l 
(33) y-i,M-i,jr+i 
(37) j+rM.Z + l 
(41) i-4.r,y+l 
(45)r+l,?,z + i 


(2) 1,7+1, z+l 
(6) z+i,I,7+i 

(l0)7+i,z+i,I 
(14) 7+1,1+U+i 
(18)I+l,z+l,y+l 
(22)z+iJ+l,z+l 
(26)z + i,y + ],2+l 
(30)?+l,z+i,y + l 
(34) y+l,2+l,z + i 
(38) y,x,z 
(42) x + ),?+iJ 
(46) 2,y+i,X+f_ 


(3) X+i.y+i.2 
(7) 2,1+1, y+1 
(11) y+},2,I+i 
(15) y+1, 1+1, z + 1 
(19) X+i.2+iJ+i 
(23) !+l,y + l,x + i 
(27) z + l,j!+l,z + i 
(31) z+i.z + 1,7+1 
(35) y+l,z+l,z+l 
(39) 7,z+i,2+l 
(43) x.z.y 
(47) z + l.f+U 


(4) JC + i.jr,?+i 
(8) Z+i,z + ],j! 
(12) 7,2+l,z + l 
(16) 7+l,z+l,z+l 
(20) z+i,Z+l,y+l 
(24) 2+i,7+i,z + l 
(28) jf+J,y+i.z + J 
(32) z + U+1, y + i 
(36) y + i,z + l,i+l 
(40) y + i, 1+1,2 
(44) JT,z+i,J+l 
(48) z,y,z 


hkl : 


0 kl 


hhl 


h+k = 2n and 
It+f ,*+/ =2 n 
k+l =4n and 
k,i =2 n 
h + l =2 n 


frOO: h=4n 


Special; as above, plus 


96 

h 

, .2 

l.y.7+1 

1.7+1.7+1 l.y+l.y+J l,7>y+l 


no extra conditions 




7+U.y 

j+U,J+l jr+ l.J.jy + 1 y+1,1,7 






y.y+1.1 

*,y+i.y 

7+1.7+U y+i,y+l,l 7,y+l,l 
l.y+l.y+1 1.7+1.7+1 l.y+l.y 






y. 1.7+1 

y+l.l.y+1 9+ 1, 1,7+1 7,l,y+l 






7+l.y.l 

y+l,y+l,l 7 + l,7+i,i y+1,7,1 



% 

g 

. ,m 

x,x,z 


i,y+i,z+i 

I+i,z+i,Z 

z + l.z.z+1 

no extra conditions 



z,x,x 


z+l,I,f+i 

Z,i+i,z + i 

Z+i,z+l,Z 





x,z,x 


y+i,z+l,i 

z+i,z,f+i 

*,2+i,z + i 





z + l,z+i,Z+l 

i+i.y+l.z+i 

z+i,I+l,z + l 

I+l,z + l,z+l 





jr + l,z + l,Jf+] 

y+l,z+l,z+i 

*+1,2+1, z + 1 

z+i,r+i,z+i 





Z+l,Jt + l,Jf+l 

z+i,y+l,z+l 

2+l,z + l,z + i 

z+l, *+!,*+} 


48 

t 

i 

2 .mm 

z,0,0 

X. 1,1 

0,z,0 

1,1,1 0,0, z 

i.l.i 

hkl ; h = 2n + 1 




J.ar+i.l 

i,y+U z+i,i,l 

y+l,l,l 1, 1,1+1 1.1, z+1 

or h+k + l —4 n 

32 

e 

. 3m 

z,z,z 


I,I+i,z+l 



no extra conditions 




I + i,z + l,I 

z+i, 1,1+1 







z + l,z+i,I+l 

I+i,I+i,I+i 







z + i,J?+l,z+l 

I+l,z+l,z+l 




16 

d 

. 3m 

1,1,1 

1,1,1 

1,1,1 1,1,1) 



hkl : /i = 2/i+! 






} 



or h,k,l =4/i+2 

16 

c 

.3m 

1.1,1 

1.1.1 

1,1.1 1,1.1 ) 



or h,k,l —4 n 

8 

b 

43m 

1,1.1 

i.i.n 




hkl : h=2n + 1 

8 

a 

4 3m 

O.Q.O 

1.1.1} 




or h+k+l =4/i 


Symmetry of special projections 
Along [001] p4mm 
a‘=i(a-b) b'=i(a+b) 

Origin at 0,0,z 


Along [111] p 6m m 

a'= 1(2 a-b-c) b'= i(-a +2 b-c) 

Origin at z,z,z 


Along [110] c2mm 
a'=)(-a+b) b'=c 
Origin at -I , z , t 


References: p. 45. 
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Table 1 


Examples of homogeneous sphere packings with distance d between neighboring spheres, highest and lowest 
contact numbers, k, and fractional packing densities, q. 


k 

Space Group 

Wyckoff position 

Parameters 

Distance d 

Density q 

12 

P 6 3 /mmc 

2 c ill 

c!a = \yj 6 = 1.633 

a 

0.7405 

12 

Fm3m 

4a 00 0 


1^2 a 

0.7405 

11 

C2/m 

4i x 0 z 

x = i(l/ 2 -l) 
z = 3^2 - Abla = 
c/a = ' z y[6 + 0.986 

cos/) = 5 ^ 6 "- 5^3 

b 

0.7187 

10 

I4/mmm 

2 a 000 

da = = 0.8165 

c 

0.6981 

3 

I4j32 

24h | y j-y 

y = 


0.0555 


on their relative position against each other. The packing fractions as well as the 
coordination numbers (CN = 12) are equal in both cases. The first shell atomic environ- 
ment corresponds to a cuboctahedron for ccp and to a disheptahedron for hep. The 
distribution of atomic distances becomes different not until the third and higher 
coordination shells (fig. 9). 

These two types of layer stackings are not the only possible ones, there exist 
infinitely many with exactly the same coordination numbers and packing fractions. They 
are called polytypes. Examples for such layer structures occurring for metallic elements 
are cobalt (..ABABABABCBCBCBC..), with one ccp sequence ABC statistically 
occurring among about ten hep sequences, ordered hP4— La (..ACAB..) or hR3-Sm 
(..ABABCBCAC..) (fig. 10). 

2.2.4. Polymorphism 

Most of the elements adopt several different (allotropic) crystal structures at different 
pressures, temperatures or external fields. The transitions from one modification to the 
other are called polymorphous transformations or phase transitions. 

A phase transition is connected with a change in structural parameters and/or in the 
ordering of electron spins. There are two basically different types of phase transitions: 
first-order transitions which are correlated with a jumpwise change in the first-order 
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Pearson symbol Structure type Space group Space group number 


cF8 

C 

fcflm 

227 

a - .3567 nrn 




origin choice 1 




Number Atom 

Multiplicity 
Wyckoff tetter 

x V 

z Occupancy 

1 C 

0 a 

0 0 

0 l 


Reference 

r. Horn et al. JOURNAL OF APPLIED CRYSTALLOGRAPHY 1975 
8 p4S7 






Fig. 6. Information given in the Atlas of Crystal Structure Types for Intermetallic Phases (Daams et al. [1991]) on 
the example of the diamond structure type. Beside numerical information and an atomic distances histogram, drawings 
of the crystal structure and characteristic coordination polyhedra in different projections are also shown. 

derivatives of the Gibbs free energy G = H-TS (i.e., volume, entropy, ...), and second- 
order transitions which show a jump in the second derivatives of the Gibbs free energy 
(with respect to heat capacity, compressibility, etc.). In both types of phase transitions the 
crystal structure changes discontinuously at the transition point: in a first-order transition, 
in general no symmetry relationship exists between the two modifications; in a second- 
order transition, a group/subgroup relationship can always be found for the symmetry 
groups of the two polymorphous crystals structures. 

With regard to structural changes resulting from a phase transformation of any order 
it is useful to distinguish between several different types: reconstructive phase transitions with 
essential changes in coordination numbers, atomic positions (a-Fe and y-Fe, for instance, 
with coordination numbers CN = 8 and CN= 12, respectively, fig. 11) and sometimes also 
in chemical bonding (grey a-Sn and white /3-Sn, for instance, with minimum distances 
changing from d^ m n = 1.54 A to d^ n =3.02 A). These transformations are always of first 
order. Displacive phase transitions with small atomic shifts not changing the first coordination 
shells may change the lattice by small atomic displacements (martensitic diffusionless 
lattice rearrangement). Order/disorder transitions are related to the long-range ordered or 
disordered arrangement of structure elements (copper-gold system, for instance). 


References: p. 45, 
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Fig. 7. Characteristics of the hexagonal closest-sphere packing, (a) The coordination polyhedron (disheptahedron) in 
perspective view and projected to show the packing principle, (b) the crystal structure and (c) one unit cell with atoms 
marked according to their belonging to layer A or B, are depicted (from Borchardt-Ott [1993]). 


Table 2 

Fractional packing densities q of elemental structures (Pearson [1972]). 


Element 

Structure 
Type, da 

Space filling 
value q 

Element 

Structure 
Type, da 

Space filling 
value q 

Cu 

cF4 

0.740 

Po 

cPl 

0.523 

Mg 

hP2, 1.63 

0.740 

Bi 

hR2, 2.60 

0.446 

Zn 

hP2, 1.86 

0.650 

Sb 

hR2, 2.62 

0.410 

Pa 

tI2 

0.696 

As 

hR2, 2.80 

0.385 

In 

tI2 

0.686 

Ga 

oC8 

0.391 

w 

cI2 

0.680 

Te 

hP3 

0.364 

Hg 

hRl 

0.609 

C (diamond) 

cF8 

0.340 

Sn 

tI4 

0.535 

P (black) 

oC8 

0.285 

a-U 

oC4 

0.534 

, _J 





3. Crystal structure of metallic elements 

In the following, the crystal structures of all metallic and semi-metallic elements 
(table 3) will be discussed. If it is not indicated specifically, the crystal structure data 
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Fig. 8. Characteristics of the cubic closest-sphere packing, (a) The coordination polyhedron (cuboctahedron) in 
perspective view and projected to show the packing principle, (b) the crystal structure and (c) one unit cell with 
atoms marked according to their belonging to layer A, B or C, are depicted (from Borchardt-Ott [1993]). 

have been taken from Villars and Calvert [1991], Young [1991] or Massalski 
[1990]. In the (not so rare) cases of contradictory data, the most recent and reliable (?) 
ones have been used or the Pearson symbol has been replaced by a question mark. 
Particularly the structural information given for the high-pressure phases, which in most 
cases are derived from very small data sets, may be revised in future once better 
diffraction data become available. 

3.1. Nomenclature 

For the short-hand characterization of crystal structures, the Pearson notation in 
combination with the prototype formula defining the structure type is used throughout the 
paper. In accordance with the IUPAC recommendations (Leigh [1990]) the old Strukiur- 
bericht designation (A3 for hP2-Mg, for instance) should not be used any longer. A 
comparison of the Pearson notation, prototype formula, space group and Strukturbericht 
designation for a large number of crystal structure types is given in Massalski [1990], 

The Pearson symbol consists of two letters and a number. The first (lower case letter) 
denotes the crystal family, the second (upper case) letter the Bravais lattice type (table 4). The 
symbol is completed by the number of atoms in the unit cell. The symbol cF4, for instance, 
classifies a structure type to be cubic (c), all-face centered (F), with 4 atoms per unit cell. In 


References: p. 45. 
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Table 3 


Periodic table of the elements. In accordance with the recommendations of the IUPAC 1988, the columns are 
numbered consecutively from 1 to 18. The elements whose structures are discussed in this chapter are shadowed. 


F 


z 

E 

E 

E 

E 

E 

E 

E 

E 


LE 

Ji. 

15 

16 

21 

18 

D 

















2 

□ 

















He 













5 

6 

n 


D 

ia 

1 












B 

C 




H 

» 

12 











Bl 

14 



D 

m 

Na 

Mg 











m 

Si 

n 



a 

19 

20 

m 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 


a 

K 

Ca 

m 

T1 

V 

Cr 

Mr. 

Fe 

Co 

Ni 

Cu 

Zn 

Ga 

Ge 

As 

Se 

B 

□ 

37 

38 

39 

40 

41 

42 

43 

44 

4$ 

46 

47 

48 

49 

1 

51 

52 


54 

Rb 

Sr 

Y 

Zi 

Nb 

Mo 

Tc 

Ru 

Rh 

Pd 

H 

Cd 

In 


Sb 

Te 


Xe 

55 

5b 

57* 

n 

73 

74 

75 

76 

77 

78 

79 


81 

82 

83 

84 

85 

86 

Cs 

Ba 

La 

at 


w 

Re 

Os 

Ir 

Pt 

Au 


H 

Pb 

Tli 

Po 

At 

Rn 

87 

88 

89+ 
















Fr 

Ra 

Ac 

















★ 

Lanthanide 

metals 

58 

Ce 

59 

ft 

60 

Nd 

6! 

Pm 

62 

Stn 

63 

£u 

| 

65 

Tb 

66 

Dy 

67 

Ho 

68 

£r 

69 

Tm 

70 

Yb 

71 

La 


90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

too 

101 

102 

103 


Tb 

Pa 

U 

Np 

Ptl 

Am 

Cm 

Bk 

Cf 

E4 

Fm 

Md 

No 

Lr 


the case of rhombohedral structures, like the hR3-Sm type, the number of atoms in the unit cell 
in the rhombohedral setting (a=b=c, a=(3=y^90°) is given. The number of atoms in the corre- 
sponding hexagonal setting (a = b*c, a =(3=90°, y= 120°) would be three times as much. 


Table 4 

Meaning of the letters included in the Pearson Symbol. 


Crystal family 

Bravais lattice type 

a triclinic (anorthic) 

P 

primitive 

m monoclinic 

1 

body centered 

o orthorhombic 

F 

all-face centered 

t tetragonal 

C 

side- or base-face centered 

h hexagonal, trigonal (rhombohedral) 

c cubic 

R 

rhombohedral 






















































Ch. 1, §3 


Crystal structure of the metallic elements 


15 





Fig. 9. Histograms of distances and coordination polyhedra of (a) hexagonal and (b) cubic closest packing 
(from Daams etal. [1991]). 


3.2. Group 1 and 2, alkali and alkaline earth metals 

The alkali and alkaline earth metals (table 5) belong to the typical metals. The outer 
electrons occupy the ns-orbitals, ionization removes the electrons of a whole shell, thus 
drastically reducing the atomic radius (Li: atomic radius 1.56 A, ionic radius 0.60 A, for 
instance). The absence of directional bonds forces close atomic (sphere) packings; the 
alkali metals conform most closely to the free electron gas model of metals. Under 
ambient conditions the alkali metals all crystallize in the simple body-centered cubic 
(bee) structure cI2-W (fig. 12). The bee structure is assumed to be more stable at higher 
temperature than the ccp or hep one owing to its higher vibrational entropy. At lower 
temperature or higher pressure, the bee structure is transformed martensitically to the 
closest-packed lattice types, hR3-Sm or cF4-Cu, respectively. Contrary to earlier studies, 
the hexagonal closest-packed phases are not of the hP2-Mg but of the hR3-Sm type (fig. 
10) with stacking sequence ...ABABCBCAC.. (Young [1991]). 

The extremely strong dependence of the atomic volume on pressure, which increases 
with increasing atomic number due to the shielding of the outer electrons by the 


References: p. 45. 
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Table 5 

Structure information for the elements of group 1, alkali metals, and of group 2, alkaline earth metals. In the 
first line of each box the chemical symbol, atomic number Z, and the atomic volume V al under ambient 
conditions is listed. In the second line the electronic ground slate configuration is given. For each phase there 
is tabulated: limiting temperature T[K] and pressure P[GPa], Pearson symbol PS, prototype structure PT, and, 
if applicable, the lattice parameter ratio c/a. 


T[K] P(GPa] 

PS 

PT da 


T[K] P[GPa] 

PS 

PT 

c/a 

Li 3 V , = 21.60 A 3 



Be 

4 V , = 8.11 A 3 




1s 2 2s‘ 



ls^s^ 




a <70 

hR3 

Sm 

a 


hP2 

Mg 

1.568 

P 

cI2 

W 

p 

>1543 

cI2 

W 


y >6,9 

cF4 

Cu 

y 

>28.3 

hP8? 


0.789 

Na 11 V al = 39.50A 3 



Mg 

12 V,, = 23.24 A 3 




ls 2 2s 2 p 6 3s' 



ls 2 2s 2 p 6 3s 2 




a <40 

hR3 

Sm 

a 


hP2 

Mg 

1.624 

p 

cI2 

W 

p 

>50 

cI2 

W 


K 19 V aI = 75.33 A 3 



Ca 

20 V„ = 43.62A 3 




ls^y^V^s 1 



ls 2 2s 2 p 6 3s 2 p 6 4s 2 




a 

cI2 

w 

a 


cF4 

Cu 


P >12 

cF4 

Cu 

p 

>728 or >19.5 

cI2 

W 





y 

>32 

cPl 

or-Po 


Rb 37 V al = 92.59 A 3 



Sr 

38 V„ = 56.35 A 3 




1 s 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 5s 1 



1 s 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 5s 2 




a 

cI2 

W 

a 


cF4 

Cu 


P >7.0 

cF4 

Cu 

p 

>504 

hP2 

Mg 

1.636 

y > 14 



y 

> 896 or > 3.5 

cI2 

W 


S >17 



s 

>26 




e >20 

04 


6 

>35 




Cs 55 V at = 117.79 A 3 



Ba 

56 V =63.36 A 3 




1 s^sV^sYd l0 4s 2 p 6 d l0 5s 

Vfis 1 


1 s 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d l0 5s 2 p 6 6s 2 



a 

cI2 

W 

a 


cI2 

W 


P >2.37 

cF4 

Cu 

p 

>5.33 

hP2 

Mg 

1.581 

P' >4.22 

cF4 

Cu 

y 

>7.5 




y >4.27 

tI4 


s 

>12.6 




S >10 








e >72 

cF4? 







Fr 87 



Ra 

88 V,, = 68.22 A 3 




1 s 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 1 °f 1 4 5s 2 p 6 d 1 °6s 2 p 6 7s 1 

ls 2 2s 2 p 6 3s 2 p 6 d 10 4sVd 10 f 14 5s 2 p 6 d ,0 6s 2 p 6 7s 2 





a 


cI2 

W 



increasing number of inner electron shells, is shown by the example of Cs (fig. 13). With 
increasing pressure, the valence electrons change from s to d character, giving rise to a 
large number of pressure-induced phase transitions at ambient temperature (Young [1991]): 

2.37 GPa 4.22 GPa 4.27 GPa 10 GPa 72 GPa 
a-Cs c=> /3-Cs «=> jS'-Cs «=> -y-Cs «=> S-Cs «=> e-Cs 
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Fig. 11. Relationship between body-centered cubic (bcc) a-Fe, c!2-W type, space group Im3m, No. 229, la: 
0 0 0, and face-centered cubic (fee) y-Fe, cF4-Cu type, space group Fm3m, No. 225, 4a: 0 0 0. The face- 
centered tetragonal unit cell drawn into an array of four bcc unit cells transforms by shrinking its faces to fee. 

The alkaline earth metals behave quite similarly to the alkali metals. They crystallize 
under ambient conditions in one of the two closest-packed structures (ccp or hep) or in 
the body-centered cubic (bcc) structure type and also show several allotropic forms (fig. 
14). The large deviation c/a= 1.56 from the ideal value of 1.633 for beryllium indicates 
covalent bonding contributions. 

For alkali and alkaline earth metals, the pressure-induced phase transitions from 
cI2-W to cF4-Cu occur with increasing atomic number at decreasing pressures. 

3.3. Groups 3 to 10, transition metals 

The elements of groups 3 to 10 are typical metals which have in common that their 
d-orbitals are partially occupied. These orbitals are only slightly screened by the outer 
s-electrons, leading to significantly different chemical properties of the transition 
elements going from left to right in the periodic system. The atomic volumes decrease 
rapidly with increasing number of electrons in bonding d-orbitals, because of cohesion, 
and increase as the anti-bonding d-orbitals become filled (fig. 15). The anomalous 
behavior of the 3d-transition metals, Mn, Fe and Co, may be explained by the existence 
of non-bonding d-electrons (Pearson [1972]). 

Scandium, yttrium, lanthanum and actinium (table 6) are expected to behave quite 



Fig. 12. Unit cell of (he body-centered cubic structure type cI2-W, space group Im3m, No. 229, la: 0 0 0. 
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Fig. 13. The variation of the atomic volume of cesium with pressure (after Donohue [1974]). 


similarly. Indeed they show similar phase sequences: the high-pressure phases of light 
elements occur as the ambient-pressure phases of the heavy homologues. The hP4 phase 
of lanthanum, with the sequence ..ACAB.., is one of the simpler closest-packed polytypic 
structures common for the lanthanides (fig. 16 and fig. 10). Another typical polytype for 
lanthanides is the hR3 phase of yttrium with stacking sequence ..ABABCBCAC.. (fig. 17 
and fig. 10). 

Titanium, zirconium and hafnium (table 6) crystallize in a slightly compressed hep 
structure type and transform to bcc at higher temperatures. At higher pressures the w-Ti 
phase is obtained (fig. 18). The packing density of the hP3-Ti structure with -0.57 is 
slightly larger than that of the simple cubic a-Po structure (-0.52) but substantially lower 
than for bcc (-0.68) or ccp and hep (-0.74) type structures. Calculations have shown that 
the w-Ti phase is stable owing to covalent bonding contributions from s-d electron 
transfer. At even higher pressures, zirconium and hafnium transform to the cI2-W type, 
while titanium remains in the hp3-Ti phase up to at least 87 GPa. By theoretical 
considerations it is also expected that titanium performs this transformation at sufficiently 
high pressures (Ahuja etal. [1993]). A general theoretical phase diagram for Ti, Zr and 
Hf is shown in fig. 19. 

Vanadium, niobium, tantalum, molybdenum and tungsten have only simple bcc 
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Fig. 14. Illustration of the bcc-to-hcp phase transition of Ba. (a) bcc unit cell with (110) plane marked, (b) 
Projection of the bcc structure upon the (1 10) plane. Atomic displacements necessary for the transformation are 
indicated by arrows. 


structures (table 7). Up to pressures of 170 to 364 GPa no further allotropes could be 
found, in agreement with theoretical calculations. Chromium shows two antiferro- 
magnetic phase transitions, which modify the structure only very slightly (Young 
[1991]). 

The high-temperature phases of manganese (table 8), y-Mn, cF4-Cu type, and S-Mn, 
cI2-W type, are typical metal structures, whereas a-Mn and /3-Mn form very compli- 
cated structures, possibly caused by their antiferromagnetism. Thus, the a-Mn structure 
can be described as a 3x3x3 superstructure of bcc unit cells, with 20 atoms slightly 
shifted and 4 atoms added resulting in 58 atoms over all (fig. 20). The structure of /3-Mn 
(fig. 21) is also governed by the valence electron concentration (“electron compound” or 
Hume-Rothery-type phase). The variation of the atomic volume of manganese with 
temperature is illustrated in fig. 22. For technetium, rhenium, ruthenium and osmium, 
only simple hep structures are known. 

The technically most important element and the main constituent of the Earth’s core, 
iron (table 8) shows five allotropic forms (fig. 23): ferromagnetic bcc a-Fe transforms to 
paramagnetic isostructural /3-Fe with a Curie temperature of 1043 K; at 1 185 K fee y-Fe 
forms while at 1667 K a bcc phase, now called S-Fe, appears again. For the variation of 
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Y Zr NbMo Tc Ru Rh Pd Ag Cd In Sn 
Hf Ta W Re Os Ir Pt Au Hg Tl 

Fig. 15. Atomic volumes of the transition metals. A means cF4-Cu type, v hP2-Mg, o cI2-W, □ other types 
(after Pearson [1972]). 

the atomic volume with temperature see fig. 24. High-pressure nonmagnetic e-Fe, 
existing above 13 GPa, has a slightly compressed hep structure. 

Cobalt (table 9) is dimorphous, hep at ambient conditions and cep at higher tempera- 
tures. By annealing it in a special way, stacking disorder can be generated: the hep 
sequence ..ABAB.. is statistically disturbed by a ccp sequence ..ABCABC.. like 
..ABABABABCBCBCBC.. with a frequency of about one ..ABC., among ten ..AB... 
Rhodium, iridium, nickel, palladium and platinum all crystallize in simple cubic closest- 
packed structures. 

3.4. Groups 11 and 12, copper and zinc group metals 

The “mint metals”, copper, silver and gold (table 10) are typical metals with ccp 
structure type (fig. 25). Their single ns electron is less shielded by the filled d-orbitals 
than the ns electron of the alkali metals by the filled noble gas shell. The d-electrons also 
contribute to the metallic bond. These factors are responsible for the more noble 
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A 


B 


A 


C 


A 

Fig. 16. One unit cell of the hP4-La structure type, space group P6 3 /mmc, No. 194, 2a: 0 0 0, 2c: 'A 2 A 'A. 

character of these metals than of the alkali metals and that these elements sometimes are 
grouped to the transition elements. 

For zinc, cadmium and mercury (table 10) covalent bonding contributions (filled d- 
band) lead to deviations from hexagonal closest packing (hep), with its ideal axial ratio 
c/a= 1.633, to values of 1.856 (Zn) and 1.886 (Cd), respectively. The bonds in the hep 
layers are shorter and stronger, consequently, than between the layers. With increasing 
pressure, da approximates the ideal value 1.633: for Cd da - 1.68 was observed at 30 
GPa (Donohue [1974]), and for Hg, da = 1.76 at 46.8 GPa (Schulte and Holzapfel 
[1993]). 

The rhombohedral structure of a-Hg may be derived from a ccp structure by 
compression along the threefold axis (fig. 26). In contrast to zinc and cadmium, the ratio 
da= 1 .457 for a hypothetical distorted hep structure is smaller than the ideal value. There 
also exist several high-pressure allotropes (fig. 27). 

3.5. Groups 13 to 16, metallic and semi-metallic elements 

Only aluminum, thallium and lead crystallize in the closest-packed structures 
characteristic for typical metals (table 11). The s-d transfer effects, important for alkali- 
and alkaline-earth metals, do not appear for the heavier group 13 elements owing to their 
filled d-bands. Orthorhombic gallium forms a 6 3 network of distorted hexagons parallel 
to (100) at heights t = 0 and 1/2 (fig. 28). The bonds between the layers are considerably 
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Fig. 17. One unit cell of the hR3-Sm structure type, space group R3m, No. 166, 3a: 0 0 0, 6c: 0 0 0.22. 
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Fig. 18. The hP3-Ti structure type, space group P6/mmm, No. 191, la: 0 0 0, 2d: 'A 2 A 'A. 

weaker than within. At higher pressure gallium transforms to a bcc phase, cI12-Ga, and 
additionally increasing the temperature leads to the tetragonal indium structure type tI2— In (fig. 
29). In an alternative description based on a face-centered tetragonal unit cell with a’ = \/Ta , the 
resemblance to a slightly distorted cubic close-packed structure with c/a= 1.08 becomes clear. 



Fig. 19. Schematic calculated phase diagram for Ti, Zr and Hf (from Ahum etui. [1993]). 
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Table 6 

Structure information for the elements of groups 3 and 4. In the first line of each box the chemical symbol, 
atomic number Z, and the atomic volume V a! under ambient conditions is listed. In the second line the 
electronic ground state configuration is given. For each phase there is tabulated: limiting temperature T[K] and 
pressure P[GPa], Pearson symbol PS, prototype structure PT, and, if applicable, the lattice parameter ratio c!a. 



T[K] P[GPa] 

PS 

PT 

c!a 


T[K] PfGPa] 

PS 

PT 

da 

Sc 

21 = 24.97 A 3 




Ti 

22 V = 17.65 A 3 




ls 2 2s 

2 p 6 3s 2 p 6 d'4s 2 




ls 2 2s 2 p 6 3s 2 p 6 d 2 4s 2 




a 


hP2 

Mg 

1.592 

a 


hP2 

Mg 

1.587 

p 

>1610 

cI2 

W 


p 

>1155 

cl2 

W 


y 

>19 

tP4? 



O) 

>2 

hP3 



Y 

39 V a[ = 33.01 A 3 




Zr 

40 V nt = 23.28 A 3 




Is 2 2s 

2 p 6 3s 2 p 6 d l0 4s 2 p 6 d'5s 2 




ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 2 5s 2 




a 


hP2 

Mg 

1.571 

a 


hP2 

Mg 

1.593 

p 

>1751 

cl2 

W 


p 

>1136 

cI2 

W 


y 

>10 

hR3 

Sm 


O) 

>2 

hP3 

ro-Ti 


s 

>26 

hP4? 



a / 

>30 

c!2 

W 


£ 

>39 

cF4 

Cu 







La 

57 V at = 37.17 A 3 




Hf 

72 V al = 22.3 1 A 3 




1s 2 2s 

2 p 6 3s 2 p 6 d'°4s 2 p 6 d 10 5s 2 

p 6 d'6s 2 



1s 2 2 

s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d lo f 14 5s 2 

p 6 d 2 6s 2 



a 


hP4 

a- La 

2x1.613 

a 


hP2 

Mg 

1.581 

p 

>583 or >2.3 

cF4 

Cu 


p 

>2016 

c!2 

W 


y 

>1138 

cI2 

W 


O) 

>38 

hP3 

^)-Ti 


s 

>7.0 

hP6 



O)' 

>71 

cI2 

w 


Ac 

89 V =37.45 A 3 at 293 K 



Ku 

104 




...3s 2 , 

5 6 d ,0 4s 2 p 6 d ,0 f 14 5s 2 p 6 d 

l0 6s 2 p 6 d'7: 

,2 


...3s‘ 

! p 6 d 10 4s 2 p 6 d'°f l4 5s 2 p 6 d ,0 f 

l4 6s 2 p 6 d 

2 7s 2 


a 


cF4 

Cu 








Silicon and germanium (table 11) under ambient conditions crystallize in the diamond 
structure, owing to strong covalent bonding. At higher pressures they transform to the 
metallic white-tin (tI4— Sn) structure. This structure type consists of a body-centered 
tetragonal lattice which can be regarded as being intermediate between the diamond 
structure of semiconducting a-Sn and ccp lead (fig. 30). For an ideal ratio of da = 0.528 
one atom is sixfold coordinated. The high-pressure phase hPl-Biln has a quasi-eightfold 
coordination, the ideal ratio for CN = 8 would be cla= 1 . At higher pressures, closest- 
packed structures with twelvefold coordinations are obtained. Thus with increasing 
pressure silicon runs through phases with coordination numbers 4, 6, 8 and 12. 

The effective radius of tin in /3-Sn and of lead in a-Pb is large compared with that 
of other typical metals with large atomic number due to uncomplete ionization of the 
single ns electron. This means that in a-Sn, for instance, the electron configuration is 
...5s'5p 3 , allowing sp 3 -hybridization and covalent tetrahedrally coordinated bonding, 
whereas in /3-Sn with ...5s 2 5p 2 only two p-orbitals are available for covalent and one 
further p-orbital for metallic bonding. 

The structure of arsenic, antimony and bismuth (isotypic under ambient conditions) 
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Table 7 

Structure information for the elements of groups 5 and 6. In the first line of each box the chemical symbol, 
atomic number Z, and the atomic volume V at under ambient conditions is listed. In the second line the 
electronic ground state configuration is given. For each phase there is tabulated: limiting temperature T[K] and 
pressure P[GPa], Pearson symbol PS, prototype structure PT, and, if applicable, the lattice parameter ratio da. 


T[K] P[GPa] PS PT da 

T[K] P[GPa] PS PT da 

V 23 V at = 13.82 A 3 

Cr 24 V aI =12.00A 3 

ls 2 2s 2 p 6 3s 2 p 6 d 3 4s 2 

ls 2 2s 2 p 6 3s 2 p 6 d 5 4s 1 

cI2 W 

cI2 W 

Nb 41 V aI = 17.98 A 3 

Mo 42 V aI =15.58A 3 

1 s 2 2s 2 p 6 3s 2 p 6 d 1 °4s 2 p 6 d 4 5s 1 

ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 5 5s 1 

cl2 W 

cl2 W 

Ta 73 V at = 18.02 A 3 

W 74 V at = 15.85 A 3 

ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 f 14 5s 2 p 6 d 3 6s 2 

ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 f 14 5s 2 p 6 d 4 6s 2 

cl2 W 

cI2 W 


(table 12) consists of puckered layers of covalently bonded atoms stacked along the 
hexagonal axis (fig. 31). The structure can be regarded as a distorted primitive cubic 
structure (a-Po) in which the atomic distance d t in the layer equals that between the 
layers d 2 . The metallic character of these elements increases for c^/dj approximating to 
1 (table 13). 

The helical structures of isotypic a-Se and a-Te may also be derived from the 

Table 8 

Structure information for the elements of groups 7 and 8. In the first line of each box the chemical symbol, 
atomic number Z, and the atomic volume V al under ambient conditions is listed. In the second line the 
electronic ground state configuration is given. For each phase there is tabulated: limiting temperature T[K] and 
pressure P[GPa], Pearson symbol PS, prototype structure PT, and, if applicable, the lattice parameter ratio da. 


T[K] P[GPa] 

PS 

PT 

da 


T[K] P[GPa] 

PS 

PT 

da 

Mn 25 V al = 12.21 A 3 




Fe 

26 V., = 1 1 .78 A 3 




1 s 2 2s 2 p 6 3s 2 p 6 d 5 4s 2 




ls 2 2s 2 p 6 3s 2 p 6 d 6 4s 2 




a 

cI58 

a-Mn 


a 


cI2 

W 


p >1000 

cP20 

/3-Mn 


y 

>1185 

cF4 

Cu 


y > 1373 

cF4 

Cu 


s 

>1667 

cI2 

W 


S >1411 

cI2 

W 


e 

>13 

hP2 

Mg 

1.603 

Tc 43 V al = 14. 26 A 3 




Ru 

44 V„= 13.57 A 3 




ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 6 5s 1 




1 s 2 2s 2 p 6 3 s 2 p 6 d 10 4s 2 p 6 d 7 5s 1 





hP2 

Mg 

1.604 



hP2 

Mg 

1.582 

Re 75 V at = 14.71 A 3 




Os 

76 V„,= 13.99 A 3 




1 s^sV^s^d 10 4s 2 p 6 d 10 f 14 

l 5s 2 p 6 d 5 6s 

2 


ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d ,0 f 14 5s 2 p 6 d 6 6s 

2 



hP2 

Mg 

1.615 



hP2 

Mg 

1.580 
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(a) 


(b) 

Fig. 20. One unit cell of cI58-Mn, space group I43m, No. 217, with four different types of Mn atoms in 2a: 
0 0 0, 8c: 0.316 0.316 0.316, 24g: 0.356 0,356 0.034, 24g: 0.089 0.089 0.282, shown (a) in perspective view 
and (b) in projection. Two types of Mn atoms are coordinated by CN 16 Friauf polyhedra, one by a CN 14 
Frank-Kasper polyhedron and one by an icosahedron. 

primitive cubic a-Po structure (fig. 32). The infinite helices run along the trigonal axes, 
and have three atoms per turn. The interhelix bonding distance d 2 plays a comparable 
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Fig. 21. One unit cell of cP20-Mn, space group P4,32, No 213, with two types of Mn atoms: 8c: 0.063 0.063 
0.063, 1 2d: 0.125 0.202 0.452, shown (a) in perspective view and (b) in projection. The atoms in 8c are 
coordinated by 12 atoms in a distorted icosahedron, the Mn atoms in 12d by 14 atoms in a distorted Frank- 
Kasper CN 14 type polyhedron. 

role for the metallic character of these elements as does the interlayer distance in the 
case of the group 15 elements. Wih increasing pressure, the transition to the metallic 
/3-Te phase takes place. 


3.6. Lanthanides and actinides 

Lanthanides and actinides (table 14) are characterized by the fact that their valence 
electrons occupying the f-orbitals are shielded by filled outer s- and p-orbitals. The 
chemical properties of the lanthanides are rather uniform since the 4f-orbitals are largely 
screened by the 5s- and 5p-electrons. The chemical behavior of the actinides, however, 
is somelike in between that of the 3d transition metals and the lanthanides since the 5f- 
orbitals are screened to a much smaller amount by the 6s- and 6p-electrons. With the 
exception of Sm and Eu, all lanthanides under ambient conditions show either a simple 
hep structure with the standard stacking sequence ,.AB.. or a twofold superstructure with 
a stacking sequence ..ACAB... Samarium has, with ..ABABCBCAC.., an even more 
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TEMPERATURE, °C 

Fig. 22. The variation of the atomic volume of manganese with temperature (from Donohue [1974]). 

Table 9 

Structure information for the elements of groups 9 and 10. In the first line of each box the chemical symbol, 
atomic number Z, and the atomic volume V al under ambient conditions is listed. In the second line the 
electronic ground state configuration is given. For each phase there is tabulated: limiting temperature T[K] and 
pressure P[GPa], Pearson symbol PS, prototype structure PT, and, if applicable, the lattice parameter ratio c!a. 


T[K] P[GPa] PS PT da 

T[K] P[GPa] PS PT da 

Co 27 11.08 A 3 

Ni 28 V =10.94 A 3 

1 s 2 2s 2 p 6 3s 2 p 6 d 7 4s 2 

ls 2 2s 2 p 6 3s 2 p*d 8 4s 2 

e hP2 Mg 1.623 

cF4 Cu 

a >695 cF4 Cu 


Rh 45 V aI = 13.75 A 3 

Pd 46 V at = 14.72 A 3 

ls 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d 8 5s l 

ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 

cF4 Cu 

cF4 Cu 

Ir 77 V at = 14.15 A 3 

Pt 78 V a , = 15.10A 3 

ls 2 2s 2 p 6 3s 2 p 6 d ,0 4s 2 p 6 d 10 f 1 ‘ , 5s 2 p 6 d 7 6s 2 

1 s 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 f 14 5s 2 p 6 d 9 6s 1 

cF4 Cu 

cF4 Cu 
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Table 10 

Structure information for the elements of groups 1 1 and 1 2. In the first line of each box the chemical symbol, 
atomic number Z, and the atomic volume V a[ under ambient conditions is listed. In the second line the 
electronic ground state configuration is given. For each phase there is tabulated: limiting temperature T[K] and 
pressure P[GPa], Pearson symbol PS, prototype structure PT, and, if applicable, the lattice parameter ratio da. 



T[K] P[GPa] 

PS 

PT da 


T[K] P[GPa] 

PS 

PT 

da 

Cu 

29 V al =11.8lA 3 



Zn 

30 V aI = 15.20 A 3 




ls^sy^yd'^s 1 



1s 2 2s 

2 p 6 3s 2 p 6 d 10 4s 2 






cF4 

Cu 



hP2 

Mg 

1.856 

Ag 

47 V,.= 17.05 A 3 



Cd 

48 V at = 2l.60A 3 




ls 2 2s 2 p 6 3s 2 p 6 d ,0 4s 2 p 6 d'°5s I 



1s 2 2s 

2 p 6 3s 2 p 6 d l0 4s 2 p 6 d 10 5s 2 






cF4 

Cu 



hP2 

Mg 

1.886 

Au 

79 V al = 16.96 A 3 



Hg 

80 V., = 23.13A 3 at 80K 



1s 2 2s 

2 p 6 3s 2 p 6 d 1 °4s 2 p 6 d 1 °f 1 ‘ , 5s 2 

; p 6 d 10 6s 

l 

ls 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d 10 f 1 ‘ , 5s 2 

p 6 d 10 6s : 

! 




cF4 

Cu 

a 

<234.3 

hRl 

ot-Hg 






p 

>3.7 

tI2 

« -Pa 






y 

>12 

oP4 







s 

>37 

hP2 

Mg 

1.76 
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Fig. 24. The variation of atomic volume of iron with temperature (from Donohue [1974]). 

complicated stacking order with 4.5-fold superperiod. For all lanthanides the ratio da is 
near the ideal value of n x 1.633. It is interesting that with increasing pressure and 
decreasing atomic number the sequence of closest-packed phases hP2-Mg (..AB..) => 
hR3-Sm (..ABABCBCAC..) => hP4-La (..ACAB..) => cF4-Cu (..ABC..) => hP6-Pr 
appears (cf. figs. 10, 17 and 33). 

Cerium undergoes a transformation from the y to the a-phase at pressures >0.7 GPa: 



Fig. 25. The structure of cF4-Cu, space group Fm3m, No. 225, 4a 0 0 0. 
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Fig. 26. The structure of hRl-Hg, space group R3m, No. 166, 3a 0 0 0. 


the ccp structure is preserved but the lattice constant decreases drastically from 5.14 to 
4.84 A owing to a transition of one 4f-electron to the 5d-level (fig. 34). This isostructural 
transition is terminated in a critical point near 550 K and 1.75 GPa (Young [1991]). 
Further compression gives the transformation at 5.1 GPa to the cr'-phase, and finally at 
12.2 GPa to the £-phase. Europium shows a completely different behavior, as do the 
other lanthanides, owing to the stability of its half filled 4f-orbitals. Thus, it has more 
similarities to the alkaline earth metals; its phase diagram is comparable to that of barium 



Fig. 27. Schemalical phase diagram of mercury (from Schulte and Holzapfel [1993]). 
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Table 11 

Structure information for the elements of groups 13 and 14. In the first line of each box the chemical symbol, 
atomic number Z, and the atomic volume V at under ambient conditions is listed. In the second line the 
electronic ground state configuration is given. For each phase there is tabulated: limiting temperature T[K] and 
pressure P[GPa], Pearson symbol PS, prototype structure PT, and, if applicable, the lattice parameter ratio c!a. 


T[K] P[GPa] 

PS 

PT 

c/a 


T[K] P[GPa] 

PS 

PT 

da 

AI 13 V al = 16.60 A 3 




Si 

14 V al = 20.02 A 3 




ls^sVrisV 




1s 2 2s 

2 p 6 3s 2 p 2 





cF4 

Cu 


a 


cF8 

Cd 






p 

>12 

tl4 

P - Sn 

0.552 





y 

>13.2 

hPl 

Biin 

0.92 





s 

>36 

0? 







£ 

>43 

hP2 

Mg 

1.699 





( 

>78 

cF4 

Cu 


Ga 31 V a[ = 19.58 A 3 




Ge 

32 V, = 22.63 A 3 




1 s 2 2s 2 p 6 3s 2 p 6 d 1 °4s 2 p 1 




ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 2 




a 

oC8 

a- Ga 


a 


cF8 

C 


/3 <330 >1.2 

cI12 



p 

>11 

tI4 

/3-Sn 

0.551 

y >330 >3.0 

tI2 

In 

1.588 

y 

>75 

hPl 

Biin 

0.92 





s 

>106 

hP4 



In 49 V al = 26.16 A 3 




Sn 

50 V., = 34. 1 6 A 3 at 285 K 



I s 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d l0 5s 

V 



ls 2 2s 2 p lS 3s 2 p 6 d 10 4s 2 p 6 d 10 5s 2 p 2 




tI2 

In 

1.521 

a 

<291 

cF8 

C 






p 

>291 

tI4 

P - Sn 

0.546 





y 

>9.2 

tI2 

Pa 

0.91 





s 

>40 

cI2 

W 


T1 81 V =28.59 A 3 




Pb 

82 V= 30.32 A 3 




1 s 2 2s 3 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 f I4 5s 2 p 6 d l0 6s 2 p 1 


1 ls 2 2s 2 p 6 3s 2 p 6 d I0 4s 2 p 6 d l0 f 14 5s 2 p 6 d 10 6s 2 p 2 


a 

hP2 

Mg 

1.598 

a 


cF4 

Cu 


p >503 

cI2 

W 


p 

>13.7 

hP2 

Mg 

1.650 

y >3.7 

cF4 

Cu 


y 

>109 

cI2 

W 



rather than to the other lanthanides. A similar behavior is observed for ytterbium which 
is divalent owing to the stability of the completely filled 4f-orbitals; its phase diagram 
resembles that of strontium. 

The c-lattice parameter of gadolinium exhibits an anomalous expansion when cooled 
below 298 K (fig. 35) due to a change in the magnetic properties of the metal. Several 
other lanthanides show a similar behavior. 

According to their electronic properties, the actinides (table 14) can be divided into 
two subgroups: the elements from thorium to plutonium have itinerant 5f-electrons 
contributing to the metallic bond, whereas the elements from americium onwards have 
more localized 5f-electrons. This situation leads to superconductivity for thorium, 
protactinium and uranium, for instance, and to magnetic ordering for curium, berkelium 
and californium (Dabos-Seignon et al. [1993]). The contribution of 5f-electrons to 
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Fig. 28. The structure of oC8-Ga, Cmca, No. 64, 8f 0 0.155 0.081, (a) in a perspective view and projected 
upon (b) (010) and (c) (100), showing the distorted hexagonal layers. 


bonding leads to low symmetry, small atomic volumes and high density in the case of 
the light actinides while the heavier actinides crystallize at ambient conditions in the hep 
structure type. The position of plutonium at the border of itinerant and localized 5f-states 
causes its unusually complex phase diagram, with structures typical for both cases. Thus, 
monoclinic a - Pu can be considered as a distorted hcp-structure with about 20% higher 
packing density than cF4-Pu owing to covalent bonding contributions from 5f-electrons 
(fig. 36) (Ek et al. [1993]). This ratio is quite similar to the above-mentioned one of 
a-Ce and y-Ce, which are both ccp. The phase diagram of americium is very similar to 
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Fig. 29. The structure of tI2— In, space group I4/mmm, No. 139, 2a 0 0 0. 



Fig. 30. Relationships between the structures of the two tin allotropes: (a) grey a-Sn, cF8-C type, space group 
Fd3m, No. 227, 8a: 0 0 0, % % 3 /i, and (b) white /3-Sn, tI4-y3-Sn type, space group 14,/amd, No. 141, 4a: 
0 0 0. Note the large difference in the minimum distances: d^JJ" = 1.54 A and d^JJ" =3.02 A. 


those of lanthanum, proseodymium and neodymium. Owing to the localization of 5f- 
electrons it is the first lanthanide-like actinide element. 

Both lanthanides and actinides crystallize in a great variety of polymorphic modifica- 
tions (fig. 37). 


References: p. 45. 
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Table 12 

Structure information for the more metallic elements of groups 15, pnictides, and of group 16, chalcogenides. 
In the first line of each box the chemical symbol, atomic number Z, and the atomic volume V at under ambient 
conditions is listed. In the second line the electronic ground state configuration is given. For each phase there 
is tabulated: limiting temperature T[K] and pressure P[GPa], Pearson symbol PS, prototype structure PT, and, 
if applicable, the lattice parameter ratio da. 


T[K] P[GPa] 

PS 

PT 

da 


T[K] P[GPa] 

PS 

PT 

da 

As 33 V at = 21.52 A 3 




Se 

34 V., = 27.27 A 3 




1 s 2 2s 2 p 6 3s 2 p 6 d 1 °4s 2 p 3 




ls^sVSsVd^sy 




a 

hR2 

a- As 

2.805 

a 


hP3 

a-Se 

1.135 

P >25.0 

cPl 

a-Po 


p 

>14 

mP3 







y 

>28 

tP4 







s 

>41 

hR2 



Sb 51 V al = 30.21 A 3 




Te 

52 V,. = 33.98 A 3 




1 s 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d 10 5s 2 p 3 




1 s 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d I0 5s 2 p 4 




a 

hR2 

a-As 

2.617 

a 


hP3 

a-Se 

1.330 

P >8 

mP4 

P-Sb 


p 

>4.0 

mP4 

P-Te 


y >28 

cI2 

W 


y 

>6.6 

oP4 







s 

>10.6 

hRl 

P-Po 






E 

>27 

cI2 

W 


Bi 83 V aI = 35.39 A 3 




Po 

84 V., = 38.14A 3 at 311 K 



1 s 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d'¥ 4 5s 2 

p 6 d'°6s 2 p 3 


1s 2 2s 

2 p 6 3s 2 p 6 d I0 4s 2 p 6 d 10 f 14 5s 2 

p 6 d 10 6s 

2 P 4 


a 

hR2 

a-As 

2.609 

a 


cPl 

a-Po 


P >2.6 

mC4 

P-Bi 


p 

>327 

hRl 

P-Po 


y >3.0 

mP4 

P-Sb 







S >4.3 









e >9.0 

cI2 

W 








Element 

Distance d, 

Distance d 2 

dyd, 

a-As 

2.51 A 

3.15 A 

1.25 

a-Sb 

2.87 A 

3.37 A 

1.17 

a-Bi 

3.10A 

3.47 A 

1.12 

y-Se 

2.32 A 

3.46 A 

1.49 

y-Te 

2.86 A 

3.46 A 

1.31 

or-Po 

3.37 A 

3.37 A 

1.00 


References: p. 45. 
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Table 14 

Structure information for the lanthanides and actinides. In the first line of each box the chemical symbol, 
atomic number Z, and the atomic volume V al under ambient conditions is listed. In the second line the 
electronic ground state configuration is given. For each phase there is tabulated: limiting temperature T[K] and 
pressure P[GPa], Pearson symbol PS, prototype structure PT, and, if applicable, the lattice parameter ratio da. 


T[K] P[GPa] 

PS 

PT 

c/a 


T[K] P[GPa] PS 

PT 

c/a 

Ce 58 V a[ = 34.72 A 3 




Th 

90 V ar = 32.87A 3 



1 s 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d l0 f 2 5s : 

2 p 6 6s 2 



...3s 

2 p 6 d I0 4s 2 p 6 d I0 f N 5s 2 p 6 d l0 6s 2 p 6 d 2 7s 2 


a <96 

cF4 

Cu 


a 

cF4 

Cu 


p 

hP4 

a -La 

2x1.611 

p 

> 1633 cI2 

W 


y >326 

cF4 

Cu 






S >999 

cI2 

W 






a' >5.1 

oC4 

o-U? 






e > 12.2 

tI2 

In 






Pr 59 V al = 35.08 A 3 




Pa 

91 V„ = 25.21 A 3 



ls 2 2s 2 p 6 3s 2 p 6 d'°4s 2 p 6 d l0 f 3 5s ; 

2 p 6 6s 2 



...3s 

2 p 6 d 10 4s 2 p 6 d 10 f 1 ‘ , 5s 2 p 6 d 10 f 2 6s 2 p 6 d 1 7s 2 


a 

hP4 

a -La 

2x1.611 

a 

tI2 

o-Pa 

0.825 

P > 1068 

cI2 

W 


p 

> 1443 cI2 

W 


y >3.8 

cF4 

Cu 






S >6.2 

hp6 

Pr 

3x1.622 





e >20 

oC4 

o-U 






Nd 60 V., = 34.17A 3 




u 

92 V,, = 20.75 A 3 



1 s 2 2s 2 p 6 3s 2 p 6 d 1 °4s 2 p 6 d l0 f 4 5s 2 p 6 6s 2 



...3s 

2 p 6 d’°4s 2 p 6 d 10 f l ‘ , 5s 2 p 6 d 10 f 3 6s 2 p 6 d l 7s 2 


a 

hP4 

o-La 

2x1.612 

a 

oC4 

o-U 


P >1136 

cI2 

W 


p 

>941 tP30 

P- u 


y >5.8 

cF4 

Cu 


y 

> 1049 cI2 

W 


S >18 

hp6 

Pr 

3x1.611 





e >38 

mC4 

? 






Pm 61 V at = 33.60 A 3 




Np 

93 V,.= 19.21 A 3 



1 s 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d 10 f 5 5s : 

! p 6 6s 2 



...3s 2 p 6 d 10 4s 2 p 6 d 10 f M 5s 2 p 6 d l0 f 5 6s 2 p 6 7 

s 2 


a 

hP4 

o-La 

2x1.60 

a 

oP8 

o-Np 


P >1163 

cI2 

W 


p 

>553 tP4 

P- Np 

0.694 

y >10 

cF4 

Cu 


y 

>849 cI2 

W 


S >18 

hp6 

Pr 






e >40 

? 








Continued on next page 


References: p. 45. 



40 


W. Steurer 


Ch. 1, §3 


Table 14 — Continued 


T[K] P[GPa] 

PS 

PT 

c!a 


T[K] P[GPa] 

PS 

PT 

c!a 

Sm 62 V., = 33.17 A 3 




Pu 

94 V., = 19.88A 3 




lsWpWd'Wd'^sW 



...3s : 

Vd'Wp^'Of'^sVd'^es 2 ? 6 ? 

s 2 


a 

hR3 

Qf-Sm 4.5x1.605 

a 


mP16 

Qf-Pu 


P > 1007 

hP2 

Mg 

1.596 

p 

>388 

mC34 

^-Pu 


y >1195 

cI2 

W 


y 

>488 

oF8 

y-Pu 


8 >4.5 

hP4 

a-La 

2x1.611 

8 

>583 

cF4 

Cu 


e >14 

cF4 

Cu 


S’ 

>725 

02 

In 

1.342 

£ >19 

hp6 

Pr 

3x1.611 

e 

>756 

cI2 

w 


0 >33 

mC4 

? 


£ 

>40.0 

hP8 


1.657/2 

Eu 63 V a , = 48.10A 3 




Am 

95 V al = 29.27 A 3 




ls 2 2sV3sVd I0 4s 2 p 6 d' 0 f 7 5s : 

! p 6 6s 2 



...3s 

2 p 6 d 10 4s 2 p 6 d 10 f m 5 s 2 p 6 d 



a 

cI2 

w 


a 


hP4 

a-La 

2x1.621 

P > 12.5 

hP2 

Mg 

1.553 

p 

>1042 or >5 

cF4 

Cu 


y >18 

? 



y 

>1350 

cI2 

W 






8 

> 12.5 

mP4 

S-Am 






£ 

>15 

oC4 

a-U 


Gd 64 V al = 33.04 A 3 




Cm 96 V 9 , = 29.98 A 3 




ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 f 7 5s : 

! p 6 5d'6s 

2 


...3s 

2 p 6 d 10 4s 2 p 6 d I0 f 14 5s 2 p 6 d 

10 f 7 6s 2 p 6 d‘7s 2 


a 

hP2 

Mg 

1.591 

a 


hP4 

a-La 

2x1.621 

P > 1508 

cI2 

W 


p 

>1550 or >23 

cF4 

Cu 


y >2.0 

hR3 

ii-Sm 

4.5x1.61 

y 

>43 

oC4 

a-U 


8 >5 

hP4 

a -La 

2x1.624 






e >25 

cF4 

Cu 







£ >36 

hp6 

Pr 







Tb 65 V =32.04 A 3 




Bk 

97 V al = 27.96A 3 




l S 2 2s 2 p 6 3s 2 p 6 d I0 4s 2 p 6 d 10 f 9 5 S 2 p 6 6s 2 



...3s 

2 p 6 d 10 4s 2 p 6 d I0 f I4 5s 2 p 6 d 

l0 f 8 6s 2 p 6 d I 7s 2 


a <220 

oC4 

a'-Dy 


a 


hP4 

a-La 

2x1.620 

a' 

hP2 

Mg 

1.580 

p 

>1250 or >8 

cF4 

Cu 


P > 1562 

cI2 

W 


y 

>25 

oC4 

a-U 


y >3.0 

hR3 

Qf-Sm 

4.5x1.60 






8 >6.0 

hP4 

a-La 







e >29 

cF4 

Cu 







£ >32 

hp6 

Pr 

3x1.616 







Continued on next page 
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Table 14 — Continued 


T[K] P[GPa] 

PS 

PT 

da 

T[K] P[GPa] 

PS PT c/a 

Dy 66 V al = 31.57A 3 




Cf 98 V at = 27.41 A 3 


ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 f 1 

10 5s 2 p 6 6s 2 



...3s 2 p 6 d 10 4s 2 p 6 d 10 f 14 5s 2 p 6 d 

10 f 10 6s 2 p 6 7s 2 

a' <86 

oC4 

a'-Dy 


a 

hP4 a- La 2x1.625 

a 

hP2 

Mg 

1.573 

> 863 or >17 

cF4 Cu 

p > 1654 

cI2 

W 


y >30 

aP4 y-Cf 

y >5.0 

hR3 

a-Sm 4.5x1.606 

S >41 

oC4 a-U 

S >9.0 

hP4 

a- La 




e >38 

cF4 

Cu 




Ho 67 V al = 31.12 A 3 




Es 99 


ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 f 1 

"5s 2 p 6 6s 2 



. . . 3s 2 p 6 d 10 4s 2 p 6 d 10 f 14 5 s 2 p 6 d 

10 f I1 6s 2 p 6 7s 2 

a 

hP2 

Mg 

1.570 

a 

hP4 ff-La 

p > 1660 

cI2 

W 


p ? 

cF4 Cu 

y >7.0 

hR3 

a-Sm 

4.5x1.63 



S >13 

hP4 

a-La 




Er 68 V al = 30.65 A 3 




Fra 100 


ls 2 2s 2 p 6 3s 2 p 6 d l0 4s 2 p 6 d 10 f 12 5s 2 p 6 6s 2 



...3s 2 p 6 d 10 4s 2 p 6 d 10 f 14 5s 2 p 6 d 

10 f 12 6sV7s 2 

a 

hP2 

Mg 

1.569 



p >7.0 

hR3 

a-Sm 




y >13 

hP4 

a -La 




Tm 69 V =30.10A 3 




Md 101 


1 s 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d 10 f 13 5 s 2 p 6 6s 2 



...3s 2 p 6 d 10 4s 2 p 6 d ,0 f 14 5s 2 p 6 d 

l0 f l3 6s 2 p 6 7s 2 

a 

hP2 

Mg 

1.570 



P >1800 

cl2 

W 




y >9 

hR3 

or-Sm 




S >13 

hP4 

a - La 

4.5x1.57 



Yb 70 V aI =41.24 A 3 




No 102 


ls 2 2s 2 p 6 3s 2 p 6 d 10 4s 2 p 6 d l0 f l 

4 5s 2 p 6 6s 2 



. ..3s 2 p 6 d ,0 4s 2 p 6 d 10 f 14 5 s 2 p 6 d 1 

l0 f l4 6s 2 p 6 7s 2 

a < 270 or >34 

hP2 

Mg 

1.646 



P 

cF4 

Cu 




y > 1047 or >3-5 

cI2 

W 




Lu 71 V al = 29.52 A 3 




Lr 103 


1 s^sV’SsV’d I0 4s 2 p 6 d 10 f 1 

,, 5s 2 p 6 d 1 6s' 



...3s 2 p 6 d 10 4s 2 p 6 d I0 f 14 5s 2 p 6 d 

10 f I4 6s 2 p 6 d 1 7s 2 


hP2 

Mg 

1.583 



P >18 

hR3 

ff-Sm 

4.5x1.52 



y >35 

hP4 

ff-La 





References: p. 45. 
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Ac Th Pa U Np Pu Am Cm 

Fig. 37. Combined binary alloy phase diagrams for the light actinides (from Young [ 1991 ]). 
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1. Introduction 

The bulk properties of a metal depend directly on the bonding between the constituent 
atoms at the microscopic level. Thus, in order to provide a fundamental description of 
metals and alloys, it is necessary to understand the behaviour of the valence electrons 
which bind the atoms together. The theory which describes the electrons in metals is 
couched, however, in a conceptual framework that is very different from our everyday 
experience, since the microscopic world of electrons is governed by quantum mechanics 
rather than the more familiar classical mechanics of Newton. Rather than solving 
Newton’s laws of motion the solid state theorist solves the Schrodinger equation, 

+ r/(r)l i p{r) = Etp(r), (1) 

^ 2m J 

where V 2 = d 2 /dx 2 + d 2 /df + d 2 /d z 2 , m is the electronic mass and h is the ubiquitous 
Planck constant (divided by 27r). -(h 2 /2m) V 2 represents the kinetic energy and v(r) the 
potential felt by the electron which has total energy E. ip(r) is the wave function of the 
electron where |t/f(r)| 2 is the probability density of finding the electron at some point r 
— (x, y, z). The power of the Schrodinger equation is illustrated by solving eq. (1) for the 
case of a single hydrogenic atom. It is found that solutions exist only if the wave 
function ip is characterized by three distinct quantum numbers n, l and m whose signifi- 
cance has been discussed at the beginning of the preceding chapter. A fourth quantum 
number, m s , representing the spin of the electron results from a relativistic extension of 
the Schrodinger equation. Thus, the existence of different orbital shells and hence the 
chemistry of the Periodic Table follows naturally from quantum mechanics through the 
Schrodinger equation. 

Wigner and Seitz [1933] were the first to apply the Schrodinger equation to the 
problem of bonding in metals. In their classic paper they studied the formation of the 
bond in monovalent sodium and obtained the cohesive energy, equilibrium lattice 
constant, and bulk modulus to within 10% of the experimental values. However, it took 
nearly another fifty years before the same accuracy was achieved for the polyvalent 
metals. Whereas Wigner and Seitz [1933] could assume that the single valence electron 
on a sodium atom feels only the potential due to the ion core, in a polyvalent metal a 
given electron will also feel the strong coulomb repulsion from other valence electrons 
in its vicinity. Thus the problem becomes much more complex. Firstly, the potential v(r) 
must be computed self-consistently in that v(r) now depends on the coulomb field of 
valence electrons whose wave functions and hence average charge distributions them- 
selves depend on v(r) through eq. (1). Secondly, it is necessary in order to obtain 
bonding to go beyond the average self-consistent field of the Hartree approximation and 
to include the correlations between the electrons. Pauli’s exclusion principle keeps 
parallel spin electrons apart, thereby lessening their mutual coulomb repulsion and 
lowering the energy by an amount called the exchange energy. These statistical correla- 
tions are described by the Hartree-Fock approximation. In addition, dynamical correla- 
tions also exist between the anti-parallel spin electrons, which lower the energy of the 
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system by an amount called the correlation energy. 

A major breakthrough in solid-state physics occurred with the realization that these 
very complicated exchange and correlation effects could be accurately modeled by adding 
a simple local exchange correlation potential v xc (r) to the usual Hartree coulomb potential 



Fig. 1. The equilibrium Wigner-Seitz radii, cohesive energies, and bulk moduli of the 3d and 4d transition 
series. Experimental values are indicated by crosses and the computed LDF values by the connected points. 
(From Moruzzi etal. [1978].) 


References: p. 129. 
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in eq. (1). The resulting so-called local density functional (LDF) equations (Hohenberg 
and Kohn [1964] and Kohn and Sham [1965]) have been shown to yield a surprisingly 
good description of the energetics of atoms, molecules, and solids (Gunnarsson and 
Lundquist [1976], Harris and Jones [1978], Moruzzi et al. [1978], Jones and 
Gunnarsson [1989] and Finnis [1992]). The success of the LDF scheme is illustrated 
in fig. 1 by the results of Moruzzi et al. [1978] for the cohesive properties of the 
elemental metals across the 3d and 4d transition series. We see that for the nonmagnetic 
4d series the equilibrium Wigner-Seitz radius (or lattice constant), cohesive energy and 
bulk modulus are given to better than 10%. The large deviations in lattice constant and 
bulk modulus observed amongst the 3d series is due to the presence of magnetism and 
is removed by generalizing the LDF theory to include spin polarization (Janak and 
Williams [1976]). It must be stressed that there are no arbitrary parameters in the 
theory, the only input being the nuclear charge and crystal structure. 

This success of the LDF theory in describing the bonding between atoms allows the 
interpretation of the results within a band framework, since the motion of a given 
electron is governed by the one-electron Schrodinger equation (1). As is well-known, the 
energy levels, E, of the free atom broaden out into bands of states as the atoms are 
brought together to form the solid. In this chapter the nature of these energy bands in 
simple metals, transition metals and binary alloys is discussed, thereby unraveling the 
microscopic origin of the attractive and repulsive forces in the metallic bond. In § 2. 1 we 
begin with a detailed description of the constituent atoms, since we will see that many 
bulk properties are related to the relative position of the atomic energy levels and to the 
size of the ionic cores. In § 2.2 the diatomic molecule is used to illustrate bond formation 
and in § 2.3 the general principle of band formation in solids is outlined. The nature of 
simple- and transition - metal bands is then discussed in §§ 3 and 4 respectively, the 
former being treated within the nearly-free-electron approximation, the latter within the 
tight-binding approximation. In § 5 the knowledge of the energy band behaviour is used 
to provide a microscopic picture of metallic bonding which is responsible for the 
cohesive properties of the elemental metals displayed in fig. 1. In § 6 structural stability 
is discussed both in the elemental metals and in binary intermetallic phases. In § 7 the 
ideas on metallic bonding are extended to a discussion of the heats of formation, AH, of 
binary alloys. Finally in § 8 the band theory of magnetism is presented which accounts 
for the antiferromagnetism of Cr and Mn and the ferromagnetism of Fe, Co, and Ni 
amongst the 3d transition metals. 

2. Band formation 

2.1. The constituent atoms 

The hundred basic building blocks of nature, which are enshrined in the Periodic 
Table, lead to matter having a wide range and variety of physical properties. This 
diversity reflects the essential uniqueness of each element in the Periodic Table. For 
example, even though copper, silver and gold lie in the same noble-metal group, nobody 
except possibly a theoretician would be prepared to regard them as identical. In this 
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subsection the differences between the elements are quantified by discussing the 
behaviour of the atomic energy levels and the radii throughout the Periodic Table. 

The structure of the Periodic Table results from the filling-up of different orbital 
shells with electrons, as outlined in the previous chapter. The chemical behaviour of a 
given atom is governed by both the number and the angular-momentum character of the 
electrons in the outer partially filled shells. (We shall refer to these electrons as valence 
in contrast to the filled shells of core electrons.) The angular-momentum character is 
determined by the orbital quantum number 1, since the magnitude of the total orbital 
angular momentum L is given by quantum theory as: 

L = hjl(l + 1), (2) 

where l = 0, 1, 2,... A free-atom electron can, therefore, take only discrete values of 
angular momentum (i.e. 0, h\Jl , h\[E ,...) unlike a classical particle which would have 
a continuous spectrum. However, as in the classical case, the angular momentum is 
conserved because the electron is moving in the central spherically symmetric potential 
of the free atom. Electrons with 1 = 0, 1,2 and 3 orbital quantum numbers are referred 
to as s, p, d and f electrons, respectively (after the old terminology of sharp, principal, 
diffuse and fine spectroscopic lines). 

Angular momentum is a vector. Therefore, in addition to the magnitude L of the 
orbital angular momentum L, the electronic state is also characterized by the components 
of the angular momentum. Within quantum theory the component in a given direction 
(say along the z-axis, specified experimentally by the direction of a very weak applied 
magnetic field) is quantized and given by 

L z = mti, (3) 

where the magnetic quantum number, m, takes the (21+ 1) values 0, ± 1,..., ± (l- 1), ± /. 
Because the energy of the electron can not depend on the direction of the angular 
momentum in a spherically symmetric potential, these (21+ 1) states have the same 
energy and are said to be degenerate. Allowing for the additional spin quantum number, 
m s , which can take two values (corresponding to an up, T, or down, i, spin electron), 
each /-state will be 2(2/ + l)-fold degenerate. Thus an s-shell can hold 2 electrons, a 
p-shell 6 electrons, a d-shell 10 electrons and an f-shell 14 electrons as discussed in ch. 
2 , § 1 . 

The state of angular momentum of the electron determines the angular dependence of 
the wave function ip and hence the angular dependence of the probability-density \ip\ 2 . 
The s-state has zero orbital angular momentum corresponding to a spherically symmetric 
probability density which is illustrated schematically in fig. 2a. The p-state, correspon- 
ding to / = 1, m = 0, has an angular variation given by cos 9, where is the polar angle. 
Because the Cartesian coordinates (x, y, z) can be related to the spherical polar 
coordinates (r, 6 , <f>), and in particular z = r cos 6 , it is customary to refer to the /= 1, 
m = 0 state as the p z orbital. Its probability-cloud is illustrated by the left-hand diagram 
in fig. 2b. We see that it has lobes pointing out along the z-axis, in which direction there 
is a maximum probability of finding the electron (cos 2 0 = 1 for 0=0, tt). On the other 
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hand, there is zero probability of finding the electron in the x-y plane (cos 2 0 =0 for 
6=tt/2). Since we often deal with atoms in a cubic environment in which all three 
Cartesian axes are equivalent (e.g., fee or bcc crystals), we form the p x and p y orbitals by 
taking linear combinations of the two remaining states corresponding to m = + 1 . They are 
illustrated in fig. 2b. The probability clouds of the five d orbitals corresponding to 1 = 2 
are shown in fig. 2c. We might expect from fig. 2 that the nature of the bonding between 
atoms will be very dependent on the angular momentum character of the atomic valence 
electrons. This will be discussed in § 2.2. 

Historically it was the discrete lines of the atomic spectra and their ordering 
according to Balmer’s formula that led Bohr to postulate his famous model of the 
hydrogen atom from which he deduced that the energy levels were given by 

E„ ^-(me 4 /32TT 2 E 2 0 ti 2 )/n 2 , (4) 



Fig. 2. The probability clouds corresponding to s, p and d orbitals are shown in (a), (b) and (c), respectively. 




Ch. 2, §2 


Electron theory of metals 


53 


where e is the magnitude of the electronic charge, e n is the permittivity of free space, and 
n is a positive integer. The corresponding radii of the so-called stationary orbits were 
given by 

a n = / tnc 2 )n 2 . (5) 

Substituting into eqs. (4) and (5) the SI values m = 9.1096 x lO -31 kg, e- 1.6022 x 10 19 
C, 4tre 0 c 2 = 10 7 , c = 2.9979 x 10 8 m/s and h = 1.0546 x 10 -34 Js, we have: 

E n = 2.1799 x 10 -18 / n 2 J (6) 

and 

a n =n 2 au. (7) 

The ground state of the hydrogen atom, which corresponds to n= 1, has an energy, 
therefore, of 2.18 X 1(T 18 J and an orbital Bohr radius of 0.529 X 10 -10 m or 0.529 A. 
Because of the small magnitude of the energy in SI units, it is customary for solid-state 
physicists to work in atomic units, where the unit of energy is the Rydberg (Ry) and the 
unit of length is the atomic unit (au). The former is the ground-state energy of the 
hydrogen atom, the latter is the first Bohr radius. Thus, in atomic units we have 

E n =-n~ 2 Ry (8) 

and 

a„=n 2 au. (9) 

It follows from eqs. (4), (5), (8) and (9) that ti 2 /2m = 1 in atomic units. Another frequent- 
ly used unit is the electron- Volt, where 1 Ry = 13.6 eV. In this chapter electronic energy 
levels, E, will be given in either eV or Ry, whereas total energies will be given in either 
eV/atom or Ry/atom. Conversion to other units may be achieved by using 1 
mR>/atom=0.314 kcal/mole= 1.32 kJ/mole. Length scales will be given either in au or 
in A, where 1 au = 0.529 A. 

Solution of the Schrodinger equation (1) for the hydrogen atom leads directly to 
Bohr’s expression (4) for the energy levels, E n , where n is identified as the principal 
quantum number. For the particular case of the hydrogen atom where the potential v(r) 
varies inversely with distance r from the nucleus, the energy levels do not depend on the 
angular-momentum quantum numbers / and m. Figure 3 shows the energy levels of 
atomic hydrogen given by eq. (8), where use has been made of the quantum-theory result 
that for a given n the orbital quantum number I must be such that 0 </<(«- 1). The 
total degeneracy of each orbital including spin, namely 2(2/+ 1), is given at the bottom 
of the figure and accounts for the structure of the Periodic Table, discussed in the 
previous chapter. In practice, the energy-level diagram of elements other than hydrogen 
is different from fig. 3, because the presence of more than one electron outside the 
nucleus leads to the potential v(r ) no longer showing a simple inverse distance behaviour, 
so that states with the same principal quantum number n but different orbital quantum 
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Fig. 3. The energy levels of atomic hydrogen. 


numbers / have their degeneracy lifted. This is illustrated in fig. 4, where it is clear, for 
example, that the 2s level of the second-row elements B to Ne lies well below that of the 
corresponding 2p level. These atomic energy levels were taken from the tables compiled 
by Herman and Skillman [1963] who solved the Schrodinger equation (1) self- 
consistently for all the elements in the Periodic Table. 

Figure 4 illustrates several important features to which we will be returning through- 
out this chapter. Firstly, the valence energy levels vary linearly across a given period. As 



Fig. 4. The valence s and p energy levels (after Herman and Skillman [1963]). 
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the nuclear charge Ze increases, the electrons are bound more tightly to the nucleus. 
However, rather than varying as Z 2 , which would be the result for the energy levels of 
a hydrogenic ion of charge Ze, the presence of the other valence electrons induces the 
linear behaviour observed. Secondly, the valence s and p energy levels become less 
strongly bound as one moves down a given group, which is to be expected from the 
hydrogenic energy levels displayed in fig. 3. But there is an exception to this rule: the 4s 
level has come down and crosses below the 3s level to the left of group VB. This is a 
direct consequence of the presence of the occupied 3d shell (cf. table 2, ch. 2) whose 
electrons do not completely screen the core from the valence 4s electrons, which 
therefore feel a more attractive potential than their 3s counterparts in the preceding row. 
We will see in § 6.2 that this reversal in the expected ordering of the valence s energy 
levels is reflected in the structural properties of binary AB compounds containing group 
IUB elements. Thirdly, it is clear from fig. 4 that the energy difference E ? - E i decreases 
as one goes from the rare gases to the alkali metals, from right to left across a given 
period. This will strongly influence the nature of the energy bands and the bonding in the 
bulk, since if the energy difference is small, s and p electrons will hybridize to form 
common sp bands. 

Figure 5 shows the valence s and d energy levels across the 3d and 4d transition 
metal series, after Herman and Skillman [1963]. The energy levels correspond to the 
atomic configuration d^'s, where N is the total number of valence electrons, because this 
is the configuration closest to that of the bulk metal. Again there are several important 
features. Firstly, we see that the energy variation is linear across the transition metal 
series as the d shell is progressively filled with electrons. However, once the noble metal 
group IB is reached the d shell contains its full complement of ten electrons, so that any 
further increase in atomic number Z adds the additional valence electrons to the 



Fig. 5. The valence s and d energy levels across the 3d and 4d transition series (after Herman and Skillman 
[1963]). 
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sp outer shell and pulls the d energy rapidly down as is evidenced by the change of slope 
in fig. 5. Secondly, whereas the valence s energy level becomes slightly less strongly 
bound as one moves down a given group, the valence 4d energy level becomes more 
strongly bound than the valence 3d away from the beginning of the transition-metal 
series. This behaviour appears to be related to the mutual coulomb repulsion between the 
negatively charged valence electrons. The 3d orbitals are much more compact than the 
4d orbitals, so that the putting of electrons into the 3d shell leads to a more rapid 
increase in repulsive energy than in the 4d shell. The Sd and 6s energy levels have not 
been plotted in fig. 5 because relativistic effects, which are not included in the 
Schrodinger equation (1), become important for heavy atoms in the Periodic Table. 
Relativistic corrections are discussed in ch. 2 of Herman and Skillman [1963]. Thirdly, 
since E s - E A is about 3 eV in copper but 6 eV in silver, it is not surprising that the 
noble metals display different physical characteristics. 

A concept that is often used in physical metallurgy to discuss and order properties is 
that of atomic size. The microscopic description of the atom, which is provided by 
quantum mechanics, should be able to give some measure of this quantity. We have seen 
that quantum mechanics replaces the stationary Bohr orbits of radius a n by orbitals which 
are not located with a fixed radius but are smeared out in probability-clouds described by 
\ip\ 2 . The angular dependence of these probability-clouds has been displayed in fig. 2. 
We now discuss their radial dependence. 

The solution of the Schrodinger equation for a central spherically symmetric potential 
can be written in separable form, namely: 

= no) 

where r, 8 and 4> are spherical polar coordinates. As expected, the angular distribution 
depends only on the angular-momentum quantum numbers / and m, the functions 
Y"'(8 (j> ) being the so-called spherical harmonics (see, e.g., SCHIFF [1968]). T 0 ° is a 
constant and Y,° is proportional to cos 8 as we have already mentioned. The radial 
function R„,(r) depends on the principal and orbital quantum numbers, n and / respective- 
ly, and therefore changes with energy level E nl . For the hydrogen atom the first few 
radial functions are (in atomic units) 


*.,('■) = 2e- r , 

(ID 

'U0=^( 1 --H e-r/2 . 

(12) 

^ (r)_ V24'' e ' 

(13) 


A conceptually useful quantity is the probability of finding the electron at some distance 
r from the nucleus (in any direction), which is determined by the radial probability 
density, P , (r) = r 2 R 2 „, (r) . 

Figure 6 shows the radial function R nl and the probability density, P,:!' as a function 
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of r for the Is, 2s and 2p states of hydrogen. We see that there is maximum probability 
of locating the electron at the first Bohr radius n, for the Is state and at the second Bohr 
radius a 2 for the 2p state. The average or expectation value of the radial distance r is 
given by: 

? nl =« 2 [l + |(l-/(/ + l)A 2 )], (14) 

so that r ls - 1.5a„ r 2s = 1.5a 2 and r 2p = 1.25a 2 . Therefore, the 2s orbital is more extended 
than the corresponding 2p orbital, as is evident from fig. 6. This is due to the fact that 
all solutions of the Schrodinger equation must be orthogonal to one another, i.e., if 
and are any two solutions and if/* is the complex conjugate of i jt, then 

JVl </W rfr = 0 - (15) 

If the states have different angular-momentum character then the angular integration over 
the spherical harmonics [cf. (eq. 10)] guarantees orthogonality. But if the states have the 
same angular-momentum character then the orthogonality constraint implies that: 


Bohr radius a n 

Q] Q2 Qj 



Fig. 6. The radial function R nl (dashed lines) and the probability density, (solid lines) as a function of r for 
the I s, 2s and 2p states of hydrogen. 
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J 0 °”^(0^( r ) r2dr = 0 - (16) 

For the orbitals drawn in fig. 6, therefore, we must have 

JjjX( r ) J M r )' -2d ' - = °. ( 17 ) 

which can be verified by substituting eqs. (11) and (12) into this equation. This is the 
origin of the node at r=2 au in R 2s (r), where the radial function changes sign. The 3s 
radial function must be orthogonal to the 2s and, therefore, has two nodes, the 4s has 
three nodes, etc. Just as the energetically lowest I s state has no nodes, so the 2p, 3d and 
4f states are nodeless since they correspond to the states of lowest energy for a given / 
(see fig. 3). 

The position of the outer node of the valence electron’s radial function may be used 
as a measure of an /-dependent core size, since we have seen that the node arises from 
the constraint that the valence state be orthogonal to the more tightly bound core states. 
This relationship between node and core size has been demonstrated quantitatively for the 
case of the sp core of the 4d transition metals (Pettifor [1977] and § 4.3) and has been 
discussed for other elements by Bloch and Schatteman [1981]. A not unrelated 
measure of size has been adopted by Zunger [1980] who defined /-dependent radii /?, 
by the condition (cf. St. John and Bloch [1974]) that 

<te) = 0, (18) 

where v° ( \r) is some effective angular-momentum dependent atomic potential (which is 
given by a first-principles screened pseudopotential, cf. §3.3). Figure 7 shows the 
resultant values of -Rj l and R~' for the sp bonded elements. We see a linear variation 
across a given period and a close similarity with the valence energy level behaviour 



Fig. 7. The negative of the inverse s and p pseudopotential radii (after Zunger [1980]). 
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illustrated in fig. 4. As expected, the s and p radii contract across a period as the nuclear 
charge Ze increases, and they expand down a column as additional full orbital shells are 
pulled into the core region. Figure 7 clearly demonstrates that the sizes of the second-row 
elements B, C, N and O are a lot smaller than those of the other elements in their 
respective groups, a fact which manifests itself in their different alloying behaviour (cf. 
fig. 38, below). 


2.2. Bond formation 


In this subsection we consider what happens to the atomic energy levels and wave 
functions as two atoms A and B are brought together from infinity to form the AB 
diatomic molecule. 

Suppose the A and B valence electrons are characterized by the free atomic energy 
levels E A and E B and wave functions i j/ A and i j/ B , respectively. Let us assume, following 
the experience of theoretical quantum chemists, that the molecular wave function i// AB can 
be written as a linear combination of the atomic orbitals, 

•Aab = C *A + (19) 

where c A and c B are constant coefficients. Then it follows from the Schrodinger eq. (1) 
that 

(H - E)(c A tjj A + c B tp B ) = 0 (20) 

where H is the Hamiltonian operator for the AB dimer, namely H=- V 2 + V AB where we 
have used the fact that h 2 / 2m = 1 in atomic units. Multiplying by i j/ A (or tfi B ) and inte- 
grating over all space we find the well-known secular equation (taking tfi* = tfi as tfi is 
real) 


^aa E H AB ES ab c A _ ^ 
H ba — ES ba H bb — E _ _c B _ 


( 21 ) 


where the Hamiltonian and overlap matrix elements are given by 

H ap = j* a fydr 


( 22 ) 


and 


s a p = J dr - (23) 

The Hamiltonian matrix elements can be simplified by assuming that the molecular 
potential V AB is given by the sum of the ffee atom potentials V A and F B . The diagonal 
elements and H BB then take the free atom values E A and E B respectively, provided 
the energy shift due to the neighbouring potential fields can be neglected. The 
off-diagonal element can be written 

El AB = l^V^dr + ES (24) 
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where E =K £ a + £ bX V =\(V A +V B ), and S=S AB . Substituting in equation (21) we obtain 
the secular equation 


'-±AJ? -(E-E) h-(E-E)S 

h-(E-E)S J-A E-(E-E) 

where A E=(E B - E A ) is the atomic energy level mismatch and h = \ip A V>p B dr is the 
hopping or bond integral between atoms A and B. For s orbitals h is negative since the 
average potential V is attractive. 

Equation (25) may be solved for the eigenvalues and eigenvectors. To first order in 
the overlap integral S 


= 0 


(25) 


and 


where 


= E -hS±(l + 8 2 f 2 h 

(26) 

= Pa^a c b*Ab 

(27) 

:^[l±(3-S)/(l + 8 2 f^ 2 

(28) 

:±^ri + (S + 5)/(l + S 2 )^f 

(29) 


with 5=A£/2|h|. Therefore, as shown in Fig. 8 s valent diatomic molecules are 
characterized by bonding and anti-bonding states which are separated in energy by the 
amount to AB such that 

a> 2 AB =4h 2 +(AE?. (30) 


The formation of the bond is accompanied by a redistribution of the electronic 
charge. It follows from equation (27) that the electronic density which corresponds to 
occupying the bonding state with two valence electrons of opposite spin, namely 
p AB = 2(if/ AB ) 2 may be written in the form 

Pab (0 = (1 + a, )p a (0 + (1 " <*/ )Pb ( r ) + «cPbo„d ( r ) (3 1) 

where 


PA(B)( r ) - [ i Aa(B)( / ‘)] (31a) 

and 

Pb 0rai ( r ) = 2 <Aa('')<Ab('‘) - ^PaW + PbM]- 
a { and a c are determined by the normalised energy level mismatch S through 


( 32 ) 
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«, =5/(l+5 2 f 2 


(33) 

and 



a c = l/(l + S 1 ) Vl . 


(34) 


For the case of homonuclear diatomic molecules 5=0, so that the change in the 
electronic charge distribution on forming the molecule is given solely by the bond charge 
contribution p bond in equation (31). This is illustrated in fig. 9 for the case of the 
hydrogen molecule where we see that, as expected, the electronic charge has moved from 
the outer regions of the molecule into the bond region between the atoms. We should 
note from equations (32) and (23) that the total charge associated with p hond over all 
space is identically zero. Equation (32) shows explicitly that the formation of the bond 
is a quantum interference effect, the charge piling up in the bond region because of the 
interference contribution i f/ A i p B . In practice, in order to satisfy the virial theorem, the 
formation of the bond is accompanied by some modification of the free-atom orbitals 
•Aa.b- which has been discussed by Ruedenberg [1962] and Slater [1963]. This leads 
to the energy levels E kfi not being directly identifiable as the /r<?e-atom energy levels, a 
point which will be discussed further in § 5.2 on transition-metal bonding. 

For the case of a heteronuclear diatomic molecule 5^0, so that the electronic charge 
distribution in equation (31) contains the ionic contributions a ; p A and -a,p 6 in addition to 




Fig. 8. The bonding (lower lines) and antibonding (upper lines) states for (a) the homonuclear and (b) the 
heteronuclear diatomic molecule. 
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the covalent bond charge contribution o^p^. a t and a c are said to measure the degree 
of ionicity and covalency of the bond (see, for example, Coulson etal. [1962], Philips 
[1970] and Harrison [1980]). Note that a?+a*=l. 

The term covalency will be used in this chapter to describe the bonding which arises 
from the quantum mixing of valence states on neighbouring sites into the final state wave 
function. It is not necessarily associated with pairs of electrons of opposite spin, as the 
lone electron in the hydrogen molecular ion // 2 ‘, for example, shows all the character- 
istics of the covalent homonuclear bond discussed above. 

A diatomic molecule has cylindrical symmetry about the intemuclear axis, so that 
angular momentum is conserved in this direction. Quantum-mechanically this implies that 
the state of the molecule is characterized by the quantum number m, where mh gives the 
component of the angular momentum along the molecular axis. However, unlike the free 
atom where the (21 + 1) different m values are degenerate, the degeneracy is lifted in the 
molecule. By analogy with the s, p, d, ... states of a free atom representing the orbital 
quantum numbers 1 = 0, 1, 2, ..., it is customary to refer to cr, ir, 8, ... states of a 
molecule as those corresponding to m = 0, ±1, +2, ... respectively. 

Figure 10 illustrates the different characteristics of the cr, i r and 8 bonds. We have 
seen from our previous discussion on the homonuclear molecule that a given atomic 
energy level will split into bonding and antibonding states separated by 2|h|, where h 
is the matrix element that couples states ifi A and ifi B together through the atomic potential 



Fig. 9. The electron density of the homonuclear molecule (upper panel) can be regarded as the sum of the non- 
interacting free-atom electron densities (lower panel) and the quantum-mechanically induced bond density 
(middle panel). The dashed curve represents the first-order result, eq. (32), for the bond density. 
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Fig. 10. The formation of cr , tr and S bonds from s, p and d orbitals, see text. 

v. If t/r A B are spherically symmetric s orbitals, then a sstr bond is formed as shown 
schematically in fig. 10a. If t/r AD are p orbitals whose probability clouds are drawn in fig. 
2, then the threefold degenerate free atom level (excluding spin degeneracy) splits into 
the singly degenerate pptr molecular state (m = 0) and the doubly degenerate pp7r 
molecular state (m = ±l) shown in fig. 10b. If t/r AB are d orbitals, whose probability 
clouds are sketched in fig. 2, then the fivefold degenerate free atom level splits into the 
singly degenerate ddtr molecular state (m = 0) and the two doubly degenerate molecular 
states ddw (m = ±l) and dd5 (m = ±2) as shown in fig. 10c. For the case of a hetero- 
nuclear molecule such as NbC where the carbon p orbitals overlap the niobium d orbitals, a 
pd bond will be formed from the pdtr and pd-7 r states illustrated in fig. lOd. It is clear from 
fig. 10 that the or bond is relatively strong since the angular lobes point along the molecular 
axis and can give rise to a large overlap in the bonding region. On the other hand, the 
pp7r and ddfi bonds will be relatively much weaker since their angular lobes extend in 
the plane perpendicular to the molecular axis. The importance of tr, tt and 8 bonding in 
determining the behaviour of the bulk band structure will be demonstrated in §4.1. 

The term covalency will be used in this chapter to describe the bonding which arises 
from the quantum mixing of valence states on neighbouring sites into the final-state wave 
function. It is not necessarily associated with pairs of electrons of opposite spin, as the 
lone electron in the hydrogen molecular ion ///, for example, shows all the character- 
istics of the covalent homonuclear bond discussed above. 

2.3. Band formation 

Figure 1 1 illustrates how the free-atom energy levels E s and E p broaden into bands as the 
atoms are brought together from infinity to form the bulk. Just as the single atomic 
energy level splits into two energy levels on bringing two atoms together (cf. fig. 8a), so 
the single level on a free atom splits into N levels on bringing N atoms together, thereby 
conserving the total number of electronic states. These levels lie between the bottom of 
the band, which represents the most bonding state, and the top of the band, which 
represents the most antibonding state. Since N~ 10 23 for 1 cm 3 of bulk material, these N 
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levels form a quasi-continuous band of states and it is customary to work with the 
density of states, n(E), where d N=n(E) d E gives the number of states in the energy range 
from E to E + d E. The conservation of states requires that: 


£«„(£) d£ 



(35) 


where n a {E) is the density of states per atom associated with a given atomic s, p or d 
level. 

In metals at their equilibrium volume, the bands corresponding to different valence 
energy levels overlap and mix as shown on the left-hand side of fig. 1 1 . The mixing or 
hybridization in simple metals is such as to produce nearly-free-electron-like behaviour 
of the energy bands and density of states, which is discussed in the following section. On 
the other hand, the density of states in transition metals is dominated by a well defined 
d band, which is accurately described within the tight-binding approximation by a linear 
combination of atomic d orbitals and is discussed in § 4. 


3. Simple-metal bands 

3.1. The free-electron approximation 

It had been realized before the advent of quantum mechanics that some metallic 
properties such as electrical or thermal conductivity could be well understood by 
regarding the valence electrons as a non-interacting gas of particles which were free to 
travel throughout the metal without being affected by the parent ions. However, it 
remained for quantum mechanics to remove a striking failure of the classical model, 
namely its inability to explain the linear temperature dependence of the electronic heat 
capacity, since according to classical statistical mechanics a free particle has a constant 
heat capacity of §, where k B is the Boltzmann constant. 

The Schrodinger equation for a free-electron gas may be written in atomic units as 
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d 2 if it ' 

dx 2 dy 2 dz 2 , 




( 36 ) 


If the electrons are contained within a box of side L then a normalized solution of eq. 
(36) is the plane wave: 


' K( r ) = L 


-3/2 e i*.. 


(37) 


which can be seen by writing k»r as kpc + k^y + k^z and substituting eq. (37) into eq. (36). 
This solution corresponds to an electron with kinetic energy E given by: 

E = k 2 + k 2 y + k 2 =k 2 . (38) 

Since the kinetic energy equals p 2 /2m where p is the electronic momentum, it follows 
from eq. (38) that 

p 2 = 2 mE = 2 mk 2 = h 2 k 2 , (39) 

using h 2 /2m = 1 . Thus, we have recovered the de Broglie relation 

p = hk = h/ A, (40) 


because k = 2v/\ where A is the wavelength of the plane wave. 

The wavelength, A, of the plane wave is constrained by boundary conditions at the 
surface of the box. For the case of the Bohr orbits in the hydrogen atom, de Broglie had 
argued that A must be such that integer multiples of the wavelength fit around the 
circumference of the orbit. Similarly, imposing periodic boundary conditions on the box, 
which in one dimension corresponds to joining both ends in a closed ring, we have that 

"A = = n A = L - (4i) 

where n x , n y , n z are integers. Therefore, 

k = Y~( n *’ n >’ n z) (42) 

so that the allowed values of the wave vector k are discrete and fall on a fine mesh as 
illustrated in fig. 12. 

By Pauli’s exclusion principle each state corresponding to a given k can contain two electrons 
of opposite spin. Therefore, at absolute zero all the states k will be occupied within a sphere of 
radius k T , the so-called Fermi sphere , because these correspond to the states of lowest energy (cf. 
fig. 13a). The Fermi wave vector k e may be related to the total number of valence electrons, N, by 

f 777t^2F/(2ir) 3 - N, (43) 

where V-L 3 , since it follows from eq. (42) that unit volume of &-space contains Vy(2ir) 3 
states capable of holding two electrons each. Thus, 

Jfc F = (3 t T 2 N/v) n (44) 
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Fig. 12. The fine mesh of allowed k values. At absolute zero only the states k within the Fermi sphere are occupied. 


and the corresponding Fermi energy, E F is given by 

E F = {i7r 2 N/v) 2l \ (45) 

The electron concentration, N/V, for sodium, magnesium and aluminium at their equilibrium 
atomic volumes is such that the Fermi energy E F equals 3.2, 7.1 and 11.6 eV respectively. 

The free-electron density of states n(E) may be obtained from eq. (43) by writing it 
in the form 

N(E) = (v/yrr 2 )E m , (46) 

where N(E) is the total number of states of both spins available with energies less than 
E. Differentiating eq. (46) with respect to the energy gives the density of states: 

n(E) = (v/ 27 t 2 )E' n , (47) 

which is illustrated in fig. 13b. We can now see why the experimental electronic heat 
capacity did not obey the classical result of f£ B . By Pauli’s exclusion principle the 
electrons can be excited only into the unoccupied states above the Fermi energy E F . 




Fig. 13. The free-electron energy dispersion E(k) (a) and density of states n(E) (b). 
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Therefore, only those electrons within about k B T of E v will have enough thermal energy 
to be excited across E f . Since k B T ~ 0.03 eV at room temperature, these electrons will 
comprise a very small fraction, f ~ k B T/E F , of the total number of electrons N. The 
classical heat capacity is accordingly reduced by this factor/ as is observed experimen- 
tally. Using the correct Fermi-Dirac statistics to describe the occupation of the electron 
states, we find (see, e.g., Kittel [1971]): 

C v — k B [kgT/ Ep ) (48) 

in agreement with the previous qualitative argument. 

3.2. Nearly-free-electron approximation 

The electrons in a real metal are affected by the crystalline lattice, since the potential 
which they feel is not uniform but varies periodically as 

v(r + R) = v(r) (49) 

where R is any lattice vector. (For simplicity we will be considering only those crystal 
structures, such as fee or bcc, in which there is only one atom per primitive lattice site, 
in contrast to hep or the diamond structure, for example, which have a basis of two 
atoms, cf. Kittel [1971].) Consider first an infinite one-dimensional periodic lattice of 
atoms with repeat distance a such that 

u(x + na) = u(x). (50) 

Because all the atoms are equivalent, the probability of locating the electron about a site 
must be the same for all sites, so that: 

+ na)\ 2 - |iA(jc)| 2 . (51) 

For n = 1 this implies that 

i fj(x + a) -- e'*V(; c), (52) 

where k is a number (in units of 1/a) which specifies the phase factor e’ ka linking the 
wave functions on neighbouring sites. Repeating eq. (52) n times gives: 

i f/ k (x + na) = e' k " a if/ k (x), (53) 

which is the usual statement of Bloch ’s theorem in one dimension. Thus the translational 
symmetry of the lattice leads to the eigenfunctions being characterized by the Bloch 
vector, k. However, k is only defined modulo (2 ir/a), since k + m(2rr/ a) results in the 
same phase factor in eq. (53) as k alone. It is, therefore, customary to label the wave 
function t// k by restricting k to lie within the first Brillouin zone, defined by 

-tr/a < k < +7 t/ a. ( 54 ) 
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We note that in one dimension na is a direct lattice vector, whereas m(2ir/a) is a 
reciprocal lattice vector. Their product is an integer multiple of 2tt. 

Extending these ideas to three dimensions, Bloch’s theorem, eq. (53) may be written 
as: 


>P k (r + R) = e ik ' R ip k (r), (55) 

where R is any direct lattice vector which may be expressed in terms of the fundamental 
translation vectors a„ a 2 , a 3 as: 

R = n,a 2 + n 2 a 2 + n 3 a 3 , (56) 

where n 2 , n 3 are integers. The corresponding reciprocal lattice vectors are defined by: 
G = m t b , + m 2 b 2 + m 3 b 3 , (57) 


where m„ m 2 , m 3 are integers and the fundamental basis vectors are:* 
b x = (277 /r)a 2 X a 3 

b 2 = (277/7)03 x °i 
b 3 = (277/7)0, x a 2 


(58) 


with r= |fl,»(fl 2 x a 3 )| being the volume of the primitive unit cell defined by a„ a 2 and 
a 3 . It is apparent from their definition (58) that 

a, • b j = 277 S u , (59) 

where 5„ = 1 for i-j but zero otherwise. 

The phase factor in eq. (55) only defines the Bloch vector within a reciprocal lattice 
vector G since it follows from eqs. (56)-(59) that G»R is an integer multiple of 2v. Just 
as in the one-dimensional case, it is customary to label the wave function by restrict- 
ing k to lie within the first Brillouin zone which is the closed volume about the origin in 
reciprocal space formed by bisecting near-neighbour reciprocal lattice vectors. For 
example, consider the simple cubic lattice with basis vectors a„ a 2 , a 3 along the Cartesian 
axes x, y, z respectively. Because a l -a 2 = a 3 = a it follows from eq. (58) that the 
reciprocal space basis vectors b 2 , b 3 also lie along x, y and z respectively, but with 
magnitude (2tt/ a). Thus, the reciprocal lattice is also simple cubic and it is shown in fig. 
14 in the x-y plane. It is clear that the bisectors of the first nearest-neighbour (100) 
reciprocal lattice vectors form a closed volume about the origin which is not cut by the 
second or any further nearest-neighbour bisectors. Hence, the Brillouin zone is a cube of 
volume (277/a) 3 . From eq. (42) it contains as many allowed k points as there are 
primitive unit cells in the crystal. Figure 15 illustrates the corresponding Brillouin zones 
for the body-centred cubic and face-centred cubic lattices (see, e.g., Kittel [1971]). 

The solutions E k of the Schrodinger equation for k lying within the Brillouin zone 


* Note the additional factor of 2 tt compared to the definition of reciprocal lattice vectors in the appendix of ch. 11. 
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Fig. 14. The first four zones of the simple cubic lattice corresponding to k. = 0. The dotted circle represents the 
cross-section of a spherical Fermi surface. 


determine the band structure. Figure 16 shows the band structure of aluminium in the 
1 100) and |111) directions, after Moruzzi et al. [1978]. It is very similar to the free- 
electron band structure 

£*=(/fc + G) 2 (60) 

which results from folding the free-electron eigenvalues shown in fig. 13a into the first 
Brillouin zone. This “folding-in” is illustrated in fig. 14 for the case of the simple cubic 
lattice. For this two-dimensional cross-section we see that the four contributions to the 
second zone 2 may be translated through (100) reciprocal lattice vectors into the four 



fee bcc 


Fig. 15. The fee and bcc Brillouin zones. T labels the centre of the zone. The intersections of the 1 1 00) and 
1 1 1 1) directions with the Brillouin-zone boundary are labelled X and L in the fee case and H and P in the bcc 
case. 
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zones 2' which together completely fill the reduced Brillouin zone in the x-y plane. 
Similarly, the third and fourth zones shown in fig. 14 may each be translated through 
reciprocal lattice vectors to fill the first Brillouin zone. For the fee lattice the two lowest 
eigenvalues given by eq. (60) in the |100) direction are: 

E^=k\ El 2 ) =(k+g)\ (61) 

where k - (k x , 0, 0) and g = (2Tr/a)(2, 0, 0). These two eigenvalues are degenerate at the 
zone boundary X, where k = (2'7r/a)(\, 0, 0) because from eq. (61) they both take the 
value 47 r 2 /a 2 . For aluminium a = 7.60 au and 47r 2 /a 2 = 9.3 eV, so that the two free- 
electron eigenvalues given by eq. (61) reflect the broad behaviour of the band structure 
shown along Df in fig. 16. 

However, in order to recover the energy gap at the zone boundary X, it is necessary to 
lift the free-electron degeneracy by perturbing the free-electron gas with the periodic potential 
of the crystalline lattice. Within the nearly-free-electron (NFE) approximation this is 
achieved by writing the wave function tf/ k as a linear combination of the plane-wave 
eigenfunctions corresponding to the two free-electron eigenvalues given by eq. (61); that is: 

= c i'Ar ,> +c 2 ^ 2) , (62) 

where from eq. (37): 

•Ai 0 = V~' n ex P {ik • r ), (63) 


i ff {2) = V 1/2 exp[/(ft + g) • r], (64) 

Substituting eq. (62) into the Schrodinger equation (1), pre-multiplying by iftk'*' ort//®' 
and integrating over the volume of the crystal, V, yields the NFE secular equation-. 


k 2 - E v(200) )(cA_ 

v(200) (k + g) 2 -E){c 2 )-°' 


(65) 


v(200) is the (2w/a)(2, 0, 0) Fourier component of the crystalline potential, where 

v(g) = ^ j v ( r ) e’ g ' r dr. (66) 

The energy, E in eq. (65) is measured with respect to the average potential u(000). 
Non-trivial solutions exist if the secular determinant vanishes, i.e. if 

k 2 - E v(200) 

v(200) (k + g) 2 - E 

This quadratic equation has solutions 

E k = \\k 2 + (* + gf] ± | {[(ft + gf -k 2 ]\ [2u(200)] 2 } ,/2 . (68) 
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Fig. 16. The band structure of fee aluminium (after Moruzzi et al. [1978]). 


Therefore, at the zone boundary X where k z = (k+g) 2 , the eigenvalues are given by 
E x = 4 TT 2 /a 2 ± v(200) (69) 

and the eigenfunctions are given from eqs. (62) and (65) by: 

/ , \t /2 [cos (2 Tix/a) 

<Px = 2/V x . J ' . (70) 

I sin (2 wc/a) 


Thus the presence of the periodic potential has opened up a gap in the free electron band 
structure with energy separation 

£ g x ap = 2|u(200)|. (71) 

Because the energy gap at X in aluminium is about 1 eV (cf. fig. 16), the magnitude of 
the Fourier component of the potential within this simple NFE treatment is only 0.5 eV. 
This is small compared to the free-electron Fermi energy of more than 10 eV in 
aluminium and, therefore, the band structure E k and the density of states n(E) are nearly- 
free-electron-Iike to a very good approximation. 

The NFE behaviour has been observed experimentally in studies of the Fermi surface, 
the surface of constant energy E p in k-space, which separates filled states from empty 
states at T=0. For a free-electron gas the Fermi surface is spherical as illustrated in fig. 
12. However, in simple metals we have seen that the free-electron band structure is 
perturbed by the periodic lattice potential, and energy gaps open up across zone bound- 
aries. As illustrated in fig. 14 for the simple cubic lattice, a spherical free-electron Fermi 
surface (whose cross-section is represented by the circle of solid dots) will be folded into 
the first Brillouin zone by the relevant reciprocal lattice vectors. The states in the second 
zone 2, for example, are folded back into 2' in the reduced zone, thereby giving rise to 
the shaded occupied regions of fc-space and the corresponding Fermi surface indicated in 
the lower panel of fig. 14. Similarly, the occupied states in the third and fourth zones are 
folded back into the reduced Brillouin zone as shown. Therefore, even though the 
crystalline potential may be very weak, it is sufficient to destroy the spherical free- 
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I si ZONE-FULL 2nd ZONE-POCKET OF HOLES 



3rd ZONE-REGIONS OF EL' NS 4lti ZONE-POCKETS OF EL’NS 

Fig. 17. The free-electron Fermi surface of aluminium (after Harrison [1959]). 

electron Fermi surface and to create a new Fermi surface topology, as is illustrated in fig. 
14 by the appearance of the electron pockets in the third and fourth zones. A very simple 
procedure for constructing the Fermi surfaces of free-electron-like materials has been 
suggested by Harrison [1959, 1960] and fig. 17 shows the resulting Fermi surface of 
fee aluminium. A much more detailed treatment of Fermi surfaces may be found in 
Harrison [1966], Heine and Weaire [1970] and Kittel [1971], where the interested 
reader is also referred for a discussion of transport properties and concepts such as holes 
and effective mass. 

3.3. Volume dependence 

Although the energy bands of simple metals appear to be describable by the NFE 
approximation as discussed in the previous subsection, there is a major difficulty. If the 
(200) Fourier component of the aluminium lattice potential is estimated from first 
principles using eq. (66), then 

u(200) - -5 eV. (72) 

But the magnitude of this is ten times larger than the value we obtained by fitting to the 
first-principles band structure of Moruzzi et al. [1978], namely |v(200)|=0.5 eV. 
Moreover, by looking at the symmetry of the eigenfunctions at X, we see from fig. 16 
that the bottom of the band gap corresponds to X 4 . or p-like symmetry whereas the top 
of the band gap corresponds to X, or s-like symmetry (see, e.g., Tinkham [1964]). It 
follows from fig. 2 and eq. (70) that the NFE states at the bottom and top of the band 
gap conrespond to sin (2irx/a) and cos ilrrx/a), respectively. Therefore, in the state with 
lower energy the electron is never located in the planes containing the ion cores, which 
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correspond to x~na/2 for the fee lattice, since sin (2ttx/ a) vanishes. Instead, the electron 
has maximum probability of being located midway between these atomic planes. This 
implies that the relevant Fourier component of the atomic potential is repulsive, thereby 
driving the electrons away from the ion cores, i.e. 

v r "(200) = +0.5 eV. (73) 

The origin of the discrepancy between eqs. (72) and (73) is easily found once it is 
remembered that the NFE bands in aluminium are formed from the valence 3s and 3p 
electrons. These states must be orthogonal to the s and p core functions as outlined in 
§ 2. 1 and they, therefore, contain nodes in the core region as illustrated for the case of 
the 2s wavefunction in fig. 6. In order to reproduce these very-short-wavelength 
oscillations, plane waves of very high momentum must be included in the plane-wave 
expansion of i (i k , so that a linear combination of only the two lowest energy plane waves 
in eq. (62) is an extremely bad approximation. In 1940, Herring circumvented this 
problem by starting at the outset with a basis of plane waves that had already been 
orthogonal ized to the core states, the so-called orthogonalized plane-wave (OPW) basis. 
The OPW method led to a secular determinant for the eigenvalues that was identical to 
the NFE determinant, except that in addition to the Fourier component of the crystal 
potential v{G ) there is also a repulsive contribution coming from the core-orthogonality 
constraint. This tended to cancel the attractive coulomb potential term in the core region, 
thereby resulting in much weaker net Fourier components and hence nearly-free-electron- 
like behaviour of the band structure E t for the simple metals. 

This led to the concept of the pseudopotential in which the true potential v(r) in the 
Schrodinger equation (1) is replaced by a much weaker potential u ps (r) which is chosen 
to preserve the original eigenvalues E k so that 

(-V 2 + v ps )4>t = E k<f>k (74) 


(see, e.g., Harrison [1966] and Heine and Weaire [1970]). The pseudo -eigenfunctions, 
<f> k , however, differ from the true eigenfunctions because in general they do nor contain 
the nodes in the core region as these have been pseudized-away by the inclusion of the 
repulsive core component in v ps . A plane-wave expansion of 4> k therefore, leads to rapidly 
convergent eigenvalues E k in eq. (74). Thus, the NFE approximation will provide a good 
description of the band structure of simple metals provided the Fourier components of the 
pseudopotential rather than the true potential are taken in the NFE secular equation (67). 

Pseudopotentials are not unique, and certain criteria have been given for their choice 
(see, e.g., Bachelet etal. [1982] and Vanderbilt [1990]). However, in this chapter we 
shall describe only the Ashcroft empty-core pseudopotential because of its simplicity. In 
1966, Ashcroft assumed that the cancellation between the repulsive core-orthogonality 
contribution and the attractive coulomb contribution is exact within some ion core radius 
R c , so that: 


. , , f 0 r<R c 
"" ( 'H-2ZA f0 V>*, 


(75) 
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Fig. 18. The Ashcroft empty-core pseudopotential. 


where the ionic potential falls off coulombically outside the core (cf. e 2 = 2 in atomic 
units). The Ashcroft empty-core pseudopotential is shown in fig. 18. The resulting ionic 
lattice has Fourier components given by eq. ( 66 ), namely: 

v ( q ) = - ( 87 TZ/(lq 2 ) cos qR c , (76) 

where il is the volume per atom. In the absence of the core R c - 0 and the Fourier 
components are negative as expected. However, in the presence of the core the Fourier 
components oscillate in sign and may, therefore, take positive values. For the case of 
aluminium the Ashcroft empty-core radius is about 1.2 au (cf. table 16-1 of Harrison 
[1980]) and v'™' (200) will, therefore, be positive. The corresponding Fourier components 
u ps (< 7 ) are obtained from eq. (76) by allowing the free-electron gas to screen the bare 
ionic lattice. The resulting Fourier components of the aluminium potential are illustrated 
in fig. 19 for the more sophisticated Heine and Abarenkov [1964] pseudopotential. We 
see that the values of v ps (lll) and 1 ^( 200 ) are in good agreement with the values, 0.17 
and 0.53 eV respectively, which are obtained from fitting the first-principles band structure 
within the NFE approximation (cf. fig. 16, eq. (71) and p. 52 of Moruzzi et al. [1978]). 

Figure 20 shows the densities of states, n(E) of the sp-bonded simple metals, which 
have been computed from first principles by Moruzzi etal. [1978], We see that Na, Mg 



Fig. 19. The Heine and Abarenkov [1964] aluminium pseudopotential v fi (q). The two points give the values 
of i/p/lll) and 1^(200) deduced from fig. 16 using eq. (71). 
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ENERGY ( 2 eV interval scale ) 


Fig. 20. The density of states, n(E ), of sp-bonded metals (after Moruzzi et al. [1978]). 


and Al across a period and Al, Ga and In down a group are good NFE metals, because 
their densities of states are only very small perturbations of the free-electron density of 
states shown in fig. 1 3b. However, we see that Li and Be display very strong deviations 
from free electron behaviour. This is a direct consequence of these elements having no 
p core electrons, so that there is no repulsive core-orthogonality component to cancel the 
attractive coulomb potential which the valence 2p electrons feel. This leads to sizeable 
Fourier components of the potential and hence very large band gaps. For example, in fee 
Be, Fg’p =5.6 eV compared to the gap of only 0.34 eV in Al, where L is the point 
(2-7t/ a)({,{,{) in fig. 15. In fact, the band gaps in different directions at the Brillouin zone 
boundary (cf. fig. 16) are nearly large enough for a gap to open up in the Be density of 
states, thereby leading to semiconducting behaviour. We note that the effective potential 
which the valence electrons feel in Li or Be depends on whether they have s- or p-type 
character, because there are Is core states but no p core states. Such an 1-dependent 
potential is said to be non-local (cf. Harrison [1966] and Heine and Weaire [1970]), 
whereas the Ashcroft empty-core pseudopotential of fig. 18 is local. 

The heavier alkalis K and Rb and alkaline earths Ca and Sr have their occupied 
energy levels affected by the presence of the respective 3d or 4d band which lies just 
above the Fermi energy (cf. the relative positions of the s and d free-atom energy levels 
in fig. 5). This leads to a more than free-electron admixture of / = 2 component into the 
occupied energy states, which requires the use of non-local pseudopotential theory for 
accurate agreement with experimental properties (see e.g., Taylor and Macdonald 
[1980] and Moriarty [1982]). It is clear from fig. 20 that Sr is not a simple NFE metal 
since the perturbation is very strong and the hybridized bottom of the d band has moved 
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below the Fermi energy. Just as in Be, a gap has nearly opened up at £ P> and theoretical- 
ly it requires only 0.3 Gpa of pressure to turn Sr into a semiconductor, which is in 
reasonable agreement with high-pressure resistivity data (Jan and Skriver [1981]). The 
group-IIB elements Zn and Cd, on the other hand, have their valence states strongly 
distorted by the presence of the filled d band. In fig. 5 we see that the 5s-4d energy 
separation in Cd is larger than the 4s 3d separation in Zn, which results in the Cd 4d 
band lying about 1 eV below the bottom of the valence 5sp band (p. 152 of Moruzzi 
etal. [1978]). Figure 20, therefore, demonstrates that not all simple metals display good 
NFE behaviour and particular care needs to be taken with Li, Be and the group-U 
elements on either side of the transition metal series. 

The presence of the ion core in simple metals determines the volume dependence of 
the energy bands. Wigner and Seitz had calculated the behaviour of the bottom of the 
NFE band in sodium in their classic paper of 1933. They argued that since the bottom of 
the band corresponded to the most bonding state, it satisfied the bonding boundary 
condition implicit in eq. (27), namely that the gradient of the wave function vanishes 
across the boundary of the Wigner-Seitz cell. This cell is formed in real space about a 
given atom by bisecting the near-neighbour position vectors in the same way that the 
Brillouin zone is formed in reciprocal space. The Wigner-Seitz cell of the bcc lattice is 
the fee Brillouin zone and vice versa (cf. Kittel [1971]). Since there are 12 nearest 
neighbours in the fee lattice and 14 first and second nearest neighbours in the bcc lattice, 
it is a very good approximation to replace the Wigner-Seitz cell by a Wigner-Seitz 
sphere of the same volume (cf. fig. 15). Imposing the bonding boundary condition across 
the Wigner Seitz sphere of radius S, where 

ft = y 7 t5 3 , (77) 

the energy of the bottom of the band T, is fixed by 

[dR,(,.E)/d,]„„. ri =0, (78) 

where R s (r, E) is the / = 0 solution of the radial Schrodinger equation within the Wigner- 
Seitz sphere. The bonding boundary condition is determined by the 1 = 0 radial function 
because the bottom of the NFE band at I’! is a pure s state (cf. fig. 16). 

Figure 21 shows the resulting behaviour of the bottom of the band r„ in sodium as 
a function of S after Wigner and Seitz [1933]. We see that as the free atoms are 
brought together from infinity, the bonding state becomes more and more bonding until 
about 3 au when r„ turns upwards and rapidly loses its binding energy. This behaviour 
is well described at metallic densities by the Frohlich-Bardeen expression, 

r, ws =-(3Z/5)[l-(j? c /S) 2 ] (79) 

since the single valence electron of sodium is assumed to feel only the potential of the 
ion at the Wigner-Seitz sphere centre so that over the boundary 

v(S) = -2Z/S, 


(80) 
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Fig. 21. The total energy, U, as a function of Wigner-Seitz radius, S, for sodium (after Wigner and Seitz 
[1933]). The bottom of the conduction band, T,, is given by the lower curve, to which is added the average 
kinetic energy per electron (the shaded region). 

where Z= 1 for the monovalent alkali metals (see, e.g., § 3.2 of Callaway [1964]). R c 
may be identified as the radius of an Ashcroft empty-core pseudopotential, because the 
potential energy of one electron distributed uniformly throughout the Wigner-Seitz 
sphere with an Ashcroft ionic potential at its centre is given by eq. (79). It follows from 
eq. (79) that the maximum binding energy of this state r„ occurs for 

S m =^R c . (81) 

Since for sodium R c - 1.7 au (Ashcroft and Langreth [1967] and Harrison [1980]), 
eq. (81) predicts that T,, has a minimum at about 2.9 au. This is in good agreement with 
the curve in fig. 21, which was obtained by solving the radial Schrodinger equation 
subject to the boundary condition eq. (78). 

Wigner and Seitz [1933] assumed that the valence electrons of sodium have free- 
electron-like kinetic energy and density of states, which from fig. 20 is clearly a good 
approximation. It follows from eqs. (45) and (77) that the Fermi energy E v may be 
written as: 

Ep = r, ws + (9tt/4) 2/3 /S 2 . (82) 

In § 5 we follow up our understanding of the behaviour of the energy bands by discuss- 
ing the total energy of simple metals and the different factors influencing bulk properties 
such as equilibrium atomic volume and bulk modulus. 

4. Transition-metal bands 

4.1. Tight-binding approximation 

Transition metals are characterized by a partially filled d band, which is well 
described within the tight-binding (TB) approximation by a linear combination of atomic 
d orbitals. We shall illustrate the TB method (see, e.g., Callaway [1964], Pettifor 
[1992] and Sutton [1993]) by considering first the simpler case of a lattice of atoms 
with overlapping s-state atomic wave functions i// s and corresponding free atomic energy 
levels E s . Generalizing eq. (19) for the diatomic molecule to a periodic lattice of N 
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atoms, we can write the crystal wave function ip k as a linear combination of the atomic 
orbitals: 

Mr) = N~ m J u e ik - R ^(r-R), (83) 

R 

where the phase factor automatically guarantees that t// k (r) satisfies Bloch’s theorem, eq. 
(55). Assuming that the crystal potential is the sum of the atomic potentials v(r - R) and 
following the method and approximations outlined through eqs. (19)-(30), the eigenvalue 
E k may be written as: 

E k = E s + X <l'l( r ) v (r)>l'A r - R ) dr ’ (84) 

R* 0 

where the non-orthogonality and three-centre contributions have been neglected because 
they do not contribute to first order. Since the atomic s orbitals are spherically symme- 
tric, the ssa hopping matrix elements in eq. (84) do not depend on the direction of R but 
only on the magnitude R (see fig. 10), so that 

E k = E s + ^e sscr R . (85) 

r* o 

The TB band structure E k for a simple cubic lattice with s orbitals may now be 
quickly found. Assuming that the hopping matrix elements couple only to the six first 
nearest-neighbour atoms with position vectors R equal to (±a, 0, 0) (0, ± a, 0) and (0, 0, 
±a) eq. (85) gives 

E k = E s + 2ss<r 1 (cos k x a + cos k y a + cos k z aj, (86) 

where k = (k„ k r k r ) Thus the eigenvalues vary sinusoidally across the Brillouin zone. The 
bottom, ET and top, E* of the s band correspond to the Bloch states at the centre of the 
Brillouin zone (0, 0, 0) and at the zone boundary (7r/n)(l, 1, 1) respectively. It follows 
from eq. (86) that 

E± = E s ± bjsscrj (87) 

because sso^ is negative as can be deduced from fig. 10 and eq. (84). Comparing ET with 
eq. (26) and fig. 8a for the diatomic molecule, we see that the most bonding state in the 
simple cubic lattice corresponds to maximum bonding with all six nearest neighbours 
simultaneously, which from fig. 10 is only possible for the spherically symmetric s 
orbital case. 

The structure of the TB p band may be obtained by writing ifi k as a linear combination 
of the three p Bloch sums corresponding to the atomic p x , p y , and p z orbitals, where x, y 
and z may be chosen along the crystal axes for a cubic lattice. That is, 

<A*( r) = N~ m X c a ^e ik ^ a (r - R), 

a=x,y,z R 

which leads to the 3 x 3 TB secular determinant for the p band, namely 


(88) 
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where 


( 89 ) 


T aa- = J €(r)v(r)ipAr ~ *)dr. (90) 

«*0 

It is clear from fig. 10 that the hopping matrix elements in eq. (90) do depend on the 
direction of R because the p t , p } „ and p z orbitals are angular dependent. Slater and 
Koster [1954] showed that they can be written directly in terms of the two fundamental 
hopping integrals pptr^ and pp^ and the direction cosines (/, m, n) of R. 

For a simple cubic lattice with only first-nearest-neighbour hopping the matrix 
elements T aa . may be evaluated to give 

T IX = 2pp <r l cos k x a + 2pp7r 1 (cos k y a + cos k z aj, (91) 


with T }> . and T ; , obtained from T„ by cyclic permutation. The off-diagonal matrix 
elements vanish for the simple cubic lattice. Therefore, at the centre of the Brillouin 
zone, T, the eigenvalues are triply degenerate (if spin is neglected) and given from eqs. 
(89) and (91) by 

£ r 3) = E P + 2 PP ff i + 4 .PP^i- (92) 

This degeneracy is partially lifted along the 1 100) symmetry direction, because from eq. 
(91) the band structure consists of the singly degenerate level 

E ( ^ = £ p + 4pp7r, + 2ppo-, cos k x a (93) 

and the doubly degenerate level 

E { A = £ p + 2(ppo-, + pprr, ) + 2pp7T[ cos k x a, (94) 


where the former results from the p t orbitals and the latter from the p }1 and p, orbitals. 
The degeneracy is totally lifted along a general k direction as from eqs. (89) and (91) 
there will be three distinct non-degenerate energy levels. 

Finally, the structure of the TB d band may be obtained by writing tp k as a linear 
combination of the five d Bloch sums corresponding to the five atomic orbitals illustrated 
in fig. 2. This results in a 5 x 5 TB secular determinant from which the d band structure 
may be computed (Slater and Koster [1954]). Starting from first-principles band 
theory, Andersen [1973] has shown that within the atomic sphere approximation (ASA) 
canonical d bands may be derived which depend neither on the lattice constant nor on 
the particular transition metal, but only on the crystal structure. This approximation leads 
to hopping integrals of the form 


ddo^ = -5 N 
dd7r ft = 4 
dd S K =-l. 


x 


I W{S/R)\ 


(95) 
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where W is the width of the d band, which is obtained by imposing the bonding and 
antibonding boundary conditions over the Wigner-Seitz sphere of radius S. It follows 
from eq. (95) that the hopping integrals scale uniformly with the band width W and do 
not depend on the lattice constant as it is the ratio S/R that enters. They fall off quickly 
with distance as the inverse fifth power. 

Figure 22 shows the resulting d band structure for the fee and bcc lattices along the 
| 111) and 1 100) directions in the Brillouin zone (Andersen [1973]). We see that at the 
centre of the Brillouin zone, F, there are two energy levels, one of which is triply 
degenerate, the other doubly degenerate. The former comprises the xy, yz and xz, T 2g 
orbitals which from fig. 2 are equivalent to one another in a cubic environment. The 
latter comprises the x 1 — y 2 , 3 z 2 - r 2 ^ orbitals which by pointing along the cubic axes 
are not equivalent to the orbitals. The degeneracy is partially lifted along the 1 11 1) 
and 1 100) symmetry directions as indicated in fig. 22, because eigenfunctions which are 
equivalent at k = 0 may become non-equivalent for k & 0 due to the translational phase 
factor exp(flfc*/?) (see fig. 8.8 of Tinkham [1964]). 

The band structure of NiO (Mattheiss [1972]) is shown in fig. 23 because it illustrates 
s, p and d band behaviour. The three bands arise from the oxygen 2s, 2p and the nickel 3d 
valence levels, respectively, the ordering being determined by the relative positions of their 
atomic energy levels in figs. 4 and 5. The Brillouin zone is face-centred cubic since the NaCl 
crystal structure of NiO consists of two interpenetrating fee lattices, one containing the 
sodium atoms, the other the chlorine atoms. In the 1 100) direction along FX the s and p band 
structure is not too dissimilar from that given for the simple cubic lattice by eqs. (86), (93) 
and (94). The d band structure along FX in NiO is also similar to that of the fee canonical d 
band in fig. 22, except that one level, which joins the upper state at F to the bottom of the 
canonical d band at X, has been pushed up and runs across the top of the d band in NiO. This 
is the result of mixing or hybridization between the s, p and d blocks in the TB secular 
determinant (Slater and Koster [1954]), whose strength is determined for example by the 
non-vanishing pder and pd7r hopping matrix elements shown in fig. 10. This mixing can 
only occur between Bloch states with the same symmetry (Tinkham [1964]). At the zone 
boundary X there is only one d band state which has the same symmetry Xj as the s 
band state. (There are no d band states with the same symmetry as the p band states at 
X.) The influence of the hybridization on the band structure is enhanced by orthogonality 
constraints which can add a further repulsive contribution to the d states because they 
must be orthogonal to the valence s and p levels lying beneath them in energy. 

fee bcc 




Fig. 22. The fee and bcc d band structure (after Andersen [1973]). 
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Fig. 23. The band structure of NiO (after Mattheiss [1972]). 


The bands in fig. 23 illustrate an apparent failure of one-electron theory. NiO is an 
insulator. However, adding the ten nickel and six oxygen valence electrons to the bands 
shown results in the d band containing only eight of its possible ten electrons [cf. eq. 
(35)]. Thus, the band structure presented in fig. 23 predicts that NiO is a metal. The 
origin of this dramatic failure of band theory was investigated by Mott [1949], who 
considered what happens to a lattice of hydrogen atoms as the lattice constant is 
decreased from some very large value. Initially each atom has a single Is valence 
electron associated with it as in the free atom state. The system will, therefore, be 
insulating, because in order for an electron to hop through the lattice it requires an 
energy given by the difference between the ionization potential of 13.6 eV (correspon- 
ding to the atomic Is level) and the electron affinity of 0.75 eV. This energy difference 
of about 13 eV is a measure of the coulomb repulsion U between two Is antiparallel spin 
electrons sitting on the same atomic site. However, as the lattice constant decreases the 
atomic Is level broadens into a band of states of width W so that the insulating gap will 
decrease like U - W. Therefore, for some sufficiently small lattice spacing W will be 
large enough for the system to become metallic and the hydrogen lattice undergoes a 
Mott metal-insulator transition. 

The very different conducting behaviour of the 3d valence electrons in metallic nickel 
and insulating nickel oxide can now be qualitatively understood. The width of the d band 
in NiO is about 2 eV (Mattheiss [1972]), whereas in pure Ni it is about 5 eV 
(Moruzzi et al. [1978]) since the Ni-Ni internuclear separation is smaller than in the 
oxide. Because the value of the screened intra-atomic coulomb integral U in 3d transition 
metals is about 4 eV, U/W is greater than unity for NiO but less than unity for Ni. Thus, 
we expect the former to be insulating and the latter metallic as observed experimentally. 

The breakdown of conventional band theory at large lattice spacings can best be 
illustrated by considering the hydrogen molecule (cf. fig. 8a). In the ground state the two 
valence electrons 1 and 2 occupy the same bonding molecular orbital i/f AB with opposite 
spin, so that the total molecular wave function may be written within the one electron 
approximation as 
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W) = ^b(1)<Aab(2)- (96) 

Substituting from eq. (27), multiplying through and neglecting the normalization factor 
[2(1 + S)]" 1 we have 

<A(1>2) = (*Aa( 1 )*Ab( 2 ) + <Ab( 1 )</'a(2) + *A A ( 1 ) , / r A(2) + *A b ( 1 )*Ab(2))- (97) 

The first two contributions correspond to the two possible neutral atom states with a 
single electron associated with each atom, whereas the latter correspond to the two ionic 
states A'B + and A + ET respectively. Since the hydrogen molecule dissociates into two 
neutral atoms, we see that i/r(l, 2) gives the wrong behaviour at large separations (see, 
e.g.. Slater [1963]). 

In practice, the Mott transition to the insulating phase is accompanied by the 
appearance of local magnetic moments (Brandow [1977]) so that the band model must 
be generalized to allow for antiferromagnetic solutions of the Schrodinger equation 
(Slater [1951a]; cf. §8). Within local spin density functional (LSDF) theory (cf. § 1) 
this leads to a good curve of total energy versus internuclear separation for the hydrogen 
molecule because the theory now goes over to the neutral free-atom limit (Gunnarsson 
and Lundquist [1976]). However, although the antiferromagnetic state leads to a band 
gap opening up at the Fermi level in NiO (Slater [1951a]), a proper understanding of 
CoO and the temperature-dependent properties of these insulators can only be obtained 
by using a more sophisticated non-local treatment of exchange and correlation 
(Brandow [1977], Jones and Gunnarsson [1989]). Fortunately, the bulk properties of 
simple and transition metals considered in this chapter can be well understood within the 
local approximation, even though non-locality can play a role in the finer details of the 
band structure (see, e.g., Ni; Cooke etal. [1980]). 


4.2. Hybrid NFE-TB bands 


Transition metals are characterized by a fairly tightly-bound d band that overlaps and 
hybridizes with a broader nearly-free-electron sp band as illustrated in fig. 24. This 
difference in behaviour between the valence sp and d electrons arises from the d shell 
lying inside the outer valence s shell, thereby leading to small overlap between the d 
orbitals in the bulk. For example, from eq. (14) the average radial distance of the 
hydrogenic 3d and 4s wave functions are in the ratio 0.44 : 1 . Thus, we expect the band 
structure of transition metals to be represented accurately by a hybrid NFE-TB secular 
equation of the form (Hodges etal. [1966] and Mueller [1967]): 


C—El H 
H f D- El 


(98) 


where C and D are sp-NFE and d-TB matrices respectively [cf. eqs. (67) and (89)]. H is 
the hybridization matrix which couples and mixes together the sp and d Bloch states with 
the same symmetry, and / is the unit matrix. 

A secular equation of this H-NFE-TB form may be derived (Heine [1967], Hubbard 
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Fig. 24. A schematic representation of transition metal sp (dashed curve) and d (solid curve) densities of states 
when sp-d hybridization is neglected. 

[1967] and Jacobs [1968]) by an exact transformation (Pettifor [1972a]) of the first- 
principle band structure equations of Korringa [1946], Kohn and Rostoker [1954] 
(KKR). They have solved the Schrodinger equation (1) by regarding the lattice as a 
periodic array of scattering sites which individually scatter the electrons with a change 
in phase tj,. Transition-metal sp valence electrons are found to be scattered very little by 
the lattice so that they exhibit NFE behaviour with 77 0 and 17 t close to zero. Transition- 
metal d electrons, on the other hand, are strongly scattered, the / = 2 phase shift showing 
resonant behaviour given by 

tan 7 , 2 (£) = |r/(£ d - E), (99) 

where E 6 and T determine the position and width of the resonance. This allows the KKR 
equations to be transformed directly into the H-NFE-TB form, in which the two centre 
TB hopping integrals and hybridization matrix elements are determined explicitly by the 
two resonant parameters E d and T. The non-orthogonality contributions to the secular 
equation (Mueller [1967]) are obtained by linearizing the implicit energy-dependent 
matrices C, D and H in a Taylor expansion about E d . 

The nonmagnetic band structure of fee and bcc iron is shown in fig. 25, being 
computed from the H-NFE-TB secular equation with resonant parameters E d = 0.540 Ry 
and T = 0.088 Ry (Pettifor [1970a]). The NFE pseudopotential matrix elements were 
chosen by fitting the first-principle values of Wood [1962] at the pure p states N,. 
u( no = 0.040 Ry), L/ (u,,, =0.039 Ry) and X 4 . (v^ = 0.034 Ry). Comparing the band 
structure of iron in the 1 100 ) and | 111 ) directions with the canonical d bands in fig. 22 , 
we see there is only the one d level with symmetry A, and A, respectively which 
hybridizes with the lowest NFE band, the remaining four d levels being unperturbed. 
Because of the canonical nature of the pure TB d bands (Andersen [1973]), the band 
structure of all fee and bcc transition metals will be very similar to that shown in fig. 25 
for iron. 

The transition-metal density of states, n(E), is not uniform throughout the band as 
shown schematically in fig. 24 but displays considerable structure that is characteristic of 
the given crystal lattice. This is seen in fig. 26 for the bcc, fee and hep densities of 
states, which v/ere calculated by the H-NFE-TB secular equation neglecting non- 
orthogonality contributions with E d = 0.5 Ry and T =0.06 Ry (Pettifor [1970b]). These 
early histogram, densities of states are displayed rather than more accurate recent 
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Fig. 25. The H-NFE-TB band structure of fee and bee iron in the nonmagnetic state. The solid circles represent 
the first-principle energy levels of Wood [19621. (From Pettifor [1970a].) 


calculations (see, e.g., Rath and Callaway [1973], Jepsen etal [1975], Moruzzi et 
al. [1978], Paxton etal. [1990]) because they allow a direct comparison between the 
bcc, fee and hep densities of states for the same model element. This will be important 
when discussing the relative stability of the three different crystal structures in § 6.1 and 
the stability of the ferromagnetic state in the a, y and s phases of iron in § 8 . 

The structure in the calculated densities of states in fig. 26 is reflected in the 
behaviour of the experimental electronic heat constant, y, across the nonmagnetic 4d and 
5d transition metal series. It follows from eqs. (45), (47) and (48) that the electronic heat 
capacity may be written as 

C = JT, ( 100 ) 

where 

y = -3 7 r k B n[E F ). (101) 

Therefore, ignoring any renormalization effects such as electron-phonon mass enhance- 
ment, the linear dependence of the heat capacity gives a direct experimental measure of 
the density of states at the Fermi level. Figure 27 shows that the H-NFE-TB densities 
of states in fig. 26 reflect the experimental variation in y across the series. 

4.3. Volume dependence 

Figure 28 illustrates the volume dependence of the energy bands of the 4d transition 
metals Y, Tc and Ag, which were calculated by Pettifor [1977] within the atomic- 
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Fig. 26. The density of states for the three structures (a) bcc, (b) fee, and (c) hep for a model transition metal. 
The dotted curves represent the integrated density of states. (From Pettifor [1970b].) 

sphere approximation of Andersen [1973, 1975]. Similar bands have been obtained by 
Gelatt etal. [1977] for the 3d metals Ti and Cu with the renormalized-atom approxima- 
tion of Watson et al. [1970]. We see from fig. 28 that the bottom of the NFE sp band 
r if which was evaluated within LDF theory, is well fitted by the Frohlich-Bardeen 
expression (79). The values of R c obtained are found to scale within 1% with the position 
of the outer node of the 5s free-atom radial wave function. This demonstrates quantitat- 
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Fig. 27. A comparison of the theoretical and experimental 4d and 5d heat capacities. The theoretical values 
were obtained directly from eq. (101) and fig. 26, neglecting any changes in the density of states due to band 
width changes or mass renormalization. 

ively that it is the core-orthogonality constraint which is responsible for the rapid turn up 
in the energy of T, and that the outer node of the valence s electron is a good measure 
of the s core size. The free-atom d level broadens into a band of states of width W as the 
atoms come together from infinity to form the bulk (see figs. 24 and 28). Heine [1967] 
has shown that the Wigner-Seitz boundary conditions imply that W should vary approxi- 
mately as S~ 5 , where S is the Wigner-Seitz radius. Assuming a power-law dependence 
of W on S, we can write 

w = W 0 (VS)\ (102) 

where W 0 and S 0 are the values of the d-band width and Wigner-Seitz radius respectively 
at the equilibrium lattice spacing of the transition metal. Table 1 gives the values of S 0 , 
W 0 and n for the 4d transition metals (Pettifor [1977]). Because of the more extended 
nature of the d wave functions at the beginning of the transition metal series, n takes a 
value closer to four than to five which we will see in § 5.2 is reflected in their bulk 
properties. Values of the band width W for the 3d, 4d and 5d series may be obtained 
from the table in Andersen and Jepsen [1977] and are given explicitly in table 20-4 of 
Harrison [1980]. The 3d and 5d band widths are approximately 30% smaller and 20% 
larger respectively than the corresponding 4d widths. 

The centre of gravity of the TB-d band, E d , in fig. 28 rises exponentially (Pettifor 
[1977]) as the volume decreases because the potential within the Wigner-Seitz sphere 
renormalizes due to the increase in the electronic charge density (Gelatt etal. [1977]). 
This renormalization in position of the free atomic d level plays an important role in 
transition-metal energetics and will be discussed further in § 5.2. 

The different volume dependences of the NFE-sp and TB-d bands displayed in fig. 
28 will lead to changes in the relative occupancy of the two bands with volume. This is 
illustrated in fig. 4 of Pettifor [1977] where Y and Zr show a rapid increase in d-band 
occupancy under compression as the d band widens and the bottom of the sp band moves 
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Table 1 

Equilibrium values of Wigner-Seitz radius S 0 and d band parameters W, n and n/S 0 for 4d series (from 

Pettifor [1977]). 


Quantity 





Element 




Y 

Zr 

Nb 

Mo 

Tc 

Ru 

Rh 

Pd 

Ag 

S 0 (au) 

3.76 

3.35 

3.07 

2.93 

2.84 

2.79 

2.81 

2.87 

3.02 

Wo (eV) 

6.3 

7.8 

9.3 

9.5 

9.1 

8.5 

7.6 

6.0 

3.9 

n 

3.9 

4.0 

4.1 

4.3 

4.5 

4.6 

4.8 

5.1 

5.6 

n/S a 

1.03 

1.19 

1.33 

1.47 

1.58 

1.65 

1.71 

1.77 

1.84 


up (cf. fig. 28a). Eventually T, moves up through the Fermi level E v at which point all 
the NFE-sp states have been emptied into the TB-d states and N d =N. On the other hand, 
the transition metals with more-than-half-filled d bands display a marked degree of 
constancy in N tl for volumes about their equilibrium values, because the sp core effects 
are largely counter-balanced by the rapid rise in E A due to the increasing coulomb 
repulsion between the d electrons (cf. fig. 28c). However, under very high pressures the 
bottom of the sp band does eventually move up through the Fermi level, and transition 
metals with ten valence electrons (Ni, Pd and Pt) may become semiconducting 
(McMahan and Albers [1982]). We will return to this dependency of the d-band 
occupancy on volume and core size when discussing crystal structure stability in § 6. 


5. Bulk properties 


5.1. Simple metals 

Within the free-electron approximation the total energy per electron may be written 
(see, e.g., Heine and Weaire [1970]) as: 

U n = 2.21/r/ - 0.916/r s - (0.1 15 - 0.0313 In r s ), (103) 



Fig. 28. The energy bands as a function of Wigner-Seitz radius S for (a) Y, (b) Tc, and (c) Ag. The observed 
equilibrium Wigner-Seitz radii are marked eq. The dotted curve gives the Frohlich-Bardeen fit (eq. 79) to the 
bottom of the conduction band T,. E d , E, and E,, mark the centre of gravity, and top and bottom of the d band, 
respectively. (After Pettifor [1977].) 
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where r s is the radius of the sphere which contains one electron so that 

r s = Z~ lll S (104) 

for a metal with valence Z and Wigner-Seitz radius S. The first term in eq. (103) is the 
average kinetic energy of a free electron gas, namely f E v , where E p is given by eq. (45). 
The second term is the exchange energy which is attractive, because parallel-spin 
electrons are kept apart by Pauli’s exclusion principle, thereby leading to weaker mutual 
coulomb repulsion. The third term is the correlation energy which gives the additional 
lowering in energy due to the dynamical correlations between the electrons. It follows 
from eq. (103) that the free electron gas is in equilibrium for r s = 4.2 au with a binding 
energy per electron of 0.16 Ry or 2.2 eV. 

If the electron gas is perturbed to first order by the presence of the ionic lattice 
(Heine and Weaire [1970], Girifalco [1976] and Harrison [1980]), then the total 
binding energy per atom may be written as: 

t/ = z(t/ eg +t/, on ), (105) 


where 


U in 



(106) 


The first and second terms in eq. (106) give the electron-ion [cf. eq. (79)] and the 
electron-electron potential energies, respectively. The potential energy has been evaluated 
within the Wigner-Seitz [1933] approximation of neglecting the coulomb interaction 
between different Wigner-Seitz cells as they are electrically neutral. Within the free- 
electron approximation the ion cores had been smeared out into a uniform positive 
background so that there was zero net potential energy and I/ ion vanished. 

The equilibrium Wigner-Seitz radius, S 0 , which is found from eq. (105) by requiring 
that U is stationary, depends explicitly on the core radius R c through the equation 


\ S oj 


. 0.102 0.0035S n 

— -I 1 . u 

5 ^ 2/3 2 


0.491 
Z )/3 .S’ 0 ’ 


(107) 


where the first four terms are coulomb, exchange, correlation and kinetic contributions 
respectively. Girifalco [1976] has taken the experimental values of the Wigner-Seitz 
radius S 0 to determine an effective Ashcroft empty-core radius R c from eq. (107). The 
resultant values are given in table 2 where, as expected, the core size increases as one 
goes down a given group in the Periodic Table. It is clear from table 2 that only sodium 
has an equilibrium value of r s that is close to the free-electron-gas value of 4.2 au. 

The bulk modulus (or inverse compressibility), which is defined by 

B = v(d 2 t//dV 2 ), (108) 

may be written from eqs. (105) and (107) in the form 
B/B ke = 0.200 + 0.815 R c 2 /r s 


(109) 
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Table 2 


Equilibrium bulk properties of the simple and noble metals. 


Metal 




Quantity 





z 

u^/z 

V 

r.‘ 


B/B^ 

B/B le 



(eV/electron) 

(au) 

(au) 

(au) 

(eq. 109) 

(expt.) 

Li 

1 

1.7 

3.27 

3.27 

1.32 

0.63 

0.50 

Na 

1 

1.1 

3.99 

3.99 

1.75 

0.83 

0.80 

K 

1 

0.9 

4.86 

4.86 

2.22 

1.03 

1.10 

Rb 

1 

0.9 

5.31 

5.31 

2.47 

1.14 

1.55 

Cs 

1 

0.8 

5.70 

5.70 

2.76 

1.29 

1.43 

Be 

2 

1.7 

2.36 

1.87 

0.76 

0.45 

0.27 

Mg 

2 

0.8 

3.35 

2.66 

1.31 

0.73 

0.54 

Ca 

2 

0.9 

4.12 

3.27 

1.73 

0.95 

0.66 

Sr 

2 

0.9 

4.49 

3.57 

1.93 

1.05 

0.78 

Ba 

2 

0.9 

4.67 

3.71 

2.03 

1.11 

0.84 

Zn 

2 

0.7 

2.91 

2.31 

1.07 

0.60 

0.45 

Cd 

2 

0.6 

3.26 

2.59 

1.27 

0.71 

0.63 

Hg 

2 

0.3 

3.35 

2.66 

1.31 

0.73 

0.59 

At 

3 

1.1 

2.99 

2.07 

1.11 

0.69 

0.32 

Ga 

3 

0.9 

3.16 

2.19 

1.20 

0.74 

0.33 

In 

3 

0.9 

3.48 

2.41 

1.37 

0.83 

0.39 

T1 

3 

0.6 

3.58 

2.49 

1.43 

0.87 

0.39 

Cu 

1 

3.5 

2.67 

2.67 

0.91 

0.45 

2.16 

Ag 

1 

3.0 

3.02 

3.02 

1.37 

0.71 

2.94 

Au 

1 

3.8 

3.01 

3.01 

1.35 

0.69 

4.96 


" From Girifalco [1976]. 


at equilibrium, where the correlation contribution has been neglected since it contributes less 
than a few percent. B te is the bulk modulus of the non-interacting free electron gas, namely 

Bke = 0.586/r/. (110) 

It follows from eq. (109) and table 2 that the presence of the ion core is crucial for 
obtaining realistic values of the bulk modulus of simple metals, as was first demonstrated 
by Ashcroft and Langreth [1967]. However, the simple first-order expression eq. 
(109) is leading to large errors for the polyvalent metals with valence greater than two 
because the second - order contribution is not negligible and must be included (Ashcroft 
and Langreth [1967]). Table 2 also demonstrates that the noble metals are not 
describable by the NFE approximation, the theoretical bulk moduli being a factor of five 
too small. We will return to this point in § 5.2. 

The cohesive energy of the simple metals is observed in table 2 to be about 1 eV per 
valence electron. For example, Na, Mg and A1 have cohesive energies of 1.1, 0.8 and 1.1 
eV per electron respectively. These are an order of magnitude smaller than the corre- 
sponding binding energies given by eq. (105), the experimental values being 6.3, 12.1, 
and 18.8 eV per electron respectively. Although NFE perturbation theory can yield good 
estimates of bulk properties such as the equilibrium atomic volume, structural stability 


References: p. 129. 



90 


D. G. Pettifor 


Ch. 2, § 5 


and heat of formation, it can not provide reliable cohesive energies which require an 
accurate comparison with the free atom whose wave functions are not describable by 
weakly perturbed plane waves. It is necessary, therefore, to perform similar calculations 
in both the free atom and the bulk as, for example, Wigner and Seitz [1933] and 
Moruzzi el al. [1978] have done in their evaluation of the cohesive energies in figs. 21 
and 1 respectively. We should point out, however, that eqs. (103)— (106) do yield a bulk 
binding energy for sodium that is very similar to Wigner and Seitz’s [cf. eq. (82)], 
because the additional exchange, correlation and self-energy terms in eqs. (105) and 
(106) give a net contribution of less than 0.01 eV per sodium atom. Chelikowsky 
[1981] has linked the cohesive energy of simple metals to a kinetic-energy change which 
accompanies the transformation of the exponentially damped free-atom wave function to 
plane-wave bulk states. As expected from table 2 and fig. 20, it is necessary to include 
an additional non-local bulk bonding contribution in order to obtain the stronger cohesion 
of Li and Be and the weaker cohesion of Zn, Cd and Hg. The anomalously large 
cohesion of the noble metals Cu, Ag and Au will be discussed in the next subsection. 

5.2. Transition metals 

The theoretical points in fig. 1 were computed (Moruzzi et al. [1978]) by solving 
the Schrodinger equation (1) with the potential v(r) given by 

v(r) = UhW + VxcW (HD 

where v H I s th e usual Hartree potential and v xc is the exchange-correlation potential 
evaluated within the local density functional (LDF) approximation of Hohenberg and 
Kohn [1964] and Kohn and Sham [1965], namely 

v xc( r ) = ^(/° £ xc(/°))- (112) 

e xc (p) is the exchange and correlation energy per electron of a homogeneous electron gas 
of density p. It follows from eqs. (103) and (112) that the exchange contribution to the 
potential may be written as: 

u x( |, ) = 7*x( ,, )> (113) 

where 

*x(r) = -1.477[p(r)]’ /3 . (114) 

Thus the exchange potential varies as the third power of the local density, due to the 
exclusion of parallel spin electrons from the immediate neighbourhood (Slater [1951b]). 

The total energy can not be written simply as the sum over the occupied one-electron 
energies £, of the Schrodinger equation, because the eigenvalue E i of the /th electron 
contains the potential energy of interaction with the y'th electron and vice versa. Thus, E- t 
+ Ej double-counts the coulomb interaction energy between electrons i and j. The total 
LDF energy is, therefore, given by 
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v = x E t - * jj 2p ,^; ^ - j p( r )[%c - ««:]*■. ( ii5 > 

where the second and third contributions correct for the “double-counting” of the 
coulomb and exchange-correlation energies respectively. The potential energy has been 
written down in eq. (115) within the Wigner-Seitz sphere approximation, the coulomb 
interaction between neighbouring Wigner-Seitz cells, or Madelung contribution, being 
neglected. (Note that e i = 2 in atomic units, which accounts for the factor of two in the 
integrand of the coulomb integral.) 

The presence of the double-counting contribution in eq. (115) does not allow for a 
direct interpretation of the total energy in terms of the one-electron eigenvalues £■ whose 
behaviour we have studied in the previous sections. For example, as can be seen from 
fig. 28b the one-electron sum alone would lead to no binding in Tc because the d- 
electron eigenvalues at the equilibrium atomic volume are everywhere higher than the 
free-atom d level. The inclusion of the double-counting term is crucial for bonding since 
it counters to a large extent the shift in the centre of gravity of the d bands E d due to the 
renormalization of the potential under volume change. In copper, for example, Gelatt 
etal. [1977] found that the band-shift energy of 78.6 eV/atom, which accompanies the 
formation of the bulk metal, is almost totally cancelled by a change in the double- 
counting term of 77.7 eV/atom. The remaining net repulsive contribution of about 1 eV/atom 
is typical for the 3d and 4d transition metal series (see fig. 4 of Gelatt et al. [1977]). 

The problems associated with double-counting can be avoided, however, by working 
not with the total energy, U, but with the first-order change in energy, 8U, on change in 
the Wigner-Seitz sphere volume, 8(1, for the bulk metal (Pettifor [1976]) or change in 
the intemuclear separation, SR, for the diatomic molecule (Pettifor [1978a]). By starting 
either from the virial theorem in the form derived by Liberman [1971] or from the total- 
energy expression (115) following Nieminen and Hodges [1976], Pettifor [1976, 
1978a] showed that the first-order change in total energy, SU, may be written, neglecting 
the Madelung contribution, as: 

8U = J j 8E i , (116) 

i 

where 8E i is the first-order change in the eigenvalue which accompanies the first-order 
volume or distance change while the potential is kept unrenormalized. The general 
applicability of this first-order result has been proved by Andersen [1980] for force 
problems involving arbitrary atomic displacements and by Norskov [1982] for embedding 
problems involving a change in the local atomic environment (cf. §7). Skriver [1982], 
Mcmahan and Moriarty [1983] and Paxton and Pettifor [1992] have demonstrated the 
applicability of eq. (116) to the evaluation of structural energy differences (cf. §6). 

The first-order expression (116) is important because it allows a direct identification 
of the different roles played by the valence sp and d electrons in bulk transition metal 
energetics. The eigenstates can be decomposed within the Wigner-Seitz sphere into their 
different angular momentum components, l, so that eq. (116) may be written as: 
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SU = -PSD, = P,SD, (117) 

i 

where P is the pressure, given by P = — dU/dfl. By working within the atomic-sphere 
approximation of Andersen [1973] the partial pressures P t may be expressed (Pettifor 
[1976]) directly in terms of parameters describing the energy bands, namely: 


= 3/V sp (r, - e«) + 2U*, (118) 

3 P d n = 2 N d (E d - e xc )/m d + 5t/ d b0Dd , (119) 

where 

^=f F (£-r,)« sp (£)d£, (120) 

U? ai = j* {E - E d )n d (E)dE, (121) 


with s xc =s xc (S). m d is the d-band effective mass which is related to the width W 
through W =25/ (m d S 2 ). Additional small contributions to eqs. (118) and (119) have been 
neglected for simplicity in the present discussion (cf. eqs. (13) and (14) of Pettifor 
[ 1978b]). 

The sp partial pressure consists of two terms which give the first-order changes in the 
bottom of the sp band, T,, and in the kinetic energy, respectively. In the absence of 
hybridization with the d band, n sp (E) is free-electron-like and eq. (118) is consistent with 
the pressure which would be obtained from the simple-metal expression (105) if 
correlation is neglected. This follows from eqs. (Ill), (113) and (79) because within 
LDF theory the bottom of the band is given by 

r, = 17 s + 2.4 Z/S + 4 £ X (122) 

since the electron sees the average Hartree field of the valence electrons and the 
exchange potential v x in addition to the ion core pseudopotential. 

The d partial pressure also consists of two terms which give the first-order changes 
in the centre of gravity of the d band, E d , and the d bond energy, respectively. In the 
absence of hybridization we may assume that n d (E) is rectangular as illustrated in fig. 24, 
so that from eq. (121) the d bond energy may be written 

tf“=-£MV d (lO-tf d ). (123) 

Assuming that E d ~E d ' om and W vary inversely as the fifth power of S , P d may be 
integrated with respect to volume to give the d contribution to the cohesive energy, 
namely: 

U d = N d (E d - ET)/4m d + N d (j Ef om - e„)/2 m d + U^. (124) 

It follows from fig. 28a that for Tc at its equilibrium volume E d -E d ,om =6 eV, f£ d “ m 
- e xc = 1 eV and m d = 5. Therefore, taking, from table 2, W= 10 eV and N d = 6, we have 
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t/ d = 1.8 + 0.6 - 12 = -lOeV/atom, (125) 

which is in reasonable agreement with the LDF value of - 8 eV/atom for the Tc 
cohesive energy in fig. 1. 

The dominant contribution to the cohesive energy of transition metals is, therefore, the 
d bond term in eq. (125) as emphasized by Frjedel [1964, 1969] and illustrated by 
Gelatt et al. [1977] in their fig. 4. From eq. (123) it varies parabolically with band 
filling and accounts for the observed variation of the cohesive energy across the 
nonmagnetic 4c. and Sd series shown in fig. 1. It attains a maximum value of —5 W/4 
for N d = 5 when all the bonding and none of the antibonding states are occupied. Equation 
(124) shows that the shift in centre of gravity of the d band contribution^ (£’ d -£’ d atom ) 
is reduced by at least an order of magnitude through the factor (4m d ) _1 , thereby account- 
ing analytically for the cancellation arising from the double-counting term in eq. (115). 

Figure 29 shows the sp and d partial pressures for Tc. As expected from eq. (123) 
there is a large attractive d bond contribution which is pulling the atoms together in 
order to maximize the strength of the bond. This is opposed for S < 4.0 au by a rapidly 
increasing repulsive d centre-of-gravity contribution which reflects the renormalization 
in E d . The resulting total d partial pressure is attractive at the observed equilibrium 
volume of Tc (see fig. 29b). As expected from the behaviour of r\ in fig. 28b the bottom 
of the sp band contribution is attractive for large values of S but becomes repulsive in 
the vicinity of the equilibrium volume as r\ moves up in energy. Thus, whereas in 
simple metals this contribution is attractive because the ion cores occupy only about 10% 
of the atomic volume (see fig. 21 and table 3), in transition metals it is repulsive because 
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Fig. 29. (a) The individual and (b) the total sp and d partial pressures as a function of the Wigner-Seitz radius 
S for T c . “eq” marks the observed equilibrium Wigner-Seitz radius. (From Pettifor [1978b]). 
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Table 3 

The values of A for the 3d, 4d, and 5d transition metal series. 


Period 

Element and value of A (in au ’) 


Sc 

Ti 

V 

Cr 

Mn 

Fe 

Co 

m 

3 

1.08 

1.23 

1.37 

1.49 

1.61 

1.74 

1.88 

IS: 


Y 

Zr 

Nb 

Mo 

Tc 

Ru 

Rh 

Pd 

4 

1.08 

1.23 

1.37 

1.49 

1.60 

1.72 

1.85 

2.02 


Lu 

Hf 

Ta 

W 

Re 

Os 

It 

Pt 

5 

l.n 

1.25 

1.38 

1.49 

1.60 

1.72 

1.84 

2.01 


the ion cores occupy a much larger percentage due to their smaller equilibrium atomic 
volumes (cf. fig. 1). Together with the sp kinetic energy contribution, the bottom of the 
sp band contribution provides the necessary repulsion to counter the attractive d partial 
pressure at equilibrium. 

The size of a transition-metal atom, which is defined by the equilibrium atomic 
volume of the pure metal, is not necessarily a helpful quantity for discussing alloy 
energetics. We have seen that it will be very sensitive to the nature of the local atomic 
environment, since it is the d bond contribution which is responsible in fig. 1 for the 
skewed parabolic behaviour of the equilibrium Wigner-Seitz radius across the nonmag- 
netic 4d series. This may be demonstrated by modifying the simple model of 
Ducastelle [1970] and approximating the total energy of a transition metal by 

U - (7 rep + f/ d hond , (126) 

where the Born-Mayer contribution, f/ ep , is: 

U Kf = aN 2 e' 2KS (127) 

with a being constant across a given series. This form is suggested by the nature of the 
repulsive d centre-of-gravity contribution in eq. (124) and fig. 29, although we have 
assumed that [/ rep is proportional to N 2 rather than iV d 2 as a reminder that the sp electrons 
also contribute to the repulsion. The d bond contribution, eq. (123), is proportional to the 
band width W which is assumed to vary exponentially as 

W = fcA 2 e _AS (128) 

with b being constant across a given series. 

The cohesive energy, equilibrium Wigner-Seitz radius and bulk modulus are given 
from eqs. (126)— (128) by: 

(129) 

5 0 [ln(-2aN 2 /(/ d tond )]/2A, (130) 

B = -(A 2 / 1 2ir5 0 ) f/ d °" d . 


(131) 
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a and b for a given period are obtained from the known bulk modulus and band width 
of 3d Cr, 4d Mo and 5d W, the values of (a, b) being given in atomic units by (24.3, 
11.6), (77.2, 25.8) and (98.9, 31.9) respectively. A is found by fitting to the nonmagnetic 
Wigner-Seitz radius, assuming that the transition metals have only one sp valence 
electron. We see from fig. 30 and table 3 that although the equilibrium atomic volume 
has a minimum in the vicinity of N= 8, A varies nearly linearly across the series as 
expected for a parameter characterizing the free atom (cf. figs. 4, 5 and 7). Thus, 
although Mo and Ag have almost the same size factors with their equilibrium Wigner- 
Seitz radii of 2.93 and 3.02 au, respectively, they are immiscible because Mo will lose 
a large part of its attractive d bond contribution in a Ag environment. The logarithmic 
derivative of the band width, - A, predicted by this model is in good agreement at the 
equilibrium atomic volume with the first-principles value, -n/S Q , as can be seen by 
comparing tables 1 and 3 for the 4d series. 

The simple model breaks down at the noble-metal end of the series because the 
Bom-Mayer repulsive term in eq. (126) does not describe correctly the d electron 
behaviour. This can be seen in fig. 31 where the d partial pressure in Cu is attractive at 
the equilibrium atomic volume, the d electrons contributing about 25% to the cohesive 
energy (Williams et al. [1980a]). Thus, as first pointed out by Kollar and Solt 
[1974], the filled d shells in copper interact attractively rather than repulsively as 
assumed by the Bom-Mayer contribution (127). This is due to the second term in eq. 
(124) which dominates at larger atomic volumes. The sp partial pressure of Cu at its 
minimum is also more attractive than that of K due to the incomplete screening of the 
Cu ion core by (he 3d valence electrons. The net result is that whereas the simple metal 
K has a cohesive energy of 0.9 eV/atom and a bulk modulus of 0.3 x 10 10 N/m 2 , the 
noble metal Cu has a cohesive energy of 3.5 eV/atom and a bulk modulus of 13.7 x 10 10 
N/m 2 , which is reflected by the behaviour of the curves in fig. 31. 

6. Structural stability 

6.1. Elemental metals 

The crystal structure of the simple metals can be studied (see, e.g., Harrison [1966], 
Heine and Weaire [1970], Hafner [1974, 1989] and Moriarty [1982, 1983 and 1988]) 
by perturbing the free electron gas to second order in the pseudopotential, thereby 
extending the first-order expression (105) considered in §5.1. The resulting binding 
energy per atom is given in the real-space representation (Finnis [1974]) by 

U = zu et - ± Vk;1 + i cf^R = 0; r t ) + ± £ <t{R\ r s ), (132) 

RtO 

where K eg is the compressibility of the free electron gas. <f>(R = 0; r s ) represents the 
electrostatic interaction between an ion and its own screening cloud of electrons, whereas 
4>(R * 0; rj is a. central interatomic pair potential which for a local pseudopotential may 
be written as: 
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Fig. 30. The theoretical (open circles) and experimental (crosses) values of the equilibrium Wigner-Seitz radius, 
cohesive energy, and bulk modulus of the 3d, 4d, and 5d transition metals. 




Fig. 31. (a) The sp and d partial pressures for Cu and (b) the sp pressure for K as a function of the Wigner- 
Seitz radius. The independent variable x is the logarithm of the ratio of the lattice constant a (or Wigner-Seitz 
radius 5) to its equilibrium value a 0 (or S„), so that equilibrium corresponds to the zero value of x on the upper 
horizontal axis. The cohesive energy associated with a given pressure curve is the area between the curve and 
the axis, as illustrated in (b). (From Williams era/. [1980a].) 
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<j){R * 0;r s ) = 


2Z 2 


R 




(133) 


i>™(q) is proportional to the Fourier component of the ionic pseudopotential, taking the 
value cos qR c for the Ashcroft potential [cf. eq. (76)]. x(q> r d I s the free-electron-gas 
response function which screens the ion cores (see, e.g., Jacucci and Taylor [1981]). 
The first term in eq. (133) gives the direct ion-ion coulomb repulsion, the second the 
attractive ion-electron contribution. 

The interatomic potential (133) may be expressed analytically (Pettifor [1982]) at 
metallic densities as the sum of damped oscillatory terms, namely 


<K R * 0; r s ) = (2Z 2 /tf)X \ C os(2 k n R + a„)e ^ 


(134) 



Fig. 32. The analytic pair potential (solid curve) for Na, Mg, and Al, the three individual contributions being 
given by the dotted-dashed, dashed, and dotted curves respectively. The arrows mark the position of the twelve 
nearest neighbours in the close-packed fee and hep lattices. The values of R c and r s are written (R c , r s ) for each 
element. (After Pettifor and Ward [1984].) 
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where k„ and k„ depend only on the density of the free electron gas through r s , whereas 
the amplitude A n and the phase a n depend also on the ionic pseudopotential (through R c ). 
The interatomic potentials for Na, Mg and A1 are illustrated in fig. 32, where the first 
three terms in eq. (134) have been retained and an Ashcroft empty-core pseudopotential 
used (Pettifor and Ward [1984]). We see that all three metals are characterized by a 
repulsive hard-core contribution (dotted-dashed curve), an attractive nearest-neighbour 
contribution (dashed curve), and an oscillatory long-range contribution (dotted curve). 
For very large interatomic separations the pair potential behaves asymptotically (Friedel 
[1952]) as 

<j){R * 0; r s ) ~ A[u ps (2fcp)] 2 cos(2 k F R)/R\ (135) 

where from eqs. (44) and (104) & F = (97r/4) 1/3 /r s . 

A cautionary note must be sounded concerning the use of interatomic pair potentials 
for describing the energetics of simple metals. It is clear from fig. 32 that the pair- 
potential contribution to the binding energy of sodium and magnesium is only about 0.25 
eV/atom, which is small compared to their cohesive energies of 1.1 and 1.6 eV/atom, 
respectively. Moreover, in aluminium the pair contribution acts against cohesion. Thus, 
there is no microscopic justification for describing the bonding in simple metals by pair 
potentials alone. Their cohesion is determined primarily by the vo/wwie-dependent terms 
in eq. (132). However, the pair potential description is valid for tackling problems 
concerned with structural rearrangement in which the volume remains fixed, for example 
in lattice dynamics or in determining the relative stability of the close- or nearly close- 
packed fee, hep and bcc lattices. 

Figure 33 compares the stability of the fee, hep and bcc lattices of Na, Mg and A1 as 
their volume is reduced from the equilibrium value by nearly an order of magnitude, 
which was computed by Moriarty and McMahan [1982] using a generalized non-local 
pseudopotential to second order. We see that under pressure Na, Mg and A1 are predicted 
to transform from hep -» bcc -» hep, hep -» bcc -» fee and fee -» hep -» bcc, respec- 
tively. The first of these structural transitions occurs at about 1, 57 and 130 GPA for Na, 
Mg and A1 respectively and should, therefore, be verifiable by modem high-pressure 
technology. The trends displayed in fig. 33 may be understood from the behaviour of the 
first three contributions to the pair potential in fig. 32 (Pettifor and Ward [1984]; see 



Fig 33. The energy of the bcc and hep lattices with respect to the fee lattice for Na, Mg, and A1 as a function 
of their atomic volume relative to the observed equilibrium volumes (after Moriarty and McMahan [1982]). 
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also McMahan and Moriarty [1983]). Because the close-packed structures fee and hep 
have identical first and second nearest-neighbour distances their relative stability is 
determined by the position of their next few neighbours with respect to the long-range 
oscillatory tail which is drawn dotted in fig. 32. Since the phase a 3 of this contribution 
depends on r s , under pressure the minima shift with respect to the neighbour positions 
and the close-packed phases can reverse their relative stability. On the other hand, the 
competition between the close-packed phases and bcc is determined primarily by the 
contribution from the twelve first nearest neighbours and fourteen first and second 
nearest neighbours respectively. Although at their equilibrium volume the first twelve 
close-packed neighbours fall at the minimum of the pair potential, thereby favouring the 
close-packed structures (cf. fig. 32), under pressure this minimum moves and the bcc 
phase may be stabilized (cf. fig. 33). 

The close-packed metallic behaviour of Na, Mg and A1 gives way to the open 
diamond structure of the semiconductor Si as one proceeds across the third row of the 
Periodic Table. This transition from close-packed to open structure is accompanied by a 
30% volume expansion so that the volume-dependent term in the binding energy cannot 
be neglected when determining structural stability. Yin and Cohen [1980] have solved 
the Schrodinger equation self-consistently for Si using an ionic pseudopotential, and have 
evaluated the LDF binding energy [cf. eq. (115)] as a function of volume for seven 
different crystal structures as illustrated in fig. 34a. They find that the diamond structure 
has the lowest energy with a predicted equilibrium atomic volume, cohesive energy and 
bulk modulus within 5% of the experimental values. Moreover, the relative ordering of 
the metallic bcc and hep phases and their equilibrium energy of about 0.5 eV/atom with 
respect to the diamond structure is in good agreement with that deduced from experiment 
(Kaufman and Nesor [1973]). The transition to the open semiconducting phase, 
therefore, contributes about 10% to the total cohesive energy of 4.6 eV/atom. 

In moving down group IV we see from figs. 4 and 7 that Ge is very similar to Si 
with about a 10% larger core, whereas Sn and Pb have approximately 30% and 45% 
larger cores respectively. Thus the binding-energy-volume curves of Ge are found to be 
almost identical to those of Si except that the close-packed structures move down relative 
to the diamond structure by about 20% (compare figs. 34a and b; Yin and Cohen [1980, 
1981]). The further increase in core size in going from Ge to Sn is probably responsible 
for the /3-Sn structure being stabilized under only 2 GPA of pressure and the still much 
larger core of Pb at the bottom of group IV leads to the close-packed fee structure being 
most stable. The structural trends across the sp-valent elements within the periodic table 
has recently been discussed by Cressoni and Pettifor [1991] using the Tight Binding 
approximation. 

The crystal structure of the transition metals can be understood by comparing the d 
bond contribution eq. (121) to the total energy, because we saw in §5.2 that it dominates 
the cohesive energy. Figure 35 shows that as the unhybridized tight-binding d band is 
filled with electrons the structure-trend predicted is hep — » bcc — » hep — » fee — » bcc 
(Pettifor [1972b]). Apart from the incorrect stability of the bcc phase at the noble-metal 
end of the series, this trend agrees with experiment for the nonmagnetic 4d and 5d series. 
The stability of the bcc phase in V and Cr, Nb and Mo, Ta and W, when the d band is 
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Fig. 34. The binding energy as a function of volume of (a) Si and (b) Ge for seven different crystal structures. 
The dashed line is the common tangent of the energy curves for the semiconducting diamond phase and the 
metallic /3-tin phase, the system moving from 1 — > 2 — > 3 — > 4 under pressure, (from Yin and Cohen [1980, 
1981] and Yin [1982]). 

nearly half-full, is due to the strong bonding-antibonding separation which is manifest in 
the bee density of states compared to the close-packed (cf. fig. 26). The appearance of 
the bcc phase in iron is due to the presence of ferromagnetism (see § 8). The stability of 
different stacking-fault structures shows the same oscillatory behaviour as displayed by 
the fee hep curve in fig. 35 (Papon etal. [1979]). 

The number of d electrons, N d , also influences the structure of the heavier alkalis and 
alkaline earths (Takemura et al. [1982] and Skriver [1982]) and the rare earths 
(Duthie and Pettifor [1977]). N d increases on moving down the alkaline earth group 
as the d band starts to fill (cf. fig. 20) so that Ca, Sr and Ba have 0.51, 0.59 and 0.87 
1 = 2 electrons within the Wigner-Seitz sphere, respectively (Skriver [1982]). Similarly, 
under pressure N d increases as the NFE-sp band moves up with respect to the TB-d band 
(cf. §4.3). Skriver [1982] has computed the structural energy differences, using eq. 
(116), and has found that the trend hep — » fee — » bcc — » hep correlates with increasing 
Nd in agreement with the observed behaviour down group IIA (Be, Mg: hep; Ca,Sr: fee; 
Ba,Ra: bcc) and under pressure. The trivalent rare-earth crystal structure sequence hep 
— » Sm-type — » double hep — » fee, which is observed for decreasing atomic number and 
increasing pressure, can similarly be explained in terms of the change in number of d 
electrons accompanying valence s to d transfer (Duthie and Pettifor [1977]). Due to 
the lanthanide contraction of the ion core La has a 20% larger core radius than Lu, which 
results in La having 0.6 d electrons more than Lu and taking the double-hep rather than 
the hep crystal structure even though they are both trivalent. 
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Fig. 35. The d bond energy of the bcc (solid line) and the hep (dotted line) lattices with respect to the fee 
lattice as a function of band filling N d (from Pettifor [1972b]). 

Recently ab initio Local Density Functional (LDF) calculations have been used to study 
the transformation path from bcc to hep in barium under pressure at the absolute zero of 
temperature (Chen etal. [1988]; Ho and Harman [1990]). As illustrated in fig. 36, the bcc 
to hep transformation involves atomic displacements corresponding to the zone boundary 
[110] T, phonon mode and an additional lattice shear (Burgers [1934]). The dashed lines in 
fig. 36b show that a displacement S = \[2a!\2 in this bcc phonon mode creates a nearly 
hexagonal geometry, the perfect geometry being achieved in fig. 36c through a subsequent 
shear which changes the angle 6 from 109.47° to 120°. Figure 37 displays the calculated total 
energy contours as a function of both co-ordinates 8 and 0 for barium at its equilibrium 
atomic volume fi u , 0.793fl 0 and 0.705fi o , respectively. The latter volume corresponds to a 
pressure of 38.4 kbar. We see that at fi = 1T 0 the upper contour plot shows that bcc barium is 
more stable than hep, in agreement with experiment. However, as pressure is applied, the hep 
phase has its energy lowered with respect to bcc. The middle contour plot shows that at 
fi = 0.793T1 0 their energies are approximately equal, with an energy barrier between them of 
about 4meV/atom. The lower contour plot shows that at T1 = 0.705fl 0 the energy barrier has 
gone and the bcc phase is no longer metastable. The predicted T = 0 transformation pressure 
is 1 1 kbar, corresponding to the bcc and hep lattices having equal enthalpies. However, at low 
temperatures the system would not be able to overcome the energy barrier so that the bcc 
phase would probably remain metastable until the T, N-point phonon mode became soft at 31 
kbar. Experimentally the phase transformation occurs at a pressure of 55 kbar at room 
temperature so that the LDF predicted pressure appears too low, reflecting the intrinsic errors 
in the local approximation to density functional theory (see, for example, fig. 1). 
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(b) ( 1 1 0 ) tocc 


( c) 


Fig. 36. Illustration of the bcc to hep phase transformation. The arrows in (a) and (b) indicate the atomic 
displacements in the bcc lattice corresponding to the polarisation vector of the T, N-point phonon mode. A final 
long-wavelength shear changes the angle from 109.47“ to 120° to obtain the hep lattice in (c) (from Ho and 
Harmon [1990]; reproduced with permission). 


6.2. Binary intermetallic phases 

The structural trends within binary intermetallic phases A,._ X B X may be displayed by 
ordering the structural data base within a single three-dimensional structure map (JR A , 
JR B , x) where JR is a phenomenological co-ordinate which characterises each element in 
the periodic table (Pettifor [1988a]). The relative ordering number JR is obtained by 
running a one-dimensional string through the two-dimensional periodic table as shown in 
fig. 38; pulling the ends of the string apart places all the elements in sequential order, 
labelled by JR. 

The resultant two-dimensional isostoichiometric ground-state structure map (Jfl A , JR B ) 
for the 50:50 AB binary compounds is shown in fig. 39 using the experimental database 
of Villars and Calvert [1985]. Similar maps for other stoichiometries may be found 
elsewhere (Pettifor [1988a], [1988b] and [1992])). The bare patches correspond to 
regions where compounds do not form due to either positive heats of formation or the 
competing stability of neighbouring phases with different stoichiometry. The boundaries 
do not have any significance other than they were drawn to separate compounds of 
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Atomic displacement /V2a 


Fig. 37. Contour plots of the LDF energy for barium as a function of the atomic displacement 8 corresponding 
to the T, N-point phonon mode and the angle 8 of the shear motion. The upper, middle and lower panels 
correspond to the volumes 0.793 fl 0 and 0.705 fl 0 , where fl 0 is the observed equilibrium volume at ambient 
pressure. The energy contours are in steps of 0.5 mRy/cell (from Ho and Harmon [1990]; reproduced with 
permission). 
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Fig. 38. The string running through this modified periodic table puts all the elements in sequential order according 
to the relative ordering number. (Pettifor [1988a]). Note that group HA elements Be and Mg have been grouped 
with II B, divalent rare earths have been separated from trivalent, and Y has been slotted between Tb and Dy. 


different structure type. In regions where there is a paucity of data the boundary is 
usually chosen as the line separating adjoining groups in the periodic table. We see that 
excellent structural separation has been achieved between the 52 different AB structure 
types that have more than one representative compound each. The two most common 
structure types, namely B1 (NaCl) and B2 (CsCl), are well separated, the NaCl lattice 
being found only outside the region defined by Jfl A , iH B <81, which encloses the main 
CsCl domain. There is only one exception, namely the very small region of Cs-contain- 
ing salts. The AB structure map successfully demarcates even closely related structure 
types such as B27 (FeB) and B33 (CrB); B8, (NiAs) and B31 (MnP); or B3 (cubic ZnS, 
zincblende) and B4 (hexagonal ZnS, wurtzite). Moreover, coherent phases with respect 
to the bcc lattice, namely B2 (CsCl), Bll (CuTi), and B32 (NaTl) are also well separated, as 
too are the close-packed polytypes cubic Ll 0 (CuAu) and hexagonal B19 (AuCd). 

The structural trends within the pd-bonded AB compounds in fig. 39 have been 
successfully explained by Pettifor and Podloucky [1984, 1986] within a simple two- 
centre, orthogonal Tight Binding (TB) model. The upper panel of fig. 40 shows the 
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Fig. 39. The AB structure map (Pettifor [1988a]). 
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experimental structural domains for the seven most frequently occurring structure types, 
namely NaCl, CsCl, NiAs, MnP, FeB, CrB and FeSi respectively (using the socalled 
chemical scale x which orders the elements in a similar way to the relative ordering 
number iH in fig. 38, Pettifor [1984]). The lower panel shows the predicted AB 
structure map (N p , N d ) where N p and N d are the number of p and d valence electrons 
associated with atoms A and B respectively. We see that the TB model predicts the 
broad topological features of the experimental map. In particular, NaCl in the top left-hand 
corner adjoins NiAs running across to the right and boride stability running down to the 
bottom. MnP stability is found in the middle of the NiAs domain and towards the bottom 
right-hand corner, where it adjoins CsCl towards the bottom. The main failure of this 
simple pd TB model is its inability to predict the narrow-tongue of FeSi stability of the 
transition metal silicides, which is probably due to the total neglect of the valence s 
electrons within the model. 

The theoretical TB calculations allowed the different roles played by relative atomic 
size, electronegativity difference, and electron per atom ratio in stabilizing a given 
structure type to be investigated directly (Pettifor and Podloucky [1984, 1986]). Fig. 
41 shows the fractional change in volume (AV)/V between a given structure type and 


0-7 0-9 1-1 



Fig. 40. The upper panel shows (he structure map (y p , Yu) f° r 169 pd bonded AB compounds, where y p and Yj 
are values for the A and B constituents of a certain chemical scale, y, which orders the elements in a similar 
way to the relative ordering number ill. The lower panel shows the theoretical structure map (N p , N d ) where 
N p and N d are the number of p and d valence electrons respectively on the CsCl lattice. (From Pettifor and 
Podloucky [1984].) 



Ch. 2, § 6 


Electron theory of metals 


107 


ton 'V? 



Fig. 41. The fractional change in volume (AV)/V with respect to the CsCl lattice versus the relative size factor 
K (see text). The upper and lower NiAs curves correspond to c/a = 1.39 and (8/3) w respectively (Pettifor 
and PODLOUCKY [1984]). 

the CsCl lattice as a function of the relative size factor il of the constituent atoms. 
Within the TB model, H had been defined through the relative strength of the pp 
repulsive pair potential compared to the dd repulsive pair potential. As expected, the 
NaCl lattice has the smallest volume at either end of the il scale, because as the size of 
either the p-valent atom or the d-valent atom shrinks to zero the repulsion will be 
dominated by one or other of the close-packed fee sublattices. On the other hand, in the 
middle of the scale, where the nearest-neighbour pd repulsion dominates, the volume of 
the NaCl lattice with six nearest neighbours is about 13% larger than the CsCl with eight 
nearest neighbours. The packing of hard spheres rather than the softer atoms would have 
led to the much larger volume difference of 30%. 

The structural stability of the pd-bonded AB compounds may then be predicted by 
comparing the TB band energy of the different structure types at the volumes determined 
by the relative size factor 3R. Fig. 42 shows the resultant structural energies as a function 
of the electron per atom ratio or band filling N for the case where the atomic p level on 
the A site and the atomic d level on the B site are equal i.e. Ep^Ep-E^O. As the 
electron per atom ratio increases we find the structural sequence CsCl — » FeSi — > CrB 
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Fig. 42. The structural energy as a function of band filling N for the seven different crystal lattices with £pa = 
0 (Pettifor and Podloucky [1984]). 

— > NaCl — > NiAs — > (MnP) — > NiAs — > NaCl, where MnP, a distorted NiAs structure, has 
been put in parentheses because it does not quite have the lowest energy for N = 9. The 
structural energy depends not only on the electron per atom ratio but also on E pd = E p -E d 
which is a measure of a Mulliken-type electronegativity difference. Curves similar to fig. 
42 have, therefore, been calculated for values of the atomic energy level difference in the 
range from -10 to +5 eV (in steps of 2.5 eV). Rather than plotting the most stable 
predicted structure on a structure map of E pd versus N, the lower panel in fig. 40 uses the 
rotated frame of N p versus N d in order to make direct comparison with the experimental 
results in the upper panel. 

The TB model has successfully accounted for the structural trends not only within the 
pd bonded AB compounds above but also within other families of AB 2 and AB 3 
intermetallic phases (see, for example, Johannes et al. [1976], Ducastelle [1991], 
Bieber and Gautier [1981], Lee [1991a and b], and Ohta and Pettifor [1989]). As 
expected, the structural stability of the binary phases is found to be controlled by four 
factors, namely the average number of valence electrons per atom (or band filling), a 
Mulliken-type electronegativity difference (or atomic energy level mismatch), the atomic 
size mismatch, and the angular character of the valence orbitals (or whether the bonding 
is pd, dd etc.). Classic ionic Madelung terms appear to play little role in determining the 
structures of intermetallic phases since the screening in a metal is perfect. 

The most famous example of the crystal structure correlating with the average 
number of valence electrons per atom or band filling N is the Hume-Rothery alloy 
system of noble metals with the sp bonded elements such as Zn, Al, Si, Ge and Sn (see 
ch. 4). Assuming that Cu and Ag have a valency of 1, then the fee a -phase is found to 
extend to a N of about 1.38, the bcc /3-phase to be stabilized around 1.48, the y-phase 
around 1.62 and the hep .e-phase around 1.75. Mott and Jones [1936] pointed out that 
the fee and bcc electron-per-atom ratios correlate with the number of electrons required 
for a free-electron Fermi sphere to first make contact with the fee and bcc Brillouin-zone 
faces, N=1.36 and 1.48, respectively. This condition corresponds to 2k F =|G| and 
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implies that the long-range Friedel oscillations (135) are in phase with the lattice, thereby 
giving an additional stabilizing energy. However, as found by Stroud and Ashcroft 
[1971] this only leads to the fee lattice being stabilized in the immediate vicinity of 
N=1.36, the hep lattice being the most stable for N < 1.3. The fee noble metals with 
Z = 1 can, therefore, not be described by the NFE approximation. 

Jones [1937], on the other hand, started with a realisitic value for the Cu energy gap 
at L, namely 4 eV, which is an order of magnitude larger than that expected for simple 
NFE metals (cf. fig. 16). This large gap, which arises from hybridization and ortho- 
gonality constraints with the underlying d band (Mueller [1967]), leads to a very non- 
spherical Fermi surface which already for Cu with N = 1 just makes contact with the fee 
Brillouin-zone face in the <11 1> direction. Contact is made with the bcc zone for 
N= 1.23. The resulting fee and bcc densities of states look very similar to those for Be 
(fee) and Li (bcc) in fig. 20, because Jones [1937] neglected the presence of the copper 
d band (cf. fig. 26). Comparing the fee and bcc band energies Jones [1937] found that 
the fee lattice was indeed the more stable for 1 < N < 1.43. However, no comparison 
with the hep lattice was made. 

Recently, Paxton et al. [1992] extended Jones’ calculations to include not only the 
hep lattice but also a proper treatment of the valence d electrons within the Rigid Band 
Approximation (RBA). Fig. 43 shows the structural predictions where the expected trend 
from fee (a phase) to bcc (/3 phase) to hep (e phase) is found as a function of the 
electron per atom ratio or band filling N. This trend is a direct consequence of rigidly 
occupying the copper densities of states n(E) in the middle panel and comparing the 
resultant band energies, i.e.. 


AU 



(136) 


where 


N = J n(E)dE. 


It follows from equation (136) that 


dN 


(AU) = A 


dEp 

dN 


E F n(E F ) 


= AE e 


since on differentiating equation (137) with respect to N we have immediately 
dE c 


dN 


0 (Ef) ~ 1- 


Further, it follows from equations (138) and (139) that 


dN' 


• (AU) = A 


I 


n(Ep) 


(137) 


(138) 


(139) 


(140) 
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Fig. 43. Analysis of fee, bee and hep relative structural stability within the rigid band approximation for Cu-Zn 
alloys, (a) The difference in band energy as a function of band filling N with respect to elemental rigid copper 
bands, (b) The density of states at the Fermi level E e for fee, bee and hep lattices as a function of band filling 
N. (c) The difference in the Fermi energies A/T F as a function of band filling N (from Paxton, A. T., M. 
Mhthfessel and D. G. Pettifor [1992] unpublished). 

Thus, as first pointed out by Jones [1962], the shape of the band energy difference 
curves in fig. 43a can be understood in terms of the relative behaviour of the densities 
of states in the middle panel. In particular, from equation (138) the stationary points in 
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the upper curve correspond to band occupancies for which AE F vanishes in panel (c). 
Moreover, whether the stationary point is a maximum or a minimum depends on the 
relative values of the density of states at the Fermi level through equation (140). In 
particular, the bcc-fcc energy difference curve has a minimum around N = 1 .6, where the 
bcc density of states is lowest, whereas the hcp-fcc curve has a minimum around 
N = 1 .9, where the hep density of states is lowest. The fee structure is most stable around 
N= 1, where AE F = 0 and the fee density of states is lowest. 

The structural trends in these Hume-Rothery electron phases are thus driven by the 
van Hove singularities in the densities of states which arise from band gaps at specific 
Brillouin or Jones zone boundaries as surmised earlier by Mott and Jones [1936] and 
Jones [1937]. It is therefore not totally surprising that the NFE second-order perturbation 
theory results of Stroud and Ashcroft [1971] and Evans etal. [1979] found energy 
difference curves that are very similar to those in the top panel of fig. 43 away from the 
copper-rich end. The strong curvature of the bcc-fcc and hcp-fcc curves as a function of 
band filling can be reproduced only by including explicitly the weak logarithmic 
singularity in the slope of the Lindhard response function at q = 2k F . It is for this reason 
that these Hume-Rothery alloys are correctly termed electron phases since this singular- 
ity is driven solely by the electron-per-atom ratio (through 2k F ) and does not depend on 
the particular chemical constituents (through the pseudopotential). The nesting of the 
Fermi surfaces of noble metal alloys and the implication for long-period superlattices 
(Sato and Toth [1961]) have been examined quantitatively by first-principles KRR band 
calculations (Gyorffy and Stocks [1983]) assuming total disorder within the coherent- 
potential approximation (CPA; see, e.g., Faulkner [1982]). 

7 . Heat of formation 

A simple and successful semi-empirical scheme for calculating the heats of formation 
of binary alloys has been developed by Miedema et al. [1980], who characterized each 
element in the Periodic Table by two co-ordinates <f>* and p m . The heat of formation of 
a binary AB alloy is then written (in the simplest case) as: 

AH = -P{A(f> *) 2 + G(Ap 1/3 ) 2 , (141) 

where P and Q are positive constants. The attractive term depends on the difference in 
the elemental work functions, A <p, (later modified to Arp*) and is similar in spirit to 
Pauling’S [1960] electronegativity contribution. The repulsive term depends on the 
difference in the cube root of the electron densities at the elemental Wigner-Seitz sphere 
boundaries, A p ]n , and was argued to arise from the distortion of the charge density 
across the AB interface. Equation (141) has been useful in providing quantitative values 
for the heats of formation. In this section the microscopic origin of the attractive and 
repulsive contributions to AH will be examined in the light of our understanding of the 
cohesion of the elemental metals (cf. §§5 and 6). 

Miedema’s expression (141) has been most successful in the treatment of binary 
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transition-metal alloys, which are well-described by the tight-binding approximation. By 
analogy with Friedel’s [1964] treatment of pure transition metal cohesion, the AB alloy 
band may be approximated (Pettifor [1979, 1987]) by a rectangular density of states of 
width W AB as shown in fig. 44. It follows from tight-binding theory (Cyrot and Cyrot- 
Lackman [1976]) that: 

C = W 2 +3(A£ d )\ (142) 

which generalizes the dimer result, eq. (30), to the bulk metal. The first term is the 
contribution to the square of the alloy band width that arises from nearest-neighbour 
bonding, whereas the second term reflects the increase in alloy bonding due to the 
ionicity which is measured by A E d = E d -E d . Thus, the alloy bandwith is given by 

2 "l 1/2 

Wah =[l + 3(AE d /W) J W. (143) 

The heat of formation may now be evaluated explicitly. Filling up the alloy band with 
the average number of d electrons per atom, N d , and comparing the resulting band 
energy with that obtained from pure metal bands of width W (as illustrated in fig. 44), 
one finds the contribution to the heat of formation AH 0 , given by: 

A HJW = - £ (A N d f-i AN d {AE d /W) - * AT d (lO - N d ){AE d /W)\ (144) 

where eq. (143) has been expanded to second order, and AJV d = N d -N d . In addition, 
there is a further contribution A//,, due to the fact that the elemental equilibrium atomic 
volumes V A and V B are in general different, so that the d bond energy of pure A and B 
is determined by W A and W B , respectively, and not by IV as drawn in fig. 44. Assuming 
that the band width varies inversely with the volume to the five-thirds power (c.f. eq. 
(102); Heine [1967]) and that the alloy volume is 1^= V=1/2(V A + V B ) by Vegard’s 
law, then 

AW = W B -W A =-% W( AV/V). (145) 



Fig. 44. The rectangular d band model representing AB alloy formation. The dashed line separates the partial 
density of states associated with atom A from that associated with atom B. 
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The resulting change in the bond energy due to the change in the band widths of the 
elemental metals from W to W A , respectively is given by 

A HJW = - -24 (5 - jV d )AW d (AV/7). (146) 


Expressions (144) and (146) may be simplified still further for binary alloys from the 
same transition-metal series. Choosing the 4d series because the 3d row is complicated 
by the presence of magnetism (cf. § 8), we can write A £ d = -AN d eV from fig. 5 and 
y=V(Ar d ) from fig. 30. Substituting into eqs. (144) and (146) and taking W = 10 eV from 
table 1, the heat of formation (in eV/atom) is given to second order by 

M = [f 0 {N i ) + f{N i )]{AN i ) 2 (147) 

where 

/o(A r d) = i[l-5 3 o^ d (lO-A^ d )] (148) 


and 



L 


24 


(5-W,) 


d InV" 




(149) 


Equation (147) represents the second-order term in a Taylor expansion of AH(N d A , N*) 
in powers of A N d as Williams elal. [1980b] have emphasized. 

Figure 45 compares the results of the tight-binding theory with the Miedema el al. 
[1980] semi-emp:irical values for A N d 5 4, where we see that reasonable agreement is 
obtained. The more attractive values of AH found by Miedema et al. [1980] near N d = 5 
reflect structural bonding effects which are not included in the present model with its 
uniform alloy density of states (cf. fig. 44). The dependence of the heat of formation on 
crystal structure has been demonstrated by the first-principles LDF calculations of 
Williams et al. [1980b] who compared AH for the CuAu (fee) and CsCl (bcc) lattices. 
It is clear from fig. 45 that the most stable AB alloys will be those for which the average 
d-band filling is close to 5.5 and AN d is large, for example YPd. On the other hand, for 
average d-band fillings less than about 4 or greater than 7 the heat of formation will be 
positive. 

The attractive contribution in Miedema’s expression (141) may be identified with A H 0 
provided that <f>* is interpreted as the electronegativity X rather than the work function <f>. 
Within the TB model the charge transfer Q is obtained by assuming partial densities of 
states n A (E) and n B (E) on the A and B sites in the alloy as illustrated in fig. 44. n A and 
n B have been skewed so that their centres of gravity correspond to E d A and E d A , respec- 
tively (Pettifor [1980]). The resulting d charge transfer is given by 

G? = ± AA' d + & ff d (l0 - tf d )(A£ d /wg- (150) 


The first term reflects the flow of electrons from right to left across the series due to 
increasing electron density and the second term reflects the flow from left to right due 
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Fig. 45. A/f/(A;V d ) 2 as a function of the average band filling N :l for the 4d series. The dashed curve is the A H a 
contribution, eq. (148). The squares represent the Miedema values for the 4d alloys with A N d < 4, the points 
with common N d being connected by straight lines. (From Pettifor [1979].) 


to the increasingly attractive d level as one proceeds across the series (cf. fig. 5). The 
flow of electrons is, therefore, not driven by the difference in the work functions A <f> 
alone, because all the electrons throughout the band respond on alloying and not just 
those in the vicinity of the Fermi level. This can be seen by comparing, in fig. 44, the 
skewed partial density of states n A (E) in the AB alloy with the rectangular density of 
states in the pure metal A. 

By implication, the charge transfer is proportional to the difference in the electro- 
negativities, so that we may define a d-electronegativity X i by 
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AA ' d =Q d . (151) 

Substituting into eq. (150) and integrating for the 4d series with AE d /W = AiV d / 10, the 
electronegativity is found to be 

^d=-T^[l-^^ d (l5-Ar d )]+1.8, (152) 

where the constant of integration has been chosen so that Mo with N d = 5 takes the 
Pauling [1960] value of 1.8. Equation (152) is plotted in fig. 46 and compares surpris- 
ingly well with the Pauling electronegativities across the 4d series. It follows from eq. 
(144) and eqs. (150)— (152) that A H 0 can be expressed approximately as: 

Atf 0 =- 1 L^(AX d ) 2 (153) 

for | N d - 5 1 < 5/^3". Equation (153) gives the correct value of the dashed curve in fig. 
45 at the centre of the band and it vanishes at the correct cross-over points N d = 5 ± 
5/\fi . Since Miedema’s final choice of ordinate <f>* is very similar to Pauling’s 
electronegativity X (Miedema etal. [1980]), the attractive contribution in eq. (141) may 
be associated with A H 0 through eq. (153). The repulsive contribution in the semi- 
empirical scheme follows A H x , very closely numerically, but conceptually the latter 
reflects a mismatch in the d band width rather than the electron density (see also 
Williams etal. [1982]). The heats of formation of 3d, 4d and 5d transition metal AB 
alloys have been tabulated by Watson and Bennett [1981] who used an optimized 
version of the d band model. 

The heats of formation of simple - metal binary alloys may be calculated within 
second-order perturbation theory provided the valence difference A Z = Z B - Z A is not too 
large (Hafner [1976] and Leung etal. [1976]). Neglecting the structurally dependent 
pair-potential contribution and ignoring the density dependence of <p(R = 0; r s ) in eq. 
(132), the heat of formation A H will be determined by the volume-dependent free 
electron gas terms alone. Assuming Vegard’s Law with V AB= v =i ( v a + Vy, these give 
(Pettifor and Gelatt [1983]) the contribution (in eV/atom): 



Fig. 46. The d-band electronegativity, X d , compared to Pauling’s [1960] values (squares) for the 4d series. 
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A H v = Z/ eg (p 1/3 )(Ap ,/3 ) 2 , (154) 

where 

4(p' /3 ) = -43.39 + 7.81/p 1 ' 3 + 0.17/(p 1/3 ) 2 . (155) 

The three terms in eq. (155) are the kinetic, exchange and correlation contributions 
respectively, the flow of charge from the more dense to the less dense atom lowering the 
kinetic energy but raising the exchange and correlation energies. Equation (154) is 
reminiscent of the Miedema etal. [1980] repulsive contribution in eq. (141). However, 
as is clear from fig. 47 the prefactor / eg is not a positive constant Q but is dependent on 
the average cube root of the density p 1/3 . It changes sign from positive at low densities 
(where the exchange and correlation dominate) to negative at high densities (where the 
kinetic energy dominates). The first-principle LDF calculations of A H for the Na, Mg, 
Al, Si, P series with respect to the CsCl (bcc) lattice show the same trend in fig. 47 as 
eq. (155) although displaced somewhat from the ffee-electron-gas result because the 
explicit influence of the core through the last two terms in eq. (132) has been neglected. 
Figure 6.10 b of Hafner [1987] shows that equation (154) represents the experimental 
heat of formation of liquid simple metal alloys extremely well. 



Fig. 47. /W[Z(V ' ! )] 2 as a function of the average cube root of the electron density p m for the 3s and 3p 
series. The solid curve is the electron-gas contribution, eq. (155). The open circles are the LDF results for the 
CsCl lattice. (From Pettifor and Gelatt [1983]). 
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Fig. 48. The calculated heals of formation (Hafner [1977]) of A 2 B alkali-melal alloys for (a) the disordered 
bcc phase and (b) the ordered MgZn 2 Laves phase as a function of Rq/R£ from table 2. The crosses give the 
electron gas contribution eq. (154) using the experimental densities of the elemental metals. 


Structural effects can be important in determining the sign of AH of simple-metal 
alloys (cf. §2.3.2. of Miedema etal. [1980]). This has been demonstrated by the second- 
order pseudopotential calculations of Hafner [1977] on binary alkali metal alloys, which 
are illustrated in fig. 48 for the A 2 B stoichiometry. (His values of AH for the bcc alloys 
are approximately four times larger than the experimental, LDF or free-electron gas 
values, because his calculated density differences are larger than experiment.) Whereas 
the disordered bcc alloys have positive heats of formation, the ordered Laves phases 
Rb 2 Cs, K 2 Cs and NajK have negative heats of formation due to the arrangement of the 
nearest-neighbour atoms with respect to the minimum in the pair potential. Therefore, 
provided the volume-dependent contribution to AH is not too large and positive, the 
structural contribution due to the pair potential can stabilize the phase. If a semi- 
conducting gap opens up in the alloy density of states, then this will provide additional 
stability (Miedema et al. [1980]), which requires the theory to be extended beyond 
second order. 

The heats of formation of sp elements with transition metals is illustrated by fig. 49 
for the Li-row elements with the 4d transition metals. They were calculated by Gelatt 
etal. [1983] using LDF theory for the AB stoichiometry with respect to the NaCl lattice. 
Their theoretical values agree broadly with the semi-empirical values of Miedema et al. 
[1980] who found it necessary to include for sp-d alloys an additional attractive contribu- 
tion, -R, in their expression (141). R is written as the product of two numbers which are 
determined by the groups in the Periodic Table from which the sp and d constituents are 
drawn. Gelatt etal. [1983] have interpreted their results in terms of an attractive sp-d 
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bonding contribution, which becomes increasingly ionic on proceeding across the sp 
series from Li to F, and a repulsive d-bond contribution. The latter reflects the loss of d- 
bond energy due to the narrower alloy d band width, which arises from the larger 
transition-metal-transition-metal nearest neighbour distance in the alloy as compared to 
the elemental metal. Curves similar to fig. 49 have been obtained by Gelatt et al. 
[1978] for the 3d and 4d transition-metal hydrides. 

Figure 50 illustrates the reliability of LDF theory for predicting the heats of formation 
and structural stability of intermetallic phases. Figure 50a gives the LDF heats of 
formation of different ordered structures with respect to either the fee or bcc lattices for 
the aluminium-lithium system (Sluiter et al. [1990]). We see that the B32 LiAl 
structure type is predicted to be much more stable than either the B2 or Ll 0 equiatomic 
phases. Moreover, it is this strong stability of the B32 phase that is responsible for the 
known metastability of the neighbouring Ll 2 LiAl 3 and D0 3 Li 3 Al phases. Figure 50b 
gives the LDF heats of formation of different ordered structures with respect to either the 
fee or hep lattices for the aluminium-titanium system (VanSchilfgaarde etal. [1990]). 
We see that the theory predicts the correct most stable ground state structure for Ti 3 Al 
and TiAl 3 , namely hexagonal D0 19 and tetragonal D0 22 respectively. Furthermore, 
whereas the metastable cubic Ll 2 phase is very close to the ground state energy for 
TiAl 3 , it is much further removed for Ti 3 Al. This accounts for the fact that whereas Ti 3 Al 
has been stabilized as a cubic pseudobinary by suitable alloying additions, it has not been 
possible to stabilize the cubic phase of Ti 3 Al (Liu etal. [1989]). This demonstrates the 
importance of the first principles LDF calculations; they provide information not only 
about the ground state (which is usually already known experimentally) but also about 
the metastable phases (which have often not been directly accessed by experiment). 

The heat of solution of hydrogen and helium in metals may be calculated within the 
effective-medium approximation of Stott and Zaremba [1980], N0rskov and Lang 



Fig. 49. The heats of formation of 4d transition metals with Li row elements in the NaCl structure (Gelatt et 
al. [1983]). 
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[1980], and Jaccbsen etal. [1987], They assumed that the energy required to embed an 
atom at some given position R in a host metal which is characterized by an 
inhomogeneous density p(r), is the same as that required to embed the atom in a 
homogeneous electron gas of density p =p(R), where p(R) is the average host electron 
density seen by the impurity atom at R. Then the energy of the impurity atom at position 
R in the host lattice is given to lowest order by 

A U(R) = K.MUw, 056) 

The homogeneous embedding energy A U h0 Jp) can be evaluated within LDF theory and 
the results for H and the rare-gas atoms He and Ne are shown in fig. 51a (Puska et al. 
[1981]). We see that the rare-gas atoms display a positive embedding energy at all 
densities because their full electronic shells repel the free electron gas through ortho- 
gonality constraints. On the other hand, the open-shell hydrogen atom shows a minimum 
atp =0.0026 au~ 3 (i.e.,p 1/3 = 0.138 au _l ) corresponding to an attractive embedding energy 
of -1.8 eV, although it is repulsive for typical transition-metal densities of 0.02-0.03 au~ 3 . 

The heats of solution of H and He across the 3d series are shown in fig. 51b after 
N0RSKOV [1982] and Manninen et al. [1982], respectively. The results include an 
important first-order electrostatic correction term to eq. (156), which reduces the slope 
of the He curve in fig. 51a by half and lowers the H curve by -120p eV au 3 so that the 
//embedding energy is attractive throughout the entire range of metallic densities (cf. the 
solid circles in fig. 51b). The behaviour of the helium heat of solution across the 3d 
series mirrors that of the host metallic density which varies like the bulk modulus shown 
in fig. 1. The hydrogen heat of solution is measured with respect to the binding energy 
of the H 2 molecule, namely -2.4 eV/atom. We see in fig. 51b that agreement with 
experiments is obtained only if a first-order hybridization correction is included from eq. 
(116) which reflects the bonding between the hydrogen impurity and the host nearest 
neighbour atoms (N0RSKOV [1982]). The effective-medium approximation with first-order 
electrostatic and hybridization corrections included has been applied successfully to 
defect problems such as the trapping energies of H and He by interstitials, vacancies and 
voids (N0RSKOV etal. [1982] and Manninen etal. [1982]). The electron theory of point 
defects has been reviewed by Jena [1981]. 

The ordering energy of a binary A c B,^ alloy is defined by 

Ai/ ord = i/ on ,-t/ d is. (157) 

where U ^ and f/ dis are the energies in the completely ordered and disordered states 
respectively. By using second-order perturbation theory for the NFE simple metals 
(Hayes etal. [1968] and InglesAeld [1969]) or a generalized perturbation theory for the 
TB transition metals (Ducastelle and Gautier [1976]) the ordering energy eq. (157) 
can be expressed directly in terms of effective pair interactions 0„ 0 2 , 0 3 ,... between the 
first, second, third,... nearest neighbour atoms. (0„ depends explicitly on | Sv^iq) | 2 for 
the simple metals and on |A£ d | 2 for the transition metals). The ordering energy for c < 
0.5 may be written (see, e.g., De Fontaine [1979] and Ducastelle [1991]) as: 
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Fig. 50 (a). The predicted heat of formation of fee- and bcc-based lithium-aluminium ordered compounds (after 
Sluiter etal. [1990]). 


Ti at.% Al Al 

0 25 50 75 100 



Fig. 50 (b). The predicted heat of formation of fee- and hep-based titanium-aluminium ordered compounds 
(after Van Schilfgaarde el al. [1990]). 


A^ord = “ ( ! - C) 2 tn]<f>n’ (158) 

n 

where z n and p n are the number of nth nearest neighbour atoms and B-B atom pairs 
respectively. 
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Fig. 51 (a) The homogeneous embedding energy for H and the rare gas atoms He and Ne in a free electron gas 
of density p (after Puska etal. [1981]). (b) The H and He heats of solution across the 3d series (after N0rskov 
[1982] and Manninen et al. [1982] respectively). The solid circles include a first-order electrostatic con- 
tribution. The open circles include, in addition, a first-order hybridization correction. 


The effective pair interaction in transition metals with respect to an fee lattice is 
ijlustrated by fig. 52a where <f> i and <f> 2 are plotted as a function of average band filling 
N d for the TB d band alloy with c = 0.25 and A E d /W = 0.45 (Bieber etal. [1983]). As 
expected from the behaviour of the simple-metal pair potentials in §6.1, the transition- 
metal pair interactions display oscillations as a function of band filling, N d , and nearest 
neighbour position, n. Figure 52b compares the ordering energy evaluated by the pair 
interaction of Ducastelle and Gautier [1976] with the exact TB energy difference 
from eq. (157). We see that for this particular alloy it is a good approximation in the 
band-filling region where ordering occurs. Moreover, because the second and further 
nearest neighbour interactions are at least an order of magnitude smaller than the first nearest 
neighbour interactions, the ordering energy is dominated by <£, through eq. (158). 

The pair interactions also determine the most stable ordered structure with respect to 
a given lattice (Bieber and Gautier [1981]). For example, in fig. 53 the Cu 3 Au and 
AljTi structures are shown, which are built on the fee lattice. They have the same type 
of first nearest neighbour atoms, so that their relative stability is determined by_</> 2 and 
further nearest neighbour interactions. Since <f> 2 in fig. 52a is negative for 4.4 < N d < 7.3 
when AE d /W= 0.45, the ordered structure with like second nearest neighbours will be the 
more stable, i.e., Cu 3 Au. The stability reverses outside this band-filling region, thereby 
accounting for the nature of the structure map in fig. 53. This displays only a narrow 
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Fig. 52. (a) The first and second nearest neighbour effective pair interactions, <pi and <f> 2 , as a function of the 
average band filling, N j, for an AB 3 transition-metal alloy with a A£j / W = 0.45 on an fee lattice, (b) A 
comparison with the exact result of the ordering energy evaluated using the effective pair interactions. (After 
Bieber elal. [1983].) 

stability range for the Al 3 Ti phase, which is in agreement with empirical structure maps 
(Bieber and Gautier [1981]). 

This chapter on Electron Theory has been concerned primarily with the cohesive and 
structural properties of metals and alloys at the absolute zero of temperature. However, 
the derivation of effective pair interactions <f> n within electron theory allows the first- 
principles prediction of phase diagram behaviour by using these in an Ising Hamiltonian 
and performing Monte Carlo or Cluster Variation Method simulations (see, for example, 
Ducastelle [1991] and references therein, and Zunger [1994]). Chapter 6 deals 
explicitly with Phase Diagrams. 

& Band theory of magnetism 

The magnetic 3d elements have anomalously large equilibrium atomic volumes and 
small bulk moduli as evidenced by the deviations in fig. 1 between experiment and the 
non-magnetic LDF theory. In this section we will see that the Stoner [1939] theory of 
band magnetism can explain this anomalous behaviour. 

A nonmagnetic system will become magnetic if the lowering in exchange energy due 
to the alignment of the electron spins more than compensates the corresponding increase 
in kinetic energy. This may be demonstrated by the rectangular d-band model of fig. 54. 
In the nonmagnetic state, the up and down spin electrons are equivalent and, therefore, 
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Fig. 53. The relative stability of the Cu,Au and Al,Ti structures as a function of the average band filling 
and the renormalized difference in the atomic d levels, A£ d /lV (after Bieber and Gautier [1981]). 

they have identical density of states n T and n± as shown in fig. 54a. In the magnetic state, 
the presence of a local magnetic moment, m, produces an exchange field A on the atom, 
of strength 

A = Im, (159) 

where I is the Stoner exchange parameter and m=N d -N i in Bohr magnetons (/z B ). In the 
ferromagnetic state, all the atomic moments are aligned in the same direction, so that an 
up-spin electron sees the atomic level E d shifted by -|A a on every site, the down-spin 
electron by +4A. Therefore, the densities of states and n± are shifted rigidly apart by 
A as shown in fig. 54b. On the other hand, in the antiferromagnetic state, half the atoms 
have their moments aligned up, the other half have their moment aligned down, so that 
an electron sees two types of sites, with energies E A +£A. The problem is, therefore, 
analogous to that of the AB alloy discussed in the previous section (cf. fig. 44) and the 
densities of states ny and n± (corresponding to an atom with net moment up) are obtained 
by skewing the rectangular nonmagnetic densities of states as shown in fig. 54c. 

The magnetic energy which accompanies the formation of a local moment m at each 
site, may be written as: 

U^=8T-\Im\ (160) 

where the first term is the change in the kinetic energy and the second is the lowering in 
energy due to exchange. The ferromagnetic (fm) state is created by flipping \m down- 
spin electrons from just below the nonmagnetic Fermi level into the unoccupied up-spin 
states just above the nonmagnetic Fermi level. This is accompanied by an increase in 
kinetic energy of (ym)/n(E F ) per electron, so that, to second order, 

U fm =}rn 2 /n(E f )-}Irn 2 (161) 

where in this section n(E f ) refers to the nonmagnetic density of states per spin. There- 
fore, the nonmagnetic state will be unstable to ferromagnetism if U tm < 0, i.e. if: 
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(a) lb) Ic) 


Fig. 54. The rectangular d band model of the (a) nonmagnetic, (b) ferromagnetic, and (c) antiferromagnetic 
states (after Pettifor [1980]). 

7n(£ F )>l (162) 

which is the famous Stoner criterion. The equilibrium value of m in the ferromagnetic 
state is determined by the condition 

In(N A ,m) = 1, (163) 

where n (N d , m) is the average of the nonmagnetic density of states per spin between the 
two energies corresponding to a band-filling of N d and Nj respectively (see, e.g., 
Gunnarsson [1976]). 

The magnetic energy of the antiferromagnetic (afm) state can be obtained (Pettifor 
[1980]) by adding up the band energies in fig. 54c and subtracting off the exchange 
energy which has been double-counted, i.e.: 

U** =-^(M' fm -lV)A[ d (lO-^ d ) + i/m 2 ) (164) 

where from eq. (142) 

W afm = {l + 3(A/W) 2 } 1/2 W. (165) 

Expanding eq. (165) to second order and using eq. (159), the nonmagnetic state is found 
to be unstable to antiferromagnetism if 

> [i 3 u 7V d (l0- 7V d )]“'. (166) 

This is the rectangular d-band model criterion equivalent to the exact second-order result, 
namely 

I Xq {E ? ) > 1 (167) 

where xfE f ) is the response function corresponding to the afm ordering wave vector q 
(see, e.g., Fedders and Martin [1966]). The usefulness of the present model is that eqs. 
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(164) and (165) include terms beyond second order so that the equilibrium value of the 
magnetic moment and energy may be obtained explicitly. Equation (164) is stationary for 

m = (l/V3){[* N d { 10 - N d jf - (IV//) 2 } 1 ' 2 (168) 

when 

= [i HW d (lO - N t ) - i IV 2 //] - I lm\ (169) 

The first term in eq. (169) represents the change in kinetic energy, ST. The value of the 
moment given by eq. (168) is identical to that obtained by filling the up and down spin 
bands in fig. 54c and solving eq. (159) self-consistently. 

Figure 55 shows the regions of stability of the ferromagnetic and antiferromagnetic 
phases as a function of the renormalized exchange integral, I/W, and band filling, N it for 
the rectangular d-band model (see also Penn [1966]). The fm and afm phases are stable 
for values of I/W above the critical curves ABC (fm) and DBE (afm), which are defined 
by eq. (162) with n(E ? )= 5/lV and eq. (166), respectively. In the region where both 
phases are stable, the fm and afm state have the lower energy in region FBE and ABF 
respectively. 

The magnetic behaviour across the 3d series can be accounted for qualitatively (see 
also Moriya [1965]) by assigning the 3d transition-metals values of N A in fig. 55 which 
fix Ni with 0.6 holes. Values of I/W are chosen as marked by the crosses in fig. 55, the 
numbers lying in the range expected from first-principles LSDF calculations where I ~ 
1 eV and IV = 5 eV for the 3d series (see, e.g., Kubler [1981]). I is approximately 
constant across the series but IV increases from Ni to Cr just as observed in table 1 for 
the corresponding 4d series from Pd to Mo. Therefore, we expect I/W to decrease in 
moving from Ni to Cr, as shown in fig. 55. The positions of the crosses in fig. 55 imply 
that Ni and Co are strong ferromagnets with moments of 0.6 and 1.6 /r B respectively, 



Fig. 55. The regions of stability of the ferromagnetic and antiferromagnetic states as a function of the 
renormalized exchange integral, I/W, and d band filling, N t . The crosses mark plausible values of I/W across 
the 3d series. (After Pettifor [1980].) 
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whereas Fe (7/ W= 0. 1 80), Mn(//W= 0.158), and Cr (I/W= 0.136) are anti-ferromagnets 
with local moments from eq. (168) of 0.9, 1.6 and 0.7 p B , respectively. 

In practice, the rectangular d band model is not too bad a description of the close- 
packed fee and hep metals whose densities of states are fairly constant away from the top 
of the d band (c.f. fig. 26). This is demonstrated in fig. 56 by the band structure calcula- 
tions of Asano and Yamashita [1973] who evaluated the fm and afm local moments 
across the 3d series. Their fee results are similar to those obtained from fig. 55. In 
particular, fee iron is unable to maintain a fm moment, being instead a weak antiferro- 
magnet. However, if I/W were to increase (by volume expansion), then fig. 55 implies 
that fee iron eventually stabilizes in the fm state as has been observed experimentally by 
Gradmann and Isbert [1980] and theoretically by the LSDF calculations of KCbler 
[1981]. 

On the other hand, bcc transition metals have a very non-uniform density of states 
and are characterized by a very marked antibonding peak for N ~ 8 electrons (cf. fig. 
26a). n(£p) is sufficient for the 3d transition metal iron to satisfy the Stoner criterion 
(162) and the resulting magnetic energy of - 0.3 eV/atom (Janak and Williams [1976]) 
stabilizes the bcc lattice with respect to the nonmagnetic or weakly afm close-packed 
lattices. Under pressure, however, the d band broadens and the density of states 
decreases, thereby leading to an increased kinetic-energy contribution in eq. (161). At 
just over 10 GPA the nonmagnetic structural energy contribution in fig. 35 wins out and 
ferromagnetic bcc a-iron transforms to the nonmagnetic hep e-phase (Madsen et al. 
[1976]). This is the most stable structure of the isovalent 4d and 5d elements Ru and Os 
at their equilibrium volume because their wider d bands prevent them from satisfying the 
Stoner criterion. At atmospheric pressure bcc a-iron transforms to the fee y-phase at 
1184 K and changes back to the bcc 5-phase at 1665 K just before melting at 1809 K. 
The occurrence of the a, y, 5 and ^-phases in the temperature-pressure phase diagram 
of iron can be understood qualitatively (Hasegawa and Pettifor [1983]) within a band 
theory of magnetism which extends Stoner theory to finite temperatures (Cyrot [1970], 
Hasegawa [1980] and Hubbard [1981]). 

The simple rectangular d band model of antiferromagnetism presented in fig. 54c 
does not include any Fermi-surface nesting effects which Lomer [1962] argued were 




Fig. 56. The magnetic moments of the 3d metals in the ferromagnetic and antiferromagnetic states calculated 
as a function of band filling by Asano and Yamashita [1973] for the fee and bcc lattices. The crosses mark 
the experimental values. 
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responsible for the observed periodicity of the bcc Cr spin density wave. In practice, 
even though nesting provides only a small contribution to X q (Ep) ' n eq. (167), it is 
sufficient to take bcc Cr across the afm stability curve DBE in fig. 55 (Windsor [1972] 
and Skriver [1981a]). 

The anomalous behaviour of the equilibrium atomic volumes and bulk moduli of the 
3d series observed in fig. 1 is due to the magnetic pressure, f’ mag = - d t/ mag / d V, which 
accompanies moment formation (Shiga and Nakamura [1969] and Janak and 
Williams [1976]). Assuming that l is volume-independent (Madsen et al. [1976]) and 
W varies inversely with volume to the five-thirds power (Heine [1967]), it follows from 
eqs. (161), (164) and (169) that 

3 P^V = 5 ST, (170) 

because SU mag /Sm = 0 at equilibrium. 

In particular, for the ferromagnetic state the kinetic-energy change, ST, may be 
approximated by the first term in eq. (161), so that 

3 P (m V = }rn 2 /n{E F ). (171) 

Janak and Williams [1976] have shown that this simple expression accounts for the 
increase in equilibrium volume on going to the ferromagnetic state which the LSDF 
results display in fig. 57. For example, iron and nickel have moments of 2.2 and 0.6 /x B , 
respectively, and LDF nonmagnetic density of states per spin of 1.5 and 2.2 states per eV 
atom respectively. Substituting into eq. (171) gives a magnetic pressure for iron and 
nickel of 21.2 and I GPA, respectively, which leads to an increase in the equilibrium 
volume of 7% and respectively. The increase in atomic volume reduces the bulk 
modulus because the valence s electrons are now no longer compressed to the same 
extent into the core region where they are repelled by orthogonality effects (cf. § 5.2). 

Figure 57 shows that the experimental trend in the equilibrium atomic volume and 
bulk modulus across the ferromagnetic metals Fe, Co and Ni is well accounted for by the 
LSDF results (Janak and Williams [1976]). Similarly, Skriver et al. [1978] have 
obtained good agreement with experiment across the 5f actinide series, where the LSDF 
calculations reproduce the sudden 30% volume expansion that is observed in going from 
Pu to Am, due to the formation of a 5f moment. The 4f rare earths Ce and Pr have also 
been studied within LSDF theory, by Glotzel [1978] and Skriver [1981b] respectively, 
as too has the permanent magnet Nd 2 Fe 14 B (Coehoorn [1992]) and various magnetic 
mutilayers (Edwards [1992]). However, errors remain in figs. 1 and 50 (for the 3d 
metals in particular) which must be attributed to the local approximation to the exchange 
and correlation energy functional. For example, LDF theory does not position the valence 
s and d bands in exactly the correct relative position (Harris and Jones [1978]) or 
provide the correct exchange splitting in nickel (Wohlfarth [1980] and Cooke et al. 
[1981]). Although the correlations can be treated perturbatively within a TB framework 
(Friedel and Sayers [1977]), a simple non-local extension of the LDF approximation 
will be required for the next generation of higher-accuracy first-principles calculations 
(see, e.g., Jones and Gunnarsson [1989]). 
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Fig. 57. The equilibrium Wigner-Seitz radius, S, and bulk modulus, B, across the magnetic 3d transition metals. 
The crosses, circles, and squares are the experimental, spin-polarized LSDF and nonmagnetic LDF results, 
respectively. (After Janak and Williams [19761.) 
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1. Solid solubility 

A solid solution is obtained when atoms of different elements are able to share 
together, and with changing proportions, various sites of a common crystalline lattice. It 
is now generally recognized that all metals and compounds show some solubility in the 
solid state; a question of great interest is, however, the extent of solid solubility in a 
given case. For example, only 0.2 wt% of phosphorus can be dissolved in -y-iron, but 
nearly 39 wt% of zinc can be dissolved in copper without changing its structure. On 
alloying copper with nickel, on the other hand, the same fee structure is maintained 
throughout the entire alloy system (fig. la), providing an example of complete solid 
solubility. The Au-Cu alloys have complete solid solubility at high temperatures, but 
show different behavior at low temperatures (see fig. lb and § 11). In the great multitude 
of phase diagrams now known, the above cases, and even the case of only a partial but 
extensive solid solubility (of several atomic percent), are relatively rare. Complete solid 
solubility can occur only if the structures of the elements involved are basically the same, 
but it need not always occur when this condition is fulfilled (i.e., the system Cu-Ag 
which is a simple eutectic). In the case of close-packed hexagonal solid solutions 
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Au-Cu Phase Diagram 


Weight Percent Copper 



Fig. lb. The Au-Cu system has complete solid solubility and fee structure at high temperatures. At low 
temperatures superlattices form (see § 11). (From Massalski [1990].) 

considerable difference between the values of the axial ratio can usually be accommo- 
dated on changing from one element to another; for example, the axial ratio, c/a, 
changes from 1.5873 for Ti to 1.5931 for Zr in the Ti-Zr system, and from 1.6235 for 
Mg to 1.8856 for Cd in the Mg-Cd system. The phase diagrams of these systems are 
shown in figs, lc and Id. In the case of Ti-Zr the pure elements exist in two allotropic 
forms (cubic at high temperatures and hexagonal at low temperatures), and complete 
solid solubility occurs between both modifications on alloying. In the Mg-Cd system, on 
the other hand, complete solubility occurs only at high temperatures and is interrupted at 
lower temperatures by the formation of superlattices (see § 11). 

From the point of view of solid solubility, chemical compounds can be compared 
with pure metais and may be said to show alloying behavior if they exhibit wide solid 
solubility in a phase diagram. Since compounds are usually formed at fixed ratios of the 
numbers of atoms, the occurrence of solid solubility represents a departure from 
stoichiometry. If a compound is truly ionic in nature, the extent of such departure may 
be extremely small, amounting perhaps to a fraction of an at%; and for all practical 
purposes this is usually ignored and the compound is then drawn as a vertical line in the 
phase diagram. However, in typical metallic systems a large number of phases have been 
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Ti-Zr Phase Diagram 


Weight Percent Zirconium 


Ti 



Atomic Percent Zirconium 


Zr 


Fig. lc. The Ti-Zr system has complete solid solubility, with cubic structure at high temperatures and 
hexagonal structure at low temperatures (from Massalski [1990].) 

observed at atomic compositions which bear no apparent relation to the rules of 
stoichiometry. Such phases frequently possess wide ranges of solid solubility and 
resemble the solid solutions obtained on initial alloying of pure metals. To an engineer 
concerned with materials the occurrence of wide solid solubility, both between pure 
metals and in compounds, is of great practical interest because it is often associated with 
relatively simple metallic structures which possess desirable mechanical and physical 
properties. 

In this chapter we shall examine some of the factors which determine the limits of 
solid solubility in metallic systems and then consider some properties of the structure of 
extended solid solutions, such as lattice spacings, defects, departure from randomness, 
size effects, etc. 

2 . Terminology ( types of solid solutions) 

Solid solutions are phases of variable composition, and in principle any number of 
components can be alloyed together to form a series of solid solutions. However, for 
simplicity we shall consider mainly the binary alloys. The replacement of copper atoms 
by nickel on the lattice of pure copper is an example of a substitutional solid solution. 
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Cd-Mg Pluise Diagram 


Weight Percent Magnesium 



Fig. id. in the Mg-Cd system complete solid solubility occurs at high temperatures. Superlattices form at low 
temperatures (see § 11). (From Massalski [1990].) 

Since the two elements can be substituted at all proportions throughout the whole system, 
they form a continuous series of solid solutions. If the solid solubility is limited to only 
those portions of the phase diagram which are linked to pure elements, the resulting 
phases are known as primary (or terminal ) solid solutions. Such solutions have, of course, 
the same structure as the elements on which they are based. All other phases are usually 
known as intermediate phases; they may be called intermetallic compounds or valence 
compounds if their solid solubility is unusually restricted around a stoichiometric 
composition. Intermediate phases typically possess structures which are different from the 
structure of either of the component elements. 

If the size-difference between the component atoms which participate in forming a 
solid solution is sufficiently large, it may become possible on alloying for the one kind 
of atoms to be merely deposited in the holes (or interstices) between the other atoms on 
their space lattice. An interstitial solid solution is then formed. Such solutions can occur 
for example when nonmetallic elements such as boron, oxygen, nitrogen or carbon are 
dissolved in a metal lattice. 

Both interstitial and substitutional solid solutions can be random, with statistical 
distribution of atoms, or they may be partially or completely ordered, in which case the 
unlike atoms show preference for one another. A fully ordered solid solution is some- 
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Fig. 2. Schematic models of solid solutions: (a) substitutional random; (b) substitutional ordered; (c) interstitial 
random; (d) solute clusters in solid solution. 


times known as a superlattice. Alternatively, the like-atoms may tend to associate 
together to form clusters within the solid solution. Again, the clusters may be dispersed 
randomly or they may be ordered or oriented in various ways, producing a variety of 
complex substructures within the solid solution. A diagrammatical illustration of the 
various types of solid solution is given in fig. 2. 

While it is possible to consider the case of a random solid solution as an idealized 
example, the mounting experimental evidence, based mainly on diffuse X-ray scattering, 
suggests that complete randomness (like perfect crystallinity) is probably never found in 
nature. Hence, solid solutions which are in a thermodynamical equilibrium (ch. 5) may 
be considered to be truly homogeneous on a macroscopic scale, but they need not be 
homogeneous down to the scale where atoms are considered individually. 

3. Energy of solid solutions and phase stability considerations 

The extent of solid solubility of phases, the stability of phases, the temperature 
dependence of stability, and the choice of structures that are actually observed in phase 
diagrams are the result of competition among numerous possible structures that could be 
stable in a given system. This competition is based on the respective values of the Gibbs 
Free Energy of each competing phase and the variation of this energy with temperature, 
pressure, composition and possibly other extensive parameters. The details are presented 
in chapter 5. Here, we shall merely state that the most general form of the Gibbs energy 
(G) can be expressed as a function of the intensive parameters, enthalpy (H) and entropy 
(S), and the absolute temperature (T): 

G = H - TS. (1) 

As is well known, numerous factors contribute to the H and S parameters. The major 
contribution to the entropy is from statistical mixing of atoms (AS mix ), but there can be 
additional contributions from vibrational effects (AS vib ), distribution of magnetic 
moments, clustering of atoms and various long range configurational effects. The main 
interest in this chapter is in the contributions to the enthalpy resulting from atomic 
mixing (AH^,), which are in turn related to the interaction energies between neighbour- 
ing and further distant atoms in a given structure based upon electronic, elastic, magnetic 
and vibrational effects. Much progress has been made in measuring, calculating and 
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predicting many such effects, and hence progress continues to be made in the evaluation 
of the related thermodynamic quantities and ultimately the phase diagrams. 

Some recent reviews of these topics are listed in the bibliography for further reading (and 
in chapter 6). 

Typical values of the enthalpy of formation (AH) and its relation to the type of 
bonding are given as an illustration in table 1. As discussed in chapter 6, a change by 
10-20 kJ/mole in the interaction parameter that determines the enthalpy of formation can 
profoundly affect the form of the resulting phase diagram. The estimation of the AH 
values, particularly for systems where the experimental data are meager or lacking, has 
been therefore of great practical interest to the workers in the area of phase stability. 
Semi-empirical values of the heats of formation have been predicted for many systems 
by Miedema and co-workers (Miedema and Niessen [1988]) and have found many uses. 

Along with the progress achieved in the measurements that established the details of 
phase diagrams and the associated phases, it is natural that the observed phase stabilities 
should be tested against basic theory. In this connection, two aspects stand out sharply 
([Massalski 1989]): 

(1) The need to calculate phase stability from “first principles” in order to understand 
the basic parameters that control the energy of a phase. 


Tabic 1 


Heats of formation at 298K of some typical intermediate phases and compounds.* 


Compound or phase 

Structure** 

Predominant bonding 

Heat of formation 

-AH (kJ/g atom) 

MgSe 

NaCl (B2) 

Ionic 

135.9 ± 8.3 

MgTe 

ZnS (B4) 

Ionic 

104.3 ± 10.4 

ZnTe 

ZnS (B3) 

Ionic 

60.0 ± 2.1 

Mg 2 Ge 

CaF 2 (Cl) 

Partially ionic 

38.4 ± 0.08 

Mg 3 Bi 2 

Ca^ (D5c) 

Partially ionic 

30.9 ± 0.8 

Mg 2 Si 

CaF 2 (Cl) 

Partially ionic 

26.3 ± 1.3 

InAs 

ZnS (B3) 

Covalent 

30.9 ± 2.5 

GaSb 

ZnS (B3) 

Covalent 

20.9 ± 0.8 

InSb 

ZnS (B3) 

Covalent 

14.6 ± 0.4 

NiTe 

NiAs (B8) 

Partially metallic 

18.8 ± 6.3 

CoSn 

NiAs (B8) 

Partially metallic 

15.0 ± 1.3 

Co 3 Sn 2 

NiAs (B8) 

Partially metallic 

11.3 ±0.8 

CaMg 2 

MgZn 2 (Cl 4) 

Metallic 

13.3 + 0.4 

Ag 5 Zn 8 (0.61 Zn) 

-y-brass (D8c) 

Metallic 

4.6 ± 0.21 

AgZn (0.50 Zn) 

/3-brass (B2) 

Metallic 

3.1 ±0.21 


♦Data taken from Robinson and Bever [1967]. 
**For meaning of the symbols, see ch. 4. 
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(2) The need to utilize the successful theories of phase stability for predicting phase 
diagrams in systems where measurements have not yet been done, or are particu- 
larly difficult. Here, progress will ultimately permit technologically relevant 
complex or multicomponent phase diagrams to be predicted. 

It was Hume-Rothery and his associates who more than a half century ago laid the 
foundations for a systematic study of phase diagrams and their interpretation. A suitable 
testing ground at that time was the stability of alloy phases based on the so-called noble 
metals, Cu, Ag, and Au (Hume-Rothery [1955]; Hume-Rothery etal. [1969]). From 
this work has emerged the emphasis on three general metallurgical parameters. Stated 
very broadly they are: 

(1) the difference in atomic sizes of the components, 

(2) the electrochemical differences among the components, and 

(3) the “electron concentration” change on alloying. 

Their importance is often expressed in terms of the so called “Hume-Rothery Rules” (see 
section 4). 

Regarding the basic theory, the understanding and prediction of phase stability of 
alloys and compounds in terms of the electronic structure calculations is a subject of 
paramount importance in materials science. There has been much progress in the “first 
principles” (or the so called “ab initio ” approach to the band theory of both ordered 
compounds and, more recently, also of random metallic alloys (Stocks and Winter 
[1984]). At the same time, because of the pressing need of technology, many semi- 
empirical or partially qualitative schemes of phase stability have been pursued, often very 
successfully. The results of such attempts are usually the estimated heats of formation 
(AH) (see also ch. 2, § 6.2.). 

Basic theoretical guidelines are needed to classify phase diagrams, in order to be able 
to extrapolate from known binaries to higher order systems. A theoretical derivation of 
energies of specific structures and phase equilibria between them, eventually will yield 
reasonably accurate free energy and entropy changes, and a description of states of 
partial order, relative stability of metastable phases, etc. Clearly, the first step towards 
true theoretical determination of phase diagrams is to calculate the energies of phases 
involved in simple binaries and compare them with experimentally determined values, 
where possible. A number of theoreticians in excellent reviews (Lomer [1967], 
Faulkner [1982]; Hafner [1983]) have outlined the different operations that must be 
performed to calculate a composition-temperature phase diagram of a binary alloy, 
starting first with the stability of individual phases. Essentially, these steps are as those 
enumerated in table 2. 

From the point of view of phase stability, the result of such a detailed calculation 
would be a sufficiently precise set of values of the enthalpies of the various competing 
alloy phases and their variations with composition. The calculation of the phase 
diagrams, including temperature and entropy, would be the next step. Clearly, from the 
point of view of phase stability, even these initial calculations represent a monumental 
task. Yet, a glance at table 3 quickly shows that theoretical assessments are our only 
reasonable hope of dealing with higher-order systems in the near future. In table 4, a brief 
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Table 2 

Phase stability calculations.* 


(First principles) 
General procedure 


(1) Calculate self-consistent atomic potentials of components. 

(2) Fix alloy composition. 

(3) Assume a possible ciystal structure. 

(4) Choose lattice parameters. 

(5) Introduce the atomic potentials on the lattice, calculate self-consistent band structure and ground 
state energy, and add interionic energy. 

Result: total energy 

(6) Repeat (4) and (5) for different values of lattice constants. 

(7) Repeat (3) tlirough (6) for other possible crystal structures. 

(8) Repeat (2) through (7) for other compositions. 

Result: enthalpy of the possible alloy phases as a function of composition. 

* Lomer [1967], Faulkner [1982], Hafner [1983] 

summary is given of some of the more recent theoretical calculations that have been 
developed. This summary is not intended to be comprehensive or complete. (See also ch. 
5, §6.). 


Table 3 

Possible number of systems. 


n! 


(m!(n - m)\ 

90! 

binary = 4,005 

3 2188! 

90' 

ternary = 1 17,480 

3 3187! 

90' 

quaternary = 2,555,190 

4 ! 86 ! 


n = number of elements (say 90) 
m = number of elements in a system 

As emphasized by many authors (Massalski [1989]), the majority of existing models, 
from the semi-empirical to those providing detailed density maps and electronic 
parameters of alloys, have the same major drawback as far as phase diagrams are 
concerned: it is difficult to treat theoretically the temperature dependence of the energy. 
For example, the calculations that predict enthalpies at 0 K (for first principles calcula- 
tions), or at some undefined temperature (for the semiempirical models), rarely provide 
sufficient information about the thermal behavior of such enthalpies or the thermal 
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entropy contributions. Yet, for the purpose of phase diagrams determination the Gibbs 
free energies must be calculated by adding to each enthalpy derived from the static 
models the vibrational energy and the thermal entropy contributions. The latter in turn consist 
of vibrational and configurational parts. It is clear that the prediction of entropies, particularly 
for possible metastable phases in phase diagrams, will become the necessary step before the 
full potential of the theoretically calculated stabilities can be utilized. Only a few interesting 
examples of phase stability, compound stability and alloying effects are reviewed below. 

4. Factors governing solid solubility ( Hume-Rothery rules for primary 

solid solutions) 

Since all interactions between atoms are a function of electronic forces, they should 
ultimately be subject to the laws of quantum mechanics. At the present time, however, 
the available theories of the solid state of the type summarized in table 4 are unable to 
incorporate or to account for the many factors which have been known to materials 
scientists as important in determining the structure and various properties of solid 
solutions. Such factors, for example, as chemical affinity or the size-difference between 
atoms can be considered only semi-empirically, and even the electronic structure, for 
which more elaborate theories exist, has been discussed satisfactorily only in a few rather 
simple cases. Nevertheless, mainly as a result of studies by Hume-Rothery and his 
associates (Hume-Rothery [1961a] and Hume-Rothery etal. [1969]), extending over 
more than thirty years, certain general rules have been formulated concerning the limits 
of primary solid solubility and, to some measure, also the width and stability of certain 
intermediate phases. As already mentioned above, these rules refer to the difference 
between the relative atomic radii of the participating elements, their electrochemical 
differences and their relative valencies. Hume-Rothery rules may be summarized as follows: 

(i) If the difference between the atomic sizes of the component elements forming an 
alloy exceeds about 14-15%, solid solubility should become restricted. This is known as 
the 15% rule. The general concept may be illustrated by reference to fig. 3 (Hume- 
Rothery [1961a]) in which the ranges of favorable atomic sizes with respect to copper, 
silver and y-iron are shown diagrammatically. If the atomic diameter of a particular 
solute element lies outside the favorable size zone for the solvent, the size factor is said 
to be unfavourable and the primary solid solubility will be restricted usually in some 
proportion to the increasing difference between the two atomic diameters. Within the 
favorable zone the size factor is only of secondary importance and other factors will 
determine the total extent of solid solubility. In a sense, therefore, the 15% rule is a 
negative rule stressing the role of size differences only when they restrict alloy forma- 
tion. In this connection, Waber et al. [1963] have shown that when the size rule alone 
was applied to 1423 terminal solid solutions, in 90.3% of the systems where little solid 
solubility was predicted, little solid solubility was in fact observed, but the prediction of 
extensive solid solubility on the basis of small size difference was only 50% successful. 
Theoretical justification for the 15% rule has been obtained from considerations of elastic 
strain energy in a solid solution (see below). 
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Table 4 


Recent theoretical calculations of phase stability or phase diagrams. 


Type of calculation 

Quantities calculated 

Typical references 

semi-empirical (charge density, 
size and electronegativity 
effects) 

enthalpy of mixing, AH, 

Miedema etal. [1980] 

Miedema and Niessen [1988] 

Pair potentials 

alloy stabilities 

AH^, (at 0 K) 

Machlin [1981] 

Mainly rf-band effects 

maps of related structures 
and their stability, AH, 

Pettifor [1986, 1979] 

Watson and Bennett [1979, 1983] 
Yukawa etal. [1985] 

Mainly valence band effects 

relative alloy stabilities 
density of states 

Morr and Jones [1936] 

Brewer [1968] 

Massalski and Mizutani [1978] 

Cluster variation models 

ordering energies, order-disorder 

de Fontaine [1983] 

R. Kikuchi [1981] 


AH, (at 0 K) of simple 

systems 

Williams etal. [1982] 

First principles calculation 
using various atomic po- 
tentials: DFT, LSDA, 

KKR-CPA, LMTO 

AH„ TOf (at 0 K) lattice 

dynamics, ordered com- 
pound stabilities 

simple phase diagrams 

Yin and Cohen [1982] 

Xu etal. [1987] 

Pei etal. [1989] 

Stockes and Winter [1984] 

Haffner [1983] 

Terakura etal. [1987, 1988] 


(ii) Formation of stable intermediate compounds will restrict primary solid solubility. 
The likelihood of the formation of such compounds in an alloy system is related to the 
chemical affinity of the participating elements and will be increased the more 
electronegative one of the elements and the more electropositive the other. The general 
principle leading to the restriction of solid solubility is illustrated in fig. 4 using 
hypothetical free-energy curves for a primary solid solution and for an intermediate 
phase. The width of the shaded area represents the extent of primary solid solubility; it 
becomes more restricted the greater the stability of the intermediate phase. The above 
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Fig. 3. Illustration of the application of the size-factor principle to solid solutions in copper, silver and y-iron. The ordinates show the atomic diameters as 
defined by the closest distance of approach of the atoms in the crystals of elements. The shaded areas show the ranges of favorable size-factor, bounded 
by the limits + 1 5% of the atomic diameters of silver, copper, and y-iron, respectively. The types of structures involved are indicated by different symbols. 
(After Hume-Rothery [1961a].) 
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Fig. 4. Restriction of primary solid solubility due to stability of an intermediate phase. 


principle has become known as the electrochemical effect, which is related to the 
difference in the electronegativities of the two components. 

(iii) Empirical studies have shown that in many alloy systems one of the most 
important factors determining the extent of solid solubility and the stability of certain 
intermediate phases is the electron concentration. This parameter is usually taken to 
denote the number of all valence electrons per unit cell provided that all atomic sites 
within the structure are occupied. Alternatively, electron concentration may be taken as 
the ratio of all valence electrons to the number of atoms. It is then denoted as e/a. 

Following the early investigations by Hume-Rothery and his associates it was also 
suggested that the mutual solid solubility of two given elements was related to their 
respective valencies, namely, that the amount of the solid solution in the element of 
lower valency was always greater than vice versa. This general principle is sometimes 
known as the relative valency effect. It appears to be valid when copper, silver or gold, 
which are monovalent, are alloyed with the B-subgroup elements of the Periodic Table 
which possess valencies greater than one. It may be associated in part with the fact that 
the Brillouin zones of the noble metals are only partially filled with electrons; and, 
although they are touched by the Fermi surface, they are not overlapped as are the 
Brillouin zones of the B-subgroup elements. A more likely cause, however, has its origin 
in the long-range charge oscillations around the impurity atoms as discussed by Friedel 
[1964] and Blandin [1965]. 

Subsequent appraisals by Hume-Rothery [1961a] and Gschneidner [1980] suggest 
that the relative valency effect is not really a general principle, and that when two 
elements which are both of high valency are alloyed together it is often not possible to 
predict which of the two will form the more extensive solid solution with respect to the other. 

5. The meaning of “electron concentration ” 

In the study of alloys it is often convenient to use the electron concentration, rather 
than atomic or weight composition, as a parameter against which various properties can 
be plotted. In the case of the alloys of the noble metals, the use of electron concentration 
has been particularly successful since it almost never fails to bring about interesting 
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correlations when applied to experimental data. Nevertheless, the physical meaning of 
electron concentration is by no means as simple as that of chemical composition, and as 
time progresses it has become increasingly more difficult to “visualize” the process by 
means of which valence electrons which belong to the solvent and the solute atoms 
become a common property of the conduction band of an alloy. Usually only the s and 
p electrons are considered as taking part in such a process, but occasionally the total 
number of electrons outside the inert-gas core (i.e., s + p + d electrons) has been used to 
denote the electron concentration (see below). In the B-subgroup elements which follow 
the noble metals in the respective horizontal rows of the Periodic Table the d bands in 
the free atoms are fully occupied by electrons. It has been considered for a long time, 
therefore, that on alloying only the s and p electrons are involved, but the possibility of 
transfer of electrons from the d band to the conduction band, and the s-d hybridization, 
makes the situation more complex. There is no doubt that the presence of d-band 
electrons sufficiently near the Fermi level in alloys of the noble metals and the changes 
in the energy of the d-band electrons on alloying constitute an important contribution to 
the electronic structure. This contribution is at present not fully understood but progress 
continues to clarify the picture. Calculations of the cohesive energy of the noble metals, 
using the assumption that only the s electrons are important, yield values which are far 
too low when compared with experimental data. In fact, as pointed recently by Cottrell 
[1988], the cohesion of a metal like copper is mainly the result of attraction brought 
about by the sd hybridized electrons and the positive ions, while that part of the 
electronic system which corresponds to the classical free-electron gas is actually pushing 
the atoms apart (see below). 

On the other hand, on alloying, even if it is assumed that the d band may be ignored 
and that certain elements possess a well-defined valence (for example, copper = 1, zinc= 
2 , gallium = 3, etc.), it is not certain whether all of the (s + p) electrons of a solute 
element go into the conduction band of the alloy. Friedel [1954a] has suggested that in 
an alloy some of the s + p electrons may lie in bound states near the solute nuclei. 
According to Mott [1952] such elements as zinc, gallium, germanium, etc., when 
dissolved in copper certainly contribute at least one electron to the conduction band. The 
next electron may or may not be in a bound state, while the additional electrons in 
gallium and germanium almost certainly are in bound states. Nevertheless, it has been 
suggested by Friedel [1954a] and others that the valence-electron concentration rules 
may remain valid if one assumes that the potential acting on conduction electrons in an 
alloy “subtracts” from the bottom of the conduction band as many bound states as there 
are electrons in the bound atomic orbitals. Hence, the relationship between the effective 
conduction electrons and the band structure may be such that the Brillouin-zone effects, 
associated with the stability of phases and certain other alloy properties, may remain 
relatively unaltered. For further discussion of this and related subjects see Friedel 
[1954a], Hume-Rothery and Coles [1954], Cottrell [1988], and the proceedings of 
recent symposia (Rudman etal. [1967], Bennett [1980], Gonis and Stocks [1989]). 

In alloy systems which involve transition elements, rare earths, actinides, lanthanides 
and transuranic elements, the assessment of valence and the corresponding changes in 
electron concentration are open to quite wide speculation. Often they depend on the 



Ch. 3, § 5 


Structure of solid solutions 


149 


nature of the particular problem to be considered. Thus, many striking regularities are 
frequently revealed in a group of related elements, or alloy systems, provided that some 
valence scheme is adopted against which various properties within the group can be 
compared. For example, a rather abrupt change occurs in the electronic specific heat, 
magnetic susceptibility, Hall coefficient, hydrogen absorption, etc., in the transition 
metals and alloys of the first long period at an electron concentration of about 5.7 (Mott 
[1962]) provided that the numbers of electrons outside the inert-gas core are considered 
to represent their valence, i.e., 4, 5, 6, 7, 8 and 9 for Ti, V, Cr, Mn, Fe and Co respec- 
tively. At the same time the valencies of these same elements when in dilute solution in 
the noble metals or aluminium are usually assessed according to a diffferent scheme in 
which only the predominantly s electrons are included. Considerations of phase stability 
(Hume-Rothery [1966] and Raynor [1956]) and changes of axial ratio (Massalski 
[1958], Massalski and King [1960], Cockayne and Raynor [1961] and Henderson 
and Raynor [1962]) suggest that the above transition elements possess much lower, and 
possibly variable, valencies in the range between 0 and 2. 

In a similar way, valence schemes have been suggested for other alloy groups, but 
will not be discussed here. 

5.1. Progress in the electronic theories of metals and alloys 

The distinction between metals, semi-metals and insulators, in terms of Brillouin 
zones, energy bands and the related overlapping or separation of bands, which has been 
for many years the basis in physics for defining what is a metal, has become somewhat 
blurred in recent years. Cottrell [1988] points out that there are many substances that 
show metallic conductivity (or even superconductivity) even though clearly they are not 
metals in other aspects. (For example TCNQ, or certain ceramic oxides). When sufficient 
pressure is applied, electronic clouds of individual atoms are forced to overlap more and 
more, with the result that additional outer electrons in atoms will cease to belong to any 
particular atomic orbital and will behave as nearly free, contributing to metallic conduc- 
tivity and bonding. Thus, the traditional view that the outer electrons (i.e., the valence 
electrons) become the “bonding glue” when atoms are assembled into crystals has 
become quite blurred. 

In the earlier theories of Brillouin zones and Fermi surfaces the Bloch wavefunctions 
were used as a basis for calculation. Metals and solid solutions were considered as 
regular arrays of ions immersed in a “sea” of conduction electrons. The potential in a 
crystal was considered to be a periodically varying quantity corresponding to the 
periodicity of the ionic lattice and being more or less atomic (i.e. rapidly falling) in 
character near each ion. Bloch was able to show that wave functions of the conduction 
electrons for which the potential energy was modulated by the periodicity of the lattice 
were valid solutions of the Schrodinger equation. The resulting Bloch model has served 
as a very successful basis for discussion of the motion of electrons in metals and alloys. 
Only the conduction electrons, moving without electrostatic interactions with one another, 
were considered, and their motion was described by one-particle functions. Hence only 
the kinetic energy of the electrons was involved. 
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Subsequent developments in the electron theory have introduced a number of 
important modifications to the above model. It was found that the description of 
electronic properties was more consistent with experimental data if only weak electron- 
ion interactions were assumed, i.e., if the periodical potential was not considered to be 
atomic in character near each ion but only weakly changing from ion to ion. At the same 
time the additional problem of having to allow for possible strong electron-electron 
interactions was removed by considering that the Bloch model describes the motion, not 
of one-electron particles but of more complex entities, called quasi particles, introduced 
by Landau. Quasi particles have an electron at the center, surrounded by a region of 
electron deficiency (correlation hole) and a further region containing electrons that have 
been pushed out by the Coulombic repulsion away from the central electron and “flow 
around it much as water flows around a moving particle” (Cohen [1965]). 

The problem of looking realistically at electron-atom interactions in order to reconcile 
the difference between the atomic and the effective potential in a metallic lattice has 
been tackled by introducing the notion of a pseudopotential. In this treatment the electron 
wave functions near the ions are ignored to some extent and substituted by pseudo wave 
functions which have the effect of statistically excluding the valence electrons from 
regions of space occupied by core electrons. (See ch. 2, § 3.3.) The application of the 
theory of pseudo-potentials has been very useful to the understanding of some problems 
in the theory of alloys (Heine [1967] and Stroud [1980]). Other developments, as 
already mentioned in section 3, involve calculations of electronic energies “ab initio”, 
and various elaborate treatments of the atomic potentials in solid solutions (see for 
example, Faulkner [1982] and Cottrell [1988]). 

6. Termination of primary solid solubility 

6.1. Electronic theories of primary solid solutions based on noble metals 

A survey of binary systems of copper, silver and gold with a large number of 
elements, and in particular with the B-subgroup elements, has shown that the observed 
ranges of primary solid solubility may be correlated with electron concentration 
(Hume-Rothery and Raynor [1940]). In fig. 5 the maximum ranges* of primary solid 
solutions based on the three noble metals are indicated as linear plots in terms of e/a for 
the cases where these solutions are followed by an intermediate phase with a close- 
packed hexagonal structure (fig. 5a) and, separately, when they are followed by an 
intermediate phase with the body-centred cubic structure (fig. 5b). Apart from the 
systems Cu-In and Cu-Sn, the primary solutions followed by the cubic phase reach 
somewhat higher values of e/a than when followed by the close-packed hexagonal phase. 


* It must be remembered that these maximum ranges occur at different temperatures in each system. Strictly 
speaking the correlation with eta should apply only at the absolute zero of temperature. The fact that a significant 
correlation is observed at relatively high temperatures suggests that the electronic factors play a predominant role even 
at those high temperatures, although entropy considerations undoubtedly also play a role. 
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Fig. 5. Extent of the maximum primary solid solubility and of the following intermediate phase in alloys based 
on the noble metals (see text). 

Examination, of fig. 5 reveals that in silver-based alloys the primary solid solutions 
terminate within a fairly close range of values near e/a = 1.4, whereas in copper-based 
alloys the e/a values show a wider scatter, but the range of maximum values is again 
only a little less than 1.4. In the case of gold-based alloys the primary solid solubility is 
further restricted ranging between 1.2 and 1.3. 

The above correlation between the primary solubility and e/a does not lead to any 
unique value, but it is quite striking when compared with similar plots drawn as a 
function of composition. Hence, it has been suspected for a long time that there must be 
an important link between the primary solid solubility and the electronic structure. 
During the 1930s an attempt was made by Jones [1937] to calculate the primary solid 
solubility of alloys based on copper using the theory of Brillouin zones and Bloch 
functions. This approach, and subsequent developments, are extensively quoted in 
metallurgical literature and will be discussed briefly below. 

The main assumptions of the Jones model were: (i) that the nearly-free-electron 
approximation could be extended from pure metals to random solid solutions, and (ii) 
that the rigid-band condition was applicable on alloying (i.e., that the shape of the density 
of states curve N(E) for a pure solvent remains unchanged on alloying and that the band 
gaps in the Brillouin zone do not change in magnitude, the only change being in the 
number of loosely-bound electrons). The general idea regarding stability of alloy phases 
was that at certain values of the electron concentration the Brillouin zone of one structure 
may be associated with a high density of quantum states, N(E), at relatively low values 
of energy and thus “accommodate” the available electrons within lower total energy than 
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would be possible in the zone of some other structure. This condition is particularly 
likely to occur in the range of energies associated with contact between the Fermi surface 
and Brillouin-zone faces since it results in a peak in the density of states. The connection 
between phase stability and a peak in the density-of-states curve had been established 
earlier (Jones [1934a]) for the case of the y-brass structure. 

In 1937 Jones considered in detail the theory of the a- (3 phase boundary in the Cu-Zn 
system where the face-centred cubic primary solid solution (a) is succeeded by the body- 
centred cubic intermediate phase (J3 ). Using the same values of the atomic volume for both 
a and j8 phases and making them equal to that of copper, and using the same values of 
energy gaps as those obtained for copper from optical properties (AE = 4.1 eV), Jones 
calculated the density-of-states curves for both phases in terms of energy expressed in 
electron volts. The result of the calculation is shown schematically* in fig. 6a. The first peak 
in the density-of-states curve for the a-phase occurs at about 6.6 eV. When compared 
with the free electron energy at the center of the {111} faces in the Brillouin zone, 6.5 
eV, this suggested that the contact between the Fermi surface and these faces should 
occur in the a-phase already at an early stage of alloying. Many years later Pippard 
[1958] showed that this contact in fact already exists in pure copper. Interpreted in terms 
of e/a, the two peaks shown in fig. 6a correspond to e/a =1.0 for the a phase and e/a 
~ 1.23 for the /3 phase, respectively, and are therefore unlikely to be associated in a 
simple way with the termination of the primary solid solubility ( e/a ~ 1.4), or the 
optimum range of stability for the /3 phase ( e/a ~ 1.5). The diagram in fig. 6a is, 
nevertheless, of interest because of its general emphasis on the relationship between 
phase stability and the density of states. Actual electronic energy relationships are more 
likely to be like those shown in fig. 6b, according to which the largest differences 
between the Fermi energy of free-electron gas and the Fermi energies of electrons in the 
Brillouin zone of the a and (3 phases occur at some points to the right of the peaks 
[111 and { 1 10}yS in the density of states (Jones [1962]). The actual a -(3 phase 
boundary will then be determined by the common tangent principle (Blandin [1965]). 
Thus, it appears that while the e/a parameter is indeed important in the a phases, as was 
thought by Hume-Rothery, their stability ranges also are very strongly influenced by 
additional factors. For example, each particular range strongly depends on the type of 
crystal structure that follows a given a phase in a given phase diagram (this is illustrated 
in fig. 5), as would be expected from phase competition. In addition, it has also been 
shown by Ahlers [1981] that the part of the configurational cohesive energy in the a 
phases, which is related to the third nearest neighbor interactions constitutes a large 
additional part of their total energy. Configurational energy is the difference between the 
ground state energy (at 0 K) and the heat of formation. While this complicates the simple 
original picture of a-phase stability in terms of e/a (and the related notions connected 
with the density of states [Af(J5)] and Fermi surfaces), there is outstanding agreement 
between the experimentally determined behavior of the electronic specific heats (from 


* For actual curves, reference should be made to the original paper (Jones [19371]). Additional discussion may 
be found in a later review article (Massalski and Mizutani [1978]). 
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electron concentration e /a 


Fig. 6. Schematic models proposed to account for the primary solid solubility of alloys based on copper: (a) 
Jones model: band gap across the (111} faces of the zone for the fee structure = gap across the (110} faces 
of the zone for the bcc structure =* 4.1 eV; (b) total electronic energy E-/^ r N{E)dE, corresponding to the 
density of states as modified by the interactions with the respective Brillouin zones; (c) density of states for 
free electrons. 


which the density of states at the Fermi level can be derived) and the predicted density 
of states obtained from a parameter-free calculation based on the KKR-CPA approxima- 
tion (Faulkner and Stocks [1981]). This means that the electronic structure of the a 
phases is now well understood and the path is clear for a detailed stability calculation of 
these phases in the near future. 

Incorporation of the original Jones model into metallurgical literature has led to a 
good deal of confusion about the relationship between phase stability and the contact 
between the Fermi surface and the Brillouin-zone faces. One must appreciate the 
difference between the attempt by Jones to calculate the relative stability of two 
adjoining phases in terms of the contact between Fermi surfaces and certain Brillouin- 
zone faces with assumed large energy gaps and in terms of additional thermodynamic 
quantities, and similar attempts in terms of spherical Fermi surfaces. The use of spherical 
surfaces amounts to merely calculating the electron concentration at which an inscribed 
Fermi sphere would contact the zone faces. In the latter case, the zone faces by implica- 
tion should possess zero energy gaps. As pointed out by Hume-Rothery [1964], this 
important conclusion has been often overlooked in metallurgical literature. Free-electron 
calculation shows that contact of a Fermi sphere with the Brillouin zone would be 
obtained in the a phase at 1.36 electrons per atom and in the /3 phase at 1.48 electrons 
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per atom (see fig. 6c), and these values are strikingly close to the experimental observa- 
tion. This, however, must now be regarded as rather fortuitous, at least for the a phases, 
because it has been proved beyond dispute that the Fermi surface is considerably 
distorted from a sphere in the [1 11] direction and touches the set of { 111 } Brillouin-zone 
faces in all three noble metals, Cu, Ag and Au (Harrison and Webb [I960]). Further 
comments of developments in this field may be found in a review article by Massalski 
and Mizutani [1978]. 

6.2. Primary solid solubility in transition metal alloys 

Hume-Rothery’s further work has shown that electron-concentration principles similar 
to those established for the noble metals and their alloys apply also to the solid solutions 
of a number of transition metals, particularly those with the fee structure (Hume- 
Rothery [1966]). Figure 7 shows the limits of solid solutions in Rh, Pd, Ir and Pt in 
terms of the average group number (AGN) which denotes all electrons outside the rare- 
gas shell. The general tendency appears to be for the fee solid solutions to extend back 
to an AGN value of about 8.4. A similar effect is found for solid solutions of V and Cr 
in fee y-Fe, and in Ni. The behavior in bcc metals has not been generally examined. 
However, similar correlations may exist. For example, the solid solubilities of Rh and Ru 
in bcc Mo terminate at a similar value of AGN of about 6.6 (Hume-Rothery [1967]). 

7. The atomic size in solid solutions 

On forming a solid solution of element A with element B, two different kinds of 
atoms come in contact on a common lattice. This inclusion of new centers of disturbance 
will affect the existing electronic force fields between atoms, both short range and long 
range; the resulting effects will be of several kinds. On the atomic scale some atoms of 
the solvent and the solute will be shifted from the mean atomic positions on the lattice 
and thus suffer a permanent static displacement. The resulting average distance between 
any two neighboring atoms in a solid solution will depend on whether they are of the 
like kind, either both solvent or both solute, or of the opposite kind. We may thus talk 
of the average AA, BB or AB bond distances which may, even for an identical pair of 
atoms, depend also on the direction in the lattice. 

In addition to local displacements, the average distances between lattice planes may 
also change and we may talk of the change in the lattice spacings and, related to them, 
the volume of the unit cell. Both the lattice spacings and the volume of the unit cell are 
not related to the actual size of any particular atom. 

The relationship between lattice spacings, space lattice and the individual position of 
atoms may be summarized as follows: the space lattice represents a repetition in space 
of an elementary unit known as the unit cell (fig. 8). The lattice spacings describe the 
linear dimensions of the unit cell. To a certain extent a unit cell may be chosen quite 
arbitrarily so that, for example, in the face-centred cubic structure shown in fig. 8b three 
different unit cells are possible — rhombohedral, face-centred cubic and body-centred 
tetragonal. The cell which reveals the essential symmetry is cubic; if the X-ray reflections 
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Fig. 7. The composition limits, in terms of AGN, of terminal solid solutions of Nb, Ta, Mo and W in Re, of 
Mo and W in Os, of Ta, Mo and W in Ru, and of the intermediate s-phases in the systems Mo-Rh, Mo-Ir, 
Mo-Pd, Mo-Pt, W-Rh and W-Ir (from Hume-Rothery [1966].) 

are indexed according to this cell, then the lattice spacing a is associated with the 
average spacing of atoms located at the comers of the cube and is larger than the 
spacings between the neighboring atoms within the cube or in other possible unit cells. 
The a spacing therefore exceeds the closest distance of approach of atoms. For example. 
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Fig. 8. (a) The close-packed hexagonal structure, showing the tetragonal and orthorhombic unit cells, and (b) the face- 
centred cubic structure, showing the rhombohedral, the face-centred cubic and the body-centred cubic unit cells. 

the closest distance of approach of atoms in fig. 8b is a/ •Jl . In a simple structure, one can 
easily calculate this distance from the known dimensions of the unit cell; but this may be 
very difficult if the structure is complex as, for example, that of y brass (fig. 16, below). 

In some structures there are considerable variations in the distance between pairs of 
atoms at their closest distance of approach, according to position and direction in the 
lattice; and in order to study these a more complex analysis, involving all average 
interatomic spacings, may become necessary. The cementite structure (fig. 9) provides a 
good example. In this structure the iron-carbon distances vary in the unit cell and the 
determination of spacings between specified pairs of atoms of iron and carbon requires 
the knowledge of X-ray line intensities in addition to the Debye-Scherrer analysis. (The 
nature of the bonding in cementile has recently been reexamined by Cottrell [1993]). 

Throughout a range of solid solutions the average “sizes” of individual atoms may be 
expected to change depending on the degree and nature of local displacements. A change 
in the average lattice spacings may mean a contraction of solute atoms and expansion of 
solvent atoms or vice versa, and such local changes may bear little relation to the total 
macroscopic distortion of the unit cell. Therefore it is very desirable to be able to assess 
the changes in individual atomic sizes in a solid solution, whenever possible. For this 
purpose methods involving measurement of diffuse X-ray scattering or changes in the 
intensity of principal (Bragg) reflections have been developed. 

From a materials science point of view, the important questions regarding the atomic 
size are as follows; 
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Fig. 9. The variable iron-carbon distances in the structure of cementite, Fe 3 C (from Goldschmidt [1948].) 


1) What is the actual size of an atom in a pure element and what are the best ways 
of estimating and defining that size? 

2) Having decided upon atomic sizes of pure elements, which is the best method of 
estimating the influence of atomic sizes in a solid solution? 

3) Can one assess this influence of the disparity between initial atomic sizes without 
additional measurements in a solid solution? 

One would like to know, for example, how successful can be the prediction of the 
influence of the size difference merely from the knowledge of the atomic sizes of the 
pure elements and perhaps one other physical property, or whether it is always necessary 
to perform some kind of a measurement in a solid solution before the importance of the 
atomic size can be assessed more accurately. Yet another question concerns the relation- 
ship between the strain in the crystal lattice and the atomic size. The contribution of the 
strain energy to the total free energy affects the thermodynamical properties, and recently 
several attempts have been made to estimate the strain energy using methods of 
continuum elasticity. 

The empirical success of the 15% rule (§4) already suggests that initial sizes of 
atoms can, in some cases, give a guide to the extent of solid solubility on alloying. 
However, when formulated in this way the atomic-size difference merely provides a 
guide to the hindrance which it may cause to the formation of extensive primary solid 
solubility. In some systems, for example in systems Ag-Sn or Ag-Sb, the limits of 
primary solid solubility are less than average (for silver-based alloys), yet the widths of 
the close-packed hexagonal intermediate phases are surprisingly large. In both systems 
the disparity beween atom radii is within the 0-15% range (i.e., the 15% rule is satisfied), 
and is appears that the actual value of the size difference may be of importance. 

7.1. The size factor 

The original formulation of the size-factor concept for binary alloy systems involved 
the assumption that the atomic diameter of an element may be given by the closest 
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distance of approach of atoms in its structure * (see ch. 1). This approach to estimating 
atomic size often meets with difficulties when the structures are anisotropic, or complex, 
or when the coordination numbers are low. For example, when there are several close 
distances of approach in the structure (as in gallium with = 2.437, d 2 = 2.706, d 3 = 2.736 
and d 4 = 2.795 A), the closest distance of approach, d t , does not adequately express the 
size of the gallium atom when in a solid solution. A similar consideration may apply 
even in the case of an element which crystallizes in a typically metallic structure. For 
example, in zinc, with the close-packed hexagonal structure but a high value of the axial 
ratio, four possible values can be considered to represent the size of a zinc atom: 
spacings between atoms in the basal planes which also correspond to closest packing 
(r/,= 2.6649 A); spacings between the nearest neighbors of the adjoining basal planes 
which strongly depend on the axial ratio (d 2 = 2.9129 A); an atomic diameter derived 
from the average volume per atom of the unit cell of zinc (d 3 = 3.0762 A); and finally an 
atomic diameter calculated for a hypothetical structure with coordination number 12 
(rf 4 = 2.7535 A). For the purpose of the 15% rule, </„ has been chosen to represent the 
size of the zinc atom. However, when the behavior of lattice spacings of solid solutions 



Fig. 10. Trends in lattice spacings and volume per atom in the Cu-Zn system; circles indicate closest distance 
of approach, d, squares indicate volume per atom. (From Massalski and King [1961].) 


* The size factor is given by [(</ B - d A )/d A ] x 100 where d A and d B are values of the closest distance of 
approach of atoms in the solvent and solute respectively. For a detailed account of the possible role of the size 
factor as defined above reference may be made to a review article by Raynor [1956]. 
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containing zinc is studied in detail, it appears that frequently the lattice spacings expand, 
or contract, when an opposite behavior might be expected from the value of the closest 
distance of approach. In fig. 10 the changes with composition in the closest distance of 
approach, d, and volume per atom in Cu-Zn alloys are shown. Within the primary solid 
solution based on copper the lattice spacings follow a curve which indicates that zinc 
behaves as if it possessed a larger size than that derived from its a spacing, since the 
lattice spacings of the alloys show a positive deviation from a line joining the closest 
distances of approach of copper and zinc. On the other hand, within the primary solid 
solution of copper in zinc, addition of copper to zinc again expands the a spacing of the 
latter despite the fact that the value of d for copper is indicated to be smaller than that 
for zinc. Thus, on a finer scale there are often discrepancies between the behavior of 
lattice spacings in the alloys and the estimated atomic sizes. For such reasons other 
attempts have been made to derive the average atomic size. For example, in fig. 10 the 
trend in the a lattice spacing within the a phase may be extrapolated towards pure zinc 
to give a hypothetical size of a zinc atom for the case where the face-centred cubic 
structure is maintained throughout the Cu-Zn system and on the assumption that the 
behavior of lattice spacings is linear. The obtained value is marked AAD in the figure, 
and it is close to the d 4 value mentioned above. This method of estimating apparent 
atomic diameters (AAD), is due to Axon and Hume-Rothery [1948], Another approach 
makes use of the trend in the volume per atom (Massalski and King [1961]). Compari- 
son between the atomic sizes estimated from the volume per atom in the pure elements 
and the behavior of the volume per atom trends in the Cu-Zn system is shown in the 
upper portion cf fig. 10. 

7.2. The measurement of atomic size in terms of volume 

By analogy to the use of the apparent atomic diameter, a measure of the size of a 
solute atom in any particular primary solid solution or an intermediate phase may be 
obtained by extrapolating to the solute axis the plot of the mean volume per atom within 
that phase. In fig. 10 such a procedure is illustrated for the a, y and s phases of the 
Cu-Zn system, providing values of the effective atomic volumes (Massalski and King 
[1961]) or partial molar atomic volumes. The different effective atomic volumes 
estimated in this way for the solute in each phase are independent of the coordination 
number or the structural anisotropy effects mentioned above. Thus, when the 
coordination number changes, the atomic volume rather than the interatomic distance 
tends to remain constant (Mott [1962]). An extensive study of solid solutions of various 
B-sub-group metals (Zn, Cd, In, T1 etc.) in late transition elements such as Ni, Pd or Pt 
has shown that often the initial effective atomic volume of a solute, extrapolated to the 
pure-solute side, is practically the same in a number of different solvents (Ellner 
[1978,1980]). A good example is provided by the behavior of Ga, fig. 11. At the same 
time, it may be seen from fig. 10 that the effective atomic volumes of zinc in the 
different phases are smaller than the atomic volume of pure zinc. Since these effective 
volumes are different in each phase, it appears that the contribution of the atomic size is 
variable according to composition and hence it may be desirable to designate several size 
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Fig. 11. Changes of atomic volume with composition in the binary Pt-Ga, Pd-Ga and Ni-Ga (from Ellner 
[1978].) 


Table 5 

Effective atomic volume of solutes in electron phases of the noble metals 
(from Massalski and King [1961].) 


Sub- 

Solute 

ft, 

(A 3 ) 


Effective atomic volume of solute (A 3 ) 


group 


Cu 

(ft 0 =11.8) 


Ag 

(fl»= 17.05) 


Au 

(ft 0 = 16.95) 





%.j8» 






II B 

Zn 

15.2 

14.15 

14.7 

14.7 

14.8 

14.5 

14.8 


Cd 

21.6 

18.8 

- 

19.95 

20.7 

19.25 

n.m. 


Hg 

23.7 

n.m. 

- 

20.75 

22.4 

20.2 

n.m. 

in B 

(Al) 

16.6 

14.2 

- 

15.5 

16.1 

15.2 

- 


Ga 

19.6 

14.7 

20.8 1 

n.m. 

16.2 

16.7 

16.2 

21.4 a 

- 


In 

26.15 

21.3 

— 

21.4 

22.9 

20.5 

n.m. 


T1 

28.6 

n.m. 

- 

23.85 

- 

n.m. 

- 

IV B 

(Si) 

20.0 

12.5 

n.m. 

n.m. 

- 

n.m. 



Ge 

22.6 

15.1 

15.8 

17.5 

- 

17.4 

- 


Sn 

27.05 

21.9 

- 

22.7 

23.3 

22.2 

22.5 


Pb 

30.3 

n.m. 

- 

26.7 

- 

n.m. 

- 

V B 

As 

21.5 

16.5 

n.m. 

18.85 

n.m. 

n.m. 

- 


Sb 

30.2 

22.3 

n.m. 

24.8 

25.5 

23.5 

- 


Bi 

35.4 

n.m. 

- 

29.3 

- 

n.m. 

- 


Alternative data 
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factors in each binary system. The values of the effective atomic volumes, O a , n s , 
for solutes in several noble metal electron phases are listed in table 5 together with the 
atomic volumes of pure solvents, f 1 0 , and of pure solutes, fl s . An examination of the 
table shows that without exception all solutes show a decrease of the volume per atom 
on alloying and that this decrease appears to be greatest with solutes of highest valency. 
Hence, the atomic sizes of such elements as aluminium, indium, thallium or lead, which 
are considered to be an exception when measured in terms of the closest distance of 
approach, are found to be typical of a general trend for the B-subgroup elements with the 
noble metals when considered in terms of atomic volume (Massalski and King [1961]). 
This generalization does not apply to transition elements and other solvents. Mott 
[1962] has pointed out that if the volume of a solute atom in the solid solution is nearly 
the same as in its own pure metal one can expect the heat of solution to be small. Why 
a solute atom when placed in a hole similar to its own volume in the solvent tends to 
retain its original energy, even when the valencies of solvent and solute are different, is 
not altogether clear. 

7.3. Combined effects of size and electronegativity 

In the early 1950s, Darken and Gurry [1953] suggested that the extent of solid 
solubility in a given solvent metal may be assessed by testing simultaneously both the 
size and electronegativity differences between solvent and solute elements. They showed 
that in a combined plot of electronegativity (ordinate) and size (abscissa), which they 
called a map (see fig. 12) each element can be represented by a point (see also ch. 5, 
§ 1.5). The closer any two points are on the map, the more likely is a high mutual solid 
solubility between the elements involved. In a typical Darken-Gurry (D-G) plot, as in 
fig. 12, substantial solubility is usually indicated by an ellipse drawn around a given 
solvent point. Waber et al. [1963] have shown subsequently, following a statistical 
survey of 1455 systems for which experimental data exists, that over 75% of the systems 
obeyed the prediction of solid solubility assessed on the basis of a D-G plot. The 
usefulness of the D-G method is particularly well demonstrated for the actinide metals 
and rare-earths (Gschneidner [1980]). 


7.4. Strain in solid solutions 

A simple model which takes into account the difference between atomic sizes, and 
which can yield estimates of lattice strain, may be constructed using basic ideas of 
continuum elasticity. Several such models have been considered (Darken and Gurry 
[1953], Eshelby [1956] and Friedel [1955]). The general approach is illustrated 
schematically in fig. 13. 

Consider a rubberlike elastic matrix of a large volume V 2 in which a very small 
cavity has been drilled away of volume V,. Then, through an infinitesimally small 
opening (shown as a capillary opening in the figure) an amount of incompressible fluid 
of volume (V, + AV,) is introduced which, therefore, expands the cavity by the amount 
AV,. Both the fluid and the matrix are now under stress and the matrix suffers an 
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Fig. 12. The Darken-Gurry map with an ellipse drawn about the solvent tantalum. The two vertical lines are 
the tangents to the ellipse at the termini of the minor axis (±15% of tantalum’s radius). (From Gschneidner 
[1980].) 

expansion AV 2 , shown in the figure by the shaded portion, which is related to the 
increase in the volume of the cavity by the relationship 

AV 2 /AV, = 3(1-v)/(1 + v), (2) 

where v is Poisson’s ratio. As pointed out by Darken and Gurry [1953], for most 
metals Poisson’s ratio is about 0.3 and hence AV 2 / AV„ equals about 1.6, i.e., the 
volume-increase of a metal bulk will be larger than the increase in the volume of the 
cavity. The above model can be related to a solid solution in which the expanded cavity 
is replaced by several solute atoms and the bulk by a metal solvent matrix. In analogy to 
the expanded volume of the elastic matrix we may expect that in a substitutional solid 
solution on replacing an atom of the solvent (a cavity) by a somewhat larger-sized atom 
of the solute (the incompressible fluid) we should obtain a net expansion of the entire 
unit cell. The estimates of the strain energy associated with such an expansion have 
enabled a number of authors (Darken and Gurry [1953], Eshelby [1956]) to show a 
direct link between the limitation of primary solid solubility and Hume-Rothery’s 15% 
rule. Lattice spacing measurements in solid solutions are also in qualitative agreement 
with the above model, but sometimes a lattice expansion is observed even if the solute 
atoms are considered to be smaller than those of the solvent. This discrepancy is usually 
due to the difficulty of being able to assess correctly the sizes of atoms and to the fact 
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Fig. 13. Model of an incompressible particle in an elastic matrix. 


that, on alloying, other factors not included in a crude assessment of size come into play, 
to mention only that the size of the solute atom in the pure element may differ consider- 
ably from its size in solid solution because of such factors as electron concentration, 
electrochemical effects and static displacements, etc. 

Calculations based on simple elastic models permit one to relate the strain energy to 
composition and atomic volume. A general equation expressing strain energy in a solid 
solution may be written as (Massalski and King [1961]): 


£ s ( c ) = A-lM 


i afi Y 

Cldc ) 


f(c\ 


(3) 


where A is a numerical constant, jjl is the shear modulus, ff is the mean atomic volume 
and c the composition. In many alloy phases the variation of atomic volume with 
composition is nearly linear and hence for dilute solutions (for which fl 0 ~ Cl) one may 
write: 


" l BCl ' 
v Cl dc y 


~ (^a fto)/fto, 


(4) 


where is the atomic volume of the pure solvent and the effective atomic volume 
of the solute in the a phase. The relationship ( Cl a - Cl 0 )/Cl 0 represents a measure of a 
volume-size-factor (Massalski and King [1961]) within a given alloy phase and a 
comparison of eqs. (3) and (4) shows that the strain energy for dilute alloys is related to 
the square of the volume-size-factor. Volume-size-factors have been calculated for 
numerous solid solutions and are available in tabulated form (King [1966]). It should be 
pointed out that the use of a volume-size-factor rather than one based on the closest 
distance of approach necessitates the knowledge of the extrapolated effective atomic 
volumes of the solute within different phases and hence necessitates additional measure- 
ments within solid solutions. 

Ellner’s studies, for example the plot shown in fig. 11, confirm that in many solid 
solutions the initial behavior of the atomic volume with composition is practically linear 
(usually in the composition range up to about 30-40 at% of solute). The corresponding 
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effective atomic volume obtained from extrapolation to the pure solute side provides 
a measure of the departure of the atomic volume trend from a possible linear behavior 
between the atomic volumes of the pure components. If the difference (n solvem - n so , UIe ) 
is plotted against the difference between the partial molar heats of mixing 
(AH solvem - A H soiuie ) obtained from measurements (or calculations), a nearly linear 
relationship is obtained (Ellner [1978, 1980]). Thus, size effects find their expression 
in the corresponding chemical manifestations. 

7.5. Deviation from Vegard’s law 

A study of available systems based on copper, silver and gold with the B-subgroup 
elements indicates that, when volume-per-atom trends are considered, alloying between 
any two elements causes a decrease in the volume per atom from a straight line joining 
the two values for the pure elements. A similar behavior is observed also when various 
interatomic spacings are measured and plotted within a solid solution, although in such 
cases the deviation can have positive or negative sign. The trends usually observed are 
illustrated in fig. 14. 

The expected linear dependence on composition of lattice spacing trends, to follow 
a line joining the values for the pure elements, has come to be known as Vegard’s Law , 
although this law has only been found valid for a number of ionic salts (Vegard [1921, 
1928]) and is never quite true in metallic systems. Nevertheless, it is tempting to be able 
to calculate deviations from assumed linear behavior, without actually performing any 
measurement in a solid solution, and using solely the knowledge of various parameters 
in the pure components. Such an attempt has been made by Friedel [1955] for the cases 
of dilute and concentrated primary solid solutions. Friedel used the atomic volumes. 


(») (b) W 



Fig. 14. The commonly observed trends in lattice-spacing-composition curves in three typical binary alloy 
systems: (a) complete solid solubility; (b) partial solid solubility, A has higher valency than B; (c) presence of 
an intermediate phase, large electrochemical interaction between A and B. (After Massalski [1958].) 
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Poisson’s ratio, bulk moduli, and compressibilities. The elastic model illustrated in fig. 
13 is extended to the case in which both the matrix and the introduced fluid are 
compressible with compressibility coefficients X\ and Xi- The atoms of solvent and solute 
are represented by radii r„ and r 2 which are derived from the atomic volumes of the 
elements using the relationship fl =%itP. The holes in the matrix are represented by the 
atoms of the solvent with radius r l and the introduced distortions by atoms of the solute 
with radius r 2 . On replacing an atom of the solvent by an atom of solute both suffer an 
elastic adjustment which may be represented by an average radius a common to both. 
Freidel has shown that at infinite dilution 

(a - r,)/(r 2 - a) = a = (1 + v)*, / 2(1 - 2v)* 2 , (5) 

where v is again Poisson’s ratio and Xv> and Xz are the compressibilities of the solvent 
and solute respectively. At a finite concentration c the total volume of the solvent will 
suffer an increase and the average radius of an atom in the solid solution may now be 
represented by r (derived from average atomic volume) which will be different from the 
initial radii r i and r 2 of both the solvent and solute. Following Friedel, the initial 
deviation of the average atomic radius r in a solid solution from a line joining the atomic 
radii of the solvent and solute, may be expressed-as follows: 

r ~ r i = r 2~ r i a + {xi/x 2 ) (6) 

cr, r, a + 1 

Comparison between calculated deviations using the above elastic model and the 
observed deviations (Friedel [1955]) from the assumed Vegard’s Law shows a good 
general agreement for the cases where the solute atoms are considered to be bigger than 
the solvent atoms, but usually not vice versa. 

7.6. Measurement of actual atomic sizes in solid solutions 

The static distortions in a solid solution which can be related to the individual atomic 
sizes may be estimated from a modulation in diffuse X-ray scattering (Warren et al. 
[1951], Roberts [1954] and Averbach [1956]) and from a quasi-temperature reduction 
in the Bragg reflections (Huang [1947], Herbstein et al. [1956] and Borie [1957, 
1959]). In the former case the modulations of the diffuse X-ray intensity diffracted by a 
solid solution are described by coefficients, a i; related to the nature of local atomic order 
of atoms, and by size effect coefficients, f3„ related to the differences in the sizes of the 
component atoms. According to theory, 

A (7) 

and 

A = 7 - + + , (8) 

K.V l J\_ V a b J V a a / 

where 
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V ~ /b / A- S AA ~ ( r AA £ BB _ ( r BB 

and Pi = probability of finding an A atom in the i th shell about a B atom; X A = mol 
fraction of A atoms; / A ,/ B = scattering factors of A and B atoms; = average interatomic 
distance to the I th neighbor, calculated from lattice spacings; = distance between two 
A atoms in the f 1 shell; r BB = distance between two B atoms in the i lh shell. 

8 . Intermediate phases with wide solid solubility 

8.1. The electron phases 

Of all intermediate phases which possess wide solid solubility the most typically 
metallic are the electron phases. Their discovery and studies have a historical aspect, and 
it is of interest to outline this briefly. 

In the first quarter of this century, even before X-ray analysis had been applied to the 
study of such phases as the Cu-Al and Cu-Sn /3-brasses, Hume-Rothery indicated the 
possibility that they possessed the same crystallographic structure as that of Cu-Zn /3- 
brass. Systematic and detailed work of Westgren and his collaborators (Westgren and 
Phragmen [1926], Westgren [1930]), has subsequently established the validity of this 
and similar suppositions. The circumstance that the formulas CuZn, Cu 3 A1 and Cu 5 Sn 
could be ascribed to the three phases with identical /3-brass structure caused Hume- 
Rothery to postulate the principle that the stability of these phases was in some way 
related to the ratio 3/2 between the number of valence electrons and the number of 
atoms. Following this empirical formulation many similarities between crystal structures 
of other intermediate phases have been noted and studied systematically particularly in 
systems based on copper, silver and gold; and they led to the recognition of the now 
well-established term electron compound. At present it is known that such phases are not 
compounds in the chemical sense and that they may exist over wide ranges of composi- 
tion. For this reason they should perhaps be called electron phases. 

In the Cu-Zn system, which is somewhat typical of systems based on the noble 
metals, there are three characteristic electron phases commonly known as /3 -brass, y- 
brass and s-brass. Although these phases possess quite wide ranges of homogeneity, it 
had been thought originally that their ranges of stability were in each case based upon a 
characteristic stoichiometric ratio of atoms, and the formulae suggested for the /3-, y- and 
^-brasses were CuZn, Cu 5 Zn 8 and CuZn 3 respectively. From these formulae one obtains 
the electron/atom values of 3/2, 21/13 and 7/4 (1.50, 1.62 and 1.75) which have become 
widely accepted as characteristic of greatest stability of electron phases despite the fact 
that in some cases these values fall outside the range of stability of known electron phases. 

Following mainly the work of Jones [1934a,b, 1937, 1952], the stability of electron 
phases has been linked via a simple electronic theory of metals with possible interactions 
between the Fermi surface and the Brillouin zones, with the emphasis on the influence 
of such interactions on the density of states N(E) at the Fermi surface. The /3-, y- and s- 
brasses possess the body-centred cubic, complex cubic and hexagonal close-packed 
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structures respectively; and it can be shown that at the onset of contact between the 
Fermi surface of free electrons and the principal faces of the respective Brillouin zones 
the zones are relatively full. The values of e/a associated with the free-electron concept 
of the Fermi surface are: e/a = 1.48 for contact between the Fermi surface and the zone 
for /3-brass, e/a- 1.54 for contact between the Fermi surface and the {300} and {411} 
faces of the large zone for y-brass, and e/a= 1.75 associated with the filling of the inner 
zone of e-brass. These electron/atom values based on the Brillouin zone models bear 
similarity to the original e/a ratios based on chemical formulae (compare 1.5, 1.62 and 
1.75 with 1.48, 1.54 and 1.75), but it must be remembered that in both cases the actual 
values are derived from particular models put forward to interpret the stability of electron 
phases. The chemical formulae are now known not to be applicable, and the simple 
Brillouin-zone models suffer from the limitation already mentioned before that for the 
e/a values quoted above the band gaps across the Brillouin zone must be assumed to be 
zero or near zero. Thus, as in the case of the theory of primary solid solutions, we are 
left with two possibilities: (i) The band gaps in the Brillouin zones are relatively large, 
and the Fermi surfaces are not spherical, but the stability may be described qualitatively by 


Table 6 


Typical electron phases based on noble metals, zinc and cadmium, and some transition elements. 



Phases with cubic symmetry 



Phases with hexagonal symmetry (hep) 

disordered bcc structure 

y-brass structure 

p-Mn 

c/a = 1.633 

c/a = 1.57 

e/a range 1.36-1.59 

e/a range 


structure 

e/a range 

e/a range 



1.54-1.70 


e/a range 
1.40-1.54 

1.22-1.83 

1.65-1.89 

P 


y 



£ 

s 

Cu-Be 

Ag-Zn Au-Al 

Cu-Zn 

Mn-Zn 

Cu— Si 

Cu-Ga 

Cu-Zn 

Cu-Zn 

Ag-Cd 

Cu-Cd 

Mn-In 

Ag-Al 

Cu— Si 

Ag-Zn 

Cu-Al 

Ag-Al 

Cu-Hg 

Fe-Zn 

Au-Al 

Cu-Ge 

Ag-Cd 

Cu-Ga 

Ag-In 

Cu-Al 

Co-Zn 

Co-Zn 

Cu-As 

Au-Zn 

Cu-In 


Cu-Ga 

Ni-Zn 


Cu-Sb 

Au-Cd 

Cu— Si 


Ci-In 

Ni-Cd 


Ag-Cd 

Li-Zn 

Cu-Sn 


Cu— Si 

Ni-Ga 


Ag-Hg 

Li-Cd 

Mn-Zn 


Cu-Sn 

Ni-In 


Ag-Al 




Ag-Li 

Pd-Zn 


Ag-Ga 




Ag-Zn 

Pt-Zn 


Ag-In 




Ag-Cd 

Pt-Cd 


Ag-Sn 




Ag-Hg 



Ag-As 




Ag-In 



Ag-Sb 




Au-Zn 



Au-Cd 




Zu-Cd 



Au-Hg 




Au-Ga 



Au-In 




Au-In 



Au-Sn 

Mn-Zn 
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a model as that shown in fig. 6b which points to the existence of a relationship between 
the density of states and phase stability, (ii) The band gaps in the Brillouin zone are 
variable with composition and are small in the range of electron phases so that the nearly 
spherical model of the Fermi surface describes the situation adequately. Experimental 
estimates of the Fermi surfaces in alloys are still limited, but some measurements have 
been made in both dilute and concentrated solid solutions, and they indicate that the 
Fermi surface is distorted from the spherical shape, but not substantially (see for example 
Pearson [1967], Massalski and Mizutani [1978] and Kolke etal. [1982]). Although 
the details are still not clear, one is left with indisputable experimental correlations that 
show e/a to be an important factor in the stability of electron phases. Modelling of such 
stability in terms of electronic energy alone suggests that very small differences of the 
order of a few hundred cal/mole are involved between respective competing electron 
phases (Massalski and Mizutani [1978]). 

A list of typical electron phases is shown in table 6 in which are also shown the 
experimentally established ranges of stability of these phases. 

8.2. Electron phases with cubic symmetry 

The range of stability of the /3-phases is shown in fig. 5b, above. The disordered 
/3-phases are stable only at high temperatures and upon cooling or quenching they usually 
decompose, unless they become ordered as in the Cu-Zn system. In all cases the range 
of homogeneity of the disordered /3-phases decreases with the fall of temperature, 
causing the phase fields to have the characteristic V-shape as illustrated in fig. 15. The 
electronic structure of the /3 -phases appears to be closely linked with the Brillouin zone 
for the bcc structure formed by 12 {110} faces, which constitute a rhombic dodeca- 
hedron. As mentioned in the preceding section, in the free electron approximation a 
spherical Fermi surface would just touch these faces at e/a =1.48 (see fig.6c). If the 



Fig. 15. The typical V-shaped phase fields of the disordered /3-phases (from Massalski and King [1961].) 



Ch. 3, §8 


Structure of solid solutions 


169 


Brillouin-zone faces have a finite discontinuity, the density-of-states curve should show 
a peak near the value of e/a associated with the contact between the Fermi surface and 
the Brillouin zone. This possibility has been made the basis of a theory of the occurrence 
and stability of the /3-phases (Jones [1937, 1952]). However, as pointed out above, if the 
gap across the faces of the Brillouin zone is assumed to be about 4.2 eV, the position in 
terms of e/a of the calculated peak in the density-of-states curve appears to occur at 
relatively low values of e/a and bears no relation to the actual ranges of stability. 
Nevertheless, it is remarkable that the most stable compositions of the /3-phases, 
represented by eutectoid points at the tips of the V-shaped portions of the phase fields 
(see fig. 15), very nearly correspond to electron-concentration values associated with the 
free-electron model. More recent developments have centered on the measurement of 
properties, such as electronic specific heats, or the de Haas van Alphen effect (dHvA), 
that can be more directly related to the electronic structure. They show that the band 
gaps in the Brillouin zone are relatively small (~ 3.5 eV), and that the Fermi surface 
contours approximate a free-electron sphere. However, the stability of the /3-phases is 
undoubtedly related to the total electronic energy integrated from the density-of-states 
trends from the bottom of the energy band to the Fermi level, and not just to some 
specific condition such as an initial contact between the Fermi surface and the Brillouin 
zone (Massalski and Mizutani [1978]). 




Fig. 1 6. The structure of -/-brass, (a) Planar view. The structure is built up from 27 bee cells stacked in three 
dimensions. Distances above the projection plane are indicated in terms of the large cell edge, (b) The gamma- 
brass structure derived from (a) by removing the comer and central atoms and displacing others. (From 
Barrett and Massalski [1966].) 
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The range of stability of the y-phases appears to be associated with no particular 
single value of electron concentration (see table 6 ) although there does seem to be a 
strong connection between the stability of y-phases and the large (Brillouin) zone (see 
Jones [1934a, b, I960]). The y-phases have a complex bcc structure with approximately 
52 atoms per cell (see fig. 16). They are usually ordered, certain related atomic sites 
being occupied by solute atoms and others by solvent atoms. The electronic structure of 
the y-phases and certain of their physical properties have been reviewed by Massalski 
and King [1961] and Massalski and Mizutani [1978]. On the whole, the y-phases are 
brittle and they are therefore of no primary metallurgical interest. However, from the 
point of view of electronic theories the y-phases are of historical interest because they 
were the first to be identified with a possible peak in the density-of-states curve 
associated with the contact of the Fermi surface with the Brillouin zone. Detailed 
calculations show that actually two closely positioned peaks are involved, corresponding 
to small band gaps, of the order of 1-2 eV. It is not surprising, therefore, that the Fermi 
surface associated with the y-phases appears to be nearly spherical. The interaction of 
such a spherical Fermi surface with a Brillouin zone which itself resembles a sphere (the 
zone is bounded by 48 faces), should produce a rapid decrease in the density of states 
once contact has occurred between the Fermi surface and the zone. This is indeed 
confirmed by experimental measurements of electronic specific heats which show a rapid 
decrease of the electronic specific heat coefficient y with composition. A similar effect 
is also observed in the cubic /x -phases which possess the /3-Mn structure (Massalski and 
Mizutani [1978]). 

8.3. Electron phases with hexagonal symmetry 

Apart from the more complex tr-, /x- and certain other phases which possess cubic 
symmetry (see, e.g., Massalski and King [1961]), the remaining group of electron 
phases possess the close-packed hexagonal structure. These phases are most numerous of 
all intermediate phases based on the noble metals, and they may occur anywhere within 
the electron-concentration range between 1.32 and 2.00 except for the narrow region 
1.89-1.93. Together with the close-packed hexagonal primary solid solutions of zinc and 
cadmium with the noble metals (the 77 -phases) the close-packed hexagonal phases fall 
into three natural groups and are usually denoted by the Greek symbols £, e and 77 on the 
basis of electron concentration, axial ratio and solute content. The known ^-phases 
always contain zinc or cadmium as their principal constituents (Massalski and King 
[1961]) and their range of stability varies between e/a= 1.65 and e/a= 1.89 (see table 6 ). 
The stability of close-packed hexagonal electron phases again appears to be intimately 
linked with both contact and overlap of electrons across the Brillouin zone. 

The Brillouin zone for the close-packed hexagonal structure is shown in fig. 17 for 
an ideally close-packed structure. This zone is bounded by twenty faces, six of the 
{10.0} type, two of the {00.2} type, and twelve of the {10.1} type. The energy discon- 
tinuity vanishes across certain lines in the {00.1} faces (Jones [I960]) unless the 
structure is ordered, and hence these planes do not form a part of the energy zone. 
However, the {00.1} faces together with the {10.1} faces may be used to obtain a 
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slightly smaller zone for the structure as described by Jones [I960]. Many of the 
measured electronic properties in hep structures may be related to the Brillouin zone. The 
dHvA (de Haas van Alphen) data for pure hep metals, for instance, are often interpreted 
in terms of the reduced zone scheme, while the low-temperature specific heat data can 
be more conveniently discussed in terms of the extended zone. If the extended “roofs” 
formed beyond the {10.0} planes by the intersection of the {10.1} planes are removed, 
the resulting zone is still surrounded by energy discontinuities in all directions except 
along the lines of intersection between the {10.1} and {10.0} zone planes (line HL in 
fig. 17a). This smaller zone is sometimes known as the Jones zone and its electron 
content per atom is: 


e/ a = 2 - - 
' 4 





( 9 ) 


where c/a is the axial ratio. 

The importance of the electron concentration, e/a , as the major parameter controlling 
the properties and behavior of the hep phases became clearly evident only after the 
relationship between c/a and e/a was established in detail. When e/a is constant, for 
example in a ternary system, c/ a also remains constant. However, when e/a is allowed 
to change c/a changes accordingly. In binary systems, the axial-ratio trends of all known 
£ and e phases conform to a general pattern as shown in fig. 18. Consideration of this 


< a ) 



( b) 



00 2 overlap electron ‘lens 7 




Fig. 17. The Brillouin zone of the hep structure in the extended scheme (a) and in the reduced scheme (b). The 
possible contours of the Fermi surface in the vertical section of the corresponding Brillouin zone are shown in 
(c) and (d). The shaded areas correspond to the holes in pure Zn. The hole in (d) is known as a portion of the 
“monster”. (After Massalski etal. [1975].) 
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behavior suggests a direct dependence of the structural parameters a and c on the 
interaction between Fermi surface and Brillouin zone (FsBz interaction): as the electron 
concentration increases, the resulting contacts and overlaps of the Fermi surface with 
respect to different sets of zone planes cause a distortion of the Brillouin zone. This in 
turn affects the lattice parameters in real space. The earlier models of the electronic 
structure of the hep phases have been derived mainly from the interpretation of the trends 
in lattice parameters, but more recently the electronic structure has also been explored by 
additional techniques using, e.g., electronic specific heat, superconductivity, magnetic 



Fig. 18. The trend of the axial ratio as a function of the electron concentration in various hep alloy systems 
(from Massalski and Mizutani [1978].) 
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susceptibility, thermodynamic activity and positron annihilation. 

The distance from the origin to the respective zone plane in k-space is given by: 
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and hence depends on the axial ratio. In the range of c/a higher than </3 , the {00.2} 
zone planes are closest to the origin, leading to the sequence k W2 < k l00 < k l0 l which 
holds in the 17 -phases, where c/a exceeds 1.75. The sequence k 100 < k m2 < k l0 l holds for 
all and £-phase structures. The corresponding Jones zone holds, at most, only 1.75 
electrons per atom. Therefore, overlaps of electrons from the Jones zone into higher 
zones are expected at relatively low values of e/a. The interpretation of the lattice- 
spacing trends in the £-phase Ag-based alloys, whose axial ratios vary between 1.63 and 
1.58, strongly suggests that overlaps of electrons across the { 10 . 0 } zone planes already 
occur at about 1.4 electrons per atom. The occurrence of possible overlaps across the 
{ 00 . 2 } zone plane within the range of the e-phases has been inferred from measurements 
of the lattice spacings, electronic specific heat coefficient, the Debye temperature, the 
superconductivity transition temperature, the magnetic susceptibility and the thermo- 
dynamic activity (Massalski and Mizutani [1978]). This is shown in fig. 19. In each 
case the onset of electron overlaps across the { 00 . 2 } zone planes has been proposed for 
the range of e/a exceeding approximately 1.85 electrons per atom. All such measure- 
ments imply the occurrence of FsBz interactions that should be reflected also in the 
corresponding density-of-states changes on alloying. 

The available calculated density-of-states curves for the hep structure are at the 
moment limited to several pure metals, such as Mg, Zn or Be. All these metals have two 
valence electrons per atom and may be represented by relatively similar features in the 
corresponding density-of-state curves. The positions of peaks and subsequent declining 
slopes occur more or less at the same electron concentration for all three cases, in spite 
of a large difference in the axial ratios, atomic volumes and electronic interactions. This 
strongly indicates that the main features of the respective density-of-states curves 
originate from the FsBz interactions in which e/a plays an essential role. From this, one 
can conclude that a density-of-states curve for a disordered hep alloy may also have 
essentially the same characteristic features. This is confirmed by experiments involving 
the measurement of electronic specific heats, which are directly proportional to the 
density of states at the Fermi level (fig. 20). 

The experimental coefficients y plotted in fig. 20 as a function of e/a show that, 
irrespective of the solute or solvent species, all available y values follow a very similar 
general trend over a wide range of electron concentrations. An increasing trend is evident in 
the lower e/a range, culminating in a broad maximum at about 1.5 electrons per atom, and 
followed by a decreasing trend at higher e/a values. The theoretical density-of-states curve 
for the hep Zn, shown in units of mJ/mole K 2 in the same figure allows a direct comparison 
between a relevant calculation and the experimental data. This shows that the large peak in 
the theoretical curves more or less coincides with the experimental peak on the abscissa. 
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Fig. 19. Behavior of various physical properties in the e-phase Ag-Zn alloy system: electronic specific heat 
coefficient y; Debye temperature $ D ; axial ratio c/a; magnetic susceptibility due to conduction electrons ;y el ; 
second derivative of the firee energy with respect to concentration (d 2 FVdX^,) (in units of 4.2 kJ/moI); 
superconducting transition temperature T c . (From Massalski and Mizutani [1978].) 

The combination of contacts and overlaps with respect to a large number of zone 
planes is clearly responsible for the large peak in the N(E) curve in hep metals. The 
distance of the {10.1} planes from the origin of the zone is relatively insensitive to the 
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electron concentration 


Fig. 20. Trends of electronic specific heat coefficients as a function of electron concentration for hep Hume-Rolhery 
alloys, shown against the band calculation for pure Zn (from Massalski and Mizutani [1978].) 


axial ratio (eq. 9). Hence, the large peak may be expected to occur at similar e/a values 
in most hep structures. Once contact with the {10.1} planes occurs, additional electrons 
will be allocated in the remaining hole regions of the Brillouin zone until overlaps across 
the { 10.1 } or {00.2} zone planes become possible. Thus, until a sufficiently high e/a is 
reached, a progressive decrease in the N(E) curve is expected as is actually seen in fig. 
20. Based on the above interpretation the likely Fermi surface topography for a typical 
hep Hume-Rothery phase may be expected to be like that shown in fig. 21. The recent 
positron-annihilation studies of the Fermi surface in the £-phase Cu-Ge alloys, by 
Suzuki etal. [1976] and Koike etal. [1982] are entirely consistent with the conclusions 
drawn from the electronic specific heat data and earlier work on laitice spacings and 
axial ratios. Indeed, because of zone contacts and overlaps that are likely to occur in all 
hep alloy phases, this particular group of alloys offers a most challenging research area 
for the positron-annihilation method. For the first time it has become possible to provide 
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Fig. 21. A very likely Fermi surface topography in an hep Hume-Rothery electron phase alloy. The 101 contact 
and 100 overlap are assumed to be present. (From Massalski and Mizutani [1978].) 

a direct evidence for the existence of the Fermi-surface concept in disordered electron 
phases, precisely along the lines predicted by numerous earlier interpretations based on 
indirect data. 

8.4. Laves phases 

An important group of related intermediate phases is obtained by alloying of elements 
whose atomic diameters, d ^ and d m , are approximately in the ratio 1.2 to 1. The exact 
lattice geometry requires that d^/d^ should be 1.225, but in known examples of this 
type of intermediate phases the ratio varies from about 1.1 to about 1.6. Much of the 
original work concerning the above phases is due to Laves and his co-workers. For this 
reason they are often called Laves phases (see ch. 4). 

Laves phases are close packed, of approximate formula AB 2 , crystallizing in one of 
the three structural types: 

1) C 14 structure, typified by the phase MgZn 2 , hexagonal, with packing of planes of 
atoms represented by the general sequence ABABAB etc; 

2) the C 15 structure, typified by the phase MgCu 2 , cubic, with packing ABCABCABC; 

3) the C x structure, typified by the phase MgNi 2 , hexagonal, with packing ABACABAC. 

The main reason for the existence of Laves phases appears to be one of geometrical origin 

— that of filling space in a convenient way. However, within the given range of atomic 
diameters which satisfy the space-filling condition, it appears that often the choice as to which 
particular modification will be stable is determined by electronic considerations. The evidence 
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for this is particularly striking in the magnesium alloys studied by Laves and Witte [1935, 
1936], The experimental results concerning the three modifications occurring in several 
ternary systems based on magnesium are shown in fig. 22 and are plotted in terms of electron 
concentration. Witte and his co-workers have carried out experiments suggesting that the 
phase boundaries on the electron-rich side of typical Laves structures occur at very nearly the 
same e/a, suggesting that the homogeneity of a particular structure may be restricted by an 
appropriate Brillouin zone. Measurements of the changes in magnetic susceptibility and 
hydrogen solubility of several alloys within the pseudobinary sections MgCu 2 -MgZn 2 , 
MgNi 2 -MgZn 2 , MgCu 2 -MgAl 2 and MgZn 2 -MgAl 2 , appear to support this hypothesis. The 
changes of the magnetic susceptibility in the pseudo-binary MgCu 2 -MgZn 2 system are shown 
in fig. 23. Klee and Witte [1954] proposed that they may be interpreted in terms of 
interactions between the Fermi surface and the Brillouin zone, the dip in the susceptibility 
prior to the termination of solid solubility indicating a dip in the density of states. 

Measurements of the electronic specific heats, that can be related to the density of 
states at the Fermi surface, have provided a further evidence of the importance of 
electronic factors in Laves phases. Examination of the trends of the electronic specific 
heat coefficient y, as it varies in pseudobinary systems of MgCu 2 with polyvalent metals 
such as Zn, A1 and Si, has shown that a sharp decrease of the density of states occurs 
near the phase boundary before the MgCu 2 structure is replaced by a two-phase field. A 
possible interpretation of this is that an appropriate Brillouin zone becomes filled with 
electrons. In this respect the electronic specific heat data and the magnetic susceptibility 
data shown in fig. 23 are very similar (Slick etal. [1965]). 



Fig. 22. The ranges of homogeneity in terms of electron concentration of several ternary magnesium alloys 
which possess the three typical Laves structures (from Massalski [1956] after Laves and Witte [1936].) 
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1.33 1.46 1.60 1.73 1.86 2.00 

Fig. 23. Variation of hydrogen solubility and magnetic susceptibility with electron concentration in quasi-binary 
systems MgCu 2 -MgZn 2 (from Massalski [1956] after Klee and Witte [1954].) 


8.5. Phases with wide solubility formed by the transition elements 

A number of intermediate phases formed by the transition elements possess wide 
ranges of solid solubility. They are often designated by various Greek or Latin symbols 
such as a, /z, 8, x, P or R. For details reference may be made to Taylor [1961], Nevitt 
[1963] and ch. 5 which deals specifically with alloy compounds. 

The tr-phase, the unit cell of which is tetragonal with c/a ~ 0.52 and 30 atoms per 
cell, has received much detailed attention, chiefly because of the detrimental effect which 
the formation of this phase has on mechanical properties of certain steels. In the system 
Fe-Cr, for example, the <r-phase separates out of the ferritic matrix and causes 
brittleness, but in more complex steels such as Fe-Cr-Mn cr-phases can also precipitate 
from the austenite phase. 

X-ray and neutron diffraction studies have shown that many of the phases listed 
above are structurally related to one another because they can be built up from layers 
that show close similarities. Thus, undoubtedly, atomic packing plays an important role 
in determining their stability. At the same time studies of stability ranges, particularly in 
ternary systems, have shown that the contours of the phase fields of the above phases 
often bear relation to the value of the average group number (AGN). Hence, much 
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speculation has been advanced about the electronic nature of their stability that might be 
similar to the electron phases of the noble metals. In fig. 24 the ternary phase relation- 
ships of some 19 ternary systems are shown at various temperatures as collected by 
Niemiec [1967]. The relationship between AGN and the contours of the c-phase fields 
is particularly noticeable. It must be kept in mind however, that since the d-electrons 



Fig. 24. Isothermal sections through a number of ternary phase diagrams between transition elements showing 
phase fields of phases with wide solid solubility. Values of average group number are indicated by dashed 
lines. (From Niemiec [1966].) 
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unquestionably contribute to e/a in these phases, and since the d-bands are incompletely 
filled, the details of possible electronic interactions are bound to be complex and not 
necessarily related solely to some simple Brillouin-zone-Fermi-surface effects. For 
example, some of the bonding forces may be highly directional, or the number of 
“d-band vacancies” rather than electrons, may play a role. 

9. Lattice spacings in solid solutions 

The measurement of precise values of lattice spacings in solid solutions has contrib- 
uted to the understanding of a number of factors which influence their stability and 
properties. Since the introduction of the Debye-Scherrer powder method some sixty years 
ago, the interest in the knowledge of lattice spacings in alloys has developed in three 
distinct directions: 

1) in connection with precision measurements of lattice parameters for studies of 
systematic structural similarities between related alloy phases; 

2) in connection with studies of relationships between lattice spacings, composition, 
electronic structure, size effects, local order, magnetic effects and numerous other 
properties of solid solutions; 

3) in connection with the use of the lattice-spacing method as a tool for determining 
phase boundaries in alloy systems. 

Detailed measurements of lattice spacing trends within individual alloy phases date 
back to the early 1930s. They were done mostly in terminal solid solutions of the noble 
metals and a few intermediate phases *. Today the available data fill large volumes 
(Pearson [1958, 1967]), and further additions are rapidly growing. The importance of 
the behavior of lattice spacings in hep electron phases, in connection with their electronic 
structure, has already been discussed in § 8.3. Some additional aspects are discussed below. 

9.1. Lattice spacings in primary solid solutions 

The problem of lattice distortion in primary solid solutions of the monoralent noble 
metals has been considered by Hume-Rothery and by Owen and their associates 
(Hume-Rothery [1964] and Owen [1947]). The relationships obtained by Owen [1947] 
between the percentage lattice distortion and the solute valency in binary systems based 
on a common solvent are shown in figs. 25 and 26. The importance of valence difference 
is clearly demonstrated in the figures, but there appear to be departures from the general 
trends which have not been explained. In order to gain further insight into the particular 
role of the difference beween valencies of the component elements, Raynor [1949a] 
attempted to eliminate size contributions by assuming that the electronic and size effects 
in certain solid solutions are additive and can be analyzed separately. Raynor’s analysis 
was based on the assumption that a linear Vegard’s Law may be applied to the sizes of 


* For a review of some of these measurements see Massalski [ 1958 ], 
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Fig. 25. Percentage lattice distortion as a function of solute valency in solid solutions. Cu, Ag and Au with Zn, 
Ga, Ge and As. (From Pearson [1958] after Owen [1947].) 


atoms as given by the closest distance of approach and is therefore open to some doubt 
(Massalski and King [1961]). 

Nevertheless, a detailed analysis of numerous solid solutions has shown that, after the 
assumed size contribution has been subtracted, the remaining lattice-spacing variation 
appears to be proportional to (V so - yj 2 for solutes (so) and solvents (sv) of the same 
period, and to (V so - V sv ) 2 + (V so - V jv ) for solutes and solvents from different periods. 
Subsequently, Pearson [1982] has shown that a more general correlation is obtained, 
valid for a larger number of systems, if a size-effect correction, D, is calculated from a 
relationship of the form a = fD + k, where a is the lattice parameter, D is the average 
atomic diameter calculated from a linear relationship involving initial atomic diameters 
based on coordination 12, and /and k are constants. If an additional assumption is made 
that Ga, Ge, Sn, As, Sb and Bi contribute only two electrons to the conduction-electron 
concentration when alloyed with the noble metals, fifteen more systems appear to obey 
a uniform correlation. 

Studies of binary systems have been extended to ternary systems where it is found 
that lattice spacings of ternary alloys may often be calculated from binary data using 
empirical additive relationships. An example of a linear relationship between lattice 
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Fig. 26. Percentage lattice distortion as a function of solute valency in solid solutions. Cu, Ag and Au with Ag, 
Cd, In, Sn and Sb. (From Pearson [1958] after Owen [1947].) 


spacings and composition in the system Cu-Al-In (Stirling and Raynor [1956]) is 
shown in fig. 27. Argent and Wakeman [1957] have shown that the expansion of the 
copper lattice by additions of zinc and gallium or zinc and germanium is additive in the 
respective ternary systems. Similar results hold also for additions of gallium and 
germanium to copper. Additive linear behavior suggests that in simple ternary solid solutions 
there is no appreciable solute-solute interaction, at least in dilute solutions where atoms of 
copper can effectively prevent contact beween solutes. Even in the system Ag-Mg-Sb (Hill 
and Axon [1956-7]) the strictly additive behavior of lattice spacings is still observed despite 
the fact that strong electrochemical differences between magnesium and antimony, and the 
tendency towards compound formation (Mg 3 Sb 2 ), might be expected to favor clustering of 
magnesium and antimony atoms which should lead to the contraction of the lattice. However, 
when magnesium and silicon are dissolved in an aluminium lattice, contractions are observed 
which point to electrochemical interactions (Hill and Axon [1954-5]). 

The lattice spacings of solid solutions of lithium, magnesium, silicon, copper, zinc, 
germanium and silver in aluminium have been studied and discussed by Axon and 
Hume-Rothery [1948] whose data are plotted in fig. 28. It may be seen from the figure 
that apart from silver, which produces virtually no change of lattice spacings, the 
aluminium lattice is expanded by magnesium and germanium and contracted by lithium, 
silicon, copper and zinc. Aluminium is an example of a trivalent solvent with a face- 
centered cubic structure. The first Brillouin zone can hold only two electrons per atom and 
must therefore be overlapped; but it has been shown (Harrison [1959] and Harrison 
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Fig. 27. Lattice spacings of a solid-solution alloys in the Cu-Al-In system along lines of constant copper 
content (from Massalski [1958] after Stirling and Raynor [1956]). 

and Webb [I960]) that the various portions of the overlapped and unoverlapped Fermi 
surface, when assembled together, resemble a free electron sphere. Hence, although 
overlaps exist in the aluminium structure and its alloys, their influence upon lattice 
spacings may be small. 

Axon and Hume-Rothery [1948] have shown that the extrapolated AAD (§6.1) 
values for various elements dissolved in aluminium are influenced by the inteiplay of a 
number of factors such as relative volume per valence electron in the crystals of the 
solvent and the solute, the relative radii of the ions, and the relative difference in the 
electrochemical affinities. 

The changes in the lattice spacings in the system magnesium-cadmium at tempera- 
tures at which complete solid solubility occurs in this system (see fig. 1) have been 
studied by Hume-Rothery and Raynor [1940]. When magnesium is alloyed with 
cadmium, no change occurs in the nominal electron concentration, both elements being 
two-valent. The initial additions of cadmium to magnesium cause a contraction of the a 
lattice spacing but only a very slight increase in the axial ratio because the c lattice 
spacing decreases at about the same rate as does the a lattice spacing. When magnesium 
is added to cadmium at the opposite end of the phase diagram, both a and c also 
decrease, but c more rapidly, causing a rapid decrease of c/a. The presence of at least 
two electrons per atom in this system means that there must exist overlaps from the first 
Brillouin zone (see fig. 17) since the alloys are conductors of electricity. It is now known 
from direct measurements of the Fermi surface that in both pure cadmium and pure 
magnesium overlaps exist across the horizontal and vertical sets of planes in the Brillouin 
zone, and although the amounts of these overlaps are different in both cases the nature 
of the overlaps is similar. Hence the relationship between overlaps and trends in the 
lattice spacings and the axial ratio in the Mg-Cd system is open to speculation. 

In a similar way, because of the complexity of factors involved, the interpretation of 
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Fig. 28. The lattice-spacing-composition curves of alloys based on aluminium as solvent (from Massalski 
[1958] after Axon and Hume-Rothery [1948].) 

the lattice spacings of alloys of transition elements may be expected to meet formidable 
difficulties. The inner-core d-band shells are incomplete, and it is known that electrons 
from these shells can contribute both to bonding and to conductivity. 

The trends in the lattice spacings of the transition elements of the Second Long 
Period (zirconium, niobium, molybdenum, rhodium and palladium), when dissolved in 
the hexagonal close-packed ruthenium, have been studied by Hellawell and Hume- 
Rothery [1954]. In all cases the parameters c and c/a are increased by the formation 
of a solid solution and, at equal percentages of each solute, the increases are in the order 
zirconium -» niobium -» molybdenum -» palladium -» rhodium. The a parameters are 
diminished by zirconium and rhodium and increased by palladium, niobium and 
molybdenum. The axial ratio of ruthenium (1.5824) is considerably less than the ideal 
value (1.633), and the interatomic distance in the basal plane is greater than the distance 
between an atom and its nearest neighbor in the plane above or below. Hellawell and 
Hume-Rothery interprete the observed lattice spacings on the basis of “size differences” 
between component atoms as expressed by the minimum distance of approach between 
atoms in the pure elements and by a possible directional sharing of the electron cloud of 
zirconium which may take place on alloying. 

9.2. The relationship between lattice spacings and magnetic properties 

A survey of the lattice spacings of transition metal alloys as a function of composi- 
tion shows (Pearson [1958]) that there are many inflections in the lattice spacing curves 
reflecting changes in the magnetic properties. The magnetic properties of metals and 
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alloys depend on the arrangement and separation of atoms in a structure, and therefore 
such changes as the ferromagnetic-paramagnetic transition might be expected to be 
related to some changes in the lattice spacings and the volume of the unit cell. 

The ferromagnetic-paramagnetic changes (F-P) and the antiferromagnetic- 
paramagnetic changes (A-P) are second-order transitions in which the ordering of the 
spin orientation develops gradually on cooling below the transition temperature, T c . Such 
changes are usually accompanied by a sharp change in the slope of the lattice-spacing 
curve as a function of temperature, such that the derivative da/dT is discontinuous at T c 
(Willis and Rooksby [1954]). Ferromagnetic-antiferromagnetic changes (F-A), on the other 
hand, are a first-order transition involving a discontinuous change of electron spin orientation 
and are accompanied by a discontinuous change in lattice spacing (Willis and Rooksby 
[1954]). The second order F-P and A-P changes are truly reversible while the first order 
changes are accompanied by the usual thermal hysteresis in the transition region. 

An example of the lattice-spacing changes accompanying an F-P transition is shown 
in fig. 29a for the system Mn-Sb (Willis and Rooksby [1954]). In cases of a first-order 
transition at the Curie point, the discontinuous change in the lattice spacings may also be 
associated with some displacements of the different types of atoms in a structure, so that 
in such a case the change in the lattice spacing represents two processes occurring at the 
same time. According to Roberts [1956], the first-order transition at the Curie point is 
associated with a movement of about 10% of the manganese atoms into interstitial 
positions. The actual trend in the lattice spacings with temperature in the Mn-Bi system 
as determined by Willis and Rooksby [1954] is shown in fig. 29b. 

A definite anomaly is found in the temperature variation of the lattice spacings 
accompanying the F-P transition of pure nickel, but no pronounced anomalies are 
observed in the slope of the lattice spacings as a function of composition in nickel alloys 
at compositions at which the F-P change should occur (Pearson [1958]). Coles [1956] 




Fig. 29. (a) Lattice spacing of MnSb, which has a B8, type of structure as a function of temperature, (b) Lattice 
spacing of MnBi, which has a B8, type of structure as a function of temperature. (From Pearson [1958] after 
Willis and Rooksby [1954].) 
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has reported a slight change of slope accompanying the F-P change in an alloy of 
nickel-35at. copper. This composition corresponds to alloys in which the Curie point 
occurs at room temperature. 

10. Defect structures 

In addition to the occurrence of clustering or ordering of atoms, which constitutes a 
departure from randomness, solid solutions can contain various imperfections which can 
be of three general types: point-, line- and surface imperfections, according to whether 
they are vacant sites or interstitial atoms, various types of dislocations, stacking faults, 
or small-angle boundaries. The nature of dislocations, their interactions and their 
properties are discussed in ch. 20. Below we shall briefly consider some aspects of 
vacancies in solid solutions and the presence of various stacking disorders. 

From the point of view of energy relationships, the presence of vacant sites in solid 
solutions may enhance stability, owing to their association with the entropy, the strain 
energy, or the electronic energy. Vacancies may be introduced by quenching from higher 
temperatures where their equilibrium number, due to entropy considerations, is higher 
than at lower temperatures, or they may be introduced by various irradiation processes, 
plastic deformation or, finally, by alloying. The calculation of the energy associated with 
the formation of vacancies or interstitials in a solid solution at finite concentrations 
presents several difficulties (see, for example, Fumi [1955], Friedel [1954b], Brooks 
[1955] and Mann and Seeger [I960]). The subject is presented in great detail in ch. 18. 

10.1. Vacancies and vacant sites in structures of alloys 

From the point of view of the theory of alloys, vacancies are believed to be produced 
on alloying under certain conditions when the number of electrons per atom is kept 
constant or reduced. Evidence of this is provided by terminal solutions or electron phases 
with lattice defects. With the increase or decrease in the number of solute atoms a 
change can occur in the number of atoms per unit cell in a way which produces vacant 
lattice sites. It is believed that this takes place in order to maintain optimum electronic 
energy. Such vacancy populations, determined by composition and not by temperature, 
are distinguished as constitutional vacancies. (Cahn [1979], Amelinckx [1988]). 

The work of Bradley and Taylor [1937] and Taylor and Doyle [1972] on Ni-Al, 
and of Lipson and Taylor [1939] on some ternary alloys based on this phase, are first- 
known examples of this phenomenon. The Ni-Al alloy may be regarded as an electron 
phase analogous to /8-brass if nickel, a transition element, is assumed to have zero to 
near zero valency. At 50 at% this phase possesses a Cs-Cl ordered structure in which 
one kind of atoms, say nickel, occupy cube centers and the other kind of atoms, cube 
corners. The diameter of a nickel atom is smaller than that of an aluminium atom and 
hence, if nickel content is increased above 50 at%, the lattice parameter of the structure 
decreases in the expected manner while the density is increased. However, when the 
aluminium content is increased above 50 at%, an anomalous behavior is observed since 
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Fig. 30. (a, b) Lattice spacing and density of /3-AlNi as a function of composition, (c) Lattice spacing of 
j8-A1Co as a function of composition. (From Pearson [1958] after original work of Bradley and Taylor 
[1937] and Bradley and Seager [1939].) 

the lattice spacing of the Ni-Al phase does not increase but actually decreases, and the 
fall in the density is much more rapid than would be expected from the replacement of 
nickel atoms by aluminium. This behavior is shown in fig. 30 in which the lattice 
spacing data for Co-Al (Bradley and Seager as quoted by Pearson [1958]) are also 
included. Bradley and Taylor [1937] concluded that the observed anomalies could be 
explained if one supposed that in the aluminium-rich alloys there are less than two atoms 
per unit cell and that omission of atoms occurs from some lattice points with the creation 
of vacancies. On the nickel-rich side, the extra nickel atoms substitute in the usual way 
for aluminium atoms on the aluminium sublattice. The aluminium-rich side, however, is 
quite different: hardly any aluminium substitutes on the nickel sublattice; instead nickel 
atoms disappear from the nickel sublattice, leaving nickel vacancies. For instance, 
according to the most recent measurements (Kogachi etal. [1992, 1995]) at 46 at% Ni, 
10% of the nickel sites are vacant, most of the aluminium sites are filled. In this way the 
number of electrons per unit cell is kept constant and equal to approximately 3, 
corresponding to an e/a ratio of 3/2 characteristic of the /3-brass structures. Several other 
studies showed that a stoichiometric /3-NiAl quenched from a high temperature (as 
opposed to that slowly cooled) contained a high concentration of thermal vacancies; the 
most recently cited figure is 1.08% of vacancies at 1600°C. This is a very much larger 
thermal vacancy concentration than is found in other metals or alloys, even just below 
the melting temperature; so large that on cooling the vacancies will separate out into a 
population of voids visible in the electron microscope (Epperson etal. [1978]). 50/50 
NiAl containing such vacancies, all on the nickel sublattice, must also contain 
substitutional defects - that is some nickel atoms in the aluminium sublattice, also called 
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nickel antistructure atoms — to preserve the overall chemical composition: specifically, 
two vacancies must be accompanied by one substitutional defect. Such a trio of linked 
defects is now termed a triple defect. Parallels for the behavior of the NiAl alloys at high 
temperatures are found in other systems isomorphous with NiAl (see Cahn [1979]). 

The conclusion related to the dependence of constitutional vacancies on electron 
concentration has been criticized on the basis that the omission of atoms could also be 
interpreted in terms of size-effects. Since there is only one atom of aluminium in the unit 
cell of the Ni-Al alloy, it appears possible that the omission of atoms with addition of 
aluminium in excess of 50% occurs as a result of an inability to squeeze an additional 
large aluminium atom in the place of a small nickel atom. A possible differentiation 
between an interpretation in terms of electronic considerations and one in terms of size 
considerations could be made by introduction of a further element into the Ni-Al alloy. 
The size-effect spatial theory requires that the loss of atoms should take place when the 
concentration of aluminium exceeds more than one per unit cell whereas the electronic 
theory requires that it should occur when a definite electron concentration, approximately 1.5, 
is exceeded. Lipson and Taylor [1939] have shown that in two ternary systems, Fe-Ni-Al 
and Cu-Ni-Al, the general shape of the phase field of the ternary alloys based on Ni-Al falls 
into the composition regions which indicate that electron concentration, rather than size, 
is the main factor determining the phase stability. A detailed analysis of constitutional 
vacancies in Ni-Al based on band energies has just been published by Cottrell [1995]. 

The interpretation of the lattice spacings and density behavior in alloys based on 
Ni-Al is limited by the fact that nickel, a transition element, must be assumed to possess 
zero valency in order to make it possible to assume that the above phase is an electron 
phase of the 3/2 type. However, further evidence of omission of atoms from sites in a 
unit cell has also been obtained in the study of some y-brasses (Hume-Rothery et al. 
[1952]) and Al — Zn primary solid solutions (Ellwood [1948, 1951-2]), in which no 
transition elements are involved so that the valence of the participating atoms is more 
definite. In the case of y-brass two particular binary systems were studied, Cu-Al and 
Cu-Ga (Hume-Rothery etal. [1952]). In the former system, lattice spacing work and 
density data show that the number of atoms in the unit cell of the y-phase remains 
constant at about 52 as aluminium is increased to approximately 35.3 at%, after which 
the number steadily decreases. A similar effect has been observed in the Cu-Ga y-brass 
to occur at about 34.5 at% gallium. The data for Cu-Al and Cu-Ga alloys are shown in 
fig. 31. Hume-Rothery et al. [1952] have interpreted the creation of vacant sites in 
y-brass structures in terms of the Brillouin zone of the y-brasses, suggesting that both the 
normal and the defect y-structures can hold no more than about 87-88 electrons per cell 
in order not to exceed an electron concentration of about 1.68-1.70. It appears that the 
high-temperature 5-phase in the Cu-Zn system resembles a defect y-brass structure in 
that it possesses numerous lattice defects and vacant atomic sites. Other constitutional 
vacancies in brass-type alloys have been discussed by Nover and Schubert [1980]. 

Creation of lattice defects in which vacancies or excess atoms are involved occurs in 
intermediate phases probably more frequently than it was thought likely in the past. For 
example, in intermediate phases which crystallize in structures closely related to the 
NiAs structure, the basic structure, corresponding to the formula AB, can gradually 
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Electron Concentration 

Fig. 31. The number of atoms per unit cell in the y-phases of the system Cu-Ga and Cu-Al as a function of 
electron concentration (after Hume-Rothery et al. [1952].) 

change in the direction of compositions A 2 B by a gradual filling of certain vacant 
spaces* in the structure by the excess atoms of one of the components. In the series of 
phases such as NiS -» NiSe — > NiAs —> Ni 3 Sb 2 — > Ni 3 Sn 2 —> Ni 2 Ge -> Ni 2 In. The 
number of nickel atoms becomes greater than 50 at% and X-ray work has shown that 
this is accomplished by nickel atoms gradually filling certain interstitial positions in the 
ideal NiAs structure. The typical NiAs structure may be regarded as based on a close- 
packed hexagonal lattice of metalloid atoms in which the metal atoms occupy the 
octahedral spaces between the close-packed hexagonal layers (see ch. 5). As the structure 
becomes filled with the excess of the more metallic atoms, it gradually acquires a 
pseudo-cubic symmetry and the metallic character increases considerably so that, for 
example, in the series quoted above the Ni 2 In phase is almost indistinguishable from the 
Cu-Al or Cu-Ca y-brasses. 

Constitutional vacancies in large concentrations have also been found in a number of 
oxides, especially those of the transition metals, and in some hydrides (e.g., TiH x ) and 
carbides. In some instances there is also evidence of vacancy ordering. 

10.2. Stacking faults 

The possibility of the formation of stacking faults in typically metallic solid solutions 
has recently come to play an ever-increasing role in the understanding of many properties 
of solid solutions, particularly those with the face-centred cubic and the close-packed 
hexagonal structures. Such phenomena, for example, as the changes in electrical resistivity, 
work-hardening, recrystallization, creep, deformation texture, crystallography of phase 
transformations, corrosion, phase morphology and a number of others have been shown 
to be related to the presence of stacking faults and therefore to the stacking-fault energy. 

The face-centred cubic and close-packed hexagonal structures are closely related and, 
being both close packed, differ essentially only in the way in which the closest-packed 
planes are stacked together. It has been shown originally by Barrett [1950] that 
stacking disorders exist in a cold-worked metal. Subsequently, several authors (Paterson 


* These are analogous to the octahedral, tetrahedral and other vacant spaces which exist in the simple metallic 
structures as discussed in ch. 2. 
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[1952], Warren and Warekois [1955], Wagner [1957], Wilkens [1957] and Johnson 
[1963]) developed theories which relate the effect of the presence of various types of 
stacking faults to the changes in the X-ray diffraction pattern of the face-centred cubic 
structure. The normal sequence of [111] planes in a face-centred cubic structure can be 
described as ABCABCABC using the usual A, B, C notation. The three typical stacking 
errors are illustrated by the characteristic stacking patterns shown in fig. 32. They are: 
(1) the intrinsic fault, corresponding to the removal of a close-packed layer of atoms, (2) 
the extrinsic fault, corresponding to the insertion of an extra close-packed layer of atoms, 
and (3) the twin (growth) fault, produced at the interface between two perfect crystallites 
which are in twin relation (see Read [1953]). The intrinsic faults have received the most 
attention, and calculations based upon idealized models suggest that such faults should 
produce broadening and shifts in X-ray peak positions. This prediction has been verified 
experimentally in a number of pure metals (Cu, Au, Ag, Pb, Ni, etc.) and alloy systems 
(mostly based on the noble metals Cu, Ag and Au). Theoretical considerations of the 
influence of twin faults and extrinsic faults indicate that the corresponding X-ray line- 
broadening should be asymmetric in both cases and that the peak shifts resulting from 
the presence of extrinsic faults should occur in a direction opposite to the shift produced 
by intrinsic faulting (Johnson [1963]). Published work to date indicates that in metals 
intrinsic faults predominate. However in other materials, for example in silicon (Aerts 
et al. [1962a, b]), the stacking-fault energy of intrinsic and extrinsic faults may be of 
about equal magnitude. If, in addition, one considers the less idealized cases in which the 
distribution of stacking-fault density is variable in a specimen, the prediction of the over- 
all X-ray pattern becomes very complex (see for example, Barrett and Massalski 
[1966] p. 464). Nevertheless, the X-ray work has served as a useful means for compari- 
son between various metals and alloys and for the studies of trends in faulting probability 
with composition and temperature. 

In addition to the above mentioned X-ray analysis a direct estimate of stacking-fault 
energy y can also be made by studies of certain annealing or deformation features in 
metals and alloys and their changes with temperature, by studies of twinning frequency 
in metallographic samples (Fullman [1951] and Bolling and Winegard [1958a, b]), 
by interpretation of dissociated dislocations (nodes) in transmission electron 
photomicrographs (Howie and Swann [1961] and Christian and Swann [1965]) and 
other features such as cross-slip, creep, texture etc. [Gallagher [1970]). 

The possibility of the existence of stacking faults in hep and bcc structures has been 



Fig. 32. Planar view of atomic positions and stacking sequences for: (a) perfect fee crystal; (b) intrinsic fault; 
(c) extrinsic fault; (d) twin fault; (e) twin crystal. (After Johnson [1963].) 
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considered in a number of publications both from the experimental and the theoretical 
point of view. In bcc and hep metals stacking faults do not produce line shifts (see 
Warren [1959a]). In hexagonal metals they produce broadening of certain reflections, 
which has been observed experimentally, particularly in the case of cobalt (Edwards 
and Lipson [1942]). 

A number of attempts have been made to elucidate the factors which influence the 
changes of stacking-fault energy upon alloying. Although all such factors must be 
electronic in nature, it appears at the moment that a detailed interpretation is not possible. 
In a number of publications the changes of stacking-fault energy have been related to the 
electron concentration, certain size effects, the changes in the density of stat.es, and the 
changes in the topology of the Fermi surface (See Gallagher [1970].) 

In the case of fee metals, recent measurements of the rate of loop annealing, the 
stability of tetrahedra introduced by deformation, of faulted dipoles, and of texture 
developed by rolling have led to the availability of quite precise information on the 
magnitude of y for materials in which extended nodes or extrinsic-intrinsic fault pairs 
cannot be observed. Thus, it is no longer essential to estimate the fault energy of such 
metals as Cu, Au, Al, and Ni by extrapolating node data or normalized X-ray faulting 
probability results, although the extrapolation procedures, too, have been improved and 
now lead to more reliable results. Reasonable estimates of y, probably accurate to ±20%, 
are: y Ag = 21.6 mJ/m 2 , y Ph = 30 mJ/m 2 , y Au = 50 mJ/m 2 , y Cu = 55 mJ/m 2 , = 200 mJ/m 2 
and y Ni = 250 mJ/m 2 . Estimates of y in other elements from scaled rolling-texture data are 
subject to rather larger errors, but are the best values available at the present time: y Ce < 
5 mJ/m 2 , y Yb < 10 mJ/m 2 , y Ih = 70 mJ/m 2 , y Pl , = 75 mJ/m 2 , Y Pd = 130 mJ/m 2 and y Rh = 330 
mJ/m 2 (Gallagher [1970]). Advances have been made in theoretical estimates of y for 
pure materials (Blandin etal. [1966]), but difficulties are still experienced in applying 
the treatments to noble metals on account of their complex electronic structure. 

In fee solid solutions, a satisfactory amount of numerically accurate information is 
now available for the variation of y (effective) with alloying, particularly in systems with 
copper, silver, and nickel as solvents. The form of the variation with B-group solutes in 
all cases follows the pattern established in the earliest studies in that y decreases with 
increasing solute concentration, and a considerable normalization of the data is achieved 
in plots with the electron/atom ratio as abscissa. 

Several authors have noted that straight-line relationships for the change of y with 
alloying can be obtained if y is plotted on a log scale and the abscissa is expressed in 
terms of a composition-dependent function [c/(l +c)] 2 , where c = (alloying concentra- 
tion)/(solubility limit) at high temperatures. Expressing the abscissa in this form appears 
to provide a normalizing effect similar to that which arises by using the e/a ratio, but 
with the advantage that the solubility limit is in some systems more accurately known 
than is the effective valence of the solute. The relationship obtained for the fee Cu-Si 
alloys is shown in fig. 33. Recent studies also suggest that in alloys of two fee elements 
having complete mutual solubility, all compositions have y intermediate in value between 
the fault energies of the component metals. Such noble-metal-transition-metal alloys as 
have been studied have y of the same order as in the pure noble metal. Contrary to early 
studies, considerable extrinsic-intrinsic faulting has recently been observed in copper-. 
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Fig. 33. Semi-log plot of y versus [c/(l +c)] 2 in the Cu-Si series (from Gallagher [1970]). 


silver-, and gold-base alloys, and measurements on fault pairs have revealed that the 
extrinsic and intrinsic fault energies are approximately equal (Gallagher [1970]). 

10.3. Metastable structures* 

Many solid solutions whose properties have been outlined in the preceding sections 
can exist in a metastable condition at temperatures which fall outside the equilibrium 
range of stability but at which the rate of approach to equilibrium is so slow as to be 
negligible. One of the most frequently used methods for producing metastability is rapid 
quenching from a high temperature. During quenching a single-phase solid solution may 
be retained untransformed, or it may transform by changing its crystal structure, either 
by a martensitic or a “massive” process (see Barrett and Massalski [1966]). 
Metastable solid solutions have also been obtained by a rapid cooling from the liquid 
state, using the “splat” or “crusher” cooling techniques (Duwez [1965, 1967]), by a rapid 
cooling from the vapor state, using vacuum deposition techniques (Mader etal. [1963]) 
or sputtering (Massalski and Rizzo [1988]), by various methods involving the quench- 
ing of liquid metals on a rapidly revolving copper wheel, and by surface melting methods 


See also chapter 19. 
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using laser beams, electron beams, etc. (See Duwez [1978] and also ch. 7, §9.1.). 

Following these procedures, enhanced solubilities, non-equilibrium phases and 
unusual crystalline and amorphous structures have been obtained. For example, a 
continuous series of metastable solid solutions can be obtained in the Cu-Ag system in 
place of the well-known eutectic phase diagram corresponding to equilibrium conditions. 
In other instances solid solutions have been obtained that are amorphous, resembling a 
frozen liquid. A large number of metastable phases obtained by the various rapid-cooling 
techniques have most unusual crystalline (or non-crystalline) electrical, semiconducting, 
superconducting, magnetic and thermal properties. The research area of metallic glasses, 
in particular, has seen very rapid growth during the past two decades and numerous 
symposia and reviews on this subject have been published (see, e.g., Masumoto and 
Suzuki [1982], Perepezko and Boettinger [1983]; Turnbull [1981]; Johnson 
[1986]). In order to produce a metallic glass, crystallization has to be prevented during rapid 
cooling of the liquid. Cooling rates exceeding 10 6 K/s are usually needed to achieve this, and 
the most likely regions in phase diagrams where metallic glasses can be produced are the 
deep eutectic regions. The reason for this has been discussed in numerous publications. 
One of the possibilities is that, in deep eutectics, the crystallization competing with 
metallic-glass formation must be of a multi-phase form, which is kinetically difficult. 
Here, the T 0 concept provides a very useful guide to the search for glass formation 
regions in metallic systems (Massalski [1982]). Hence, the chilled liquid becomes more 
and more viscous without crystallization until a glass transition temperature is reached 
when the liquid becomes a solid. The subject is discussed more fully in ch. 7, §9.1. 

11. Order in solid solutions 

The phenomena related to order-disorder (O-D) changes in solid solutions comprise 
a very extensive literature and a detailed review of these is beyond the scope of this 
chapter. Nevertheless, the tendency for unlike atoms to occupy adjoining sites of a 
crystalline lattice, leading towards formation of superlattices, is a very prominent feature 
of many solid solutions; and we shall briefly consider this subject from the structural 
point of view. 

On the basis of thermodynamics (see ch. 5) it can be shown that an ordered arrange- 
ment of atoms in an alloy may produce a lower internal energy compared to a disordered 
arrangement, particularly if the segregation of atoms to designated atomic sites occurs at 
relatively low temperatures where entropy, associated with randomness, plays a lesser 
role. The condition of perfect order, such that the like atoms are never nearest neighbors, 
could be achieved only in a perfect single crystal with a simple metallic lattice and at 
compositions corresponding to stoichiometric ratios of atoms like AB, AB 2 , AB 3 , etc. 
Actually, the presence of various imperfections and grain boundaries precludes this 
possibility in most cases. In addition, it is known that an ordered solid solution consists 
of ordered domains which may be perfectly ordered within themselves but which are out 
of step with one another. This results in more contact between like atoms at the bound- 
aries of adjacent domains. Ordered domains are sometimes called antiphase domains and 
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usually their number is quite large within each grain of the material. With the develop- 
ment of electron microscopy techniques, the presence of antiphase domains has been 
confirmed by direct observation in thin films (Glossop and Pashley [1959], Sato and 
Toth [1961]). 

A further departure from maximum order occurs in solid solutions whose composi- 
tions deviate from the optimum stoichiometric ratios of atoms. This is often associated 
with the fall of the ordering temperature on both sides of the ideal composition and by 
the change of other properties such as hardness, electrical resistivity, etc. 

When the interaction between unlike atoms is very strong, the critical temperature 
T c , at which disordering occurs, may lie above the melting point of the material. Alloys 
with this characteristic closely resemble chemical compounds. When the interaction 
forces are less intense, an ordered solid solution may become disordered at a critical 
temperature even though the composition corresponds to a stoichiometric compound-like 
formula. Many typical alloy phases show this behavior with temperature. Finally, if the 
ordering forces are weak, as for example at low atomic concentrations in terminal solid 
solutions, the critical temperature may lie below the temperature at which attainment of 
equilibrium is possible within a reasonable time. One may then speak of the disordered 
state being frozen in. It has been found that the activation energy necessary to switch 
atoms into disordered positions in a fully ordered alloy is of the same order of magnitude 
as the heat of activation for diffusion or for recovery from cold work, usually about 1.5-2 
eV. References to recent work on long range order in alloys are given by Laughlin [1988]. 

11.1. Types of superlattices 

Simple superlattices in binary alloys with cubic structure occur near compositions 
corresponding to formulas A 3 B, AB and AB 3 . The Cu-Au system (see fig. lb, above) 
provides a well-known prototype of ordered solid solutions based on the fee structure. 
The superlattices Cu 3 Au, CuAu and CuAu 3 have been investigated in great detail. In the 
case of Cu 3 Au the low-temperature structure, (fig. 34a) is cubic, but in the case of CuAu 
(fig. 34c) alternate (002) planes contain either all copper or all gold atoms and a 
contraction occurs in the c direction, presumably as a result of attraction between atoms 
in these planes. This results in a tetragonal fee structure with c/a ratio of 0.92. 

Order in bcc alloys again depends on composition. At 50 at% of solute the AB type 
of order results in the well-known CsCl structure (fig. 34b) which occurs, for example, 
in ordered /? -brass. When the composition is between approximately 25 and 50 at% of 
solute, a sequence of ordered structures based on the simple body-centred cube some- 
times becomes possible and such structures have been studied in detail (e.g., Rapacioli 
and Ahlers [1977], for /?-Cu, Zn, Al). The superlattices that occur in the Fe-Al system 
(fig. 34d) and the Heusler alloys (Cu 2 MnAl), which are ordered when in the 
ferromagnetic condition, have received particular attention (see, for example, Taylor 
[1961]). With solute contents exceeding 50 at% the y-brass type of order and other more 
complex superlattices are possible. 

By analogy with the cubic structures, ordered superlattices occur frequently in close- 
packed hexagonal solid solutions. For example, in the Mg-Cd system the continuous 
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Fig. 34. Various types of ordered superlattices: (a) ordered cubic superlattice Cu 3 Au; (b) disordered and ordered 
structures of /3-brass; (c) the tetragonal superlattice of AuCu; (d) the structure of Fe 3 Al and FeAl: Al atoms fill 
the X sites in Fe } Al and the X and Y sites in FeAi. 


series of solid solution at high temperatures is broken at lower temperatures by the 
formation of ordered superlattices at compositions MgCd 3 , MgCd and Mg 3 Cd (see fig. 
Id, above). MgCd 3 orders to form the DO,, type of structure which is distorted from 
close-packed hexagonal, while the Mg 3 Cd is closepacked hexagonal but with the a axis 
doubled and the basal layers so arranged that each cadmium atom is in contact with three 
magnesium atoms in the adjacent layers. Cooling of alloys in the MgCd composition 
region produces an ordered orthorhombic structure. 

11.2. Long-period superlattices 

As mentioned in the previous section, the low-temperature annealing of CuAu alloys 
(below 380°C) produces a face-centred tetragonal structure whose unit cell is shown in 
fig. 34b. This structure is usually referred to as CuAu I. In the temperature interval 
between 380-410°C another ordered structure has been detected (by Johansson and 
Linde [1936]) which is often described as CuAu II. The superlattice CuAu II is a 
modification of CuAu I and the unit cell of this structure is orthorhombic as shown in 
fig. 35a. The long cell is obtained by stacking five CuAu I unit cells in a row in the 
direction of one of the long-cell edges ( b ) and then repeating this unit at five cell 
intervals with a simultaneous out-of-step shift at the boundary through a distance equal 
to the vectorial distance j(a+c). The distance between each antiphase boundary may thus 


References: p. 199. 


196 


T. B. Massalski 


Ch. 3, § 11 






V i 1 

M 






n^iE^s^n 


O-L-Q-o: 

•L T 

° .1° 

•L *K 

A 

•°o°< 

-1 f 

“ ) jo ° 

r^-z-4 

o|o° 

/-\ 0 o 

° o °o 




o 

14 





O Au 
• Cu 
O Zn 


Fig. 35. Long-period superlattices: (a) the structure of CuAu II; (b) the structure of Au-Zn. (After Schubert 
etal. [1955].) 


be specified by Mx b where M denotes the domain size or the period. For CuAu II, 
M= 5. This superlattice is therefore called a one-dimensional long-period superlattice 
with a period equal to five. Ogawa and Watanabe [1954] have shown that a repulsive 
force arises at the junction of the long antiphase domains, which leads to a small local 
lattice-parameter increase in the direction of the long axis. This has the effect of a small 
periodic error in the diffracting lattice in this direction, and in electron-diffraction 
patterns it produces “satellite” reflections around the normal reflections. 

Many other long-period superlattices have been discovered in cubic alloys, particulary 
at the A3B compositions. Long-period superlattices have also been reported in hexagonal 
alloys (Schubert et al. [1955]). The structure shown in fig. 35b corresponds to the 
orthorhombic structure Au 3 Zn. This long-period superlattice is based on Cu 3 Au and 
consists of four face-centred cells stacked together with a half-diagonal shift as shown in 
the figure. Most of the long-period superlattices at compositions A 3 B retain the cubic 
symmetry of atomic distribution and they can be either one-dimensional long-period 
superlattices or two-dimensional superlattices. Much of the recent work in this field is 
due to Schubert etal. [1955] and to Sato and Toth [1961, 1962, 1965]. 

The discovery of the long-period superlattices has presented a challenge to the theory 
of alloys because the usual atom-pair interaction models adopted for explanation of the 
order-disorder phenomena cannot be used unless one assumes extremely long-distance 
interactions. The most successful interpretation at the moment appears to be that such 
superlattices are a result of a complex interaction between the Fermi surface and the 
Brillouin zone (Sato and Toth [1961, 1962, 1965]) and is therefore connected with the 
collective behavior of the free electrons. The Brillouin zone for the CuAu alloys is 
shown in fig. 36. The thin lines represent the zone for the disordered fee structure. This 
zone is bounded by the octahedral [111] and cubic {200} faces and can hold two 
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Fig. 36. The Brillouin zone of the disordered (thin lines) and ordered (thick lines) fee structures (from Sato 
and Toth [1962].) 

electrons per atom. The thick lines represent the zone for the ordered CuAu I super- 
lattice. This zone, as a result of order in the lattice, is now bounded by the {001} and 
{110} faces and is therefore no longer symmetrical, the {100} faces being much closer 
to the origin than the {110} faces. The free-electron energies at the centers of the { 100} 
and {110} faces are 2.4 eV and 4.8 eV respectively, while the energy at the Fermi 
surface corresponding to one electron per atom (Cu-Au system) is 6.5 eV. Therefore 
electrons should overlap into the larger zone. The existence of “satellite” reflections 
around the normal reflections in the b direction, corresponding to the long-range 
periodicity in the CuAu II superlattice, suggests that the Brillouin zone would show a 
slight splitting of certain faces. This is illustrated in fig. 37b and c which represents a 
horizontal section in the reciprocal lattice throught the zone shown in fig. 36. Sato and 



Fig. 37. Horizontal section in reciprocal space through the Brillouin zone of fig. 36, showing possible Fermi surface 
contours for the Cu-Au superlattice: (a) CuAu I; (b,c) CuAu II. (From Barrett and Massalski [1966].) 
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Toth [1962] have proposed that at one electron per atom, the Fermi surface comes 
rather close to the {110} faces and, when the CuAu II superlattice is formed, the 
interaction between the Fermi surface and these split faces produces extra stabilization 
of the long-period structure. Since the period M governs the extent to which the satellite 
spots are separated in the reciprocal lattice, there should be a relationship between M and 
the electron concentration which governs the volume of the Fermi “sphere”. It can be 
shown that as e/a increases, the Fermi “sphere” would fit better with respect to the 
{110} faces if their splitting were increased. This requires that the period M should 
decrease. Sato and Toth [1961] have shown that additions of alloying elements to the 
CuAu II superlattice, resulting in changes of e/a, also poduce changes of the long-range 
period in the direction suggested by the above model. Furthermore, the model makes also 
possible the explanation of other characteristics of the long-period superlattices such as 
the nature of the distortion of the lattice, the concentration and temperature dependence 
of the distortion and of the periods, and the question whether or not the superlattice will 
be one-dimensional or two-dimensional. (Ordering in CuAu is treated by Rapson 
[1995].) 


11.3. Long-range order and short-range order 

Attempts to formulate a theory of ordering date back to the 1930s and are associated 
with the names of Borelius, Johansson and Linde, Dehlinger, Bragg and Williams, Bethe, 
Peierls, Takagi and others. Several comprehensive reviews exist on both the mechanisms 
of ordering and on various treatments of the subject, and they may be consulted for details; 
for example, those of Nrx and Shockley [1938], Lipson [1950] and Guttman [1956]. 

The essential condition for a solid solution of suitable composition to become ordered 
is that dissimilar atoms must attract each other more than similar atoms in order to lower 
the free energy upon ordering. In terms of interaction energies between pairs of atoms of 
two atomic species A and B this condition is usually expressed as follows: 

■^ab < T (^aa + £bb), (11) 

where ^AA and ^■bb represent energies of like pairs of atoms and E ^ represents the 
energy of the unlike pair. If this condition is satisfied for a given alloy of a 
stoichiometric composition, then at some suitably low temperature the structure will 
become perfectly ordered, the A and B atoms occupying designated sites in the lattice, 
which may be called the a and /3 sites. On warming up the energy will be supplied in 
the form of heat and will cause some A atoms to migrate into “wrong” y3 sites and vice 
versa, causing the atomic distribution to become more random. With perfect order at a 
low temperature the mathematical probability of finding an A atom on an a site and a B 
atom on a f3 site is unity. At higher temperatures, however, the probability that an a site 
is occupied by an A atom will be reduced to a fraction of unity, say p. Bragg and 
Williams [1934] have used this description to define the long-range order parameter, S, 

S = {p~r)/{l-r), 


( 12 ) 
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where r is the fraction of A atoms in the alloy. According to eq. (11), S varies from one 
to zero as order decreases. 

The order-disorder change, like the magnetic change, is a cooperative phenomenon. 
As more atoms find themselves in “wrong” atomic sites due to thermal agitation the 
energy difference indicated by eq. (10) decreases and it becomes easier to produce 
further disorder. Eventually a critical temperature is reached, Tc, at which all distinction 
between different sites is lost. 

The simple approach as outlined above does not allow for the possibility of the 
existence of magnetic domains and other types of interruptions in the ordered array of 
atoms that may cause a departure from perfect order (as mentioned in a previous section) 
which makes it possible for a high degree of local order to exist even though its 
perfection is not absolute on a large volume scale. In order to describe such situations an 
alternative method of defining the state of order is possible which, instead of considering 
the probability of finding A or B atoms on designated a or /3 lattice sites, takes into 
acount the number of unlike nearest neighbors around a given atom. For example, the 
Bethe [1935] short-range order parameter, <r, is defined by: 

<r = (q-q t )/(q m -q t ), (13) 

where q denotes the fraction of unlike nearest neighbors at a given temperature and q, 
and q m correspond to the fractions of unlike nearest neighbors at conditions of maximum 
randomness and maximum order. As may be seen, a is defined in such a way that it 
would become unity for perfect order and zero for randomness. 

Actually, instead of reaching zero on disordering, tr usually remains a definite value 
above T c . In terms of the relationship between atoms, a measures the state of order in the 
immediate vicinity of a given atom unlike the long-range order parameter, 5, of Bragg 
and Williams which deals with the whole lattice. The description of the immediate 
surroundings of a given atom can be extended further to include several successive 
concentric shells corresponding to the first, second, third, etc., nearest neighbors 
(Cowley [1950]). 
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Metallic Solid Solutions, Orsay, France, eds. J. Friedel and A. Guinier (Benjamin, New York, 1963). More 
recent symposia or reviews include: 

AIME Symposium on The Alloying Behavior and Effects in Concentrated Solid Solutions, ed. T. B. 
Massalski, Gordon and Breach, New York (1965). 

Battelle Inst. Symposium on Phase Stability in Metals and Alloys, eds. P. S. Rudman, I. Stringer and R. I. 
Jaffee, eds., McGraw Hill, (1967). 

Structure of Metals, 3rd edition, C. S. Barrett and T. B. Massalski, McGraw-Hill, New York (1966). 

A discussion of the theories of alloys based on the noble metals, Cu, Ag and Au, is given by: 

W. Hume-Rothery, J. Inst. Metals 9 (1961-2) 42. T.B. Massalski and H. W. King, Prog. Mater. Sci. 10 
(1961) 1. T.B. Massalski and U.Mizutani, Prog. Mater. Sci. 22(1978) 151. 

(b) Problems concerning the transition elements and their alloys are discussed in: 

AIME Symposium on Electronic Structure and Alloy Chemistry of Transition Elements, ed. P.A. Beck, Wiley, 
New York (1963). 

Electrons in Transition Elements, by N. F. Mott, Adv. Phys. 13 (1964) 325. 
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Battelle Inst. Symposium on Phase Stability in Metals and Alloys, eds. P. S. Rudman, J. Stringer and R. I. 
Jaffee, McGraw Hill (1967. 

(c) Relations between phase stability and phase diagrams are discussed in: 

T. B. Massalski, the Campbell Lecture, Metallurgical Transactions, 20A, 1295; and 20B, 445 (1989). 

(d) Size effects in alloy phases are discussed by: 

H.W. King, in: AIME Symposium (1965) listed above. 

F. Laves, in: Advances in X-ray Analysis, eds. W. M. Mueller and M.F. Fay, 6 (1962) 43. For electron 
theory connections to size effects see F. J. Pinski, B. Ginatempo, D. D. Johnson, J. B. Staunton, G. M. 
Stocks and B.L. Gyoffry, 1991, Phys. Rev. Lett., 66, 766. 

(e) Long-period superlattices and stacking faults are discussed by H. Sato and R. S. Toth, and J. W. 
Christian and P. Swann, respectively, in the AIME Symposium (1965) listed above under (a), and more 
recently in the NATO Symposium on Alloy Phase Stability listed under (g). 

(f) Stability and electronic structure of metallic glasses are discussed by: 

U. Mizutani, Prog. Mater. Sci. 28 (1983). 

(g) Recent concepts related to the electronic interactions in metals and alloys are discussed in a NATO 
Symposium on “Alloy Phase Stability” G.M. Stocks and A. Gonis, eds., Kluwer Academic Publishers, vol. 
163, series E, (1989); and in a book by Alan H. Cottrell, “Introduction to the Modem Theory o Metals”, 
Institute of Metals, London (1988). Interested readers should perhaps consult first the chapter on electronic 
theories in this book. 
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/. Introduction 

1.1. Preliminary remarks and definition of an intermetallic phase 

In the field of solid state chemistry an important group of substances is represented 
by the intermetallic compounds and phases. A few general and introductory remarks 
about these substances may be presented by means of figs. 1 and 2. In binary and multi- 
component metal systems, in fact, several crystalline phases (terminal and intermediate, 
stable and metastable) may occur. 

Simple schematic phase diagrams of binary alloy systems are shown in fig. 1. In all 
of them the formation of solid phases may be noticed. In fig. la we observe the 
formation of the AB X phase (which generally crystallizes with a structure other than those 
of the constituent elements) and which has a negligible homogeneity range. Thermody- 
namically, the composition of any such phase is variable. In a number of cases, however, the 
possible variation in composition is very small (invariant composition phases or stoichiometric 
phases, or “compounds” proper, also called “point compounds” in binary alloys). 

In fig. lb and lc, on the contrary, we observe that solid phases with a variable 
composition are formed (non-stoichiometric phases). In the reported diagrams we see 
examples both of terminal (lb, lc) and intermediate phases (lc). These phases are 
characterized by homogeneity ranges (solid solubility ranges) which, in the case of the 
terminal phases, include the pure components and which, generally, have a variable 
temperature-dependent extension. (In the older literature, stoichiometric and non- 
stoichiometric phases were often called “daltonides” and “berthollides”, respectively. 
These names, however, are no longer recommended by the Commission on the Nomen- 
clature of Inorganic Chemistry (Iupac), Leigh [1990]. 

More complex situations are shown in fig. 2, where some typical examples of 
isobarothermal sections of ternary alloy phase diagrams are presented. In the case of a 
ternary system, such as that reported in fig. 2a, we notice the formation of several, binary 
and ternary, stoichiometric phases. In the case shown in fig. 2b, different types of 
variable composition phases can be observed. We may differentiate between these phases 
by using terms such as: “point compounds” (or point phases), that is, phases represented 
in the composition triangle, or, more generally, in the composition simplex by points, 
“ line phases”, “field phases”, etc. 

As a summary of the aforementioned considerations, we may notice that several types 
of substances may be included in a preliminary broad definition of an intermetallic phase. 
Both stoichiometric ( compounds ) phases and variable-composition ( solid solutions ) phases 
may be considered and, as for their structures, both fully ordered or (more or less 
completely) disordered phases. 

For all the intermetallic phases the identification (and classification) requires 
information about their chemical composition and structure. To be consistent with the 
other field of descriptive chemistry, this information should be included in specific 
chemical (and structural) formulae built up according to well-defined rules. This task, 
however, in the specific area of the intermetallic phases (or more generally in the area 
of solid state chemistry) is much more complicated than for other chemical compounds. 
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Fig. 1. Examples of simple binary diagrams. 

a) A stoichiometric, congruently melting, compound is formed at the composition corresponding to the AB X 
formula. 

b) No intermediate phase is formed. The components show a certain limited mutual solid solubility. 

c) The two components show limited mutual solid solubility (formation of the a- and /3-phases). Moreover, 
an intermediate phase (y) is formed: it is homogeneous in a certain composition range. 


This complexity is related both to the chemical characteristics (formation of variable 
composition phases) and to the structural properties (the intermetallic compounds are 
generally non-molecular in nature, while the conventional chemical symbolism has been 
mainly developed for the representation of molecular units). As a consequence there is 
not a complete, or generally accepted, method of representing the formulae of 
intermetallic compounds. 
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Fig. 2. Isobarothermal sections of actual ternary systems (from ‘Ternary Alloys”, Petzow and Effenberg, 
[1988 etseg.]). 

a) Ba-Al-Ge system. A number of binary compounds are formed in the side binary systems. Moreover, a few 
ternary phases have been observed. 

r,: =Ba(Al,Ge 1 _ x ) 2 , line phase, stable for 0.41 <x< 0.77; 
r 2 : Ba 3 Al 2 Ge 2 , r 3 : Ba 10 Al 3 Ge ; , r 4 : BaAl 2 Gej, point phases. 

b) Ti-Au-Al system. The binary systems show the formation of several intermediate phases, generally 
characterized by certain composition ranges (ideal simple formulae are here reported). Two ternary field 
phases are also formed. Their homogeneity ranges are close to TiAu 2 Al (S,) and TiAuAl (S 2 ), respectively. 


Ch. 4, § 1 


Structure of intermetallic compounds and phases 


209 


Some details on these points will be given in the next sections. These will then be 
used for a description of selected common phases and a presentation of a few character- 
istic general features of intermetallic crystallochemistry. For an exhaustive description of 
all the intermetallic phases and a comprehensive presentation and discussion of their 
crystallochemistry, general reference books and catalogues, such as those reported in the 
list of references, should be consulted. More references to specific topics will be reported 
in the following sections. 

Those who are interested in the historical development of the intermetallic compound 
concept and science may refer to the review written by Westbrook [1977] on the past 
and future potential of intermetallic compounds. In this review Westbrook selected the 
following topics for the examination of their historic roots: 

a) the development of the modem concept of the intermetallic compound; 

b) the development of the phase diagram; 

c) the role of electron concentration in determining intermetallic phase stability; 

d) the role of geometrical factors in determining intermetallic phase stability; 

e) the point defect concept and its relation to non-stoichiometric compounds; 

f) the unusual role of grain boundaries in intermetallic compounds. 

He reported information on the chronological growth in the number of binary metallic 
phase diagrams studied (starting from the year about 1830 with the systems Pb-Sn, 
Sn-Bi, etc.,) and of the intermetallic compounds. 

The first problems encountered while studying these substances are pointed out: 
typically that simple valence concepts were not applicable for rationalizing compound 
formulation and that several compounds seemed to exist over a range of composition and 
not at some specific ratio as with ordinary salts. The development of the systematics of 
the intermetallic phases and of their applications is then discussed and compared with the 
history of the rise of thermodynamics and crystallochemistry. 

The complexity and variability of solid state phenomena add to more practical 
reasons of interest in defining the peculiar approach to a systematic investigation of solid 
intermetallic phases.* 

1.2. Identification of the intermetallic phases 

The identification and crystallochemical characterization of an intermetallic solid 
phase requires the definition and analysis of the following points: 

a) Chemical composition (and the homogeneity composition range and its temperature 
and pressure dependence). 


* This chapter, as previously stated, will highlight the particular subject of the intermetallic solids. It may be 
worth reminding, however, that intermetallic substances can be found also in different aggregation states. (For 
the liquid state see, for instance, fig. 1). Important contributions to understanding systems in the liquid state 
(experimental measurements, thermodynamic properties forecasting, liquid state structure, theories and models) 
were brought about, for instance, by Hoch, Arpshofen and Predejl [1984], Sommer [1982] and Singh and 
Sommer [1992]). A systematic description of the structure of amorphous and molten alloys (basic equation for 
the description of the structure of non-crystalline systems, experimental techniques and elements of systematics) 
has been presented by Lamparter and Steeb [1993]. 
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b) Structure type (or crystal system, space group, number of atoms per unit cell and 
list of occupied atomic positions). 

c) Values of a number of parameters characteristic of the specific phase within the 
group of isostructural phases (unit cell edges, occupation characteristics and, if not fixed, 
coordinate triplets of every occupied point set). 

d) Volumetric characteristics (molar volume of the phase, formation volume 
contraction, or expansion, space filling characteristics, etc.). 

e) Interatomic connection characteristics (local atomic coordination, long distance 
order, interatomic distances, their ratios to atomic diameters, etc.). 

Clearly, not all the data relevant to the aforementioned points are independent of each 
other. The strictly interrelated characteristics listed under d) and e), for instance, may be 
calculated from the data indicated in b) and c), from which the actual chemical composi- 
tion of the phase may also be obtained. 

For each of the aforementioned points (and for their symbolic representation) a few 
remarks may be noteworthy: these will be presented in the following. Crystallographic 
conventions, nomenclature and symbols will be used. For a summary of these and of the 
corresponding definitions the most important reference book is “International Tables for 
Crystallography”, Hahn [1989]. Several books, mentioned here in the reference list, 
contain, more or less detailed, introductions to the crystallographic notations. A few 
remarks on these points will be presented in this chapter (see especially table 3 and Sec. 
3.1 and 3.5.5); some examples moreover have been given in chapter 1. 

2 . Chemical composition of the intermetallic phase and its 
compositional formula 

Simple compositional formulae are often used for intermetallic phases; these (for 
instance, Mg 2 Ge, ThCr 2 Si 2 ,...) are useful as quick references, especially for simple, 
stoichiometric, compounds. The following remarks may be noteworthy: 

Order of citation of element symbols in the formula 

The symbol sequence in a formula (LaPb 3 or Pb 3 La) is, of course, arbitrary and, in some 
particular cases, may be a matter of convenience. Alphabetical order has often been 
suggested (for example by Iupac, Leigh [1990]). A symbol sequence based on some 
chemical properties, however, may be more useful when, for instance, compounds with 
analogous structures have to be compared (Mg 2 Ge and Mg 2 Pb). Recently, in 1990, an 
international group of materials scientists coordinated by the Max Planck Institute for 
Metals Research of Stuttgart (Germany) (the so-called MSIT: Materials Science 
International Team) performing the critical assessment of a new series on ternary alloys 
edited by Petzow and Effenberg [1988 et seq.] decided to adopt a symbol quotation 
order based on a parameter introduced by Pettifor [1984, 1986a] In fact, in order to 
stress the chemical character of the elements and to simplify their description, Pettifor 
[1984, 1985, 1986a, 1986b] (see also chapter 2) created a new chemical scale (x) which 
orders the elements along a simple axis. The progressive order number of the elements 
in this scale (the so-called Mendeleev number) may also be considered. The Mendeleev 
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numbers M (which, of course, are different from the atomic numbers) start, according to 
Pettifor, with the least electronegative elements He 1, Ne 2,... and end with the most 
electronegative ones ...N 100, 0 101, F 102 up to H 103. The Mendeleev Number (M) 
and the correlated “chemical scale x" 316 shown in table 1. The chemical meaning of 
these parameters may be deduced not only by their relation to the Periodic Table. By 
using them, in fact, excellent separation of similar structures is achieved for numerous 
A^,, phases with a given stoichiometry within single two-dimensional M A /M B maps, 
(see Sec. 8.7.). Notice, however, that in subsequent papers, on the basis of a progressive 
improvement of the structure maps, slightly different versions of the chemical scale had 
been reported. 

On the basis of the Pettifor’s scale, the suggestion has been made that the element E 
with a lower value M E (or Xv) is quoted first in the formulae of its compounds. This will 
be generally adopted here. 

Indication of constituent proportions 

No special comments are needed for stoichiometric compounds (LaPb 3 , ThCr 2 Si 2 ,...). 

More complex notation is needed for non-stoichiometric phases. Selected simple 
examples will be given below and more detailed information will subsequently be 
reported, when discussing crystal coordination formulae. 

a) Ideal formulae 

While considering a variable composition phase, it is often possible to define an “ideal 
composition” (and formula) relative to which the composition variations occur (or are 
considered to occur). This composition may be that for which the ratio of the numbers 
of different atoms corresponds to the ratio of the numbers of the different crystal sites in 
the ideal (ordered) crystal structure (as suggested by Iupac, Leigh [1990]). These 
formulae may be used even when the “ideal composition” is not included in the 
homogeneity range of the phase (Nb 3 Al for instance, shows a homogeneity range from 
18.6 at% A1 which hardly reaches 25 at% Al. At the formation peritectic temperature of 
2060°C the composition of the phase is about 22.5 at% Al). 

b) Approximate formulae 

A general notation which has been suggested by Iupac when only little information has 

Table 1 

Chemical order of the elements, according to Pettifor [1986a] 


la. For the elements, arranged here in alphabetical order, the values of the so-called Mendeleev number are reported. 


Ac 

48 

Be 

77 

Cm 41 

Fe 

61 

Ho 

23 

Md 

36 

No 

35 

Pr 

31 

Sb 

88 

Te 

92 

Yb 17 

Ag 

71 

Bi 

87 

Co 

64 

Fm 

37 

I 

97 

Mg 73 

Np 

44 

Pt 

68 

Sc 

19 

Th 

47 

Zn 76 

Al 

80 

Bk 

40 

Cr 

57 

Fr 

7 

In 

79 

Mn 

60 

O 

101 

Pu 

43 

Se 

93 

Ti 

51 

Zr 49 

Am 42 

Br 

98 

Cs 

8 

Ga 

81 

Ir 

66 

Mo 

56 

Os 

63 

Ra 

13 

Si 

85 

T1 

78 


At 

3 

C 

95 

Cu 

72 

Gd 

27 

K 

10 

N 

100 

p 

90 

Rb 

9 

Sm 

28 

Tm 

21 


As 

89 

Ca 

16 

Dy 

24 

Ge 

84 

Kr 

4 

Na 

11 

Pa 

46 

Re 

58 

Sn 

83 

U 

45 


At 

96 

Cd 

75 

Er 

22 

H 

103 

La 

33 

Nb 

53 

Pb 

82 

Rh 

65 

Sr 

15 

V 

54 


Au 

70 

Ce 

32 

Es 

38 

He 

1 

Li 

12 

Nd 

30 

Pd 

69 

Rn 

6 

Ta 

52 

W 

55 


B 

86 

Cf 

39 

Eu 

18 

Hf 

50 

Lr 

34 

Ne 

2 

Pm 

29 

Ru 

62 

Tb 

26 

Xe 

5 


Ba 

14 

Cl 

99 

F 

102 

Hg 

74 

Lu 

20 

Ni 

67 

Po 

91 

S 

94 

Tc 

59 

Y 

25 



References: p. 363. 




212 


Riccardo Ferro and Adriana Saccone 


Ch. 4, §2 


Table 1 — Continued 


lb. The elements are arranged in the order of the Mendeleev Number M (and of the related chemical scales). 


M 

Element 

X 

M 

Element 

X 

M 

Element 

X 

1 

He 

0.00 

36 

Md 

0.7125 

70 

Au 

1.16 

2 

Ne 

0.04 

37 

Fm 

0.715 

71 

Ag 

1.18 

3 

Ar 

0.08 

38 

Es 

0.7175 

72 

Cu 

1.20 

4 

Kr 

0.12 

39 

Cf 

0.72 

73 

Mg 

1.28 

5 

Xe 

0.16 

40 

Bk 

0.7225 

74 

Hg 

1.32 

6 

Rn 

0.20 

41 

Cm 

0.725 

75 

Cd 

1.36 

7 

Fr 

0.23 

42 

Am 

0.7275 

76 

Zn 

1.44 

8 

Cs 

0.25 

43 

Pu 

0.73 

77 

Be 

1.50 

9 

Rb 

0.30 

44 

Np 

0.7325 

78 

Tl 

1.56 

10 

K 

0.35 

45 

U 

0.735 

79 

In 

1.60 

11 

Na 

0.40 

46 

Pa 

0.7375 

80 

A1 

1.66 

12 

Li 

0.45 

47 

Th 

0.74 

81 

Ga 

1.68 

13 

Ra 

0.48 

48 

Ac 

0.7425 

82 

Pb 

1.80 

14 

Ba 

0.50 

49 

Zr 

0.76 

83 

Sn 

1.84 

15 

Sr 

0.55 

50 

Hf 

0.775 

84 

Ge 

1.90 

16 

Ca 

0.60 

51 

Ti 

0.79 

85 

Si 

1.94 

17 

Yb 

0.645 

52 

Ta 

0.82 

86 

B 

2.00 

18 

Eu 

0.655 

53 

Nb 

0.83 

87 

Bi 

2.04 

19 

Sc 

0.66 

54 

V 

0.84 

88 

Sb 

2.08 

20 

Lu 

0.67 

55 

w 

0.88 

89 

As 

2.16 

21 

Tm 

0.675 

56 

Mo 

0.885 

90 

p 

2.18 

22 

Er 

0.6775 

57 

Cr 

0.89 

91 

Po 

2.28 

23 

Ho 

0.68 

58 

Re 

0.935 

92 

Te 

2.32 

24 

Dy 

0.6825 

59 

Tc 

0.94 

93 

Se 

2.40 

25 

Y 

0.685 

60 

Mn 

0.945 

94 

S 

2.44 

26 

Tb 

0.6875 

61 

Fe 

0.99 

95 

C 

2.50 

27 

Gd 

0.69 

62 

Ru 

0.995 

96 

At 

2.52 

28 

Sm 

0.6925 

63 

Os 

1.00 

97 

i 

2.56 

29 

Pm 

0.695 

64 

Co 

1.04 

98 

Br 

2.64 

30 

Nd 

0.6975 

65 

Rh 

1.05 

99 

Cl 

2.70 

31 

Pr 

0.70 

66 

It 

1.06 

100 

N 

3.00 

32 

Ce 

0.7025 

67 

Ni 

1.09 

101 

O 

3.50 

33 

La 

0.705 

68 

Pt 

1.105 

102 

F 

4.00 

34 

Lr 

0.7075 

69 

Pd 

1.12 

103 

H 

5.00 

35 

No 

0.71 








to be conveyed and which can be used even when the mechanism of the variation in 
composition is unknown, is to put the sign = (read as circa or approximately) before the 
formula; for instance = CuZn. 
c) Variable composition formulae 

(Ni,Cu) or Ni x Cu,_ x (0< x< 1) are the equivalent representations of the continuous solid 
solution between Ni and Cu, homogeneous in the complete range of compositions; other 
examples are: Ce,_ x La x Ni 5 (0<x< 1); (Ti^CrJjS^ (0<x<0.69); etc.... 

Similar formulae may also be used in more complicated cases to convey more information: 
A m+x B n - x C p (... < x < ...) (phase involving substitution of atoms A for B). 

A,_ X B may indicate that there are A-type vacant sites in the structure. 
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LaNi 5 H x (0< x < 6.7) indicates the solid solution of H in LaNi 5 . 

d) Site occupation formulae 

According to the Recommendations by the Commission on the Nomenclature of 
Inorganic Chemistry, (Leigh [1990]), additional information may be conveyed by using 
a more complicated symbolism; suggestions have also been made about the indication of 
site occupation and of their characterization. These points will be discussed in more 
detail in the following sections; in the meantime we may mention that, for the indication 
of site occupation, the following criteria have been suggested by the Commission: 

The site anc. its occupancy is represented by two right lower indexes separated by a 
comma. The first index indicates the type of site, the second one indicates the number of 
atoms in this site. (A a , for instance, means an atom A on a site occupied by A in the ideal 
structure, whereas A B represents an atom A in a site normally (ideally) occupied by B). 

A formula such as: 

M m ,,_ x N m ,M n . x N n ,,. x or (M,_ x N i ) m (M x N,_ x ) n represents a disordered alloy (whereas the 
ideal composition is MN with an ideal M m N n structure). In this notation vacant sites may 
be represented by □ or by v_. 

The following examples of alloy formulae have been reported: 

Mg Mg , 2 _ x Sn Ml , iX Mg Sn x Sn Sn l _ x shows a partially disordered alloy with some of the Mg atoms 
on Sn sites, and vice versa; 

(Bi 2 _ x Te x ) Bi (Bi x Te 3 _ x ) Xe shows the composition changes from the ideal Bi 2 Te 3 formula; 
Al A i,iPd AliX Pd P(U .^ a n2x which shows that in the phase (corresponding to the ideal 
composition PdAl), every A1 is on an A1 site, but x Pd atoms are on A1 sites (1-x Pd 
atoms in Pd site:s) and 2x Pd sites are vacant. 

This type of formula may be especially useful when discussing thermodynamic 
properties of the phase and dealing with solid solution models and quasi-chemical 
equilibria between point defects. 

e) Polymorphism descriptors 

Several substances may change their crystal structure because of external conditions such 
as temperature and pressure. These different structures (polymorphic forms) may be 
distinguished by using special designators of the stability conditions. (If the various 
crystal structures are known, explicit structural descriptors may obviously be added). A 
very simple, but systematic notation has been introduced by the MSIT (see before) which 
in the meanwhile has been adopted worldwide (see Introduction of all volumes on 
“Ternary Alloys” edited by Petzow and Effenberg, [1988 et seq.]). The different 
temperature modifications are indicated by lower case letters in parenthesis behind the 
phase designation, with (h) = high temperature modification, (r) = room temperature 
modification and (l) = low temperature modification; (h„ h 2 , etc. represent different high 
temperature modifications). In the description of a number of modifications which are 
stable at different temperatures, the letters are used in the sequence h 2 , h„ r, 1„ 1 2 ,..., in 
correspondence to the decreasing stability temperature. 

Table 2, taken from Volume 3 of the series edited by Petzow and Effenberg 
[1988], shows a few examples of this notation. (In this case, of course, the temperature 
and composition ranges of stability explicitly indicated for all the phases give additional, 
more detailed information). 
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Table 2 


An example of crystallochemical description of alloy system. 
Binary solid phases in the Ag-Al system 
(from Petzow and Effenberg [1988 elseg.] and Massalski [1990]). 


Phase 

Trivial Name, Ideal Formula, 
Temperature Range (°C) 

Pearson 

Symbol/ 

Prototype 

Lattice 

Parameters 

(pm) 

Maximum Composition 
Range (at% Al) 

(Ag) 

cF4 

a = 408.53 (23°C) 

0 to 20.4 

<961.93 

Cu 


(at = 450°C) 

/3-AgjAl (h) 

cI2 

a = 330.2 (700°C) 

20.5 to 29.8 

778-605 

W 


(at 726°C) 

/i-Ag 3 Al (r) 

cP20 

a = 693 

= 21 to 24 

<448 

P - Mn 



S-AgjAl 

hP2 

a = 287.1 (27at%Al) 

22.9 to 41.9 

<726 

Mg 

c = 466.2 




a= 288.5 (Al-rich 




c = 458.2 limit) 


(Al) 

cF4 

a = 404.88 (24°C) 

76.5 to 100 

< 660.45 

Cu 


(at 567°C, Al-rich 




eutectic temperature) 


In connection with this group of descriptors we may perhaps remember indicators such 
as (am), (vt), etc. for amorphous, vitreous substances. For instance: 

Si0 2 (am) amorphous silica; Si(am)H x amorphous silicon doped with hydrogen. 

3. Crystal structure of the intermetallic phase and its representation 

3.1. Unit cell description (general remarks, lattice complexes) 

The characterization of a phase requires a complete and detailed description of its 
structure. As examples of such a description, we may consider the data (as obtained, for 
instance, from X-ray diffraction experiments) reported in table 3 for stoichiometric and 
variable composition phases. (For an explanation of the various symbols used in the table 
see the International Tables of Crystallography (Hahn [1989]. See also the examples 
reported in chapter 1). 

Following information is included in the table: 

— Crystallographic system, that is the coordinate system (and metrical relationships 
between the lattice parameters of the adopted unit cell: for instance, cubic: a = b = c, a =(3 
= 7 = 90°; tetragonal: a = b*c, a=) 3=7 = 90°, etc.); and the specific values (in pico- 
meters) of the unit cell dimensions. 
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Table 3 

Examples of crystallographic description of phase structures 
(from Villars and Calvert [1991]). 

CsCl (stoichiometric compound); 

Primitive cubic; a = 4 11.3 pm; space group Pm3m, No. 221, 

1 Cs in a): 0,0,0; 

1 Cl in b); 

(The two special a) and b) Wyckoff positions have no free coordinate parameter.) The two occupancy 
parameters are 100%. 

Mg 2 Ge (stoichiometric compound): 

Face-centered cubic; a = 638.7 pm; space group Fm3m, N. 225, 

Equivalent positions (0,0,0; 0,j,j; j,0,y;j,j,0) + 

4 Ge in a): 0,0,0 
8 Mg in c): ]•,],] 

(No free parameters in the atomic positions of Mg and Ge. In this case the two occupancy parameters have 
been found to be 100%.) 

MoSi 2 (nearly stoichiometric compound): 

body-centered tetragonal; a = 319.6 to 320.8 pm and c = 787.1 to 790.0 pm, according to the composition; space 
group I4/mmm, No. 139, 

Equivalent positions (0,0,0; },),]-) + 

2 Mo in a): 0,0,0 

4 Si in e): 0,0, z; 0,0,- z ; z = 0.333 

(The Si position has the free parameter z, for which, in this particular case, the value 0.333 has been 
determined; the two occupancy parameters are 100%.) 

= Ce 2 NiSi 3 (disordered structure): 

hexagonal; a = 406.1 to 407.1 pm; c = 414.9 to 420.2 pm; space group P6/mmm, N. 191 

1 Ce in a): 0,0,0, 

2 (Ni + Si) (in a ratio 1:3) in d): j, f, ); J, }, }; 

(In this case the atomic sites corresponding to the d) Wyckoff position are randomly occupied by Ni and Si 
atoms in the given ratio and the overall composition correspond to lCe + 2 x (0.25Ni + 0.75Si)). 

Cr 12 P, (simple structure showing partially occupied sites): 
hexagonal; a = 898.1 pm; c = 331 .3 pm; space group P6j/m, No. 176. 

2 P in a): 0,0,]; 0,0,]; (occupancy 50%) 

6 P in h); x,y,]; -y,x-y,]; -x+y,-x,|; -x,-y,]; y,-x+y,|; x-y,x,] (x= 0.2851, y = 0.4462); (occupancy 100%) 

6 Cr in h): x,y,]; -y,x-y,]; -x+y,-x,]; -x,-y,J; y,-x+y,]; x-y,x,] (x= 0.5109, y = 0.3740); (occupancy 100%) 

6 Cr in h): x,y,]; -y,x-y,]; -x+y.-x,); -x,-y,J; y,-x+y,f; x-y,x,| (x= 0.2108, y = 0.0144); (occupancy 50%) 

6 Cr in h); x,y,]; -y.x-y,]; -x+y,-x,]; -x,-y,|; y,-x+y,|; x-y,x,| (x= 0.2638, y = 0.0137); (occupancy 50%) 

In this case several groups of atoms have the same type of Wyckoff positions: the h) position which has free 

parameters. These, of course, have different values for the different groups of atoms. The parameter values 
experimentally determined in this case for each atom group are reported. 

The partial occupancies found for the different positions are also reported. In this case in the a) Wyckoff 
position, for instance, only half of the sites are randomly occupied by P atoms; the others are vacant. The total 
number of atoms in the unit cell is: P: 0.5x2 + 6 = 7; Cr: 6 + 0.5x6 + 0.5x6=12. 


— Bravais point lattice and space group (this describes the spatial symmetry of the 
structure on a microscopic (atomic) level, and is represented by means of the Hermann 
-Mauguin symbol, composed by a letter representing the lattice type (P = primitive, 
I = body centered, etc., see table 4) followed by the symbols of the symmetry elements 
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Table 4 

Pearson Symbols 


System symbol 
a triclinic (anorthic) 
m monoclinic 
o orthorhombic 
t tetragonal 

h hexagonal (and trigonal 
and rhombohedral) 
c cubic 


Lattice symbol 
P primitive 
I body centred 
F all-face centred 
C side face centred * 
R rhombohedral 


* Instead of C, in the future, the symbol S will probably be adopted according to the recommendation of the 
International Union of Crystallography. 


ordered according to their positions relative to the axes (for instance Pm3m is the symbol 
of the space group of the CsCl structure). 

As usual, the space group is also identified by the serial number (221 for Pm3m) 
reported in several compilations such as the “International Tables” which is the funda- 
mental reference book for crystallography (Hahn [1989]). 

A list of the atoms contained in the unit cell and their coordinates (fractional 
coordinates related to the adopted system and unit cell edges) are then reported. These 
are usually presented in a format as M El in n: x,y,z ■ In the MoSi 2 structure, also reported 
in table 3, we have, for instance, four silicon atoms (that is: M El = 4 Si) in the position 
set coded as e and corresponding to the 4 coordinate triplets 0,0,0; 0,0, z; + z; 
T>T>2 - z - Such entries correspond to the so-called Wyckoff positions characterized by a 
well-defined site symmetry and by a multiplicity M. For each Wyckoff position M, is the 
number of equivalent points (positions) in the unit cell with the same site symmetry. The 
highest multiplicity of the given space group corresponds to the lowest site 
symmetry (each point is mapped onto itself only by the “identity operation”). This is the 
“ general position”-, the coordinate triplets of the M inax sites include the reference triplet 
indicated as x,y,z (having three variable parameters). In a given space group, moreover, 
it is possible to have several special positions. In this case points are considered which 
are located on symmetry elements (without translations) or at the intersection of several 
such symmetry elements. Each point will be mapped onto itself by at least one of these 
symmetry operations: we will have as a consequence a reduction in the number of 
different equivalent points in the unit cell generated by all the characteristic symmetry 
operations. The multiplicity of these positions will be lower than (M in a special 
position is a divisor of that of the general position). We may also say that specific 
costraints are imposed on the coordinates of each point of a special position leading to 
triplets such as x,y,0 (that is z = 0) or x,x,z (that is x = y), with two variable parameters, 
or x,j ,2 or x,x,0 (with one variable parameter) or 0,0,0 or j,£,0 (with no variable 
parameter). In the International Tables of Crystallography, for each of the 230 space groups, 
the list of all the positions is reported. For each of the positions (the general and the special 
ones) the coordinate triplets of the equivalent points are also given. The different positions are 
coded by means of the Wyckoff letter, a, b, c, etc., starting with a for the position with the 
lowest multiplicity and continuing in alphabetical order up to the general position. 




Ch. 4, § 3 


Structure of intermetallic compounds and phases 


217 


In the examples reported in table 3 it is also shown that for the positions with free 
parameters the specific values of the parameters themselves have to be experimentally 
determined in order to present a complete description of the structure. 

Notice that, for instance, in the case of the MoSi 2 structure the different atomic 
positions in the unit cell are the following: 2 Mo in 0,0,0, and in y,y,- 2 - and 4 Si in 0,0,z; 
in 0,0, - z; in y,j, j + z and in j,j,j - z (corresponding, on the basis of the experimental 
value z = 0.333, to 0,0,0.333; 0,0,0.667; 0.833; j,^, 0.167). These positions have been 

described, according to the International Tables of Crystallography conventions, explicitly 
indicating the centring translations (0,0,0; j, 5 ,j) + before the coordinate triplets. The 
symbol + means that, in order to obtain the complete Wyckoff position the components 
of these centring translations have to be added to each of the listed triplets. 

A similar presentation has been used for the Mg 2 Ge structure description. Notice that 
the coordinates are formulated modulo 1 : thus, for instance, -x,-y,-z is written rather 
than l-x,l-y,l-z. 

Finally, in the table, some more examples are reported as an introduction to more 
complex, partially disordered structures (random distribution of different atom types in 
the same positions, partially occupancy of certain positions). 

Considering now the simple structure of CsCl as an example we see that the 
“crystallographic description” reported in table 3 corresponds to the atom arrangement 
presented (with alternative representations) in fig. 3 and, in more details, in sec. 6.1.2). 

More generally, we may say that, from descriptions, such as those reported in table 3, the 
interatomic distances may be computed and, consequently, the coordinations and grouping of 
the various atoms may be derived: an example of this computation will be presented in sec. 
3.5.5. (A systematic listing of the crystal data relevant to all the known phases has been 
reported in a number of fundamental reference books such as (Pearson [1967], Landolt- 
Bornstein [1971], Villars-Calvert [1985], Villars-Calvert [1991], etc). 

For the criteria to be followed, especially when complex structures are involved, in 
the preparation and presentation of coordinate lists see Parthe and Gelato [1984]. 
Their paper describes a proposal for a standardized presentation of inorganic crystal 
structure data with the aim of recognizing identical (or nearly identical) structures from 
the similarity of the numerical values of the atom coordinates. Different, equivalent (but 
not easily recognizable) descriptions could, in fact, be obtained by shift of origin of the 
coordinate system, rotation of the coordinate system, inversion of the basis vector triplet. 
(See also Parthe etal. [1993]). 

A description which in some simple cases could in a way be considered alternative 
to those exemplified in table 3 is based on the lattice complex concept. (Listing the 
symbols of the lattice complexes occupied by the different atoms in a structure, for 
instance, symbol P for the point 0,0,0, and its equivalent points, provides in fact a means 
of describing and classifying structures. This may be especially convenient for relatively 
simple structures particularly in the cubic system). 

A lattice complex may be defined as an arrangement of equivalent points that are 
related by space group symmetry operations including lattice translations (Pearson 
[1972]). The same lattice complex may occur in different space group types and may 
have more than one location in regard to a chosen origin for the unit cell. The number 
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Fig. 3. Alternative representations of the unit cell of the CsCI compound. The two types of atoms are 
represented by means of the differently coloured spheres. 

a) the positions of the centers of the atoms in the unit cell are indicated. 

b) projection of the unit cell on the base plane. The values of the 3 rd (vertical) coordinate are given. 

c) the shortest interatomic distances are presented. 

d) packed spheres model. 

e) a group of 8 cells is represented in order to show that the actual structure of CsCI corresponds to a three- 
dimensional infinite repetition of unit cells. Notice the coordination around the white atom; it is similar to 
that around the black atom shown in c). 
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of degrees of freedom of a lattice complex, normally, is the same as that of any of its 
Wyckoff positions and is the number of coordinate (free) parameters x,y,z, that can vary 
independently. According to its number of degrees of freedom a lattice complex is called 
invariant, uni-, bi-, or trivariant. 

The invariant lattice complexes in their characteristic Wyckoff positions are repre- 
sented mainly by capital letters. Those with equipoints at the nodes of the Bravais lattice 
are designated by their appropriate lattice symbols. (Lattice complexes, from different 
crystal families that have the same coordinate description for their characteristic Wyckoff 
positions, receive the same symbol: for instance, lattice complex P corresponding to 
coordinate 0,0,0. In such a case, unless it is obvious from the context which lattice is 
meant, the crystal family may be stated by a small letter, preceding the lattice-complex 
symbol as follows: c= cubic, t = tetragonal, h = hexagonal, o = orthorhombic, m = mono- 
clinic, a = anorthic = triclinic). Other invariant complexes are designated by letters that 
recall some structural features of a given complex, for instance D from the diamond 
structure, E from the hexagonal close-packing. Examples of two-dimensional invariant 
complexes are G (from graphite layer) and N (from kagomd net). (See table 4 and sec. 
3.5.2.) 

A short list of invariant lattice complex symbols is reported in the following. (For a 
complete list, for a more systematic description and formal definition, see chapter 14, 
Vol. A, of the International Tables of Crystallography, Hahn [1989]). 

— Lattice complex P\ (multiplicity, that is the number of equivalent points in the unit 
cell, 1 ); 

coordinates 0 , 0 , 0 ; 

(crystal families: c, t, h, o, m, a). 

— Lattice complex I: (multiplicity 2); 
coordinates 0 , 0 , 0 ; jH 

(crystal families: c, t, o). 

— Lattice complex J: (multiplicity 3); 
coordinates 0 ,j,j; ^, 0 ,^; {,|, 0 ; 

(crystal families: c). 

— Lattice complex F: (multiplicity 4); 
coordinates 0 , 0 , 0 ; 0 ,^,}; }, 0 ,^; |,|, 0 ; 

(crystal families: c, o). 

— Lattice complex D\ (multiplicity 8 ); 

(D from “Diamond”, see sec. 6.3.1) 
coordinates 0 , 0 , 0 ; y,£, 0 ; 5 , 0 ,^; 0 ,^; 5 , 5 , 5 ; 

3 13 . 13 3 . 

4 >4 >4 > 4 >4 >4 > 

(crystal families: c, o). 

— Lattice complex E: (multiplicity 2); 
coordinates 5 , 5 , 5 ; 5 , 5 , 5 ; 

(crystal families: h). 
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— Lattice complex G: (multiplicity 2); 

(G fom “Graphite” layer, see sec. 6.3.4). 

coordinates £,§,0; 

(crystal families: h). 

— Lattice complex R: (multiplicity 3); 

coordinates 0,0,0; £,§,£; f,£,£; 

(crystal families: h). 

The coordinates indicated in the reported (partial) list of invariant lattice complexes 
correspond to the so called “standard setting”. Some of the non-standard settings of an 
invariant lattice complex may be described by a shifting vector (defined in terms of 
fractional coordinates) in front of the symbol. The most common shifting vectors have 
also abbreviated symbols: F represents £ £ £ P (coordinates £,£,£), J' represents £ £ £ J 
(coordinates £,0,0,; 0,£,0; 0,0, £); F' represents jF (coordinates £,£,£; £,|,J; i£,f; J,£,£) 
and F'" represents \ 1 f F. (The following notation is also used J* =J+J' (complex of 
multiplicity 6). It can be seen, moreover, that the complex D corresponds to the 
coordinates F+F'. 

Simple examples of structure descriptions in terms of combination of invariant lattice 
complexes, may be: CsCl type P + P' (Cs in 0,0,0; Cl in £,£,£), see table 3 and sec. 6.1.2.; 
NaCl type structure: F+F, see sec. 6.4.1; ZnS type structure: F+F', see sec. 6.3.2.; 
NaTl type structure: D + D', see sec. 6.1.4. 

Such combination of, original or transformed, invariant lattice complexes, are also 
indicated as connection patterns or construction patterns or frameworks (or Bauverbande 
in the German literature, according to Laves [1930]). These patterns are homogeneous 
if they may be described by the parameters of one point position, heterogeneous if, for 
their description, the parameters of two or more independent point positions are 
necessary. This terminology may give a short informative description of the crystal 
structure and is specially useful for cubic substances. (For its use in a systematic 
description and classification of cubic structures see Hellner [1979]). For non-invariant 
complexes and/or in crystal systems with symmetry lower than cubic, the geometrical 
configuration of the complex (and the coordination) may change significantly with free 
parameter value and with axial ratios and angles between the crystal axes. 

3.2. Structural types 

Several intermetallic phases are known which have the same (or a similar) 
stoichiometry and crystallize in the same crystal system and space group with the same 
occupied point positions. 

Such compounds are considered as belonging to the same structure type. The 
reference to the structure type may be a simpler and more convenient way of describing 
the structure of the specific phase. The structure type is generally named after the formula 
of the first representative identified: the “ prototype ”. Trivial names and symbols are also 
used in some cases (see sec. 3.4.). 

The various representatives of a specific structure type generally have different unit 
cell edges, different values of the occupancy parameters and of the free coordinates of 
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the atomic positions and, in the same atomic positions, different atoms (see, for instance, 
sec. 3.5.5.). 

If these differences are small, we may consider the general pattern of the structure 
unaltered. 

On the other hand, of course, if these differences become larger, it might be more 
convenient to describe the situation in terms of a “family”, instead of a single structural 
type, of different (more or less strictly interrelated) structural (sub) types. According to 
Parthe and Gelato [1984], some structures may not really be isotypic but only 
isopointal, which means that they have the same space group and the same occupation 
of Wyckoff positions with the same adjustable parameters but different unit-cell ratios 
and different atom coordinations (and/or different values of Wyckoff free parameters). 

An interesting example may be given by the structures of MoSi 2 , reported in table 3, 
and CaC 2 . In this compound, Ca and C are respectively in the same positions as Mo and 
Si in the same space group I4/mmm: 

2 Ca in a): 0,0,0; 

4 C in e): 0,0, z; 0,0, -z; j.^ + z; 

The unit cell dimensions, however, correspond to a = 388 pm, c = 638 pm (c/a= 1.644 
instead of 2.463 as in MoSij) and the free parameter z has the value 0.4068 (instead of 
0.333). These differences result in two different space arrangements (see fig. 4). 
Diatomic groups, such as C 2 , clearly evident in CaC 2 (and in a number of isostructural 
dicarbides and peroxides) are not formed in MoSi 2 . 

Very interesting general comments and definitions on this question have been 
proposed, for instance, by Pearson [1972], and more recently by Lima De Faria et al. 
[1990] According to these authors, two structures are isoconfigurational 
(configurationally isotypic) if they are isopointal and are similar with respect to the 
corresponding Wyckoff positions and their geometrical interrelationships (same or similar 
positional coordinates, same or similar values of the unit cell axial ratios, c/a, a/b, b/c 
and cell angles a, f3, y). 

Isotypism is found particularly with inorganic compounds. This behaviour has been 
discussed by Parthe et al. [1993]. It has been underlined that to explain why two 
compounds adopt the same atom arrangement is not always simple. Following examples 
have been presented: 

— The isotypism of Gd 4 Ni 6 Al 23 and Y 4 Ni 6 Al 23 may be easily explained because Gd and 
Y (elements of the same group of the Periodic Table) have comparable electron 
configuration and nearly the same atomic dimensions. 

— Li 2 Si0 3 and LiSi 2 N 3 are isotypic (even if not in a rigorous sense owing to slightly 
different distortions of the coordination polyhedra). They adopt an adamantine structure 
type (see sec. 6.3. and 7.2.1.) for which particular values of the electron concentration 
may be relevant even if obtained with elements from different parts of the Periodic 
Table. 

— GdNi and NiB represent another couple of isotypic compounds. The role (the position 
in the crystal structure), however, of the same atom, Ni, in the two compounds is 
exchanged. In NiB, the Ni atoms are those centring the trigonal prism (formed by Gd 
atoms). A reason for the existence of this structure type could possibly be related to the 
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a) 




0 Mo or Ca 
O Si or C 

Fig. 4. MoSi 2 (a) and CaC 2 (b) type structures: an example of isopointal structures. Notice that, due to the 
different values of the c/a ratios and of the z parameters, there are different coordinations and atomic groupings 
(formation in CaC 2 of C-C, dumb-bell, discrete groups). 


atomic size difference of the elements involved (or, perhaps, to their relative position in 
Pettifor’s chemical scale). 

— The last (and most intriguing) example reported by Parthe etal. [1993] is the couple 
of compounds Pu 31 Rh 20 and Ca 31 Sn 20 . For the present, the isotypism of these compounds 
of unusual stoichiometry cannot be expected and explained. 

As a conclusion to these comments, we may mention that two structures are defined 
crystal-chemically isotypic if they are isoconfigurational and the corresponding atoms 
(and bonds) have similar chemical/ physical characteristics. 

Those interested in these concepts and in their historical development may refer also 
to a contribution by Laves [1944], translated and reported by Hellner [1979]. Condi- 
tions to be defined for calling crystal structures “equal” (isotypism), “similar” (homeo- 
typism) or “different” (heterotypism) were suggested, discussed and exemplified. 

We have finally to observe that, when considering phases having certain polar 
characteristics (salt-like “bonding”), the concept type and antitype may be useful. 
Antitypic phases have the same site occupations as the typic ones, but with the cation- 
anion positions exchanged (or more generally some important physical/chemical 
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characteristics of the corresponding atoms interchanged). As examples the structure types 
CaF 2 and Cdl 2 and their antitypes reported in sec. 6.4.2. and 6.5.2. may be considered. 
Notice, however, that for a structure such as the CsCl type, it does not matter whether 
we describe it as 1 Cs in 0,0,0 and 1 Cl in y.y.y, or as 1 Cs in y,y,y, and 1 Cl in 0,0,0. In 
this case the two descriptions are undistinguishable (see fig. 3): they correspond to a 
mere shift of the origin of the reference axes. The CsCl type is its own antitype. Similar 
considerations are valid also for other structures such as the NaCl, ZnS types, etc. 

3.3. Unit cell Pearson symbol 

The use of the so-called Pearson notation (Pearson, [1972]) is highly recommended 
(Iupac, Leigh [1990], ‘Ternary Alloys”, Petzow and Effenberg [1988 etseg.]) for the 
construction of a compact symbolic representation of the structure of the phase. As far 
as possible, it should be completed by a more detailed structural description by using the 
prototype formula which defines (as previously mentioned) a certain structure type. 

The Pearson symbol is composed of a sequence of two letters and a number. The first 
(small) letter corresponds to the crystal system of the structure type involved; the second 
(capital) letter represents the lattice type (see table 4). The symbol is completed by the 
number of the atoms in the unit cell. A symbol as tPIO, for example, represents a 
structure type (or a group of structure types) corresponding to 10 atoms in a primitive 
tetragonal cell. 

In this chapter, the Pearson symbol will be used throughout; the convention has been 
adopted indicating in every case the number of atoms contained in the chosen unit cell. 
In the case, therefore, of rhombohedral substances for which the data of the (triple 
primitive) hexagonal cell are generally reported, the number of atoms is given which is 
in the hexagonal cell and not the number of atoms in the equivalent rhombohedral cell 
(Ferro and Girgis [1990]). So, for instance, at variance with Villars and Calvert 
[1985, 1991], hR9 (and not rP3 or hR3) for the Sm-type structure. 

If the structure is not known exactly, the prototype indication cannot be added to the 
Pearson symbol. In some cases, moreover, only incomplete Pearson symbols (such as 
o?60, cF?, etc.) can be used. 

A criterion similar to Pearson’s for the unit cell designation was used by Schubert 
[1964] in his detailed and systematic description of the structural types of the 
intermetallic phases and of their classification. 

A slightly more detailed notation, moreover, for the unit cell of a given structure has been 
suggested by Frevel [1985], Four items of information are coded in Frevel’s notation: 

— the number of different elements contained in the compound, 

— the total number of atoms given by the chemical formula, 

— the appropriate space group expressed in the Hermann-Mauguin notation and 

— the number of formulae for unit cell. 

The notation for the CaF 2 structure, for instance, is: 

2,3 Fm3m (4). 

Possible augmentation of the notation has been discussed by Frevel and its use for 
classification and cataloguing the different crystal structures suggested. 
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According to Parthe et al. [1993], a standardization procedure is at first necessary 
in the presentation of the relevant data characteristic of a crystal structure (see also 
Parthe and Gelato [1984]). A convenient description of the structure types is then 
possible using the “ Wyckoff sequence” (the letters of the occupied Wyckoff sites). This 
allows a finer classification of structure types and offers suggestions not only for 
recognizing isotypic structures but also possible structural relationships (substitution, 
formation of vacancy or filled-in structure variants). 

3.4. Structure trivial names and symbols 

A number of trivial names and symbols have been used (and are still in use) both as 
indicators, of a single phase in specific systems or as descriptors of certain structural 
types (or of families of different interrelated structural types). 

Among the trivial symbols, we may mention the use of Greek (and Roman) letters to 
denote phases. These have often been used to indicate actual phases in specific systems, 
for instance in a given binary system, phase etc., in alphabetical order according 

to the increasing composition from one component to the other, while in a unary system 
the a, )8, etc., symbols have often been used to denote different allotropic forms. 

Obviously this notation (or other similar ones such as t„ t 2 , t 3 , denoting “l sl ”, “2 nd ”, 
etc., phase) may be useful as a quick reference code while discussing and comparing 
phase properties of alloys in a single specific system, but in general cannot be used as 
a rational criterion for denoting structural types. In a few cases, however, certain Greek 
(and Roman) letters have assumed a more general meaning (as symbols of groups of 
similar phases): for instance, the name “y-phases” which is an abbreviation of a sentence 
such as phases having the y-brass (the y-Cu-Zn) type structure. A short list, taken from 
Landolt-BOrnstein [1971], of (Greek and Roman) letters which have also been used 
as descriptors of structural types, may be the following: 
y : y-brass type or similar structures 
e : Mg type 
£ : Mg type 

7] : W 3 Fe 3 C or Ti 2 Ni type 

/a : W 6 Fe 7 type 

t t : (T phase or cr-CrFe type 

X : a-Mn or Ti 5 Re 24 type 

<d : w 2 -(Cr.Ti) type (similar to the A1B 2 type) 

E : PbCl 2 or Co 2 Si type 
G : G phase, Th 6 Mn 23 or Cu, 6 Mg 6 Si 7 
P : P phase or P-(Cr, Mo, Ni) 

R : R phase or R-(Co, Cr, Mo) 

T, : W 5 Si 3 type 
T 2 : Cr 5 B 3 type 

In a number of cases, names of scientists are used as descriptors. We may mention the 
following groups of structures (some of which will be described in more detail later). 

Chevrel phases. A group of compounds having a general formula such as M x Mo 3 S 4 
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(M = Ag, As, Ca, Cd, Zn, Cu, Mn, Cr, etc.). Many representatives of these structure types 
are superconducting with critical T c as high as 10-15 K. 

Frank-Kasper phases. (For all of which the structure can be described as composed of 
a collection of distorted tetrahedra which fill the space: see sep. 6.6). This family of 
phases includes those of the structural types: Laves phases (a family of polytypic 
structures including the hP12-MgZn 2 , cF24-Cu 2 Mg and hP24-Ni 2 Mg types), tP30 
cr-phases, oP56-P phases and hR39-W 6 Fe 7 type phases. 

Hagg phases. According to hagg [1931], a number of compounds of the transition 
metals with small non-metal atoms (H, B, C, N) have structures which can be described 
as “ interstitial ”, These correspond, generally, to a simple structures in which the small 
non metal atoms occupy interstices in a face centered cubic or body centered cubic 
framework of m etal atoms or, the interstices in other close packed structures. In the Hagg 
interstitial phases the relative atomic size of the two elements is of particular importance 
to the stability of the structure. 

See sec. 6.2.2. for a classification of the interstices (“holes”) in close packed structures, 
sec. 6.4.1. for NaCl-type related phases and sec. 6.5.5. for WC-type phases. 

Heusler phases. Magnetic compounds of the cF16-MnCu 2 Al-type. (See sec. 6.1.3. on 
this structure which can be considered “derivative” of the CsCl type). 

Hume-Rothery phases. These designations can be connected to the research carried out 
as far back as 1926 by Hume-Rothery, WESTGRENand Phragmen, etc. They observed 
that several compounds (electron compounds) crystallize in the same structural type if 
they have the average number of valence electrons per atom (the so-called VEC: valence 
electron concentration) included within certain well-defined ranges. Some groups of these 
phases (brasses, etc.) will be presented in sec. 6.1.5. and 7.2.2. (See also ch. 3, §8.1.) 

Nowotny phases. Chimney-ladder phases (see sec. 4.4.). 

Samson phases. Complex intermetallic structures with giant unit cells, based on 
framework of fused truncated tetrahedra (see sec. 6.6.5.) 

Zintl phases. This term was first applied to the binary compounds formed between the 
alkali or alkaline-earth elements and the main group elements from group 14 on, that is 
to the right of the “Zintl boundary” of the Periodic Table. These combinations not only 
yield some Zintl anions (homopolyatomic anions) in solution but also produce many 
rather polar or salt-like phases. A simple example may be a classical valence compound 
in which the more “noble” member achieves a filled “octet” and an 8-N oxidation state 
in salt-like stricture (for example Na 3 As, Mg 2 Sn) (Corbett [1985]). An important 
intermetallic structure discovered by Zintl (Zintl and Woltersdorf [1935]) was that of 
the cF16-NaTl-type (superstructure of the bcc lattice, see sec. 6.1.4.). The Na and T1 
atoms are arranged according to two (interpenetrating) diamond type sublattices; each 
atom is tetrahedrally coordinated by four like neighbours on the same sublattice and has 
four unlike neighbours on the other sublattice. This could be interpreted as a Tl" array, 
isoelectronic with carbon in the limit of complete charge transfer. For a critical dis- 
cussion on the NaTl-type structure, its stability, the role of the size factor, the compara- 
tive trend of the stabilities of CsCl and NaTl type structures, the application of modern 
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band-structure techniques, see Hafner [1989]. Subsequent applications of the term “Zintl 
Phases” have been based on the structural characteristic of such polar phases. A review 
on this subject has been published by Corbett [1985], In this paper several phases are 
mentioned: starting from compounds such as hR18-CaSi 2 (containing rumple double 
layers of Si atoms resembling those of the As structure), mP32-NaGe and mC32-NaSi 
(respectively containing Ge, or Si atom, tetrahedra with the Na atoms arranged in the 
intervening spaces), up to complex alkali metal-gallium compounds exhibiting complex 
structures containing large interconnected usually empty gallium polyhedra, reminiscent 
of boron chemistry. It may be added that the concept of Zintl ions has been used also in 
the description of selected liquid alloys. It was proposed (Van Der Lugt and Geertsma 
[1984], Reijers et al. [1990]) that in the equiatomic liquid alkali alloys with Sn and Pb 
the liquid consists of poly-anion clusters, such as Pb^" tetrahedra, formed by covalent 
bonding which are separated by alkali ions. 

Within the group of trivial names we may also include a few “ personaF’ names such as 
austenite (solid solution of C in y-Fe), ferrite (solid solution of C in a-Fe), martensite 
(see sec. 6.1.5.), etc., and a few mineralogical names such as pyrite, blende, cinnabar, 
etc. According to the Iupac recommendations (Leigh [1990]), mineralogical names 
should be used to designate actual minerals and not to define chemical composition. 
They may, however, be used to indicate a structure type. They should be accompanied 
by a representative chemical formula: 

cF8-ZnS sphalerite, hP4-ZnS wurtzite, cF8-NaCl rock salt, cP12-FeS 2 pyrite, etc. 

In closing this section we have to mention the Strukturbericht designation adopted 
from pre-war time by the editors of the Strukturbericht publications (and later Structure 
Reports) in abstracting crystal-structure determination. This designation is no longer 
recommended by the International Union of Pure and Applied Chemistry, but it is still 
used. 

According to this designation, each structure type is represented by a symbol 
generally composed of a letter (A, B, C,etc.) and a number (possibly in some cases 
followed by a third character). The letter was related to the stoichiometry according to 
the following form: A: unary phases (or believed to be unary), B: binary compounds 
having 1:1 stoichiometry, C: binary 1:2 compounds, D: binary m:n compounds, E...K 
types: more complex compounds; L: alloys, O: organic compounds and S: silicates. 

In every class of stoichiometries, the different types of structures were distinguished 
by a number and/or a letter. (For instance, in the element class the frequently encoun- 
tered fee structure, cF4-Cu-type, was called Al, in the 1:1 group the common cF8-NaCl 
type was represented by Bl, etc.). Equivalence tables between the Strukturbericht 
designation and the Pearson symbol-prototype may be found in Pearson [1972], 
Massalski [1990]. 

The following is a partial list of these old Strukturbericht symbols for some types 
frequently occurring in metallic systems: 

Al: cF4-Cu; A2: cI2-W; A3: hP2-Mg; A3': hP4-aLa; A4: cF8-C (diamond); A5: 

tI4-/3Sn; A6: tI2— In; A7: hR6-aAs;...; A9: hP4-C (graphite);...; A12: cI58-aMn; ... 

; A15: cP8-Cr 3 Si; ....The A15 structure was previously considered to be that of a W 
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modification (and therefore a unary structure): later on the substance concerned was 
recognized to be a W oxide: W 3 0 (isostructural with Cr 3 Si); A b : tP30-/?U;...; A b : 
cPl-aPo;...; A,: hR3-/3Po; ... 

Bl: cF8-NaCl; B2: cP2-CsCl; B3: cF8-ZnS (sphalerite or zinc blende); B4: hP4-ZnS 
(wurtzite);...; B8,: hP4-NiAs; B8 2 : hP6-Ni 2 In; ... ; Bll: tP4-yCuTi;...; B19: 
oP4-AuCd; B20: cP8-FeSi; ... ; B27: oP8-FeB;...; B31: oP8-MnP; B32: cF16-NaTl; 
...; B35: hP6-CoSn;...; B a : cI16-UCo;...; B f : oC8-CrB;...; B h : hP2-WC;...; B^ 
hP8-TiAs;... 

Cl: cF12-CaF 2 ; Cl b : cF12-AgMgAs; C2: cP12-FeS 2 (pyrite); ... ; Cll a : tI6-CaC 2 ; 
Cll b : tI6-MoSi 2 , (the two Cll a and Cll b structures are closely interrelated, see fig. 
4); ...; C14: hP12-MgZn 2 ; C15: cF24-Cu 2 Mg; C15 h : cF24-AuBe 5 (this structure is 
a derivative structure of the cF24-Cu 2 Mg, C15 type, see figs. 42 and 44); C16: 
tI12-CuAl 2 ; ...; C22; hP9-Fe 2 P;...; C32: hP3-AlB 2 ; ...; C36: hP24-Ni 2 Mg; ...; C38: 
tP6-Cu 2 Sb;...; C a : hP18-NiMg 2 ; C b : oF48-CuMg 2 ; C c : tI12-ThSi 2 ;... 

D0 2 : cI32-CoAs 3 ; ... ; D0 18 : hP8-Na 3 As; ... ; Dl a : tI10-MoNi 4 ; Dl b : oI20-UA1 4 ;...; Dl 3 : 
tI10-BaAl 4 ;...; D2 b : tI26-ThMn 12 ;...; D8,: cI52-Fe 3 Zn 10 ; D8 2 : cI52-Cu 5 Zn 8 ; D8 3 : 
cP52-Cu 9 A1 4 ; D8 4 : cF116-Cr 23 C 6 ; ... 

El a : oC16-MgC:uAl 2 ;...;E9 a : tP40-FeCu 2 Al 7 ;.. 

H2 4 : cP8-Cu 3 VS 4 ;.. 

Ll 0 : tP2-AuCu (I); Ll 2 : cP4-AuCu 3 ; L2 t : cF16-MnCu 2 Al; Ll a : cF32-CuPt 3 ;...; 

L2 a : tP2-SCuTi;...; L6 0 : tP4-CuTi 3 . 

3.5. Rational crystal structure formulae 

We know that all of the requisite structural information for a solid phase is contained 
(either explicitly or implicitly) in its unit cell and this can be obtained from the Pearson 
symbol-prototype notation (complemented, if necessary, by data on the values of lattice 
parameters, atomic positions, etc.). A number of features, however, which are especially 
relevant for chemical-physical considerations, such as local coordination geometries, the 
existence of clusters, chains or layers, etc., are not self-evident in the aforementioned 
structural descriptions and can be deduced only by means of a more or less complicated 
series of calculations. It should, moreover, be pointed out that the same structure can be 
differently viewed and described (Franzen [1986], Parthe and Gelato [1984]). The 
simple rock-salt structure, for instance, (see sec. 6.4.1.) can be viewed as cubic close 
packed anions with cations in octahedral holes, as XY 6 octahedra sharing edges, as a 
stacking sequence of superimposed alternate triangular nets respectively of X and Y 
atoms or as a cubic-close packed structure of a metal with non-metals in octahedral 
interstices. As a further example we may consider the Cu structure which, for instance, 
could be conveniently compared with those of Mg, La and Sm, or from another point of 
view, with the AuCu and AuCu 3 structures. In the two cases, as we will see in sec. 6.2, 
one would choose a different description and representation of the aforementioned Cu 
structure. 

In the different cases, some criteria may therefore be useful in order to give (in a 
systematic and simple way) explicit information on the characteristic structural features. 
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In the following sections some details will be given on a few complementary, 
alternative notations. 

3.5.1. Coordination and dimensionality symbols in the crystal coordination 
formula 

Several attempts have been carried out in order to design special formulae (crystal 
coordination formulae) which (in a convenient linear format) may convey explicit 
information on the local coordination geometry. A detailed discussion of these attempts 
and of their development (through the work, inter alios, of Niggli [1945, 1948], 
Machatschki [1938, 1953], Lima De Faria and Figueiredo [1976, 1978], Parthe 
[1980a] and Jensen [1984]) may be found in a review by Jensen [1989], who presented 
and systematically discussed a flexible notation for the interpretation of solid-state 
structures. A short description of Jensen’s notation will be given below. The different 
symbols used will be briefly presented. For the notation concerning the common 
coordination geometries a summary is reported in table 5. A report by the International 
Union of Crystallography Commission on Crystallographic Nomenclature (Lima De 
Faria et al. [1990]) presents a concise description of similar alternative notations, a 
summary of which is also presented in table 5. 

The symbols suggested by Jensen, based on Niggli’s proposals, indicate the local 
coordination environments by means of coordination number ratios. For instance, a 
formula AE in/n will indicate a binary compound where m is the coordination number (the 
nearest neighbour number) of atoms E around A and n will be considered the coordi- 
nation number of E by A. The ratio m/n will be equal to the stoichiometric com- 
positional ratio. For instance, we will write NaCl 6/6 to represent the hexa-coordination 

Table 5 


Suggested notations for common coordination geometries. 


a) 

from Jensen [1989] 



1 

Terminal 

7" 

Monocapped trigonal prism 

2 

Bent CN 2 

8 

Cube 

2' 

Linear CN 2 

8' 

Square antiprism 

3 

Pyramidal or in general non-planar CN 3 

8" 

Dodecahedron 

3' 

Trigonal planar 

8"' 

Bicapped trigonal prism 

3" 

T-planar 

8 

Hexagonal bipyramid 

4 

Tetrahedral 

9 

Tricapped trigonal prism 

4' 

Square planar 

10 

Bicapped square antiprism 

4" 

Base of a square pyramid with the 

11 

Monocapped pentagonal antiprism 


central atom as the apex 

12 

Cubic closest-packed or cuboctahedron 

5 

Trigonal bipyramid 

12' 

Hexagonal close-packed or twinned 

5' 

Square based pyramid with the 


cuboctahedron 


central atom inside 

12" 

Isocosahedron 

6 

Octahedron or trigonal antiprism 

12 

Hexagonal prism 

6' 

Trigonal prism 

A 

Complex, distorted n-hedron 

6" 

Hexagonal planar 

n 

Disordered structure in which it is 

7 

Pentagonal bipyramid 


possible to define only an average 

7' 

Monocapped octahedron 


coordination number n 
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Table 5 — Continued 


b) from Lima )de Faria et al. [1990] 


Coordination polyhedron around atom A 

Complete Symbol 

Alternative 




simplified symbols 

Single neighbour 

[11] 


[1] 

Two atoms collinear with atom A 

[211 


[2] 

Two atoms non-collinear with atom A 

[2n] 


[2] 

Triangle coplanar with atom A 

[311 


[3] 

Triangle non-coplanar with atom A 

[3n] 


[3] 

Triangular pyramid with atom A in the centre of the base 

[4yl 


[4] 

Tetrahedron 

[4t] 

[t] 

[4] t 

Square coplanar with atom A 

[41] or [4s] 

[s] 

[4] s 

Square non-coplanar with atom A 

[4n] 


[4] 

Pentagon coplanar with atom A 

[51] 


[5] 

Tetragonal pyramid with atom A in the centre of the base 

[5y] 


[5] 

Trigonal bipyramid 

[5 by] 


[5] 

Octahedron 

[6o] 

[O] 

[6] o 

Trigonal prism 

[6p] 

[p] 

[6] P 

Trigonal antiprism 

[6ap] 

[ap] 

[6] ap 

Pentagonal bipyramid 

[7by] 


[7] 

Monocapped trigonal prism 

[6plc] 


[7] 

Bicapped trigonal prism 

[6p2c] 


[8] 

Tetragonal prism 

[8p] 


[8] 

Tetragonal antiprism 

[Sap] 


[8] 

Cube 

[8cb] 

[cb] 

[8] cb 

Anticube 

[8acb] 

[acb] 

[8] acb 

Dodecahedron with triangular faces 

[8do] 

[do] 

[8] do 

Hexagonal bipyramid 

[8by] 


[8] 

Tricapped trigonal prism 

[6p3c] 


[9] 

Cuboctahedron 

[12co] 

[co] 

[12] co 

Anticuboctahedron (twinned cubooctahedron) 

[12aco] 

[aco] 

[12] aco 

Icosahedron 

[12i] 

[i] 

[12] i 

Truncated tetrahedron 

[12tt] 


[12] 

Hexagonal prism 

[12p] 


[12] 

Frank-Kasper polyhedra with 




14 vertices 

[14FK] 


[14] 

15 vertices 

[15FK] 


[15] 

16 vertices 

[16FK] 


[16] 


(in this case octahedral coordination) of Cl around Na (and vice versa) in sodium 
chloride. Similarly we will have: ZnS 4/4 ; PH VJ ; CsCl 8/8 ; CaF 8/4 ; UCl 9/3 ; etc. According 
to one of Jensen’s suggestions it is possible to add modifiers to the coordination numbers 
in order to specify not only topological but also geometrical characteristics of the 
primary coordination sphere. (For examples, 6: octahedral; 6': trigonal prismatic; 6"; 
hexagonal planar; etc., see table 5a. 

Similar symbols were proposed by Donnay etal. [1964] who suggested adding to the 
coordination number, one or two letters to indicate the geometry: y, pyramidal; 1, planar; 
c, cubic; etc. Detailed descriptions of the coordination polyhedra are obtained by means 
of the Lima De Faria et al. [1990] symbols presented in table 5b. An advantage of the 
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Lima de Faria symbolism may be the existence of two alternative sets of symbols: 
complete and simplified. The simplified symbols give only a numerical indication, 
without any distinction between different geometries; the complete symbols (clearly 
distinguishible from the previous ones) contain beside the numeric indication a descrip- 
tion of the coordination polyhedron. A selection of the Lima de Faria symbols, together 
with the Jensen’s suggestions, will be used here. 

According to Jensen, the dimensionality of a structure (or of a substructure of the same) 
is indicated by enclosing its compositional formula in square brackets and prefixing an 
appropriate symbol d. The dimensionality index, d, may be d = 0 for a discrete molecular 
(cluster, ring) structure, d=l for a one-dimensional, infinite chain structure, d=2 for a 
two-dimensional, infinite layer structure and d = 3 for an infinite three dimensional, 
framework structure. These are the Machatschki symbols (Machatschki [1947]). 

More complex symbols such as d-d or d'd"d will represent intermediate dimension- 
ality (between d and d') or, second, the dimensionality indexes of different substructures 
(d' and d") followed by that of the overall structure (d). A few examples: 


Molecular structures 
Linear structures 
Layer structures 
Framework structures 
Substructures 

etc 


Q [HI], 0[CO 2 ], 

1 [BeClJ 

2[C] graphite, 2 [As] 

3[C] diamond, 

0Ca[CO 3 ] (finite ions); 

1 K[P0 3 ] (infinite anionic P0 3 chain) 


If, in a A-B structure, one wishes to show not only the A/B coordination but also the 
B/B, or A/ A, self-coordinations this is done, according to the suggestion by Jensen via 
the use of a composite dimensionality index and the relative positions of the various 
ratios and brackets in the formula, with the last unbracketed ratio always referring to the 
B/A coordination. So, for instance, 03[(H 2 O) 4/4 ] is a compact form for 
03 [(H 2 0)(H 2 O) 4/4 ] to indicate the molecular packing in the ice structure. The formula 
23 Al[B 3/3 ] I2/6 or 323 [Al 8by/8by ][B 31/31 ] 12p/6p correspond to a more or less detailed descrip- 
tion of the A1B 2 type structure where the coordination of B around A1 is 12 (12p: 
hexagonal prismatic) and that of A1 around B is 6 (6p: trigonal prismatic). The self- 
coordinations are bipyramidal for Al/Al (8by: hexagonal bipyramidal) and trigonal-planar 
(31) for B/B (the B atoms form a two-dimensional net). 

Considering as a further example the compounds AB having the CsCl type structure, 
we may mention that according to Jensen, the two descriptions 333 [Ag/JtB^Jg/g and 
3 [AB 8/g ] (with and without the indication of the self-coordination) may also be used to 
suggest the bonding type (metallic if the A-A and B-B interactions contribute to the 
overall bonding, ionic, or covalent, if only A-B interactions have to be considered). 

More complex examples of the use of this notation may be given by the structures of 
typical fluorides for which ionic type, coordination formulae are here reported: 

oP16 YF 3 : 3[YF 8/3 F 1/3 ]; 
hP8 LaF 3 : 3[LaF 8/4 F 3/3 ]; 

cF16 BiF 3 : 3 [BiF^F^]. 
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In all these cases the sum of the numerators of the coordination ratios gives the total 
coordination (of two groups of F atoms) around the metal atom. (The sums of the ratios 
give, of course, the stoichiometric coefficients). 

Another example may be represented by the hP6-Ni 2 In structure (3 [InNi 6/6 Ni 5/5 ]) 
described in sec. 6.5.3. 

A detailed example (AuCu 3 ) of the application of the aforementioned notation to the 
description of a simple intermetallic structure will be presented in sec. 3.5.5. (with the 
pertinent figs. 12 to 15). 

A few more examples will be reported in the following descriptions of a number of 
typical structures. 

In conclusion to this description of “crystal coordination formulae” we have, 
however, to notice that the term “ coordination number” (CN) may be used in two ways 
in crystallography (Frank and Kasper [1958]). According to the first the coordination 
number, as previously mentioned, is the number of nearest neighbours to an atom. 
According to the other way, the definition of the coordination should be based on an 
"interpretation" of the structure which depends not only on an evaluation of the inter- 
atomic distances to assign bonding versus non-bonding contacts but on considerations on 
the bonding mechanism (Jensen [1989]). These considerations are particularly important 
when thinking of metallic phases where it may be difficult to make distinctions between 
X-X, X-Y or Y-Y contacts. So, for instance, when considering the be cubic structure of 
the W type, some authors define the coordination number as 8 (in agreement with the 
nearest-neighbours definition) but others prefer to regard it as 14 (including a group of 
6 atoms at a slightly higher distance). Further considerations on this subject is delayed 
to a discussion, in sec. 7.2.6., on alternative definitions of coordination numbers 
(weighted coordination number, effective coordination number). In sec. 7.2.7., on the 
other hand, the atomic-environment types will be introduced, their codes presented and 
the results of their use in the classification of the selected groups of intermetallic 
structure types summarized. 

3.52. Layer stacking sequence representation 

A large group of structures of intermetallic phases can be considered to be formed by 
the successive stacking of certain polygonal nets of atoms (or, in more complex cases, 
by the successive stacking of characteristic “slabs”). These structural characteristics can 
easily be described by using specific codes and symbols, which can be very useful for 
a compact presentation and comparison of the structural features of several structures. 
Many different notations have been devised to describe the stacking pattern (for a 
summary see Parthe [1964], Pearson [1972]). A few of them will be presented here. 
As an introduction to this point we may consider figs. 5-7 where typical simple close- 
packed structures are shown and presented as built from the superimposition of close- 
packed atomic layers. If spheres of equal sizes are packed together as closely as possible 
on a plane surface they arrange themselves as shown in fig. 5. (Their centres are in the 
points of a triangular net.) Each sphere is in contact with six others. Such layers may be 
stacked to give three-dimensional close packed arrays. If we label the positions of the 
(centres of the) spheres in one layer as A, then an identical layer may be superimposed 
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Fig. 5. Close-packed bidiraensional arrangement of equal spheres. The A, B, C coding used to indicate different 
relative positions is shown. (See also fig. 8.) 


on the first so that the centres of the spheres of the second layer are vertically above the 
positions B (for two layers, it is insignificant whether we choose the positions B or the 
equivalent position C). When we superimpose a third layer above the second (B) we 
have two alternatives: the centres of the spheres may be above either the A or the C 
positions. The two simplest sequences of layers correspond to the superimpositions 
ABABAB... and ABCABCABC... (more complex sequences may of course be con- 
sidered). The sequence ABAB..., corresponding to the so-called hexagonal close-packed 
structure (Mg-type structure) is shown in fig. 6. The sequence ABCABC... having a 
cubic symmetry, is shown in fig. 7. It is the cubic (face-centered cubic) close-packed 
structure (also described as cF4-Cu type structure). 

A more complete representation of different layer sequences (which can be used not 
only for the description of close packed structures) may be obtained by using stacking 
symbols such as those shown in fig. 8, together with layer stacking indications. Fig. 8a 




Fig. 6. Hexagonal close-packing. 

a) A few spheres of three superimposed layers are shown. In this structure, the spheres of the layer HI are just 
above those of the first one. 

b) Lateral view of the same arrangement. The stacking symbols corresponding to the Mg unit cell description 
reported in sec. 6.2.6. (Mg in and are shown. (The ...BCBCBC... sequence description is 
identical to a ...ABABAB... or ...CACACA... symbol). The heights of the layers are reported as fractions 
of the repeat unit along the z axis of the hexagonal cell (that is of the distance between levels 0 and 1). 
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Fig. 7. Face-centered cubic close-packed structure of equal spheres. 

a) Sphere-packing: a group of eight cubic unit cells is shown. (One of the unit cell is indicated by the black 
atoms). 

b) A section of the same structure shown in a) is presented; it corresponds to a plane perpendicular to the 
cube diagonal. The typical arrangement of layers similar to that shown in fig. 5 is evidenced. 

c) A lateral view cf the stacking of the layers in the fee structure is presented. The layer positions along the 
superimposition direction (which corresponds to the cubic cell diagonal) are shown as fractions of the 
repeat unit (cell diagonal)). 


shows a network of atoms which can be considered as a triangular net, T net, that is the 
3 6 net. We may incidentally notice that this notation, the Schlafli notation P N , describes 
the characteristics of each node in the network, that is the number N of P-gon polygons 
surrounding the node. In the reported 3 6 net all the nodes are equivalent: their polygonal 
surrounding corresponds to 6 triangles. (More complex symbols are used for nets 
containing non equivalent nodes: for instance, the symbol 3 2 434 + 3 2 4 2 (2:1) means that, 
in the given net, two type of nodes, 3 2 434 and 3 2 4 2 , occur with a relative 2: 1 frequency. 
A symbol such as 3 2 4 2 means that the given node is surrounded, in this order, by 2 
triangles and 2 squares). 

In the case of the simple, 3 6 , triangular net the aforementioned stacking symbols A, B, 
C, as can be seen in fig. 8c relate the positions of the nodes to the origin of the cell 
(which is defined as in fig. 8b). In the layer stacking sequence full symbol , the component 
atoms occupying the layers are written on the base line, with the stacking symbols as 
exponents and the layer spacings in the form of suffixes, denoting the fractional height 
of the repetition constant along the direction perpendicular to the layers. In the case of 
Mg, for instance, with reference to the standard choice of the unit cell origin (two 
equivalent atomic positions for the two Mg atoms in j,|,j and |,j,j), the symbol will be 
Mgf/jMgj/j (which, with a zero point shift, is equivalent to Mg£Mgf /2 ). The symbol 
Cu£Cu® /3 Cuf /3 , on the other hand, represents the cubic Cu structure as a stacking 
sequence of triangular layers viewed along the direction of the unit cell diagonal (which 
is perpendicular to the layers themselves). 

A few other nets, based on the hexagonal cell, are of frequent structural occurrence. 
Following Pearson’s suggestions, the corresponding sequences of stacking symbols which 
have a wide application are here presented. Fig. 9 shows the hexagonal (honeycomb) net 
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AAA 

_ — o — o — o 

.AAA/ 

o — o — o — o 

A/\/\/\ 

o — o — o — o — o 


a) 



b) 



ABC 


Fig. 8. Triangular net of points. 

a) and b) The 3 6 net and the corresponding (bidimensional) cell are shown. Notice that, in this case, the 
selected coordinate system corresponds to an interaxial angle of 120°. 
c) Different point positions (relative to the cell origin) and corresponding coding: 

A) the representative point, in the x,y plane (a, b plane with a = b), has the coordinate 0,0; 

B) with reference to the a, b constants the coordinate “doublet” of the representative point is j, 

C) the representative point is in f , j. 


(H net) and the stacking symbols (a, b, c) used for relating the different positions of the 
nodes to the cell origin. (Notice that two nodes are contained in the unit cell.) 

A simple structure which can be described in terms of superposition of (even if far 
away, not close-packed) hexagonal layers is that of graphite: C b U4 C^ /A . The hexagonal net 
is also called “graphitic” net. (see sec. 6.3.4. and fig. 33). 

Fig. 10 shows the three-ways bamboo weave net, known as kagome, a net of triangles 
and hexagons ( K net , the 3636 net of points). The different positions of the nodes (three 
nodes in the unit cell) are represented by the symbols (a, /3, y) shown in fig. 10b. 

Several (especially hexagonal, rhombohedral and cubic) structures may be convenient- 
ly described in terms of stacking triangular, hexagonal and/or kagome layers of atoms. 
Examples will be given in the following sections. The specification of the spacing 
between the layers is useful in order to compare different structures, to recognize the 
close-packed ones (A, B, C symbols with appropriate layer distances) and to deduce 
atomic coordinations. 

We have to notice, however, that the A, B, C notation previously described is not the 
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Fig. 9. Hexagonal (6 3 ) net of points. 

The net is shown in a). In b) the different positions of the points in the unit cell are indicated with the stacking 
symbols a, b, c. Notice that the unit cell contains two points. (Every point in the comer is in common with 
(belongs to) four adjacent hexagonal cells). 

only one devised. Several different symbols have been suggested to describe stacking 
patterns. (For a description of the more frequently used notations see Parthe [1964], 
Pearson [1972]}. 

A very common notation is that by Jagodzinski [1954], This notation involving h 
and c symbols is applicable only to those structure type groups which allow not more 
than three possible positions of the unit layer (or more generally of the “unit slabs”. See 
sec. 4.3. on polytypic structures). The h, c notation cannot therefore be applied, for 
instance, to disilicide types. The letters h and c have the following meaning: 
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Fig. 10. The 3636 (kagom6) net of points. 

The net is shown in a). In b) the different positions (relative to the hexagonal cell origin) are indicated by the 
symbols a, f3, y. Three points of the net are contained in the unit cell: notice that every point in an edge 
belongs to two adjacent cells. 


— the letter h is assigned to a unit slab, whose neighbouring (above and below) unit 
slabs are displaced sideways, in the same direction for the same amount: 

for instance ABABA or CBCBCB 
hhh hhhh 

(h comes from hexagonal, this is the stacking sequence of simple hexagonal structures 
such as hP2-Mg, hP4-ZnS wurtzite and hP12-MgZn 2 types). 

— the letter c, on the other hand, is assigned to unit slabs whose neighbouring slabs 
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have different sideways displacements: 
for instance ABCABC or CABCAB 
eccc cccc 

(c comes from cubic: this is the stacking sequence found in cubic structures such as 
cF4-Cu, cF8-ZnS sphalerite and cF24-Cu 2 Mg types). 

To denote the stacking sequence of the different structures it is sufficient to give only 
one identity period of the h, c symbol series. For instance: 

cF4—Cu, c (instead of ABC); cF8-ZnS sphalerite, c; hP4-ZnS wurtzite, h; hP4-La, he; 
hR9-Sm, hhc. 

As can be seen from the previously reported examples, the identity period of the h, 
c symbols is generally shorter than the A, B, C... letter sequence. The h, c... symbols may 
be condensed, e.g., hcchcchchc to (hcc) 2 (hc) 2 . (If the number of c letters in a Jagodzinski 
symbol is divided by the total number of letters one obtains the percentage of “cubic 
stacking” in the total structure). 

Another, common, notation for describing stacking of close-packed 3 6 nets (T nets) 
is that devised by Zhdanov [1945] (a number notation equivalent to Jagodzinski’s 
notation). A short description of the Zhdanov symbol is the following: a “+” is assigned 
if the order between a layer and its previous partner follows the sequence corresponding 
to any two subsequent layers in the face-centered cubic type structure, that is 

A — » B, B — » C, C — » A. Otherwise a is assigned. For instance, the sequence 

“+++ ” (shortened 33) corresponds to ABCACB. 

Finally, as another simple example of description (and symbolic representation) of 
structures in terms of layer stacking sequence we may now examine structures which can 
be considered as generated by layer networks containing squares. A typical case will be 
that of structures containing 4 4 nets of atoms ( Square net: S net). The description of the 
structures will be; made in term of the separation of the different nets (along the direction 
perpendicular to their plane) and of the origin and orientation of the unit cell). 

Fig. 11 shows the different symbols (in this case numbers) suggested by Pearson 
[1972] which will be used to indicate origin and orientation of the nets. These numbers 
will be reported as exponents of the symbols of the atoms forming the different nets. In 
this case too the relative height of the layers will be indicated by a fractional index. A 
few symbols of square net stacking sequences are the following: 

Poq: the simple cubic cell of Po (containing 1 atom in the origin) corresponds to a 
stacking sequence of type 1 square nets. 

WX/ 2 : the body-centered cubic structure of W (1 atom in 0,0,0 and 1 atom in j,j,j) 
corresponds to a sequence of type 1 and type 4 square nets at the heights 0 and j, 
respectively. 

For more complex polygonal nets, their symbolic representation and use in the 
description, for instance, of the Frank-Kasper phases, see Frank and Kasper [1958] and 
Pearson [1972], (Brief comments on this point will be reported in sec. 6.6.) 

3.5.3. Assembly of polyhedra 

A complementary approach to the presentation and analysis of the intermetallic phase 
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Fig. 11. A bi dimensional square (4 4 ) net is shown in a). 

b) Different positions of the representative point in the unit square are presented and coded (net of points 
aligned parallel to the cell edge). 

c) Codes used for different positions of a square net of points referred to a larger square cell with axes at 45° 
to the net alignment (and edges equal to V2 times the repeat unit of the net). 

In b) one point of the net is contained in the unit square, in c) there are two. 


structures consists of their description with coordination polyhedra as building blocks. 

A classification of types of intermetallic structures based on the coordination number, 
configurations of coordination polyhedra and their method of combination has been 
presented by Kripyakevich [1963]. 

According to Kripyakevich, a coordination polyhedron of an atom is the polyhedron, 
the vertices of which are defined by the atoms surrounding this atom: a coordination 
polyhedron should have a form as close as possible to a sphere, that is, it should be 
convex everywhere and have the maximum number of triangular faces. At the vertices 
of a coordination polyhedron of a given atom (in addition to atoms of different elements) 
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there can also be atoms of the same kind. A considerable variety of coordination 
polyhedra exists. In some cases, plane coordination polygons have to be considered. The 
number of vertices may vary from, say, 3 to 24. Generally, the structure consists of 
atoms with different coordination numbers; according to Kripyakevich, structures are 
most conveniently classified considering the type of coordination polyhedron of the 
atoms with the lowest coordination number. (For a general approach to the classification 
of atomic environment types and their description and coding in terms of coordination 
polyhedra see also sec. 7.2.7.). 

An important contribution to the structure analysis of intermetaUic phases in terms of 
the coordination polyhedra has been carried out by Frank and Kasper [1958]. They 
described several structure types as the result of the interpenetration of a group of 
polyhedra , which give rise to a distorted tetrahedral close-packing of the atoms. (The 
Frank-Kasper structures will be presented in sec. 6.6). 

In particular, Samson [1967, 1969] developed the analysis of the structural principles 
of intermetaUic phases having giant unit cells. These structures have been described as 
arrangements of fused polyhedra rather than the full interpenetrating polyhedra (see a 
short description in sec. 6.6.5.). 

The principles of describing structures in terms of polyhedron-packing has been 
considered by Girgis and Villars [1985], To this end they consider, in a given 
structure, the coordination polyhedra of all the atomic positions; structures are then 
described by packing the least number of polyhedra types. All the atoms in the unit cell 
are included in the structure-building polyhedra. The polyhedra considered should not 
penetrate each other. 

According to Girgis and Villars [1985] structures are then classified mainly on the 
basis of the following criteria: 

— Number of polyhedra types employed in the description of the structure, 

— Characteristics of the polyhedra (number of vertices, symmetry), 

— Types of polyhedra packing (either three-dimensional distribution of discrete polyhedra 

sharing comers, edges or faces, or layer-like distribution of polyhedra). 

As examples of structures described by packing of one polyhedron type we may mention: 
cP4 — AuCu 3 type, three-dimensional arrangement of cubooctahedra (coordination number, 

CN, 12); 

tP30-o-(Cr,Fe) type, layer-like arrangement of icosahedra (CN 12). 

For a general approach to the problem of structure descriptions in term of polyhedron 
packing a paper by Hawthorne [1983] should also be consulted. The following 
hypothesis is proposed: crystal structures may be ordered or classified according to the 
polymerization of those coordination polyhedra (not necessarily of the same type) with 
the higher bond valences. The linkage of polyhedra to form “ clusters ” is then considered 
from a graph-theoretic point of view. Different kinds of isomers are described and their 
enumeration considered. According to Hawthorne, moreover, it has to be pointed out that 
many classificadons of complex structures recognize families of structures based on 
different arrangements of a fundamental building block or module (see the sec. 3.5.4. and 
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4.5. on recombination structures). If this building module is a tightly bound unit within the 
structure it could be considered, for instance, as the analogue of a molecule in an organic 
structure. Such modules can be considered the basis of structural hierarchies that include, 
for instance, simple and complex oxides and complex alloy structures. These modules 
may be considered as formed by polymerization of those coordination polyhedra that are 
most strongly bonded and may be useful for a classification and systematic description 
of crystal structures. 

As a conclusion to this section we may mention also the “environment polyhedra”, 
defined and coded by Daams et al. [1992]. A short decsription of this topic will be 
presented in sec. 7.2.7. 

3.5.4. Modular aspect of crystal structure 

A very general, mainly geometric, approach to the description and classification of 
the different inorganic structures may be based on a systematic “construction of complex 
structural types” by means of a few operations applied to some building units. As has been 
suggested by Andersson and Hyde [1982, 1989] a formal description and classification 
of the various crystal structures could be obtained in terms of a classification of the 
building units and of the construction mechanism. Building units may correspond to 
packets of points (atoms) (blocks, clusters, bounded in three dimensions) or to groups of 
lines (rods, columns bounded in two dimensions, infinite in the third) or to groups of 
planes (slabs, sheets, layers, lamellae bounded in only one dimension, infinite in the 
other two). Structures may then be constructed from such portions by (discontinuous) 
symmetry operations (translation, reflection, or their combinations) repeated in a parallel 
way or by similar symmetry operations repeated in a cyclic way (involving rotation) (see, 
for instance, fig. 36). 

Emphasis to similar approach has been given by Zvyagin [1993]. He pointed out that 
many crystal structures can be represented as a composite of certain standard “construc- 
tion modules” and various combinations, distributions and arrangements of them. The 
simplest example of a modular structures is the densest packing of identical atoms (the 
atomic planes represent the construction modules forming various structures owing to a 
variation of the two possible placements of the successive plane relative to the preceding 
one). 

A classification of the different structures may be based on: 

— module types (sheets, rods, blocks), 

— dimension of the modules, 

— variety of module type (single or mixed-module structures), 

— relative number of module types, 

— arrangement of adjacent modules ( variations in these arrangements, periodicity/ 
aperiodicity of successive variations, etc.). 

Strictly related to this kind of description may be the concepts of “Recombination 
Structures” and of “Intergrowth Structure Series” which will be presented in sec. 4.5. 
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3.5.5. An exercise on the use of alternative structural notations (AuCu 3 type as an 
example) 

In the following, data concerning a few selected structures, will be presented. In this 
section, by using a simple structural type (cP4— AuCu 3 , 333 [Au 6 / 6 ][Cu 8/8 ] 12/4 , or, in more 
detail, 333[Au 6 o/ 6 o ][Cu 8p/8p ] 12co/41 ) a presentation will be given on the different ways of 
describing the structure. 

AuCu 3 is primitive, cubic. The space group is Pm3m (N. 221 in the International 
Tables for Crystallography, Hahn [1989]). In the unit cell there are 4 atoms in the 
following positions: 

1 Au in a) 0,0,0; 

3 Cu in c) 0,j,j; 

Several phases are known which have this structure; in the VlLLARS and Calvert 
compilation [1991] there are around 450 listed: 1.7 % of all the reported phases. This 
structural type is the 8 th in the frequency rank order (see sec. 7.1.). A short selection is 
presented in the following list: 


=HfPt 3 a = 398.1 pm 
Laln 3 a = 473.21 pm 
La 3 In a = 509.0 pm 
Mn 3 Pt a = 383.3 pm 
MnZn 3 a = 386 pm 
Ni 3 Al a = 357.0 pm 


Pt 3 Al a = 387.6 pm. 
Ti 3 Hg a = 416.54 pm 
TiZn 3 a = 393.22 pm 
UPb 3 a =479.3 pm 
YA1 3 a = 432.3 pm 
Y 3 A1 a = 481.8 pm 


(Note that, in this structure type, in some cases, according to the phase stoichiometry, the 
same element may occupy either the a) or the c) Wyckoff position). 

In the reported list the unit cell edges have been given. In the following, while 
discussing the characteristics of this structural type, we will consider the data referring 
to the prototype itself (a = 374.84 pm). 

The structure is shown in fig. 12, where the tridimensional sequence of the atoms is 
suggested by presenting a small group (eight) of contiguous cells. The unit cell itself is 
shown in figs. 13a and 13b, by using two different drawing styles. 

The subsequent figures 14a, 14b, 14c, 14d correspond to an analysis of the structure 
carried out in order to show the different local atomic arrangements (coordinations 
around the atoms in the two crystal sites). 

In the analysis of a structure, however, it is also necessary to take into consideration 
the values of the interatomic distances. It may be useful to consider both absolute and so 
called “reduced” values of the interatomic distances. In the case of the AuCu 3 phase, the 
minimum interatomic distance corresponds to the Au-Cu distance (Au in 0, 0, 0 and Cu 
in 0, 5 , 5 ) which is the same as the Cu-Cu distance between Cu in 0, 5, 5 and Cu in 5 , 0, 
5 . This distance is given by 2l\[1/2. 

For the AuCu 3 phase a = 374.8 pm and, therefore, d min = 265.0 pm. This value could 
be compared, for instance, to the value 272 pm, sum of the radii of Cu and Au (as 
defined for a coordination number of 12) or to the value 256 pm of the Cu-Cu distance 
in the metal (Cu atom “diameter”). Reduced interatomic distances (d r = d/ d mjn ) may be 
defined as the ratios of the actual distance values to the minimum value. 
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Fig. 12. cP4-AuCu 3 type structure. A group of eight cells is shown. The light spheres represent Au atoms. In 
order to get a better view of the structure inside, the atomic diameters are not to scale. 


A first set of interatomic distances (and coordination) which can be considered in the AuCu 3 
phase is that corresponding to the Au coordination around Au atoms (see fig. 14a): 

Considering as the reference atom, the atom Au in 0,0,0, the next neighbours Au 
atoms are the six Au shown in fig. 14a, corresponding to the same Wyckoff position and 
having, in comparison with the reference atom, the coordinates 0,0,1; 0,0,1; 0,1,0; 0,1,0; 
1,0,0; 1,0,0; all at a distance d = a = 374.8 pm, corresponding to a reduced distance 
d I = d/d min = 1.414. 

In the same group of Au-Au interatomic distances a subsequent set is represented by 
distances such as those between Auo 00 and Au oil (or Au 0l] , Au 0 , f , Au, n, , etc.). This 
set corresponds to a group of 12 atoms (all at an absolute distance of a/2 =530.1 pm, 
that is, at a reduced distance = d/d„^ n = 2.000). 

A compact representation of these data is given by means of the bar-graph in fig. 15a). 


A second set of interatomic distances (and coordination) corresponds to the Cu 
coordination around Au atoms: 

Considering as the reference atom, the atom Au in 0,0,0, the next neighbours Cu 
atoms arejhe 12 Cu reported in fig. 4-14b, in the coordinates: 0,5,5; 0,^; 0,|,y; 0,|^; 
7,0,5; 5,0,|; 1,0,1; 5,0,^; 5,5,0; 5,5,0; 5,5,0; |,j,0; all at a distance d= ai/2/2= 265.1 pm, 
corresponding to a reduced distance d/d min = 1.000. 

Consideringalso the subsequent sets of Au-Cu distances, 24 atoms at d = 459.1 pm 
(d r = d/d min = \j3 = 1.732), 24 Cu at d = 592.7 pm (d r = 2.236), etc. we obtain the histo- 
gram reported in fig. 15b. 


A third group of interatomic distances (and coordination) which has to be considered is 
that corresponding to the Cu coordination around Cu atoms (see fig. 14c): 

Considering as the reference atom, the atom Cu in 5,5,0, the next neighbours Cu 
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Fig. 13. The cP4-AuCu 3 unit cell is presented in different drawing styles. In a) an (approximate) indication of 
the packing and space filling is given. In b) the positions of the different atoms are reported in a perspective 
view of the unit cell and in c), in some typical sections of the same at different heights: notice the square net 
arrangement. The first (and the third) section corresponds to the height 0 or 1 * c. The second to the height 
j * c. For the first section the position codes of the two atoms, in the square net, are 1 and 4; for the second the 
code is 5. (Compare with fig. 11.) 


atoms are the 8 Cu atoms in y,0,y; O,^-; 1 ,y,y, y,l,y; 0,y,y; l,y,y; all at a 
distance d= a\/T/2= 265.1 pm, corresponding to a reduced distance d/d min = 1.000. 

The subsequent sets of Cu-Cu distances correspond to 6 Cu atoms (in coordinates 
such as £,y,l; y,y,l; |,i,0; etc.) at a distance d = 374.8 pm (d r = 1.414), 16 Cu atoms at 
d = 459.1 pm (cl r = 1.732), 12 Cu atoms at d = 530.1 pm (d r = 2.000), 16 Cu atoms at 592.7 
pm (d I = 2.236), etc. The corresponding histogram is presented in fig. 15c). 
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a) b) 



c) d) 


Fig. 14. cP4-AuCu 3 type structure. Different fragments of the structure (of a few unit cells) are presented in 
order to show the various typical coordinations. (Cu atoms are represented by small dotted spheres) 
a) Au - 6 Au (octahedral); b) Au - 12 Cu (cuboctahedral); 
c) Cu - 8 Cu (tetragonal prismatic); d) Cu - 4 Au (square). 

The 8 Cu + 4 Au at the same distance from Cu form a heterogeneous cuboctahedron. (Compare also with 
fig. 25.) 


The fourth (and last) type of interatomic distances (and coordination) characteristic of the 
AuCu 3 structure is given by Au coordination around Cu atoms (see fig. 14d). 

Considering as the reference atom one of the three equivalent atoms Cu in c), for 
instance, the atom in O,^, the next neighbours Au atoms are 4 Au in 0,0,0; 0,0,1; 0,1,0; 
0,1,1, respectively; all at a distance d = a\/2/2 = 265.1 pm, corresponding to a reduced 
distance d/d min = 1.000. 

Subsequent sets of Cu-Au distances correspond to a group of 8 Au atoms (in 
coordinates such as 1,0,0; 1,0,1; 1,1,0; etc.) at a distance d = 459.1 pm (reduced distance 
d/d mi „ = 1.732), to a group of 8 Au (in coordinates such as 0,0,1; 0,1,1; 0,0,2; etc.), at a 
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Fig. 15. cP4-AuCu, type structure. Coordinations and distances. For each type of coordination the numbers (N) 
of near-neighbours atoms are plotted as a function of their distances from the central atom. (Relative values of 
the distances, d/d^„, have been used. In these histograms and in the subsequent ones d mln is the shortest 
interatomic distance observed in the structure. For details see the comments reported in sec. 3.5.5.) 

distance d = 592.7 pm, d/d mi „ =2.236, etc. The corresponding coordination histogram is 
presented in fig. 15d. 
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Lists of coordinating atoms (with distances from the references atom), coordination 
polyhedra, and next-neighbor histograms are presented systematically by Daams et al. 
[1991], They, however, use a more compact representation giving for each atom in a 
given site the histogram corresponding to the total coordination. In our case, for Au the 
sum of the two histograms reported in figs. 15a and b and for Cu the sum of the 
histograms of figs. 15c and d. (Compare with fig. 25). For the different structures, 
moreover, the distances are related by Daams et al. to the d inin observed in each 
coordination group instead of to the d,^ of the overall structure as adopted here. 

As a conclusion to the description of the different coordinations we may observe that 
those corresponding to the first distance sets are summarized in the symbol 
SSStA^JPg/g]^. (333 [Au 6/6 ][Cug/ 8 ] 12/4 for the prototype). In terms of polyhedra 
packing, therefore, this structure may be described as a tridimensional arrangement of 
cubooctahedra (see sec. 3.5.3.). 

Fig. 16, on the other hand, shows how for the same structure, alternative descriptions 
( layer stacking sequence descriptions ) may be obtained and, according to Pearson, 
symbolized. In this figure the structure (viewed along the cube diagonal) is presented as 
a stacking sequence of triangular and kagome nets. It corresponds to the symbol 
Auq Cu“ Au,^ Cu^ Au® 3 Cu^ (In the symbol we have the same number of triangular 
(A,B,C) Au atom nets and of kagome (a,/ 3,y ) Cu atom nets. These two net types are 
characterized by the presence of 1 and 3 points in the unit cell (see figs. 8 and 10). This, 
of course, corresponds to the total 1:3 stoichiometric ratio). The same structure, viewed 
along the unit cell edge direction, corresponds to a square net stacking sequence (see fig. 
13). The stacking symbol is AuqCuqCu, 5 /2 (These different symbols may be useful when 
comparing this structure with other structural types: for instance, the cF4-Cu type, 
sec. 6.2.1., tP2-AuCu(I) type, sec. 6.2.4., etc.). 

With reference to a description in terms of lattice complex combination, we may 



Fig. 16. cP4-AuCu 3 type structure. The unit cell is viewed along its diagonal. (Au atoms white, Cu black). The 
triangular arrangements of the atoms around the cube diagonal are evident. 
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finally note that the AuCu 3 type structure corresponds to a combination of P and J 
complexes (AuCu 3 : P + J; see sec. 3.1.). According to Hellner [1979] this structure may 
be considered as pertaining to a F-family as a consequence of a particular splitting of the 
points of the F complex. 

A few other comments on the AuCu 3 type structure and some remarks on the rela- 
tionship with other structural types will be reported in the following sec. 6.2.3.). 

4. Relationships between structures and structure “families” 

As clearly pointed out, for instance, by Barnighausen [1980] (see sec. 4.6.), one of 
the main objectives of crystal chemistry is to order the profusion of structure types and 
to show the general principles involved. To this end relations between cognate structures 
evidently play an important role. 

The structures corresponding to different types may often be interrelated on the basis 
of some transformation schemes. These schemes can be used as criteria for classifying 
structure types and showing structural relationships. 

A few selected groups of interrelated structural types will be presented in the 
following sections. 

4.1. Degenerate and derivative structures, superstructures (defect, filled-up, 
derivative structures) 

An important and general scheme of structure transformation and interrelation is that 
described, for instance, by Pearson [1972], by means of the concept of derivative 
structures and degenerate structures, 

A derivative structure can be considered being obtained from a reference structure by 
ordered atomic substitution, subtraction or addition processes or by unit cell distortions 
(or both). The opposite kinds of transformation correspond to the so-called degeneration 
processes. A derivative structure has fewer symmetry operations than the reference 
structure (a degenerate one has more). A derivative structure has either a larger cell or 
a lower symmetry (or both) than the reference structure. 

It is possible, for instance, that a set of equipoints of a certain structure (considered 
as the reference structure) has to be subdivided into two (or more) subgroups in order to 
obtain the description of another (“derivative”) structure. The structure of the Cu type 
(cF4-type), for instance, corresponds to 4 Cu atoms in the unit cell, placed in 0,0,0; 5,5,0; 
5 , 0 , 5 ; 0 , 5 , 5 , whereas in the cP4—AuCu 3 type structure the same atomic sites are subdi- 
vided into two groups with an ordered distribution of the two atomic species (1 Au atom 
in 0,0,0, and 3 Cu atoms in 5,5,0; 5,0,5; 0,5,5 )■ The AuCu 3 type structure can, therefore, 
be considered as a derivative structure of the Cu type. On the other hand, if we consider 
the AuCu 3 type as the reference structure, we may describe the Cu type as a degenerate 
structure. 

The aforementioned subdivision of a set of equipoints in more groups can be 
described in this case in terms of similar cubic cells (both of the original and of the 
derivative structures). Notice, however, that in the case of Cu the conventional cubic cell 
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is face-centered. It is not primitive: it corresponds to 4 (rhombohedral) primitive cells, 
whereas, in the case of AuCu 3 the primitive unit cell is larger and it is identical to the 
cube. Because of the observation that these ordering processes may lead to a cell multiple 
of the original one, they are also referred to as forming superstructures (also called 
superlattices) (Barrett and Massalski [1966]) of the original structure. An example 
where, due to ordering, we observe, perhaps in a more evident immediate way, the 
increase of the unit cell size (formation of a multiple cell) may be the structure of 
MnCu 2 Al type (see fig. 24 and sec. 6.1.3) which can be considered a derivative structure 
(superstructure) of the cP2-CsCl type structure (which in turn is a superstructure of the 
W-type structure, corresponding to a, non-primitive cubic, cI2 cell). 

Notice that the ordering may not lead to a multiple cell, if the symmetry of the 
ordered structure is reduced, relative to the original one. Nevertheless the name super- 
structure is generally used especially when we have the formation of a disordered solid 
solution regardless of whether there is multiplication of the edges of the cell. 

A contribution to the study of order-disorder interrelations between structures and to 
their classification into two groups on the basis of the presence/absence of a difference in 
the translational symmetry (unit cell edge variations) has been given by Wondratschek 
and Jeitschko [1976] and by Albering etal. [1994], (The detectability of the two types 
of ordering by means of X-ray diffraction studies has been also discussed). 

Albering et al. [1994] especially studied the hP3-AlB 2 type structure and its 
derivatives. A few of these are presented in fig. 17. A detailed description is given in 
sec. 6.5.6. Main features of several deformation and substitution derivatives of the A1B 2 - 
type were discussed by Gladyshevskii et al. [1992]. 

A more complex case of structure interrelation which can be presented in terms of 
(even if “formal”) substitution is that which can be exemplified by considering structures 
such as those of NaCl (see fig. 18 and a detailed description in sec. 6.4.1.) and FeS 2 or 
CaC 2 . These structures may be compared: the cP12-FeS 2 type may be described as 
having Fe atoms in the sodium ion positions and the centers of the discrete S 2 dumb-bell 
groups at the chlorine ion positions. The passage from a structure containing spherical 
atoms to another one in which atomic groups substituted single atoms will generally 
result in a symmetry reduction. A clear example may be given by the tI6-CaC 2 type 
which can also be compared with the NaCl type: Ca is in the sodium positions and the 
C 2 group in the chlorine positions. In this case, however, the long axes of the C-C 
groups are all aligned in one direction so that the unit cell is tetragonal instead of cubic. 
(See fig. 4 and a description of this structure and a comparison with the MoSi 2 -type in 
sec. 3.2.). In a similar way, we may, for instance, consider the K 2 PtCl 6 structure 
essentially the same as the CaF 2 -antitype: the K ions are in the F ion positions and the 
centers of the PtCl 6 octahedral groups in the Ca ion positions. 

Derived structures may also be formed with the ordered introduction of vacant sites. 
As an example we may consider the hP3-CdI 2 type structure (see sec. 6.5.2) which can 
be related to the hP4-NiAs type structure in which the set of equivalent points 0,0,0 and 
0,0,j is considered as being subdivided into two groups (each of 1 site) 0,0,0, (occupied 
by 1 atomic species) and 0,0 , \ (vacant). We can, therefore, regard the hP3-CdI 2 type 
structure as a defect derivative form of the hP4-NiAs type. 
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Fig. 17a,b. AlB,-type and derivative structures. 

a) Two sections of the hP3-AlB 2 unit cell are presented at the height z = 0 (A1 atoms) and z = 2 - (B atoms), 
respectively. 

b) The corresponding hexagonal net of B atoms in A1B 2 is shown (a projection of the unit cell is super- 
imposed. (Compare with fig. 9). The A1 atoms (at the cell origin) are surrounded by 12 B, arranged in a 
hexagonal prism, and the B atoms are in sixfold coordination with Al, in the center of an A1 trigonal 
prism. 


Similar considerations may be extended to include (besides substitution and subtrac- 
tion) ordered addition of atoms. In this case stuffed or filled-up derivative structures are 
considered in which extra atoms have been added in an ordered way, on sites unoccupied 
in the reference structure. An example is the hP6-Ni 2 In structure, which is a stuffed 
derivative structure of the previously mentioned NiAs structure. 

Another interesting example may be the fee-derivative interstitial cP5 Fe 4 N phase. It 
may be described as corresponding to the following atomic positions in the Pm3m (or 
P43m) space group: 

1 Fe in a): 0,0,0; 1 N in b): and 3 Fe in c): 0,j,j; j,j,0. 
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Fig. 17c, d. AlB 2 -type and derivative structures. 

c) and d) Hexagonal nets observed in A1B 2 derivative structures. In c) the AuSi net of the ThAuSi type 
structure and in d) the RhSi 3 net of the Er 2 RhSi 3 structure are shown. In c) and d) the Th and Er positions, 
corresponding to those of A1 in A1B 2 , are not shown. The projections of the unit cells are presented: notice 
the larger cell of the Er 2 RhSi 3 structure. 


This filled-up superstructure may therefore be described in terms of the occupation 
by N of an interstice (centered in j.j.y) of a Cu-type (or AuCu 3 -type) structure. The N 
atom results octahedrally surrounded by 6 Fe atoms. This structure could also be 
described as a deficient NaCl-type derivative structure (see sec. 6.4.1.): the Fe atoms are 
in the same positions as the Na atoms in NaCl and one out of the four Cl positions is 
occupied by the N atoms. 

(For a description and a classification of the “holes”, octahedral and tetrahedral, in 
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Fig. 18. NaCl-type structure (see sec. 6.4.1.). The positions in the unit cell of the two types of atoms are 
indicated. 


closed packed structures see sec. 6.2.2, see also Hagg phases in sec. 3.4.). 

As a footnote to these observations, we have also to mention that frequently structural 
distortions (axial ratio and/or interaxial angle variations) accompany the formation of 
derivative structures (especially because of the ordered distribution of atoms of different 
sizes or of vacant sites). 

4.1.1. Ordering-disordering transformation 

In a number of metal systems for a given range of compositions depending, for 
instance, on the temperature, it is possible to observe alloys having both a certain 
degenerate structure and a corresponding (more or less) ordered derivative structure. The 
transformation from one structure to the other corresponds to a real process ( ordering- 
disordering transformation). A large number of solid solutions become ordered at low 
temperature. 

In the specific case, for instance, of the Au-Cu system an alloy with the AuCu 3 
composition at high temperature, has the (disordered) cF4-Cu type structure. The two 
atomic species are equally distributed in the four atomic sites (which are therefore 
equivalent: each one is occupied by Au with a 25% probability and by Cu with a 75% 
probability). This random distribution may be also related to the possibility of gradually 
changing the overall composition of the alloy maintaining the same structure and giving 
the formation of solid solutions. For the Cu-Au alloys we have, at high temperature, a 
continuous solid solution ranging from Cu to Au (both having the same cF4—Cu type 
structure): in all the intermediate alloys we have the equivalence of all the atomic sites 
whose occupation gradually changes from pure Cu to pure Au. By lowering the 
temperature we have ordering processes corresponding to a change from a nearly random 
distribution of atoms among the structure sites into more ordered arrangements where 
certain sites are predominantly occupied by one kind of atom. In the specific case of the 
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AuCu 3 composition we have the transformation from the cF4-Cu type into the described, 
derivative type (cP4-AuCu 3 type) structure. 

Typical examples of ordering processes are also the transformation from the /3 to /3' 
phases in the Cu-Zn system (from cI2-W type to cP2-CsCl type) and the ordering of the 
FeAl phase in the CsCl type structure (see sec. 6.1.2.). Notice that, ordering in these 
metallic phases, may be an extremely complex sluggish process requiring slow cooling 
and/or long annealing of the alloys. Alloy samples with different degrees of ordering can 
be obtained by quenching at various cooling times. As a consequence the effects of 
ordering on a number of properties have been studied. Alloys such as Cu 3 Au and Fe 3 Al 
have been the subject of many of these studies. 

The Au-Cu system, in particular, is one of the earliest systems for which order- 
disorder type transformations were established. As a result, a very large volume of work 
has been carried out on the ordered AuCu and AuCu 3 phases. The description of the 
gold-copper system, reported by Okamoto and Massalski [1987], may be considered 
as a reference to the review and to the assessment, not only for the specific system, but 
also for the investigation methods and discussion criteria of general interest. The 
following topics have been considered: 

Au-Cu phase diagram, Au 3 Cu, AuCu, AuCu 3 ordered phases (phase boundaries 
determination by X-ray studies, electrical resistometry, electron microscopy), crystal 
structure determination (by X-ray and electron diffraction methods), nature of 
ordering transformation in AuCu, short range order, anomalous behaviour in AuCu 3 
at high temperatures (specific heat, thermal expansion measurements, etc.). Kinetic 
studies carried out by measuring gradual shift and intensity variation of the X-ray 
lines from a disordered to an ordered (superlattice) structure on samples after 
different quenching and annealing are reported. 

For a review on site preference of substitutional additions to CsCl type intermetallic 
compounds see Kao et al. [1994], In this work dilute additions to NiAl, FeAl and CeAl 
are especially discussed. As another example we may mention that the addition of a third 
element to ordered Ni 3 Al (cP4-AuCu 3 type) occurs in different ways (Ochiai et al. 
[1984]). For instance Sb, Si, Ge and Ga atoms replace preferably Al, while Cu and Co 
replace Ni. 

As a conclusion to this section, we may mention that a systematic description of 
ordering processes in alloys and of the superstructures which can be generated has been 
presented, for instance, by Khachatur yan [1983] in the framework of a theoretical 
treatment of structural transformation in solids. Two groups of superstructures have been 
specially considered: substitutional and interstitial. 

a) Examples of substitutional superstructures. 

t!10-MoNi 4 : a = 572.0, c = 356.4 pm. Space group I4/m, N.87. 

2 Mo in a): 0,0,0; 

8 Ni in h): x,y,0; -x,-y,0; -y,x,0; y,-x,0; i+x^+y,^; 

i-x,2 L -y,|; j-y>T + x,2-; i + y.?-*.?. with x = 0.2, y = 0.4. 

This superstructure is based on a fc cubic pseudocell. The atoms form close packed 
layers stacked in a 15 layer close packed repeat sequence. 
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oI6-MoPt 2 : a = 276.5, b = 829.6, c = 393.8 pm. Space group Immm, N.71. 

2 Mo in a): 0,0,0; 

4 Pt in g): 0,y,0; 0,-y,0; ^ + y,£; 5 , 5 -y,j, with y = 0.353. 

It is a close packed superstructure based on a fc cubic pseudocell. Distorted close packed 
triangular layers are stacked in close packed ABC sequence. 

tI8-TiAl 3 \ a = 383.6, c = 857.9 pm, c/a = 2.236. Space group I4/mmm, N.139. 

2 Ti in a): 0,0,0; 

2 A1 in b) 0,0 4; ^,0. 

4 A1 in d); 0,&; *,0 & i,0,|; 0,if. 

The superstructure may be described in terms of two, distorted, AuCu 3 type subcells 
stacked one above the other. 

U16-ZrAl 3 : a = 400.5, c= 1728.5 pm, c/a = 4.316. Space group I4/mmm, N.139. 

4 A1 in c): 0,^,0; *,0,0; *,0,*; 0 
4 A1 in d): 0,^; },0& *,0,f; 0,J-,|. 

4 A1 in e): 0,0, 2 ;; 0,0, -z; *,*,* + z; z; with z = 0.361. 

4 Zr in e): 0,0, z; 0,0, -z; *,*,* + z; z; with z = 0.122. 

This structure may be considered another, more complex, superstructure based on close 
packing. The height of the superstructure cell in the c direction corresponds to four cubic 
pseudocells. Fig. 19 gives a comprehensive presentation of some structural features of the 
MoNi 4 , MoPtj, TiAlj and ZrAl 3 structural types. 

FejAl, cFI6-Li 3 Bi type structure : This structure may conveniently be described as derived 
from bcc solid solution (see in sec. 6.1. the interrelated types cI2-W, the previously 
mentioned types cP2-CsCl, cF16-MnCu2AlandcF16-Lt 3 Bi\ see also fig. 24). The Li 3 Bi- 
type structure, however, may be also considered as composed of four interpenetrating fc 
cubic arrays of atoms with Bi (or Al) at the cell corners and face centers and Li (or Fe) 
in the centers of the interstices. 

tP2-AuCu(I), cP4-AuCu 3 and tP4-Ti 3 Cu: These structures described in the following 
sections, 6 . 2 . and in fig. 20 , can be considered fee based substitutional ordered super- 
structures. 

hR96-CuPt(I): The equilibrium phase diagram of the Cu-Pt system shows the fee 
continuous solid solution stable at high temperature and a number of ordered super- 
structure phases (with composition ranges) stable at lower temperatures. CuPt(I) is a 
complex, slightly distorted superstructure built up by 8 face centered cubic pseudocells. 
In the same Cu-Pt system other superstructures have been described for compositions 
around Cu 3 Pt 5 (rhombohedral CuPt(II) type), CuPt 3 and CuPt?. 

hP8-Ni 3 Sn\ This structure may be considered an example of a superstructure based on 
the hexagonal close packed structure. In the same way as by ordering the Cu-type 
structure the AuCu 3 type may be obtained, the Ni 3 Sn-type may be derived from the Mg 
type. Details of the structure are given in sec. 6.2.7. 

b) Examples of interstitial superstructures 

tP3-FeNiN: a = 283.0, c = 371.3 pm, c/a= 1.312. Space group P4/mmm, N.123. 

1 Fe in a): 0,0,0; 1 N in c): *,*,0 and 1 Ni in d): j,*,*. 
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Fig. 19. Examples of face centered based, substitutional superstructures. The unit cells of a few selected 
superstructures are shown by means of their projection on a convenient plane and compared with a s imil ar 
projection of the cP4-AuCu 3 type cell (on the face a, a): tI10-MoNi 4 (on the face a,a), oI16-MoPt, (a,b), 
tI8-TiAlj (a,c) tI16-ZrAl 3 (a,c). (The values of the coordinate along the third axis are indicated). 


This structure can be considered a superstructure of the AuCu(I) type, with 1 N atom 
inserted in an octahedral interstitice. This structure, as the previously described cP5—Fe 4 N 
type, can be considered an interstitial ordered phase. The oP5-Ta 4 0 phase and the 
tI8-Fe s N phase are examples of bcc-based interstitial ordered phases. 
oP5-Ta 4 0 : a = 719.4, b = 326.6, c = 320.4 pm. Space group Pmmm, N.47. 

1 Ta in a): 0,0,0; 1 Ta in b): j.O.O; 1 O in h): 2 Ta in 1): -x,j,j (with 

x = 0.225). 
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Fig. 20. AuCu type structures. The two types of atoms are shown. 

a) AuCu(I) type structure. Both the tP2 cell (a and c edges) and a tP4 pseudocell (a' and c edges) are shown. 
(The tetragonal pseudocell is shown in order also to make easier the comparison with the cubic, Cu-type, 
structure). 

b) Sections of the large tP4-pseudo-cell. (Compare with fig. 13.) 

c) oI40-AuCu(D) type structure. 


The cell can be described as formed by two superimposed slightly distorted bcc subcells 
of the metal atoms. The O atom is surrounded by a (slightly compressed) Ta atom 
octahedron. 
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4.2. Antiphase domain structures 

A special case of superstructures may now be considered. A typical example can be 
observed in the oI40-AuCu(II) type structure (fig. 20 and sec. 6.2.4.). We first have to 
mention that ordering of the Au-Cu face-centered cubic (cF4-Cu type) solid solution, 
having a 50-50 atomic composition, distributes Cu and Au atoms alternatively on two 
layers, resulting in a tetragonal structure, tP2-AuCu(I)) with the c axis perpendicular to 
the layers (see fig. 20a). The more complex structure, oP40-AuCu(II) type, is obtained 
by a long-period ordering which results in an orthorhombic cell containing 10 (slightly 
distorted) AuCu(I) pseudocells (fig. 20b). This ordering corresponds to a periodic shift 
(every 5 cells along the orthorhombic b axis) of the structure by - 2 - (a' + c) in the a',c 
plane. This out-of step shift corresponds to a “so-called” antiphase boundary. An 
antiphase domain may correspondingly be defined; in this case it contains 5 AuCu(I) 
type pseudocells. Several examples of one-dimensional long period structures found in 
1:1 and 1:3 alloys and of two-dimensional long period structures (characterized by two 
different domain periods and two steps-shifts) found in 1:3 alloys have been presented 
by Pearson [1972]; the role of the valence-electron concentration in defining the 
superstructure period has also been discussed. A general presentation of several antiphase 
boundaries (not only planar, but also cylindrical) and related structure groups may be 
found in the book of Hyde and Andersson [1989]. 

It may be useful to mention here that antiphase domain boundaries play an important 
role in phase changes and microstructural stability of ordered alloys and intermetallics as 
well as affecting mechanical behaviour. The origin of antiphase domain boundaries has 
been examined and discussed by Morris [1992], emphasis has been given to the 
differences between a sharp boundary, as produced by crystal shear, and a relaxed fault 
structure. The kinetics of relaxation of shear produced fault have examined and it was 
shown by Morris [1992] that fast relaxation may affect the movement of dislocation by 
creating locking stresses as well as affecting cross slip behaviour significantly affecting 
mechanical properties. An important point in this study, as far as the origin of the 
antiphase domain boundaries are concerned, is the principle that a disordered crystal 
exists initially which subsequently becomes ordered. According to Cahn [1987], the 
observation of grown-in domain network is proof that the material existed, even if 
momentarily, in a disordered crystalline state before becoming ordered. In agreement 
with this, domain networks are commonly observed in weakly ordered alloys, for 
example AuCu 3 , FeNi 3 and sometimes FeAl, but not in strongly ordered intermetallics 
such as Ni 3 Al and TiAl. A review on the interactions of ordering and recrystallization 
has been published by Cahn [1990], Aspects of recovery and recrystallization in the Ll 2 
(Co 078 V 022 ) 3 V ordered alloy have been reported by Gialanella and Cahn [1993]. 

4.3. Homeotect structure types (polytypic structures) 

According to Parthe [1964], two different structure types of the same formula X m Y n 
are called homeotect structure types, if every X atom has the same number of nearest X 
neighbours and the same number of nearest Y neighbours, and, conversely, if every Y 
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atom has the same number of nearest X and Y neighbour atoms. It is possible for several 
structure types to show this feature. 

All the different structure types of equal composition, which have (for corresponding 
atoms) the same kind of surroundings, form a set ofhomeotect structure types (the term 
polytypic structures is also used to denote the relationships observed with homeotect 
structures). 

According to Parthe [1964] all structure types which belong to a homeotect set can 
be described as different stacking variants of identical structural unit slabs (“ minimal 
sandwiches”). All structure types of a set are constructed by stacking identical unit slabs 
one on top of another. The various types differ only in the relative horizontal displace- 
ment of these units. (The vertical unit cell edges of the different types are integer 
multiples of a common unit which is the height of the unit slab characteristic for the 
homeotect structure type set). All structure types which belong to a homeotect set have 
the same space-filling curve. (See sec. 7.2.4.) 

A few important examples of groups of homeotect structure types will be described 
in the following sections. A short index of the same is the following list (in which the 
Jagodzinski-Wvckoff notation of the stacking pattern has been inserted, according to the 
indications given in sec. 3.5.2.). 

— Close-packed element structure types (see sec. 6.2.): Mg-type (h), Cu-type (c). La-type 
(he), Sm-type (hhc). 

— Equiatomic tetrahedral structure types (Carborundum Structure types) (see sec. 6.3.): 
Wurtzite-type (h), Sphalerite-type (c), SiC polytypes (he, hcc, hccc, hcchc, 
..(hcc) 5 (hccc)(hcc) 5 hc ... (hchcc) 17 (hcc) 2 , .. (hcc) 43 hc... ). 

— Laves phases (see sec. 6.6.4.): hP12 MgZn 2 -type (h), cF24 Cu 2 Mg-type (c), hP24 
Ni 2 Mg-type (he). Laves polytypes (hhc, hhccc, etc.). 

Other important sets of homeotect structure types are those related to disilicide structure 
types (MoSi 2 , CrSi 2 , etc.), cadmium halide structure types, etc. (See Parthe [1964], 
Hyde and Andersson [1989]), or presented by certain groups of compounds such as 
rare earth trialuminides (vanVucht and Buschow [1965]). 

From a general point of view, polytypism may be considered a special case of 
polymorphism: the two-dimensional translations within the layers are (essentially) 
preserved whereas the lattice spacings normal to the layers vary between polytypes and 
are indicative of the stacking period (Guinier etal. [1984]). As evidenced by Zvyagin 
[1987], we may distinguish various forms of polytypic structures, including (besides 
close-packing of like and unlike atoms) polytypes of tetrahedral, octahedral and prismatic 
layers packed according to the laws of closest packings. Complex silicate structures, for 
instance, may be considered which are characterized by much variety in the orientations 
and displacements of the layers and also structures in which two-dimensional layers are 
conjoined with one-dimensional band and island groups. 

The aforementioned papers (Guinier et al. [1984], Zvyagin [1987]) contain also 
suggestions and. recommendations on the nomenclature and symbolism for use in the 
general case of either simple or complex polytypic structures. 

Another method for discussing polytypic structures has been suggested by Bokii and 
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Laptev [1994]. The polytypic structures, described by means of special unit cell 
diagrams and crystal-chemical formulae, are distinguished by the number and type of 
Wyckoff positions. 

4.4. Chimney-ladder structures (structure commensurability, structure 
modulation) 

In the cases of ordered alloys, described in the foregoing sections, long period 
structures were considered in which the near-neighbour coordination of the atoms 
remains essentially unchanged between one structural modification and another. 

More complex cases can, however, be considered. As an introduction to this point, 
we may remember that it is often convenient to describe structures as consisting, for 
instance, of two interpenetrating substructures (two different atom sets). 

As an example, an interesting group of phases T„X m may be considered which are 
tetragonal and are formed between transition metals T and p-block elements X (of the Ga 
and Si groups). In these phases, along the c axis, the unit cell (superstructure cell, 
supercell) contains n pseudocells of T atoms and m interpenetrating pseudocells of X 
atoms. These phases ( Nowotny phases or “ chimney-ladder ” structures) contain rows of 
atoms X (the “ladder”), with variable interatomic spacing from one compound to another, 
which are inserted into channels (“chimneys”) in the T array. The T metals in all of the 
superstructures form a /3Sn-like array with the number of T metal atoms in the formula 
of the compound corresponding to the number of /3Sn-like pseudocells stacked in the c 
direction of the supercell (see sec. 6.3.1.). The arrangement of the atoms in these phases 
can be compared to that found in the structure of TiSi 2 . 

The following is a list of some chimney-ladder phases (phases containing as many as 
600 atoms in the unit cell have been described): 
tP20 Ru 2 Sn 3 (a = 617.2 pm, c = 991.5 pm, c/ (2a \Jl) = 0.568) 

The Ru atoms form a /3Sn-like array with two pseudocells along the c direction of the 
supercell). 

tP32 Ir 3 Ga 5 (a = 582.3 pm, c= 1420 pm, c/ (3a \jl) = 0.575) 
tP36 Ir 4 Ge 5 (a = 561.5 pm, c = 183 1 pm, c/ (4a \/2) = 0.576) 

tP192-V 17 Ge 31 (a = 591 pm, c = 8365 pm, c/(17aV^) = 0.589) 

(In V 17 Ge 31 , for instance, there are 17 /3Sn like pseudocells of V atoms and 31 Ge 
pseudocells stacked along the c axis). 

The atomic arrangements in a few chimney-ladder phases are shown in fig. 21 and compared 
with that found in TiSi 2 . (This structure corresponds to the orthorhombic cell oF24-TiSi 2 - 
type with 80 = 826.7 pm, b 0 = 480.0 pm, c 0 = 855.1 pm. It can be approximately described 
in terms of a smaller body-centered tetragonal pseudocell, shown in fig. 21 a, having a' = 
ao / \Jl c' = b 0 and cVao«0.58 (close to the “ideal” value =0.577...). 

The electron concentration appears to play some role in control of this family of 
structures as noted by Nowotny (Schwomma etal. [1964a, 1964b], Flieher etal. [ 1968 a, 
1968 b]), Jeitschko and Parthe [1967] and Parthe [1969] and reported by Pearson 
[1972]. 
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a) b) c) d) 


Fig. 21. Nowotny phases, chimney-ladder structures (Jeitschko and Parthe [1967]). 

a) The reference o!F24-TiSi 2 type structure presented in terms of a tetragonal pseudo-cell (12 atoms in the 
pseudo-cell). 

b) tP120-Mn„Si, 9 ; c) tP20-Ru 2 Sn 3 and d) tI156-Rh 17 Ge 22 phases. 

(Notice that the metal atoms, black circles, form sequences of /3-Sn like cells; compare with fig. 32 below). 
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In the book of Hyde and Andersson [1989], the Nowotny phases are presented as 
a special case of a group of “ one-dimensional , columnar misfit structures” which also 
include compounds such as Ba m (Fe 2 S 4 )„ and other complex sulphides. Layer misfit 
structures, such as those of some oxide-fluorides, arseno-sulphides, etc., are also 
presented and classified with reference to a concept of structure commensurability based 
on the recognition that (along one or more axes) the ratios between the different repeat 
units of various interpenetrating substructures can (or cannot) be represented as ratios 
between integer numbers. 

The coexistence of different kinds of periodicity has also to be considered in the 
description of a quite different type of structure which is becoming increasingly common. 
In this, some atomic parameters (and/or the partial occupancy of some sites) vary in a 
periodic way through the structure. The periodicity may or may not be commensurate 
with the unit cell of the basic structure. (The ratio between the repetition length of this 
parameter and the lattice constant may or may not correspond to the ratio between two 
integer numbers). Structures having these characteristics are often termed modulated 
structures (Hyde and Andersson [1989]). Several non-stoichiometric compounds present 
such modulations (FeS x , Yb 3 S 4 , etc.). Various modulated structures have also been 
considered, for instance, for the NiAs-type structure (see sec. 6.5.1.). 

An interesting case of magnetic modulated structure is that reported for EuCo 2 P 2 
(Reehuis et al. [1992]). The positional structure of the atoms (of the atomic nuclei, 
nuclear structure) corresponds to the tI10-ThCr 2 Si 2 type (see sec. 6.5.9). A magnetic 
structure has been also determined, which is related to the ordering of the magnetic 
moments of the Eu atoms. These moments are oriented perpendicular to the c axis and 
form an incommensurate spiral with the turning axis parallel to the c axis. The magnetic 
moments lie in the basal planes and they order parallel within these planes. Along the 
c axis, from one basal plane to the next one, there is a periodic rotation of the moments. 
The ratio, along the c axis, of the characteristic lengths of the magnetic and nuclear 
structures, is slightly dependent on temperature. At 64 K it is close to 5/6 (that is: there 
are 5 translation lenghts of the magnetic cell for 6 translation lengths of the nuclear 
structures). At 15 K the ratio was found to be close 6/7. If this magnetic structure is 
maintained at still lower temperatures, it may correspond to the exact 6/7 value. The 
ground state may then be called a commensurate structure with this ratio. 

4.5. Recombination structures, intergrowth structure series 

Some of the previously reported relationships between structures may be included in 
the general term “ recombination ” structures. Such structures (see Lima de Farla et al. 
[1990]) are formed when topologically simple parent structures are periodically divided 
into blocks, rods or slabs (that is structure portions which are finite or infinite in one or 
two dimensions, respectively) which are recombined into derivative structures by means 
of one or more structure building operations. The most important operations are: unit cell 
twinning, crystallographic shear planes, intergrowth of blocks, rods or slabs of different 
structural types (for instance, intergrowth of cF24-MgCu 2 type and hP6-CaCu s type slabs 
to obtain the hP36-Ce 2 Ni 7 type structure), periodic out-of-plane, antiphase boundaries 
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(AuCu(II), as an example), rotation of rods or blocks. The frequency of structure 
building operators (and, therefore, the size of undisturbed structure portions) can vary by 
well defined increments, so that many phases may occur as members of homologous 
series. 

A few considerations about possible schemes of relationships between inorganic 
crystal structures based on a systematic “construction” of complex structural types by 
means of a few operations (symmetry operations, topological transformations) applied to 
some building units (point systems, clusters, rods, sheets), have been previously reported 
in sec. 3.5.4, following criteria suggested, for instance, by Hyde and Andersson [1989] 
and by Zvyagin [1993]. 

We may add here that, within the “recombination” scheme, a very interesting method 
of describing, interpreting and interrelating complex structures is that based on the 
aforementioned "intergrowth" concept (Kripyakevich etal. [1972, 1976, 1979], Grin' 
et al. [1982, 1990], Parthe etal. [1985], Lima de Faria [1990], Pani and Fornasini 
[1990]). According to this concept, selected structure types may be considered as 
belonging to certain intergrowth structure series. The different structure types of an 
intergrowth series are described as being constructed from structure segments of more 
simple structures (the so-called “ parent structures”). 

In an other way, we may say that, according to this approach, the construction 
modules instead of being defined on a mere geometrical basis, are selected with reference 
to specific crystallochemical criteria. To this end, groups (series) of similar complex 
structures are analysed in order to recognize “fragments” which could be identified as 
structure segments of more simple structural types. 

The structure series are then classified according to the kind of fragments and the 
method of construction. On the basis of the kind of fragments the structure series is 
described as homogeneous or inhomogeneous: the homogeneous intergrowth structures 
consist of identical fragments, the inhomogeneous intergrowth structures consist of 
segments (differing in composition and/or coordination) belonging to different parent 
structures. According to the method of construction, the intergrowth structure series can 
be classified into one-dimensional (linear), two- or three-dimensional series. In a linear 
series we have the one-dimensional stacking (along one direction) of two-dimensional, 
infinite segments (slabs) of the parent structures. The different structures of a two- 
dimensional intergrowth series, on the other hand, are built up by aggregations of several 
one-dimensional fragments (infinite rods, columns). Finally, the structures of a three- 
dimensional intergrowth series are constructed from (zero-dimensional, finite) parent 
structure blocks stacked in three dimensions. 

It has been pointed out (Grin' [1992]) that slicing the parent structure into segments 
can be done in different ways. For a segment to be used in a particular structure series, 
for the members of which we are interested in predicting composition and symmetry, a 
number of requirements should be fulfilled. The segments should contain certain 
symmetry elements (in a linear series, for instance, all the segments used for the 
description usually contain some symmetry elements, mostly parallel to the stacking 
direction, which are retained in any stacking sequence, and represent the “minimal 
symmetry” of the series). The segments interfaces necessarily pass through atom centers. 
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(The composition of the segment is proportional to the stoichiometry of the parent 
structure: by addition it is possible to obtain the compositions of all possible structures 
of the series). The segments, moreover, selected from different parent structures, must 
have, at least, one topologically equal interface in order to make the intergrowth possible. 
Additional requirements are necessary when the atomic arrangement on the interface 
permits more than one possibility of intergrowing and when more complex (two-, three- 
dimensional) series are studied. 

Considering, for instance, the particular case of the “linear intergrowth structure 
series”, we may mention that many, binary and ternary, intermetallic phases can be 
considered members of those series (both homogeneous and inhomogeneous). 

A representative of a structure belonging to a linear inhomogeneous series is 
presented in fig. 22. In this case, the parent structures are the oC8-CrB and oC12-UPt2 
types. The intergrowth structure presented is the oC28-W 3 CoB 3 (or Y 3 Co 3 Ga) type. Its 
unit cell contains a segment arrangement corresponding to two repetition of a sequence 
containing a UPri fragment followed by two CrB-type fragments. A simple code of this 
structure may be (2 CrB l UPt2 )2- Other members of the series have been described, for 
instance: 

lcrflluro (corresponding to the oI10-W 2 CoB 2 type); 

3 C r B luPT2 (corresponding to the mC18-Y 4 Co 4 Ga type); 

(4 C r B lup,2)2 (corresponding to the oC44-Y 5 Co 5 Ga type). 

It is interesting to observe that many real representatives of this series may be found in 
the Y-Co-Ga system. This may be considered an example of the fact that, often, several 
members of a certain intergrowth series have representatives in the same (binary and 
ternary) alloy system. In the same system (or in chemically analogous systems) represen- 
tatives of the parent structures may also be found (in the example reported, for instance, 
YCo has the CrB type structure). The interest of a crystallochemical description based on 
the intergrowth concept is thus evident. 

As a further simple example, we may mention the structure of the oC16-NdNiGa 2 
type belonging to the series BaAl 4 -AlB 2 . Its unit cell contains indeed two BaAl 4 -type 
segments and two AlB 2 -type segments. The simple code, previously considered, will be 
(l BaA14 lAi B2 ) 2 - (Notice, however, that in a more complex and detailed notation, super- 
scripted indexes may be added to the formulae of the segments in order to specify, for 
instance, their symmetry (Grin' etal. [1982], Parthe etal. [1985]). 

General compositional formulae are often used for representing a series (Grin' 
[1992]). Me m+n X 5m+3n Y 2n , for instance, may be the overall formula of a series consisting 
of intergrown CaCu 5 -type and CeCo 3 B 2 -type slabs. (For the hP6-CaCu 5 type and its 
ordered variant hP6-CeCo 3 B 2 type structures, see sec. 6.2.8.). Members of this series are 
the following structure types: hP12-CeCo 4 B (corresponding, in the aforementioned 
formula, to m= 1, n= 1), hP18-Ce 3 Co H B 4 (m= 1, n = 2), hP24-Ce 2 Co 7 B 3 (m= 1, n = 3), 
hP18-Nd 3 Ni 13 B 2 (m = 2, n = 1) and hP30-Lu 5 Ni 19 B 6 (m = 2, n = 3). We may notice in this 
case too, the close chemical analogy among the alloy systems (rare earth, nickel or 
cobalt, borides) forming structures corresponding to the different members of a given 
series. 
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oC8-CrB oC12-UPt 2 

O x=o i z: ° O z=o 

Cr B U Pt 


# XZ0.5 O XZ0.5 % Z- 05 O ZZ0.5 

Fig. 22a, b 

4.6. Group-subgroup relations for the representation of crystal-chemical 
relationships 

According to the presentation given by Barnighausen [1980], if two structures are 
topologically equivalent their interrelation may be conveniently expressed by group- 
subgroup relations between their space groups. Graphic representation of these relations 
leads to hierarchic ordering resembling a “family tree". At the top of the tree there is the 
so-called “ aristotype ” (a highly symmetrical structure). From the aristotype the other 
structures of the tree may be derived along specific routes of symmetry reduction. In 
order to obtain a well-defined description, the symmetry reduction is presented in terms 
of minimal steps (that is a given structure is followed by another whose space group is 
a so-called maximal subgroup (M) (see Hahn [1989]) of the space group (G) of the 
former structure). The minimal steps of symmetry reduction are characterized by the 
terms lattice-equivalent (M contains all the translations of G, the crystal class of M is of 
lower symmetry than that of G), or class-equivalent (M and G have the same crystal 
class but belong to different space-group types: M has lost translational symmetry, that 
is the primitive cell corresponding to M is larger than that of G) or crystallographically- 
equivalent (G and M belong to the same space group type, that is, as in the previous 
case, M has lost translational symmetry). 
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oC28-W 3 CoB 3 


• x =0 ©^-0 O x “° 

Co W B 

# X=0.5 © X=Q5 O X-0.5 


C) 

Fig. 22. An example of the application of the intergrowlh concept. In a) and in b) two “parent” structures (CrB 
and UPt 2 ) are presented. The projections of a few unit cells (defined by the continuous lines) on the b,c and a,b 
planes respectively are shown. The structure segments which have been correspondingly identified are shown 
by dotted lines. In c) a member (W 3 CoB 3 type structure) of the linear inhomogeneous series CrB-UPt 2 is 
presented (the sequence of parallel building segments is indicated). The segments characteristic of the CrB and 
UPt 2 structures have been indicated by I and II. In order to make easier the comparison, a few atoms with 
similar environments have been marked by the same numbers (or letters) in the parent and in the derived 
structures. 


5. Elements of systematic description of structure types. 

General remarks and references 

By means of the considerations previously presented some typical structures will be 
described in the following sections. On the basis of somewhat arbitrary criteria (such as 
high frequency of the structural type, existence of phases of considerable practical 
importance, possibility of presenting some features of general interest, etc.) the types to 
be described have been selected and presented in a few sections. This description, 
therefore, should be considered as only an initial introduction to a vast subject. As 
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already mentioned, complete and updated descriptions may be found in some reference 
books such as: Landolt-BOrnstein (Hellwege [1971], Predel [1991]), Villars and 
Calvert [1985, 1991], Massalski [1990] and Daams et al. [1991] that report (in 
alphabetical order) all the known binary systems. They can be considered complete 
riformulation of “classic” books such as: Hansen [1936], Hansen and Anderko [1958], 
Elliott [1965], Shunk [1969], Moffatt [1986], Phase diagrams are presented and 
discussed; crystal structure data of the intermediate phases, moreover, are systematically 
given. A similar lay-out has been adopted in the Monograph Series on Alloy Phase 
Diagrams published by ASM International. The book of Villars and Calvert [1991] 
consists of an “Handbook of Crystallographic Data!' (in 4 volumes); Daams etal. [1991] 
published an “Atlas of Crystal Structure Types ” (in 4 volumes). The “Handbook” reports 
all the data available for binary (and complex) intermetallic phases. The “Atlas” 
describes the different structural types presenting (both by using tables and drawings) 
atomic coordinates, interatomic distances and coordination polyhedra. 

For a general presentation of the Inorganic Crystallochemistry, see, for instance. 
Wells [1970]. 

For a systematic classification of the intermetallic structure types, the following 
monographs may be consulted. 

Schubert [1964] in his book “Kristallstrukturen Zweikomponentiger Phasen” 
(Crystal Structures of Binary Phases) described a few hundred structural types. In this 
book, Schubert paid great attention to chemical criteria for the description, classification 
and discussion of the properties of the different phases. The position of the elements 
involved in the Periodic Table was considered particularly relevant. For this purpose, the 
elements were considered by Schubert to be subdivided into the following families: 
A-metals (elements of the s-block of the periodic table), T-metals (transition metals), 
B-elements (elements of the p-block of the Periodic Table). The different structural types 
were then described according to the following chapter subdivision: 

Brass-type alloys and close-packed sphere stacking and superstructure variants: AuCu 3 , 
AuCu, SrPb 3 ZrAl 3 , ZrGa 2 Nb 5 Ga 13 , etc.; Mg-type structure and superstructures 
Ni 3 Sn, etc.; body-centered sphere packing W structure and derivatives Fe 3 Si, CsCl, 
NaTl, Cu 5 Zn 8 , Ni 2 In, etc. 

T-T phases (among which the T element structures of the so-called Cr 3 Si family such as 
the j8U, cI58~«Mn, hR39-W 6 Fe 7 , Th 6 Mn 23 , etc., and then the Laves phase structures). 
B-B phases (structures considered as deformation variants of close-packed structures, 
such as Zn, In, etc., structures of B, graphite, structures of the diamond-family, of the 
P and As families, etc.). 

A-B phases (several types partly classified according to the stoichiometry: Li 3 Bi, Mg 2 Sn, 
Mg 3 Sb 2 , NaCl, etc.). 

T-B phases (T-rich borides, carbides, nitrides, oxides and hydrides, CuA 1 2 , MoSi 2 , NiAs, 
FeS 2 structures and their variants). 

Pearson [1972], in his book “The Crystal Chemistry and Physics of Metals and Alloys”, 
discussed the characteristics and specific features (coordination, stability, relationships 
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with other structures, etc.) of about a thousand structure types. He was able to classify 

all these structures in 12 different families. The most important 10 are summarized here 

below. 

1) Valence compounds of non-metals (semiconducting compounds with anions forming 
close packed arrays, polyanionic compounds, polycationic compounds, group IV, V 
and VI elements and IV-VI and V-VI compounds, etc.). 

2) Metastable phases, interstitial phases, martensite (in this group of phases the Hagg 
interstitial phases formed by transition metal and small non-metal atoms such as H, 
B, C, N have been especially considered: in these phases the non-metals occupy the 
interstices, generally the octahedral ones of the close-packed structures of the 
transition metals). 

3) Structures based on the close packing of the 3 6 close-packed nets (Cu and Mg structures 

and their derivative structures AuCu 3 , AuCu, Ti 3 Cu, TiAl 3 , ZrGa 2 , MoNi 4 , etc.). 

4) Structures derived by filling tetrahedral, octahedral (and other) holes in close-packed 
arrays of atoms (sphalerite structure and derivative structures oP12-CuAsS, 
tI16-FeCuS 2 , tI16-Cu 3 AsS 4 , etc., wurtzite structure and derivative structures, 
oP16-CuSbS 2 , oP16-Cu 3 AsS 4 , hP30-In 2 Se 3 , etc.; CaF 2 structure and distorted, 
defective, superstructures of CaF 2 ; NaCl structure and derivative structures of the 
NaCl type; NiAs structure, etc.). 

5) Structure types dominated by triangular prismatic arrangements (hP2-WC, hR9-MoS 2 , 

tI8-NbAs, tP6-Cu 2 Sb, oP36-Ta 2 P, hP3-AlB 2 , hP6-CaIn 2 , hP6-Ni 2 In and their 
variants, are examples of structure types included in this group). 

6) Structures based on simple cubic and body centered cubic packing (in this group the 
structure types cI2-W, tI2-Pa, martensite, cP6-Cu 2 0, cP2-CsCl, tP4— TiCu, 
cF16-Li 3 Bi, cF16-NaTl, cF16-MnCu 2 Al, tP3-FeSi 2 , cI52-Cu 5 Zn 8 and several variants 
are considered. In this structure family the Nowotny chimney-ladder phases are also 
included). 

7) Structures generated by square-triangle nets of atoms: cubes and cubic antiprisms (for 

instance tI12-CuAl 2 , oP24— AuSn 2 , mC12-PdP 2 , oC20-PtSn 4 , tP10-U 3 Si 2 , 
tP40-FeCu 2 Al 7 , oP16-ThNi, oI 20-UA1 4 , etc.) 

8) Structures generated by alternate stacking of triangular and kagome nets. (The struc- 
tures of hP6-CaCu 5 , tI26-ThMn 12 , hP38-Th 2 Ni 17 and their variants are included in 
this family. The Laves phases cF24-Cu 2 Mg, hP12-MgZn 2 and hP24— Ni 2 Mg types and 
several variants are considered in this family. However, they are also described, as 
Frank-Kasper structures, in the subsequent group). 

9) Structures in which icosahedra and CN 14, 15 and 16 polyhedra play a dominant role. 
(Laves phases, p phases: hR39-W 6 Fe7; P phases: oP56-Mo-Cr-Ni phase, (which, at 
a composition corresponding to 42 at% Mo and 18 at% Cr, has a unit cell containing 
56 atoms in partial substitutional disorder); R phases: hR159-Mo-Co-Cr, etc. are 
included in this family, as well as a number of intermetallic phases with giant cells 
such as the cF1124— Cu 4 Cd 3 , cF1192-NaCd2, cF1832-Mg 2 Al 3 types studied by 
Samson [1969], 
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10) Structures with large coordination polyhedra. (Structures are presented in which large 
coordination, polyhedra are contained: for instance cP36-BaHg n in which Ba is 
surrounded by 20 Hg, tI92-Ce5Mg 41 , tI48-BaCd u , cF112-NaZn u in which 
coordination polyhedra corresponding to coordination numbers (CN) 20, 22 and 24 
are present respectively). 

As a comment to the Pearson’s classification and description of structure types we may 
mention a paper by Pearson [1985b] himself on the classification of the crystal 
structures of intermetallic phases according to building principles and properties. Five 
groups of phases have been evidenced: 

1) Phases based on geometrical packings; 

2) Phases in which the band-structure energy is an unusually large fraction of the total 
energy; 

3) Valency compounds; 

4) Framework structures; 

5) Hybrid framework structures with geometrical packings. 

A substantially geometrical approach has been adopted in their book “ Inorganic Crystal 
structures ”, by Hyde and Andersson [1989] who presented and discussed the structure 
of more than a thousand inorganic compounds, explicitly ignoring “the artificial barrier 
between inorganic and mineral structures on the one hand and metallurgical structures 
(intermetallic compounds, borides, carbides, etc.) on the other.” In their treatment and 
classification of the structural types, they generate complex structures starting with 
relatively few basic structures and applying to segments of such structures, one or more 
of a few geometrical operations that are essentially symmetry operators. The “segments” 
or building units considered may be blocks (or clusters, bounded in 3 dimensions), rods, 
(or columns, bounded in 2 dimensions, infinite in the third), slabs (or lamellae, sheets, 
layers, the latter bounded in 1 dimension and infinite in the other two). 

6. Description of a few selected structural types 

The selected structural types which will be presented in the following sections 
arranged in a few groups according to their crystallochemical interrelations are also 
alphabetically summarized, for reader convenience, in Appendix 1: “Gazetteer of 
Intermetallic Phases”. 

For the different phases described, the values of the lattice parameters have been 
generally reported: this may indeed be useful in comparing different structures and in 
order to get a better idea of the real atomic packing. Notice, however, that, generally, for 
the various phases, several slightly different values have been reported in the literature 
(owing to different preparation and measurement techniques and/or to the existence of 
certain, often not well-defined, homogeneity ranges). The reader interested in accurate 
values of the lattice parameters should therefore consult the original literature. 
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6.1. bcc W-type structure and derivative structures 

In this section a few structural types are presented which can be described as related 
to the simple body-centered cubic structure, cI2-W type. For some of them, fig. 23 
shows the normalized interatomic distances and the corresponding numbers of equidistant 
atoms. 

6.1.1. Structural type: cI2-W 

Body-centered cubic, space group Im3m, No. 229. 

Atomic positions: 

2 W in a) 0,0,0; 

Coordination symbol: 3 [Wgy 8 ] 

Layer stacking symbols: 

Triangular (T) nets: w£w£w£w£w£w£ 

Square (S) nets: W^W,^ 

For the prototype itself, W, a = 316.5 pm. 

This structure can be compared with the CsCl type structure (which can be obtained from 
the W type by an ordered substitution of the atoms) and the MnCu 2 Al type structure 
(“ordered” superstructure of the CsCl type): see fig. 24a and 24b and notice the typical 
8 (cubic) coordination. 

The W-type structure is shown by a number of unary systems: Li, Na, K, Rb, Ba, Cr, 
Eu, Cr, Mo, V, Ta, W, etc., (as the only form or the room temperature stable form), Be, 
Ca, Sr, several rare earth elements, Th, etc., (as a high temperature form) and a and S 
Fe forms. 

The same structure is formed in a number of binary (or ternary) phases, for which a 
random distribution of the two (or three) atomic species in the two equivalent sites is 
possible. Typical examples are the /3-Cu-Zn phase (in which the equivalent 0,0,0; 
positions are occupied by Cu and Zn with a 50% probability) and the /3-Cu-Al phase 
having a composition around Cu 3 Al (in which the two crystal sites are similarly 
occupied, on average by Cu, with a 75% occupation probability, and by Al, with a 25% 
occupation probability). A number of these phases can be included within the group of 
the “Hume-Rothery” phases (see sec. 3.4.). In the Villars-Calvert compilation 380 
phases (about 1.5% of the total number of phases considered) are listed under this 
structural type (which is the 11 111 in the frequency order). 

6.1.2. Structural type: cP2-CsCl 

Cubic, space group Pm3m, No.221. 

Atomic positions: 

1 Cs in a) 0,0,0 
1 Cl in b) iii 
Coordination formulae: 

3 [CsCl] 8/8 or 3 [CsCl] 8cb/8cb (ionic description) 

333 [X 6/6 ][Y 6/6 ] 8/8 or 333[X 6o/6o ][Y 6o/6o ] 8cb/8cb (metallic description) 
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Fig. 23a,b. Trends of interatomic distances and coordinations in a group of closely interrelated structures. 

a) cI2-W type structure: coordination around W. 

b) XY compounds of cP2-CsCl type structure: 

(+) X-Y (or Y-X) coordination. 

(*) X-X (or Y-Y) coordination. 


Layer stacking symbols: 

Triangular (T) nets: CsoCl^Cs^Cl^Cs^Cl^ 

Square (S) nets: CsoCl,^ 

For the prototype itself, CsCl, a = 41 1.3 pm. 

See also fig. 3. The 8 coordination (cubic) of the two atomic species is apparent. 

The normalized interatomic distances and numbers of equidistant neighbours are 
shown in fig. 23. In the same figure data are also reported for the W type structure, 
which can be considered a degenerate structure of the CsCl type structure (in the W type 
structure the two atomic sites are equivalent) and of the derivative (superstructure) 
MnCu 2 Al type. 

The CsCl type structure is adopted by many of the 1:1 intermetallics and by a few 
halide and chalcogenide 1 : 1 (ionic) compounds (for which, however, it is in competition 
with the NaCl type structure (see sec. 6.4.1)). Of the monohalides only CsCl, CsBr, Csl, 
T1C1, TlBr and Til (and of the monochalcogenides only, ThTe) have the CsCl type 
structure, while the rest with a lower atomic (ionic) ratio have the NaCl type structure 
(corresponding to a lower coordination, 6 instead of 8). 
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Fig. 23c,d. Trends of interatomic distances and coordinations in a group of closely interrelated structures. 

c) cF16-MnCu 2 Al type structure: coordination around A1 (or Mn) 

(+) Al-Cu (or Mn-Cu); (*) Al-Mn (or Mn-Al); 

(o) Al-Al (or Mn-Mn). 

d) cFlti-MnCi^Al type structure: coordination around Cu 
(+) Cu-Mn; (*) Cu-Al; (o) Cu-Cu. 


As for the intermetallics, in the Villars-Calvert compilation, about 460 compounds 
(= 1.8% of the total number of phases considered) are listed under this structural type (7 lh 
in the frequency rank order); about 300 phases are binary, the others are (more or less 
disordered) ternary phases. Among the binary phases we may mention 1:1 compounds 
such as those of alkaline earth and rare earth elements with Mg, Zn, Cd, Hg (and often 
with In, Tl, Ag, Au), those of A1 and Ga with Fe and Pt group metals. The j3' Cu-Zn 
phase (stable at room temperature) belongs to this structural type; at higher temperature 
it undergoes the order-disorder transformation into the disordered cI2-W-type, jS phase. 
FeAl also is an example of a phase having this (more or less) ordered structure. It 
corresponds to a solid solution range from ® 23 to ~ 55 at% Al. It forms through ordering 
of the a Fe, cI2-W type, phase which has a solubility range from 0 to = 45 at% Al. 

Other interesting phases belonging to this structural type are: 

NijAl^ (homogeneous between 42 and 69 at% Ni) with good mechanical and oxidation 
resistance properties. (By quenching from high temperatures the formation of an 
ordered martensite is obtained which can be considered for shape memory behaviour). 
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b) 


Fig. 24. cF16-MnCu 2 Al type structure. The unit cell is shown in a). This structure degenerates in the Li 3 Bi type 
if the Cu and Mn positions become equivalent. The small cube presented in b) corresponds to [ of the 
MnCu 2 Al unit cell and degenerates into a CsCl type cell if the atoms at the vertices (Mn + Al positions) are 
equal. Moreover a further degeneration in the W type will be obtained if all the atoms are equal. 


Co x Al,_ x (~ 48 to 79 at% Co), Co x Be,_ x (26 to 53 at% Co), Ni x Be,_ x (= 25 to 52 at% Ni), 
PdBe (« 50 a.t% Pd), Cu x Be,_ x (=51 to 53 at% Cu), etc. 

For a discussion on substitutional additions to CsCl type alloys (site preference for dilute 
additions to NiAl, FeAl, CoAl, etc.) see Kao et al. [1994]. 

Finally, we may mention Ti x Pd,_ x (47 to 53 at%Pd) and Ti x Pt,_ x (46 to 54 at% Pt) 

which have the CsCl type structure at high temperature and the oP4-AuCd structure at 

low temperature. 

6.1.3. Structural type: cF16-MnCu 2 Al 

Face-centered cubic, space group Fm3m, No. 225. 

Atomic positions: 

4 Al in a) 0,0,0; j,j,0; j,0,y; 0,1 ,1 
4 Mn in b) 0,0,£; 0,^,0; ^,0,0 

8 r 1 .! in c\ i 1 i- 1 1 i- l I i. 1 1 I. 1 i l- 1 1 3. 3 i J_. I 3 I 

O '-'U All 4»4»4> 4»4i4» 4»4»4 j 4>4>4’ 4>4’4’ 4’4’4’ 4>4’4 
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Coordination formula: 

2 [AlCu 8/4 Mn 6/6 ] 

For the layer stacking symbols, the data are reported in the next section in compari- 
son with the Li 3 Bi and NaTl type structures. 

For the prototype itself, MnCu 2 Al, a = 596.8 pm. 

The structure is shown in fig. 24. In this figure a comparison is also made with the CsCl 
type structure. It is apparent that if the two a) and b) sites are occupied by the same 
atomic species, the cell degenerates into a block of 8 equal cells (of the CsCl-type). We 
may also observe that, on the contrary, if a single atomic species were assigned to the b) 
and c) sites, another ordered structure would be obtained, corresponding to the 1:3 
stoichiometric ratio (Li 3 Bi-type or BiF 3 -type). 

In the Villars-Calvert compilation the phases belonging to the MnCu 2 Al and Li 3 Bi 
types are listed together. (See also sec. 6.1.3. and 6.1.4.). They are about 380 (= 1.5% of 
the total number of phases considered and 12 th in the frequency rank order). 

Among the ternary alloys, we may mention several Me'Me"Me'" 2 phases (with 
Me' = Al, Ga, Ge, Sn; Me" = Ti, Zr, Hf, V, Nb, Mn, etc. and Me'" =Co, Ni, Cu, Au, etc.). 
The compounds which crystallize with the MnCu 2 Al type structure (and particularly the 
magnetic compounds having this structure) are called Heusler Phases. In the specific case 
of the Al-Cu-Mn system this phase is ferromagnetic and stable above 400°C, but it can 
be frozen by quenching to room temperature. It is assumed that its whole moment is due 
to the spin moment of Mn which has an unfilled d shell (5 electrons). Magnetic 
properties of Heusler phases are strongly dependent on the ordering of the atoms. 


6.1.4. Structural types: cF16-Li 3 Bi and cF16-NaTl 

cF16-Li 3 Bi type is face-centered cubic, space group Fm3m, No. 225. 

Atomic positions: 

4 Bi in a) 0,0,0; £,0,£; 0 

4 Li in b) 0,0, j; 0,1,0; \ ,0,0 

8 T i in /.U1L 111. 3 1 3 . 1 3 3 . 3 3 3. H3. 3 11- III 
O W 4>4>4> 4*4*4* 4 »4 *4 » 4’4’4’ ^>2f»4> 4*4*4’ 4*4*4* 4*4*4 

Coordination formula: 

3 [BiLi 8/4 Li 6/6 ] (ionic description) 

For the layer stacking symbols, see under the following description of the NaTl type. 
For the prototype itself, Li 3 Bi, a = 672.2 pm. 


This structure (or BiF 3 structure) could also be described as derived from a cubic close- 
packed array of atoms (Bi atoms) by filling all the tetrahedral and octahedral holes with 
Li (or F) atoms. 


The cF16-NaTl type structure is face-centered, cubic, space group Fd3m, No. 227. 
Atomic positions: 

8 T1 in n'Winn- n J. .I- i n -!-■ i -t tv 3 . 1 3 . 3 3 I. i I i. J 3 3 

o A i in a) U,U,U, U, 2,2» 2’ u ’2* 2*2* u * 4*4*4* 4*4*4* 4*4*4* 4*4*4* 

8 Na 0 i O* 1 1 O* I ^ -!-■ 1 1 1 1 1* 1 j _i_ 

o i>a in \j) 2*2*2’ 2* V, *' J ” 2*2*'^’ 4*4*4* 4*4*4* 4*4*4* 4*4*4* 

For the prototype, NaTl, a = 747.3 pm. 
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LiZn, LiCd, LiAl, Naln have this structure. 

This structure may be regarded as a completely filled-up fee arrangement in which 
each component occupies a diamond like array of sites (see sec. 6.3.1. and, in sec. 3.4., 
“Zintl Phases”.) 


The structure may thus be presented as NaTl: D + D' (see the descriptions in terms of 
combination of invariant lattice complexes reported in sec. 3.1.). 

The coordination formula is 33 Na[Tl 4/4 ] 4/4 . 

All the three cF16-NaTl, Li 3 Bi and MnCu,Al types, which may also be considered 
as composed of four interpenetrating face centered cubic arrays (F + F +F" + F'"), 
correspond to the same space filling as in 8 b.c. cubic (or in 8 CsCl type) cells (see fig. 
24). 

The layer stacking symbols of the NaTl structure are here reported in comparison 
with those of the cF16-Li 3 Bi and cF16-MnCu 2 Al types. 


Triangular (T) nets: 

NaTl type: 

Na* T1 ® i 2 T1^ 6 Na* Na^ T^Tl* Na“ 2 Na£ 3 Tl* Tl® 6 Na^ /12 
Li 3 Bi type 

Li 1/12 Li 1/6 Li 1/4 Bi 1/3 Li 5n2 Li 1/2 Li 7/12 Bi^ Li 3/4 Li 5/6 Li,| /12 
MnCu 2 Al type 

Al 0 Cu ]/ 12 Mn 1/6 Cu ,/ 4 A1 1/3 Cu 5/12 Mn 1/2 Cu 7/12 Al^ Cu 3/4 Mn 5/6 Cu 


c 

11/12 


Square (S) nets: 

NaTl type: 

Na,] Na 0 4 Tl* Na T1 , 7 /4 T1 ,‘ 2 T1 A m Na Tl 3 6 /4 Na 3 7 /4 
Li 3 Bi type 

Bio Bio Li 0 Li 1/4 Li 1/4 Li 1/2 Li 1/2 Bi 1/2 Li 3/4 Li 3/4 
MnCu 2 Al type: 

Al 0 Al 0 Mn 0 Cu, /4 Cu 1/4 Mn 1/2 Mn 1/2 Al 1/2 Cu 3/4 Cu^ 


6.1.5. Comments on the bcc derivative structures 

In the family of bcc derivative structures we may include several other structural 
types. 

As an important defect superstructure based on the bcc structure we may mention the 
cP52-Cu,A 1 4 type structure (Ag 9 In 4 , Au 9 In 4 , Pd 8 Cd 43 , Co 5 Zn 21 , Cu 9 Ga 4 , Li 10 Pb 3 can be 
considered reference formulae of selected solid solution phases having this structure). 
The large cell (a = 870.4 pm in the case of Cu 9 A1 4 ) can be considered to be obtained by 
assembling 27 CsCl type pseudocells with two vacant sites. One vacant site occurs on 
each sublattice Al 16 Cu 10 D and Cu 26 D. 

The -y-brass, cI52-Cu s Zn g -type structure can be similarly described as a distorted defect 
superstructure of the W type structure, in which 27 pseudocells are assembled together 
with two vacant sites (comer and body center of the supercell). In this case, however, the 
atoms, are considerably displaced from their ideal sites. The structure could also be 
described as built up of interpenetrating, distorted, icosahedra (each atom being sur- 
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rounded by 12 neighbours). This description applies also to the cP52-Cu 9 Al 4 type 
structure. (Ag 5 Cd 8 , Li 7 Ag 3 , Ag 5 Zn 8 , V 5 A1 8 , Au 5 Cd 8 , Au 5 Hg 8 , Fe 3 Zn 10 , NiGa 4 , V 6 Ga 7 , 
NijZn,,. etc. crystallize in the cI52-Cu 5 Zn 8 structural type). 

Martensite. The iron-carbon martensite structure can be considered a tetragonal 
distortion of the body-centered cubic cell of Fe (a = 285 pm, c = 298 pm at = 1 mass% C 
(=4.5 at%), in comparison to a = 286.65 pm for a-Fe, cI2-W type). Carbon is randomly 
distributed in the octahedral holes having coordinates 0,0,} and },},0. Typically an 
occupancy of these sites of only a few % has to be considered. For a 100% occupancy 
the structure of the tI4-CoO type (low-temperature form) is obtained with 2 Co in a) 
0,0,0; },},}; and 2 O in b) 0,0,}; },},0 in the space group I4/mmm, No. 139. In the 
martensitic cell the position parameters of the Fe atoms have a range along the fourfold 
axis, so there is a displacement from the cell comers and body center and an enlargement 
of the octahedral holes containing carbon. (Notice, however, that “martensite” is also a 
general name used by metallurgists to denote all phases formed by diffusionless shear). 

Al-Cu-Ni continuous sequence of ordered structures. An interesting series of 
superstructures have been described by Lu and Chang [1957a, 1957b]. For an assessed 
description of the system and of the intermediate phases see Prince [1991], They all 
have hexagonal unit cells (some corresponding to rhombohedral structures) based on 
ordered sequences of pseudo cubic subcells slightly distorted in rhombohedra having the 
constant a rhom included between 289 and 291 pm and the interaxial angle a rhom included 
between 90.34 and 90.10°. (These data may be compared with the values a = = 288 pm 
and, of course, a = 90°, for the cubic CsCl type unit cell of NiAl at the 50 at% A1 
composition). The hexagonal cells of the superstructures have a certain number of 
subcells stacked along c. A1 atoms occupy the comers of the subcells and Ni,Cu (Me) 
atoms or vacancies (Vac) occupy the centers in ordered array, vacancies occurring along 
the three triad axes (0,0,0; },f,z; f,},z). All together these phases corresponds to the 
r-region lying in the ternary system in a domain included between =7 and 12 at% Ni 
and between =27 and 38 at% Cu. The different Tj ordered structures correspond to the 
stacking of i subcells centred according to a definite sequence of Vac or Me atoms. 
Following stacking variants have been described: 

t 5 = (Ni,Cu) 3 Al 5 , hR24, a = 41 1.9 pm, c = 25 12.5 pm ( = 5*502.5) 
stacking sequence VacMeMeMeVac = VacMe 3 Vac 
t 6 = (Ni,Cu) 4 Al 6 , hP30, a = 411.3 pm, c = 3013.5 pm ( = 6*502.3) 
stacking sequence VacMe 4 Vac 

t 7 = (Ni,Cu) 5 Al 7 , hP36, a = 410.6 pm, c = 3493.8 pm ( = 7*499.1) 
stacking sequence VacMe 5 Vac 

t 8 = (Ni,Cu) 6 Al 8 , hR42, a = 410.5 pm, c = 3990 pm ( = 8*498.8) 
stacking sequence VacMe 6 Vac 

t j, = (Ni,Cu) 6 Al n , hP51, a = 411.5 pm, c = 5528.9 pm (=11*502.6) 
stacking sequence VacMe 3 Vac 3 Me 3 Vac 
r 13 = (Ni,Cu) 8 Al 13 , hR63, a = 411.3 pm, c = 6517.3 pm (=13*501.3) 
stacking sequence VacMe 4 Vac 3 Me 4 Vac 
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r 15 = (Ni,Cu) 10 AL 15 , hP75, a = 409.6 pm, c = 7464.5 pm (=15*497.6) 
stacking sequence VacMe 5 Vac 3 Me 5 Vac 
t„ » (Ni,Cu) 12 Al 17 , hP87, a = 410.1 pm, c = 8449.9 pm ( = 17*497.1) 
stacking sequence VacMe 6 Vac 3 Me 6 Vac 

These structures appeared to be determined by the free electron concentration. They 
represent a so-called “continuous sequence of ordered structures ” or, infinitely adaptive 
structures (Hyde and Andersson [1989]). These structures occupy a single-phase field 
in the system: it has been observed that, in such cases, may be ambiguous to define a 
phase in terms of a unit cell of structure. 

6.2. Close-packed structures and derivative structures 

In this section, a few important elemental structures are described. Particularly the 
cubic (cF4— Cu type) and hexagonal close-packed (hP2-Mg) structures are presented. A 
few other stacking variants of identical monoatomic triangular nets are also reported. A 
group of structures which can be considered as derivative structures of Cu are also 
described. 

Normalized interatomic distances and numbers of equidistant neighbours are shown 
in figs. 25 and 26. 

6.2.1. Structural type: cF4-Cu 

Face-centered cubic, space group Fm3m, No. 225. 

Atomic positions: 

4 Cu in a) 0,0,0; 0,^; ^,0,-}; ^,0; 

Coordination formula: 3[Cu 12/12 ] 

Layer stacking symbols: 

Triangular (T) nets: Cuq Cu® 3 Cu^ 3 
Square (S) nets: Cuq Cuq Cu^ 

For the prototype itself, Cu, a = 361.46 pm. 

The atoms are arranged in close packed layers stacked in the ABC sequence (see 
sec. 3.5.2.). 

Several metals, such as Al, Ag, Au, a Ca, a Ce, y Ce, a Co, Cu, y Fe, Ir, (3 La, Pb, 
Pd, Pt, Rh, a Sr, a Th and the noble gases Ne, Ar, Kr, Xe crystallize in this structural 
type. Several binary (and complex) phases having this structure have also been reported 
(solid solutions with random distribution of several atomic species in the four equivalent 
positions). 


6.2.2. Cu-derivative, substitutional and interstitial superstructures (tetrahedral 
and octahedral holes) 

Derivative structures may be obtained from the Cu type structure by ordered 
substitution or by ordered addition of atoms. As examples of derivative structures 
obtained by ordered substitution (and/or distortion) in the Cu type we may mention the 
AuCu 3 , AuCu, Ti 3 Cu types, which are described here below. (In the specific case of the 
AuCu 3 type structure and the Cu-AuCu 3 types interrelation, see also sec. 3.5.5.). For a 
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Fig. 25. Distances and coordinations in the cF4-Cu and cP4-AuCu 3 types structures. (Compare also with figs. 
14 and 15.) 

a) cF4-Cu type structure 

b) cP4-AuCu 3 type structure: coordination around Au 
(+) Au-Cu; (*) Au-Au. 

c) AuCiij type structure: coordination around Cu 
(+) Cu-Cu; (*) Cu-Au. 
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N 




d/d„ 


d/d„ 


Fig. 26. Distances and coordinations in the hexagonal close-packed (Mg-type) structure. 

a) Ideal structure, c/a = 1.633 (first coordination shell corresponding to 12 atoms at the same distance). 

b) Mg-type structures with c/a = 1.579. 

The group of the first 12 neighbours is subdivided into 6 + 6 atoms at slightly different distances. 

systematic description of the derivative structures which may be obtained from the Cu 
type by ordered filling-up it may be useful to consider that in a closest packing of equal 
spheres there are, among the spheres themselves, essentially two kinds of interstices 
(holes). These are shown in fig. 27. The smallest holes surrounded by a polyhedral group 
of spheres are those marked by T. An atom inserted in this hole will have four neigh- 
bours whose centres lie at the vertices of a regular tetrahedron ( tetrahedral holes). The 
larger holes ( octahedral holes) are surrounded by octahedral groups of six spheres. In an 
infinite assembly of close-packed spheres the ratios of the numbers of the tetrahedral and 
octahedral holes to the number of spheres are, respectively, 2 and 1. 

Considering the Cu type structure (in which the 4 close-packed spheres are in 0,0,0; 
0,j,j; j,0,j; 2 ,j,0) the centers of the tetrahedral and octahedral holes have the coordinates: 

4 octahedral holes in: 

bhh T’°’°; °-T’°; 

2 sets of 4 tetrahedral holes in: 

I J !• 1 1 3. 3 i !■ 3 1 1- 

4»4>4» 4»4’4» 4’4»4> 4~»4»4» 

and in: 

3 1 3. 3 1 1. i 3 i . i J. 3 
4»4’4» 4’4’4» 4’4»4» 4»4»4‘ 
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T O 


Fig. 27. Voids in the closest packing of equal spheres; tetrahedral (T) and octahedral holes (O) are evidenced 
within two superimposed triangular nets. 

Several cubic structures, therefore, in which (besides 0,0,0; 0,5,5; 5,0,5; 5,5,0) one (or 
more) of the reported coordinate groups are occupied could be considered as filled-up 
derivatives of the cubic close-packed structures. The NaCl, CaF 2 , ZnS (sphalerite), 
AgMgAs and Li 3 Bi type structures could, therefore, be included in this family of 
derivative structures. For this purpose, however, it may be useful to note that the radii of 
small spheres which fit exactly into tetrahedral and octahedral holes are 0.225... and 
0.414..., respectively, if the radius of the close-packed spheres is 1.0. For a given phase 
pertaining to one of the aforementioned types (NaCl, ZnS, etc.) if the stated dimensional 
conditions are not fulfilled, alternative descriptions of the structure may be more 
convenient than the reported derivation schemes. 

Notice, moreover, that a fc cubic cell of atoms X in which all the interstices are 
occupied (the octahedral by X and the tetrahedral by Z atoms) is equivalent to a block 
of 8 XZ, CsCl type, cells (see figs. 3 and 24). This relationships (and other ones with 
other structures such Li 3 Bi and MnCu 2 Al) should be kept in mind when considering, for 
instance, phase transformations occurring in ordering processes. 

Similar considerations may be made with reference to the other simple close-packed 
structure, that is to the hexagonal Mg type structure. In this case two basic derived 
structures can be considered: the NiAs type with occupied octahedral holes and the 
wurtzite (ZnS) type with one set of occupied tetrahedral holes. 
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6.2.3. Structural type: cP4-AuCu 3 

Cubic, space group Pm3m, No. 221; 

Atomic positions: 

1 Au in a) 0,0,0 

3 Cu in c) |,0,^; ^,0 

Coordination formula: SSStAu^HCug^],^ 

Layer stacking symbols: 

Triangular, kagom 6 (T,K) nets: 

Auq Cq Au ^ Cu l 3 Au ® 3 Cu£, 

Square (S) nets: Auq Cuq Cuf fl 

For the prototype itself, AuCu 3 , a = 374.8 pm. 

(See also sec. 3.5.5. for a detailed description of this structure.) 

This structure can be considered a derivative structure (ordered substitution) of the 
cF4-Cu type. 

A discussion of the characteristics of a number of ordered layer (super)structures 
involving a XY, stoichiometry has been reported by Massalski [1989]. Sequences of 
layer structures (among which those corresponding to the cP4-AuCu 3 , hP16-TiNi 3 , 
hP24-VCo 3 , hR36-BaPb 3 types) as observed in V (or Ti) alloys with Fe, Co, Ni, Cu are 
described. The relative stabilities of the different stacking sequences have been analyzed 
in terms of a few parameters which characterize the interactions between various layers. 

6.2.4. Structural types: tP2-AuCu (I) and oI40-AuCu(II) 

tP2-AuCu(I) is tetragonal, space group P4/mmm, No. 123; 

Atomic positions: 

1 Au in a) 0,0,0; 

1 Cu in d) 

For the prototype itself, AuCu(I), a = 280.4 pm, c = 367.3 pm, c/a= 1.310. 

The unit cell could be considered either as a distorted CsCl type cell greatly elongated 
in the c direction or, better, as a deformed (and orderly substituted) Cu type cell. This is 
apparent from fig. 20 where the tP2 unit cell and two tP4 supercells having 
&' =&\[2 =396.6 pm, c' = c = 367.3 pm are also shown. The larger cell is similar to a Cu 
type cell, slightly compressed (c'/a' =0.926) and in which the atoms placed in the center 
of the sidefaces have been orderly substituted. The coordinates in the tP4 
super(pseudo)ced are: 

Au in 0,0,0, and 5 , 5 , 0 ; 

Cu in },0,j and O,^ ; 

and the corresponding square nets stacking sequence is Auq Au|J Cuf^. 

The long period superstructure of AuCu(I), discussed in sec. 4.2., resulting in the 
antiphase-domain structure of AuCu(II) is shown in fig. 20c. 

6.2.5. Structural type: tP4-Ti 3 Cu 

Tetragonal, space group P4/mmm, No. 123; 
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Atomic positions: 

1 Cu in a) 0,0,0 

1 Ti in c) }4,0; 

2 Ti in e) 0,^; £,0,^; 

Coordination formula: 333[Cu 6 / 6 ][Ti 8/8 ] 12/ 4 
Layer stacking symbols: 

Square (S) nets: Gr^TioTi^. 

For the prototype itself, Ti 3 Cu, a = 415.8 pm, c = 359.4 pm, c/a = 0.864. This structure 
can be described as a tetragonal distortion of the AuCu 3 type structure. It may also be 
considered a variant of the previously described AuCu(I) type (compare with its tP4 
pseudocell). 

6.2.6. Structural types: hP2-Mg, hP4-La and hR9-Sm 

hP2-Mg type. Hexagonal, Space group Pbj/mmc, No. 194. 

Atomic positions: 

2 Mg in c) i.f.i; 

Coordination formula: 3 [Mg (6+(S)/(6+6) ] and ideally: 3 [Mg 12/12 ]. 

For the prototype itself, Mg, a = 320.89 pm, c = 521.01 pm, c/a= 1.624. 

Normalized interatomic distances and numbers of equidistant neighbours are presented 
in fig. 26a for an “ideal” hexagonal close-packed structure (c/a= \/8/3 = ~ 1.633), which 
corresponds to 12 nearest neighbours at the same distance, and, in fig. 26b, for a slightly 
distorted cells. 

The atoms are arranged in close-packed layers stacked in the sequence ABAB... (or BCBC... 
see sec. 3.5.2.). The corresponding layer symbol (triangular nets) is Mg 0 B 25 Mg 0.75 • 
Several metals have been reported with this type of structure, such as: o:Be, Cd, eCo, 
o:Dy, Er, Ho, Lu, Mg, Os, Re, Ru, Tc, aY, Zn, etc. Several binary (and complex) phases 
have also been described with this type of structure. These are generally solid solution 
phases with a random distribution of the different atomic species in the two equivalent 
positions. 

Other stacking variants of close-packed structures are the La type and Sm type 
structures. Characteristic features of these types are presented here below. 

hP4—La type. Hexagonal, Space group P6 3 /mmc, No. 194. 

Atomic positions: 

2 La in a) 0,0,0; 0,0, 2 ; 

2 La in c) ],- 3 ,{; 

For the prototype itself, a La, a = 377.0 pm, c= 1215.9 pm, c/a = 3.225. 

Layer stacking symbols: 

Triangular (T) nets: La^ La 0 B 25 La 0 A 5 La 0 c 75 . 

hR9-Sm type. Rhombohedral, space group R3m, No. 166. 

Atomic positions: 

3 Sm in a) 0,0,0; £,f,§; 
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6 Sm in c) 0,0, z; 0,0, -z; |,^ + z; ,f — z *. 

For the prototype itself, aSm, a = 362.90 pm, c = 2620.7 pm, c/a = 7.222 and z = 0.222. 
Layer stacking symbols: 

Triangular (T) nets: 

Sm 0 Sm 011 Sm 022 Sm 03 3 Sm 0 45 Sm 055 Sm 0 67 Sm 0 78 Sm 089 . 

The La and Sm type structures belong to the same homeotect type set as Mg and Cu (see 
sec. 4.3.). All these close-packed element structures are stacking variants of identical slab 
types (monoatomic triangular nets). 


2 1 I 


1 2 2 


I 2 2 


6.2.7. Structural type: hP8-Ni 3 Sn 

Hexagonal, Space group P6 3 /mmc, No. 194. 

Atomic positions: 

2 Sn in c): ^,- 3 -,{; 

6 Ni in h): x,2x,^; -2x,-x,i; x,-x,l; -x,-2x,|; 2x,x,|; -x,x,|. 

For the prototype itself a = 527.5 pm, c = 423.4 pm, c/a = 0.802 and x = 0.833. 

(A projection of the cell is shown in fig. 28 and compared with that of the hP2-Mg type). 
The layer stacking symbol (triangular and kagome nets) is: 

S n o.25 Nif 2 5 Sn 075 Nio. 7 5 . 

(which may be compared with the symbol Mg ® 25 Mg 075 of the Mg type). 

This type is a superstructure of the closed packed (hP2-Mg) hexagonal structure in 
the same way as the AuCu 3 type is of the close-packed cubic (cF4-Cu) structure. It can, 
therefore, be considered a stacked polytype of the AuCu 3 type. 

Several phases belong to this type, for instance, Ti 3 Al, Fe 3 Ga, Fe 3 Ge, Fe 3 Sn, ZrNi 3 , 
ThAl 3 , YA1 3 , etc. 

In the specific case of the rare earth trialuminides REA1 3 , the Ni 3 Sn type structure has 
been observed for LaAl 3 to GdAl 3 (and YA1 3 ). For ErAl 3 to YbAl 3 and ScA1 3 the AuCu 3 
type structure is formed. For the intermediate REA1 3 , intermediate stacking variants of 
similar layers have been described and their relative stabilities discussed (van Vucht 
and Buschow [1965]). In fig. 28b, the oP8-]8 TiCu 3 type structure is also shown. The 
close relationship between the two structures may be noticed. 


6.2.8. Structural type: hP6-CaCu s 

As another example of structures in which more complex stacking sequences can be 
observed we may mention here the hP6-CaCu 5 type structure, which is the reference type 
for a family of structures in which 3 6 nets (and 6 3 ) are alternatively stacked with 3636 
(kagom6) nets of atoms. 

The hP6-CaCu 5 structure is hexagonal, space group P6/mmm, No. 191, with: 

1 Ca in a) 0,0, C, 

2 Cu in c) y,|,0; |,},0; 

3 Cu in g) 5,0,2-; 0,^,|; 

For the prototype, a = 509.2 pm, c = 408.6 pm, c/a = 0.802. 

The layer stacking symbol, triangular (T: A,B,C), hexagonal (H: a,b,c) and kagome (K: 
aJ3, y) nets is: Ca 9 Cu 9 Cu£ 5 (see fig. 29). 
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#Ti 0: Z= 0 

O Cu 2: Z- 1/2 


Fig. 28. hP8-Ni,Sn type unit cell. 

a) Projection of the hP8-Ni 3 Sn type unit cell on the x,y plane (the values of the coordinate z are indicated). 
A Mg-type subcell is represented by the dotted lines. 

b) Projection of the oP8-/3-TiCu 3 type cell. Compare the similar arrangements of the atoms in the two 
structures. 


A large coordination is obtained in this structure: Ca is surrounded by 6 Cu + 12 Cu + 2 
Ca at progressively higher distances and the Cu atoms have 12 neighbours (in a non- 
icosahedral coordination). 

Several phases belonging to this structure are known (alkali metal compounds such 
as KAu 5 , RbAu 5 , alkaline earth compounds such as BaAu 5 , BaPd 5 , BaPt 5 , CaPt 5 , CaZn 5 , 
etc., rare earth alloys such as LaCo 5 , LaCu 5 , LaPd 5 , LaPt 5 , LaZn 5 , etc., The compounds 
as ThFe 5 , ThCo 5 , ThNi 5 , etc.). Ternary phases have been also described, both correspon- 
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Fig. 29. Projection of the hP6-CaCn, type unit cell on the x,y plane. 

ding to the ordered derivative hP6-CeCo 3 B 2 type (1 Ce in a), 2 B in c) and 3 Co in g)) 
and to disordered solid solutions of a third component in a binary CaCu 5 type phase. 

According to Pearson [1972] several structures may be described as derived from the 
CaCuj type (for instance, the tI26-ThMn 12 type; hR57-Th 2 Zn 17 type; hP38-Th 2 Ni 17 type; etc.). 

As for the building principles of the CaCu 5 type some analogies with the Laves 
phases (see sec. 6.6.4) may be noticed. 

Cobalt-based rare earth alloys such as SmCo 5 (hPb-CaCuj type) are important 
materials for permanent magnets. A short review on the properties of alloys for perma- 
nent magnetic materials has been reported by Raghavan and Antia [1994]. Complex 
(especially iron) alloys have been mentioned starting from the Alnico (Fe-Al-Ni-Co) 
alloys introduced in the thirties followed by ferrites and Co-based rare earth alloys (such 
as SmCo 5 ) and then by Sm 2 (Co,Fe,Cu) l7 and Nd 2 Fe 14 B (tP68) with a progressive 
decreasing of volume and weight of magnets per unit energy product. 

6.3. Tetrahedral structures 

This section is mainly dedicated to the presentation of a few typical so-called tetrahedral 
structures. For the simplest ones, normalized interatomic distances and numbers of equidistant 
neighbours are shown in fig. 30. The graphite structure will also be described. 

6.3.1. cF8-C (diamond) and tI4-/3Sn structural types 

cF8-C (diamond) type. 

Face-centered cubic, space group Fd3m, No. 227. 

Atomic positions: 
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Fig. 30. Distances and coordinations in the cF8-C diamond and cF8-ZnS sphalerite type structures. 

a) cF8-C (diamond) type structure. 

b) XY compounds of cF8-ZnS type structure: 

(+) X-Y (or Y-X) coordination. 

(*) X-X (or Y-Y) coordination. 


8 r in n't 0 0 (V f) >- !• I f) i- 1 1 (V - 1 i I- 1 I 3 . 3 1 3 . 3 3 1. 

(This group of atomic positions corresponds to the so-called invariant lattice complex D; 
see sec. 3.1.). 

The coordination formula is 3 [C 4/4 ] 

The layer stacking symbols are: 

Triangular (T) nets: C 0 C 1/4 C 1/3 C 7/12 C lI/l2 

Square (S) nets: C„ Cq Cf /4 C 5 m C 2/4 

For the prototype itself, C diamond, a = 356.69 pm. 

The diamond structure is a 3-dimensional adamantine network in which every atom is 
surrounded tetrahedrally by four neighbours. The 8 atoms in the unit cell may be 
considered as forming two interpenetrating face centered cubic networks. If the two 
networks are occupied by different atoms we obtain the derivative cF8-ZnS (sphalerite) 
type structure. As a further derivative structure, we may mention the tI16-FeCuS 2 type 
structure (See fig. 31). These are all examples of a family of “tetrahedral” structures 
which have been described by Parth6 and will be briefly presented in sec. 7.2.1. 

Si, Ge and aSn have the diamond-type structure. The tI4-$Sn structure (a = 583.2 
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pm, c = 318.2 pm) (4 Sn in a) 0,0,0; 0,j,j,; j,^; £,0,|; space group I4/amd, No. 141) can 
be considered a very much distorted diamond type structure. Each Sn has 4 close 
neighbours, 2 more at a slightly larger (and 4 other at a considerably larger) distance. 
The /3Sn unit cell is reported in fig. 32. 

6.3.2. Structural types: cF8-ZnS sphalerite and hP4-ZnO (ZnS wurtzite) 
cF8-ZnS sphalerite 

Face-centered cubic, space group F43m, No. 216. 

Atomic positions: 


a) 


• S 

O Zn 


b) 


@ Cu 
• Fe 

O S 




Fig. 31. a) cF8-Zn3 sphalerite and b) tll6-FeCuS 2 (chalcopyrite) type structures. 
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Fig. 32. tI4-/3Sn type structure. 


I i- i n I- i I 0- 
2 » 2 > u > 


4 Zn in a) 0,0,0; 0,j,j; 2 , 

4 S in c) f,?,?; 

In terms of a combination of invariant lattice complexes (see sec. 3.1) we may therefore 
describe the sphalerite structure as ZnS: F + F". 

Coordination formulae: 

3 [ZnS 4/4 ] (ionic or covalent description) 

333 [Zn 12/12 ][S| 2 /i 2 ] 4 / 4 (metallic description) 

For the prototype itself, ZnS sphalerite, a = 54 1.1 pm. 


Structural type hP4-ZnO or ZnS wurtzite 
hexagonal, P6 3 mc, No. 186. 

Atomic positions: 

2 Zn in b (1) j,f,z; fi.j + z; (z = z,) 

2 O or 2 S in b (2) },y,z; f ,},£ + z; (z = zj 
Coordination formula: 3 [Zn0 4/4 ] 

For the prototypes themselves, ZnO: a = 325.0 pm, c = 520.7 pm, c/a =1.602; ZnS 
(wurtzite): a = 382.3 pm, c = 626.1 pm, c/a= 1.638. The atomic positions correspond, for 
both types of atoms, to similar coordinate groups (to the same Wyckoff positions) with 
different values of the z parameter. For ZnO z Zn = 0, z o = 0.382 5 and for ZnS 2 ^ = 0, 
z s = 0.371. 


63.3. General remarks on “tetrahedral structures” and polytypes. 

tI16-FeCuS2, hP4-C lonsdaleite, oP16-BeSiN2 types and polytypes 

Compounds, isostructural with the cubic cF8-ZnS sphalerite include AgSe, A1P, 
AlAs, AlSb, AsB, AsGa, Asln, BeS, BeSe, BeTe, BePo, CdSe, CdTe, CdPo, HgS, HgSe, 
HgTe, etc. (possibly in one of their modifications). 

The sphalerite structure can be described as a derivative structure of the diamond type 
structure. Alternatively we may describe the same structure as a derivative of the cubic 
close-packed structure (cF4— Cu type) in which a set of tetrahedral holes has been filled- 
in. (This alternative description would be especially convenient, when the atomic 
diameter ratio of the two species is close to 0.225: see the comments reported in 
sec. 6.2.2.). 
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In a similar way the closely related hP4-ZnO structure can be considered as a 
derivative of the hexagonal close-packed structure (hP2-Mg type) in which, too, a set of 
tetrahedral holes has been filled-in. 

Compounds, isostructural with ZnO include some forms of Agl, BeO, CdS, CdSe, 
CuX (X = H, Cl, Br, I), MnX (X = S, Se, Te), MeN (Me = Al, Ga, In, Nb), ZnX (X = 0, 
S, Se, Te). 

In order to have around each atom in this hexagonal structure, four exactly equidis- 
tant neighbouring atoms, the axial ratio should have the ideal value /8/3 , that is = 1.633. 
The experimental values range from 1.59 to 1.66. The ideal value of one of the parame- 
ters (being fixed at zero the other one by conventionally shifting the origin of the cell) 
is z = 3/8 = 0.3750. 

The C diamond, sphalerite and wurtzite type structures are well-known examples of 
the “normal tetrahedral structures” (see sec. 7.2.1.). 

Several superstructures and defect superstructures based on sphalerite and on wurtzite 
have been described. The tI16-FeCuS 2 (chalcopyrite) type structure (tetragonal, a = 525 
pm, c = 1032 pm, c/a = 1 .966) (see fig. 31b), for instance, is a superstructure of sphalerite 
in which the two metals adopt ordered positions. The superstructure cell corresponds to 
two sphalerite cells stacked in the c-direction. The c/2a ratio is nearly 1. As another 
example we may mention the oP16-BeSiN 2 type structure which similarly corresponds to 
the wurtzite type structure. 

The degenerate structures of sphalerite and wurtzite (when, for instance, both Zn and 
S are replaced by C) corresponds to the previously described cF8-diamond type structure 
and, respectively, to the hP4-hexagonal diamond or lonsdaleite which is very rare 
compared with the cubic, more common, gem diamond. The unit cell dimensions of 
lonsdaleite (prepared at 13 GPa and 1000°C) are a = 252 pm, c=412 pm, c/a = 1.635. 
(Compare with ZnS wurtzite). 

While discussing the sphalerite and wurtzite type structures we have also to remem- 
ber that they belong to a homeotect structure type set. (See sec. 4.3.) 

The layer stacking sequence symbols (triangular nets) of the two structures are: 
Sphalerite: Zno S j) 4 Zn® 3 S ® l2 Zn M S^ 

Wurtzite: Zn® S ® 37 Zn^ S 0 C 87 . 

In the first case we have (along the direction of the diagonal of the cubic cell) a 
sequence ABC of identical “unit slabs” (“minimal sandwiches”) each composed of two 
superimposed triangular nets of Zn and S atoms. The “thickness” of the slabs, between 
the Zn and S atom nets is 0.25 of the lattice period along the superimposition direction 
(cubic cell diagonal: a \f3). It is (0.25 *541) pm = 234 pm. In the wurtzite structure we 

have a sequence BC of slabs formed by sandwiches of the same triangular nets of Zn 
and S atoms (their thickness is = 0.37 * c = (0.37 * 626.1) pm = 232 pm). 

With reference to the aforementioned structural unit slab the Jagodzinski-Wyckoff 
symbol of the two structures will be: 

ZnS sphalerite: c; ZnS wurtzite: h. 

In the same (equiatomic tetrahedral structure type) homeotect set many more structures 
occur often with very long stacking periods. Several other polytypes of ZnS itself have 
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been identified and characterized. The largest number of polytypic forms and the largest 
number of layers in regular sequence have, however, been found for silicon monocarbide. 
A cubic form of SiC is known and many tenths of rhombohedral and hexagonal 
polytypes. (In commercial SiC a six-layer structure, hcc, is the most abundant). All have 
the same a hex = 308 pm, the c hex of their hexagonal (or equivalent hexagonal) cells are all 
multiples of - 252 pm and range from 505 pm to more than 150000 pm (up to more than 
600 Si-C slabs in a regular sequence). 

6.3.4. An important non-tetrahedral C structure. The hP4-C graphite 

In comparison with the previously described tetrahedral structures of C we may 
mention here the very different structure that carbon adopts in graphite (see fig. 33). 
hP4-C graphite. Hexagonal, space group P6 3 /mmc, No. 194. 

Atomic positions: 

2 C in b) 0,0,|; 0,0,!; 

2 C in c) U& 

Coordination formula: 2[C 3/3 ] 

The lattice parameters are a = 246.4 pm and c = 671.1 pm; c/a = 2.724. 

Different varieties, however, of graphite may be considered: the actual structure, in fact, 
and unit cell dimensions and layer stacking can vary depending on the preparation 
conditions, degree of crystallinity, disorientation of layers, etc. 

In crystalline hP4— graphite, sheets of six-membered rings are situated so that the atoms 
in alternate layers lie over one other, and the second layer is displaced according to the 
stacking symbol C, b M C 3/4 (compare with fig. 9). Whereas in diamond the bond length is 
154 pm, in graphite the C-C minimum bond lenght is 142 pm in the sheets and 335 pm 
between sheets. This may be related to the highly anisotropic properties of this substance. 
(It may be said, for instance, that properties of graphite in the sheets are similar to those 
of a metal while perpendicularly are more like those of a semiconductor). 

In conclusion, notice also that in terms of combinations of invariant lattice complexes 
the positions of the atoms in the level 1 may be represented by G and those in the 
level I by y,f,! G (where G is the symbol of the “graphitic” net complex, here presented 
in non-standard settings by means of shifting vectors; see sections 3.1. and 3.5.2.). 

6.4. cF8-NaCI, cF12-CaF 2 , and cF12-AgMgAs types 

In this section the NaCl type, CaF 2 type (and the related AgMgAs type) structures are 
described. 

In fig. 34 the normalized interatomic distances and the equidistant neighbours are 
shown for the NaCl and CaF 2 structures. 

6.4.1. cF8-NaCl type structure and compounds 

Face-centered cubic, space group Fm3m, No. 225. 

Atomic positions: 

4 Na in a) 0,0,0; 0,1,1; 1,0,1; 1,1,0; 

4 Cl in b) 1,1,1; 1,0,0; 0,1,0; 0,0,1; 
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Fig. 33. Graphite s tincture. 

a) unit cell with the indication of the atoms at the levels z=| and f (part of a second, superimposed cell is 
also shown). 

b) the hexagonal ret formed at level z=j is shown (four adjacent cells are indicated). 

Coordination formula: 333 [Na^/uHCl^Js/6 
Layer stacking symbols: 

Triangular (T) nets: Nao Clfj 6 Na“ 3 Cl,^ Na^ 3 Cl 
Square (S) nets: NaJ, Na„ C1 q Cl,^ Cl,^ Naf Q 
For the prototype itself, NaCl, a = 564.0 pm. 

(A sketch of the NaCl unit cell is shown in fig. 18.) 

A large number of compounds belong to this structure type, besides several alkali 
metal halides, for instance, nearly all the (partially ionic covalent) 1:1 compounds formed 
by the rare earths and the actinides with N, P, As, Sb, Bi, S, Se, Te, Po, by the alkaline 
earths with O, S, Se, Te, Po, etc. 

Notice that we may also describe this structure as a derivative of the cubic close- 


References: p. 363. 



290 


Riccardo Ferro and Adriana Saccone 


Ch. 4, §6 




1 1.2 1.4 1.6 1.8 2 d/cLfc 


Fig. 34. Distances and coordinations in the cF8-NaCl and cF12-CaF 2 types structures. 

a) XY compounds of cF8-NaCl type structure: 

(*) X-X (or Y-Y) coordination. 

(+) X-Y (or Y-X) coordination. 

b) cF12-CaF 2 type structure. Coordination around Ca: 

(*) Ca-Ca; (+) Ca-F; 

c) CaF 2 type structure. Coordination around F 
(*) F-F; (+): F-Ca. 


packed structure (cF4-Cu type), in which the octahedral holes have been filled in. This 
description, however, may be specially convenient when the atomic diameter ratio 
between the two elements is close to the theoretical value 0.414. In this case the small 



Ch. 4, §6 


Structure of intermetallic compounds and phases 


291 


spheres will fit exactly into the octahedral holes of the close-packed arrangement of the 
metal atoms. (See sec. 6.2.2.). This could be the case of a number of “ interstitial 
compounds ”. Compounds of the transition metals having relatively large atomic radii 
with non metals having small radii (H, B, C, N, possibly O) may be simple examples of 
this type. (General properties of these compounds were discussed by Hagg [1931]). 

Examples of typical phases belonging to this group may be a number of “mono” 
carbides, nitrides, etc. 

The NaCl type structure is shown by several monocarbides MeC (or more generally 
MeC,_ x ) such as TiC,_ x (homogeneous in the composition range = 32-49 at% C), ZrC,_ x 
(= 33-50 at% C), HfC,_ x (= 33-50 at% C) and ThC x (with a very large homogeneity 
range at high temperature). All the aforementioned monocarbides are stable from room 
temperature up to the melting points (which are among the highest known: = 3500°C for 
ZrC and - 4000°C for HfC). The carbides VC,_ X (37-48 at% C), NbC,_ x (40-50 at% C) 
are stable only at high temperature: at lower temperature, transformations associated with 
C-atom ordering have been reported, resulting in the formation of V 8 C 7 , V 6 C 5 , Nb 6 C 5 
structures. WC,_ X is a NaCl type high temperature phase homogeneous between 37-39 
at% C. At 50 at% C another structure is formed: the hP2-WC type. 

Among the NaCl type mononitrides we may mention VN 1-X . At high temperature (up 
to the melting point = 2340°C) we have a large homogeneity field (= 33-50 at% N). The 
composition changes result from variation in the number of vacancies on sites in the N 
sublattice, with x being the fraction of sites randomly vacant. At lower temperature, in 
the composition range 43-46 at% N, an ordering of the N atoms has been observed, 
resulting in a tetragonal superstructure containing 32 V atoms and 26 N atoms in the unit 
cell. In the W-N system, a WN,_ X , NaCl type phase, has been observed in the composi- 
tion range ■= 33— 50(?) at% N; hP2-WC type structure, however, has been described at 50 
at% N. 

As a final example, we may mention the NaCl type phases formed in the V-0 and 
Ti-O systems. The (V0 1±x ) phase is homogeneous in the composition range 42 to 57 at% 
O. Lattice parameter determination in combination with density measurements evidenced 
that, in the structure, vacancies occur in both V and O sub-lattices through the entire 
range of composition. At the stoichiometric composition VO there are = 15% of sites 
vacant in each sublattice. 

In the Ti-O system, -yTiO (high temperature form, homogeneous in the composition 
range 35 to 55 at% O) has the NaCl type structure. (Other forms of the monooxide 
/3TiO, aTiO, /3Tij_ x O, aTi,_ x O have ordered structures based on yTiO.) In the structure 
there are atoms missing from some of the sites. According to what is summarized by 
Hyde and Andersson [1989], in TiO 064 = 36% of the oxigens are missing, in TiO, 26 
(which, of course, can be represented also with the stoichiometry Ti 079 O) == 20% of the 
Ti atoms are missing and in ~ TiO both kinds of atoms are missing (~ 15% of each): see 
fig. 35. 


6.4.2. cF12 -CaF 2 type and antitype structures and compounds 

Face-centered cubic, space group Fm3m, No. 225. 

Atomic positions: 
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TiO x (x) 


Fig. 35. Experimental densities of titanium oxides (continuous lines). The upper dotted line gives the values 
computed for a 100% occupancy of the cation sites in the NaCl structure type (from Hyde and Andersson 
[1989]). 


4 Ca in a) 0,0,0; 0,^; £,£,0; 

o p ■ n \ HI. 1 1 3 . 13 3. HI. HI. HI. 331. 133. 

O r 111 4,4 4»4>4> 4>1>4» 4»4 »4» 4"»4»4 t 4>4>4> 4 »4 ’4 ’ 4 ’4 ’4’ 

Coordination formula: 333[Ca 12/12 ][F 6/6 ] 8/4 
Layer stacking symbols: 

Triangular (T) nets: 

P A po 8 pC P B P A P C 

'-' d 0 r l/12 r l/4 '-' d l/3 r 5/12 r 7/32 K -' d 2B r 3/4 r 11/12 

Square (S) nets: Ca^ Ca 4 0 F, 6 /4 F, 7 /4 Ca, 5 /2 F 3 / 4 F 3 7 /4 
For the prototype itself, CaF 2 , a = 546.3 pm. 

As pointed out in the description of the cubic close-packed structure (cF4— Cu type) this 
structure may be described (especially for certain values of the atomic diameter ratio) as a 
derivative of the Cu type structure in which two sets of tetrahedral holes have been filled in. 
A ternary ordered derivative variant of this structure is the cF12-AgMgAs type. 
Several (more or less ionic) compounds such as Ce0 2 , U0 2 , Th0 2 , etc. belong to this 
structural type. 

Several Me^ compounds, with Me = Li, Na, K, X = 0, S, Se, Te), also belong to this 
type. In this case, however, the cation and anion positions are exchanged, Me in c) and 
X in a) and these compounds are sometimes referred to a CaF 2 -antitype. Typical (more 
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metallic) phases having this structure are also, for instance, AuA 1 2 , PtAl 2 , Mg 2 Pb, Mg 2 Sn, 
Mg 2 Ge, Mg 2 Si. 

6.4.3. Structural type: cF12-AgMgAs 

Face-centered cubic, space group F43m, No. 216. 

Atomic positions: 

4 As in a) 0,0,0; 0,^; |,0,|; £ ^,0; 

4 As in cl i i i- I a l ■ 3 1 3 . 3 3 i. 
rvg, in 4,4,4, 4,4,4, 4 ,4 ,4 , 4 ,4 ,4 , 

4 Me in 1 3. 1 1* 1 l 1- i 1 1 . 

‘ lVJg 111 KX ) 4,4,4, 4,4,4, 4,4,4, 4,4,4, 

Layer stacking symbols: 

Triangular (T) nets: 

As 0 Mg 1/12 Ag lw As,^ Mg 5/12 Ag 7/12 As^ Mg 3/4 Ag u/ , 2 
Square (S) nets: Asi AsJ Ag,, 4 MgJ 4 As, 5 /2 Mg 3 , 4 Ag 3 7 /4 
For the prototype itself, AgMgAs, a = 624 pm. 

In systematic investigations of MeTX ternary alloys (Me = Th, U, rare earth metals, etc., 
T = transition metal, X element from the V, IV main groups) several tens of phases 
pertaining to this structure type have been identified. For the same group of alloys, 
however, other structural types are also frequently found. The hP6-CaIn 2 type and its 
derivative types often represent a stable alternative. The relative stabilities of the two 
structures (especially as a function of the atomic dimensions of the metals involved) have 
been discussed, for instance, by Dwight [1974], Marazza etal . [1980, 1988], Wenski 
and Mewis [1986]. 

6.5. hP4-NiAs, cP3-CdI 2 , hP6-Ni 2 In, oP12-Co 2 Si, oP12-TiNiSi types; hP2-WC, 
hP3-AlB 2 , hP6-CaIn 2 , hP9-Fe 2 P types, tI8-NbAs, tI8-AgTlTe 2 and 
tI10-BaAl 4 (ThCr 2 Si 2 ) types, tI12-ThSi 2 and tI12-LaPtSi types 

In this section a number of important interrelated structures are presented. A first 
group is represented by the cP3-CdI 2 , hP4-NiAs and hP6-Ni 2 In types. Some comments 
on the interrelations between these structures have been reported in sec. 4.1. A further 
comparison may also be made by considering their characteristic triangular net stacking 
sequences: 

hP3-CdI 2 Cdo I® 4 1^ 4 

hP4-NiAs Ni f j As ,® 4 Ni ^ As£ 4 

hP6-Ni 2 In Ni, Ni ^ In ,® 4 Ni Ni ® 4 In 3 ^ 4 

We see, on passing from Cdl 2 to the NiAs type the insertion of a new layer at level 

5 and, from NiAs to Niln 2 , the ordered addition of atoms at levels 4 and |. 

In this section, moreover, the typical non-metal atom frameworks characteristic of the 
A1B 2 , and derivative structures (“graphitic” layers) and of aThSi 2 , and derivative 
structures (“hinged”, tridimensional framework) will also be presented, compared and 
discussed. 

The groups of more or less strictly interrelated structures which will be considered in 
this section are those corresponding to the hP2-WC, hP3-AlB 2 , hP6-Ca!n 2 and hP9-Fe 2 P 
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types, and, respectively, to the tI8-NbAs, tI8-AgTlTe 2 , tI10-BaAl 4 (and tI10-ThCr 2 Si 2 ) 
types and to the tI12-a-ThSi 2 and tI12-LaPtSi types. 

6.5.1. Structural type: hP4-NiAs 

Hexagonal, space group P6 3 /mmc, N.194, 

Atomic positions: 

2 Ni in a) 0,0,0; 0,0, 

2 As in c) f ,^,f; 

Coordination formula: 13 [Nit/j] A s 6/fi 

For the prototype itself, a = 361.9 pm, c = 504 pm, c/a= 1.393. 

According to Hyde and Andersson [1989], the data reported have to be considered as 
corresponding to an average slightly idealized structure, corresponding for several 
compounds to the form which is stable at high temperature. At room temperature, in the 
real structure, there are very small displacements of both Ni and As from their ideal 
average positions. The structure should, therefore, be better described by: 

2 Ni in a) 0,0, z; 0,0, - 2 - + z; (z = 0) 

2 As in b) j,|,z; §,]-,} +z; (z= 

in the space group P6 3 mc, No. 186. 

The small (probably correlated) displacements of the atoms produce several sorts of 
modulated structures (see sec. 4.4.). 


6.5.2. Structural type: hP3-CdI 2 

Hexagonal, space group P3ml, No. 164. 

Atomic positions: 

1 Cd in a) 0,0,0 

2 I in d) j,|,z; f,j,-z; 

Coordination formula: 2 [CdI 6/3 ] 

For the prototype itself, Cdl 2 , a = 424.4 pm, c = 685.9 pm, c/a= 1.616 and z = 0.249. 

Typical phases pertaining to this structural type are CoTej, HfS 2 , PtS 2 , etc. and also Ti 2 0 
(which, owing to the exchange in the unit cell of the metal/ non-metal positions may be 
considered to be a representative of the Cdl 2 -antitype). 


6.5.3. Structural type: hP6-Ni 2 In 

Hexagonal, space group P6 3 /mmc, No. 194. 
Atomic positions: 

2 Ni in a) 0,0,0; 0,0, £; 

2 In in c) 

2 Ni in d) §,],{; 


Coordination formula: 3 [InNi 6/6 Ni 5/5 ] 

For the prototype itself, a = 419 pm, c = 512 pm, c/a= 1.222. 


Typical phases assigned to this structural type are, for instance: Zr 2 Al, Co 2 Ge, La 2 In, 
Mn 2 Sn, Ti 2 Sn and several ternary phases such as: BaAgAs, CaCuAs, CoFeSn, LaCuSi, 
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VFeSb, KZnSb, etc. 

A distorted variant of the InNi 2 type structure is the oP12-orthorhombic structure of 
the Co 2 Si, (or PbCl 2 ) type: 3[SiCo 6 / 5 Co 4/5 ], that is total coordination 10 of Co around Si 
with f +5 =5 =2 Co atoms for each Si atom). A ternary derivative of this type is the 
oP12-TiNiSi type (prototype of the so-called E phases). 

6.5.4. Structural types: oP12-Co 2 Si (PbClj) and oP12-TiNiSi 

Orthorhombic, space group Pnma, N.62. 

In these structural types the atoms are distributed in three groups of positions correspon- 
ding (obviously with different values of the x and z free parameters) to the same type of 
Wyckoff positions (Wyckoff position c). 


Atomic positions: 

in Co 2 Si 

in TiNiSi 

c (1)) x,{,z; j-x,y +z; 

— x,f,— z; j+x,-]-,^— z; 

4 Co 

4 Ti 

c (2)) x,^,z; j-x,|,j+z; 

4 Co 

4 Ni 

-x,f,-z; - 2 -+x,{,j— z; 



c (3)) x,£,z; 5 -x, 4 ,t+z; 
-x,f,-z; ]+x,],i-z; 

4 Si 

4 Si 


For the prototypes: 

Co 2 Si: a = 491.8 pm, b = 373.8 pm, c = 710.9 pm, a/c = 0.692; x c(1) = 0.038, z c(1) = 0.782; 

x c(2) = 0.174, z c(2) = 0.438; x c(3) = 0.702, z c(3) = 0.389. 

TiNiSi: a = 614,84 pm, b = 366.98 pm, c = 701.73 pm, a/c = 0.876; x c(1) = 0.0212, 
z c(1) = 0.8197; x c(2) = 0.1420, z c(2) = 0.4391; x c(3) = 0.7651, z c(3) = 0.3771. 

Co 2 Si is the prototype of a group of phases (also called PbCl 2 type) which can be 
subdivided into two sets according to the value of the axial ratio a/c which is in the 
range from 0.67 to 0.73 for one set (for instance, Co 2 Si, Pd 2 Al, Rh 2 Ge, Pd 2 Sn, Rh 2 Sn, 
etc.) and in the range from 0.83 to 0.88 for the other set (for instance PbCl 2 , BaH 2 (h), 
Ca^i, Ca^b, OdSe 2 , ThS 2 , TiNiSi, etc.) (Pearson [1972]). 

The ternary variant TiNiSi type is also called E-phase structure. Many ternary com- 
pounds belonging to a MeTX formula (Me = rare earth metal, Ti, Hf, V, etc., T = transit- 
ion metal of the Mn, Fe, Pt groups, X = Si, Ge, Sn, P, etc.) have this structure. 

6.5.5. Structural type: hP2-WC 

Hexagonal, space group P6m2, No. 187. 

Atomic positions: 

1 W in a) 0,0,0,; 

1 C in d) j,|r 2 ; 

For the prototype itself, a = 290.6 pm, c = 283.7 pm, c/a = 0.976. 

This structure type with the axial ratio c/a close to 1 is an example of the Hagg 
interstitial phases formed when the ratio between non-metal and metal radii is less than about 
0.59. The structure can be described as a tridimensional array of trigonal prism of W- 
atoms (contiguous on all the faces). Alternate trigonal prisms are centered by C-atoms. 
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Compounds belonging to this structure type, for instance, are: IrB, OsB, RuB, MoC, 
WC (compare, however, with the NaCl type phase), NbN, WN, MoP, etc. 

6.5.6. Structural types: hP3-AlB 2 and hP3-BaPtSb; hP3-u>, Cr-Ti phase 

Structural type: hP3-AlB 2 

Hexagonal, space group P6/mmm, No. 191. 

Atomic positions: 

1 A1 in a) 0,0,0; 

1 n In t 1 1. 

dL O 111 3 >3 >2’ 3»3»2» 

Coordination formula: 323 [Al 8/8 ][B 3/3 ] 12/6 

For the prototype itself, a =300.5 pm, c = 325.7 pm, c/a= 1.084. 

The structure can be considered a filled-up WC structure type. The B-atoms form a 
hexagonal net and center all the A1 trigonal prisms. The arrangement of the boron atoms 
in their layers is the same as that in graphite (see fig. 9 and sec. 6.3.4). (See sec. 6.5.10. 
for a comparison between the planar graphitic net and similar threedimensional networks). 

Several B, Si, Ge, Ga, etc., binary and ternary compounds have been described as 
pertaining to this structure or, possibly, to its variants (many of them deficient in the 
second component and corresponding to different stoichiometries in the 1:2 to 1:1.5 
range). The axial ratio of phases with this structure varies between very wide limits. The 
relationships between axial ratio, atomic radii ratio of the elements involved and the role 
of the different bonds have been discussed by Pearson [1972]. In the specific case of 
A1B 2 (c/a~ 1.08) the important role of the graphite-like net of B-atoms in determining 
the phase stability has been evidenced. 

A disordered, A1B 2 type, ternary phase (= Ce 2 NiSi 3 ) has been presented in table 3. 

A variant (ordered derivative structure) of the hP3-AlB 2 type, previously discussed 
in sec. 4.1 and presented in fig. 17, is the hP3-BaPtSb type, hexagonal, space group 
P6m2, No. 187. Another compound with this structure is, for instance, ThAuSi. The 
atomic positions are the following: 

1 Ba (or Th) in a): 0,0,0; 

1 Pt (or Au) in d) £,},£; 

1 Sb (or Si) in f): 

The layer-stacking sequence symbols of the three previously mentioned structures are: 
WC type, triangular (T) nets; 

WoC 0 b 5 ; 

A1B 2 type, triangular, hexagonal (T, H) nets: 

A1 a R a • 

A1 0 “ 0.5 > 

ThAuSi type, triangular, hexagonal (T,H) nets: 

Th$Au" Si£. 

Another ordered derivative structure of the A1B 2 type is the Er 2 RhSi 3 type, hexagonal, 
space group P62c, No. 190 with the following atomic positions: 
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2 Er in b): 0,0,j; 0,0, f; 

4 Rh in f): },§,z; -},f,f-z; f,-},-z; f,^+z; 

6 Er in h): x,y,£; -y,x-y,£; y-x,-x,{; y,x,|; x-y,-y,f; -x,y-x,f 

12 Si in i): x,y,z; -y,x-y,z; y-x,-x,z; x,y,£-z; -y,x-y,£-z; y-x,-x,£-z; 

y,x,-z; x-y,-y,-z; -x,y-x,-z; y,x,^+z; x-y-y.j+z; -x,y-x, 5 +z. 

(with z^^O; x E , = 0.481; y Er =0.019; x Si = 0.167; y Si = 0.333; z Si = 0). 

The different ordering relationships between these structures have been discussed in 
sec. 4.1. (see also fig. 17). 

Finally, while considering the structural characteristics of the A1B 2 type phases, we 
may mention that boron-centered triangular metal prisms are the dominating structural 
building elements in the crystal structures of simple and complex metal borides. Building 
blocks of centered triangular prisms as base units for classification of these substances 
have been considered by Rogl [1985, 1991] in a systematic presentation of the crystal 
chemistry of borides. 

We may mention here, also as an example of “modular” description, that several 
structures may be described in terms of cyclic translations about a 6 3 axis of blocks of 
A1B 2 type columns: see fig. 36. 

Structural type: hP3-u>,Cr-Tt 

The w-phase, a ubiquitous metastable phase in Ti (or Zr or Hf)-transition metal systems, 
is approximately isotypic with A1B 2 . (The axial ratio of the unit cell, however, instead of 
being close to unity, is very much smaller and has a value of about 0.62.) The compo- 
nents are randomly arranged. One third of the atoms are distributed in a triangular net at 
z = 0 forming trigonal prisms. Two thirds of the atoms are placed near the centers of the 
prisms (slightly displaced alternately up and down) forming a rumpled 6 3 net at z~\. 
(The space group is P3ml.) 


6.5.7. Structural type: hP6-CaIn 2 

Hexagonal, space group P6 3 /mmc, No. 194. 

Atomic positions: 

2 Ca in b) 0,0,^; 0,0, f; 

4 In in f) j,|,z; + z; f,j,- z; j,|,f-z; 

Layer stacking symbol: 

Triangular (T) rets: 

I n i/ 2 o Ca 1/4 In^^o In 11/20 Ca 3/4 In 19/20 

For the prototype itself, a =489.5 pm, c = 775.0 pm, c/a= 1.583 and z = 0.455. 

This structure can be described as a distortion (a derivative form) of the A1B 2 type 
structure. Ca-atoms form trigonal prisms alternatively slightly off-centered up and down 
by In-atoms. 


In fig. 37 the normalized interatomic distances and the equidistant neighbours are shown 
for the NiAs and Caln 2 structures. 
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Fig. 36a,b,c. ALBj-type derivative structures generated by cyclic translation of blocks of AlB 2 ~type columns. 
The projections of the unit cells (all having the same c value) on the x,y plane are shown. 

a) hP22-Ce 6 Ni 2 Si 3 structure (a = 1211.2 pm, c = 432.3 pm). 

b) hP4d-=Ce 5 Ni 2 Si 1 structure (a = 1612.0 pm, c = 430.9 pm). 

c) hP64— =Pr 15 Ni 7 Si 10 structure (a= 1988.1 pm, c = 425.5 pm) 
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Fig. 36d. AlB 2 -lype derivative structures generated by cyclic translation of blocks of AlB 2 -type columns. The 
projections of the unit cells (all having the same c value) on the x,y plane are shown, 
d) hP22-Ce 6 Ni 2 Si 3 structure (compare with a)): the arrangement of the building blocks around the z-axis (6 3 
symmetry axis) is shown. 

Black circles represent the rare earth atoms (Ce or Pr), open circles Si (and Si + Ni); small circles are atoms at 
level j, large circles at level J. Double circles (at cell origin) represent Ni atoms at level 0 and at level j. 


6.5.8. Structural type: hP9-Fe 2 P 

Hexagonal, space group P62m, No. 1 89. 

Atomic positions: 

1 P in b) 0,0,j 

2 P in c) f,y,0; 

3 Fe in f) x,0,0; 0,x,0; - x, - x,0; 

3 Fe in g) x,0,£; 0,x,j; - x,- x,^; 

For the prototype itself, a = 586.5 pm, c = 345.6 pm, c/a = 0.589 and x (f) = 0.256 and 
x (g) = 0.594. 

In the Fe 2 P type structure there are 4 different groups of equipoints. The distribution of 
P and Fe atoms in different groups of positions is reported. A number of isostructural binary 
compounds are xnown. To the same structure, however, ternary (or even more complex) 
phases may be related if different atomic species are distributed in the different sites. 

This structure can be considered as an example of more complex structures built up 
by linked triangular prisms of Fe-atoms. 

Several ordered ternary phases have structures related to the Fe 2 P type. 

6.5.9. Structural types: tI 8 -NbAs, tI 8 -AgTlTe 2 and tI10-BaAl 4 (ThCr 2 Si 2 ) 

The three structural types tI8-NbAs, tI8-AgTlTe 2 and tI10-BaAl 4 (with its ordered 
ternary variants such as the tI10-ThCr 2 Si 2 ) belong to a group of interrelated structures. 
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Fig. 37a, b. Distances and coordinations in the hP4-NiAs and hP6-CaIn 2 types structures. 

a) hP4-NiAs type structure. Coordination around Ni: 

(+) Ni-As; (*) Ni-Ni. 

b) hP4-NiAs type structure. Coordination around As: 

(+) As-Ni; (*) As-As. 


All these structures contain among their building parts layers of (metal atoms) triangular 
prisms with specific distributions of the (non-metal) atoms centering the prisms 
(Pearson [1972]). The prisms are parallel to the basal planes of the tetragonal unit cells. 

Features of the hP2-WC type structure (characterized by an array of trigonal prisms 
alternatively centered by C-atoms) are, therefore, present in the aforementioned struc- 
tures. (In the hP2-WC structure, of course, the prism axes are lying in the c-direction of 
the hexagonal cell.) 

Another convenient description of these group of structures may be in term of 4 4 net 
layer stacking. The corresponding square net symbols for the 8-layers stacks are the 
following ones: 


tI8-NbAs: 

Nb 0 As 0 17 Nb 02 5 As 0> 42 Nbo .5 As 067 Nb 0 75 As 09 
tI8-AgTlTe 2 : 

Tl 0 Te 013 Ag Q , 5 Te 037 Tl 05 Te 063 Ag 075 Te 087 
tI10-ThCr 2 Si 2 : 

Tfio ^*o.n Cr 025 Si 03g Tho j Si 063 Cr 075 Sio 88 
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Fig. 37c,d. Distances and coordinations in the hP4-NiAs and hP6-CaIn, types structures. 

c) hP6~CaIn 2 type structure. Coordination around Ca: 

(+) Ca-In; (*) Ca-Ca; 

d) hP6~CaIn 2 type structure. Coordination around In: 

(+) In-Ca; (*): In-In. 


Structure type: tI8-NbAs 

Body-centered tetragonal, space group I4imd, No. 109. 

4 Nb in a(l): 0,0, z; 0,^ +z; +z; £,0,f +z; 

4 As in a(2): 0,0, z; 0,^ + z; ' 2 ,{,\ + z\ ^,0,| -t-z; 

For the prototype itself a = 345.2 pm, c = 1168 pm, c/a = 3.384, z(Nb) =0, z(As)=0.416. 
Structural type: t!8-AgTlTe 2 

Body-centered tetragonal, space group I4m2, No. 119. 

2 T1 in a): 0,0,0,; 

2 Ag in c): 0,^; |,0,f ; 

4 Te in e): 0,0,z; 0,0, -z; +z; ^,^,f-z; 

For the prototype itself, a = 392 pm, c= 1522 pm, c/a = 3.883 and z(Te) =0.369. 
Structural type: tII0-BaAl 4 and tI10-ThCr 2 Si 2 

The ThCr 2 Si 2 is one of the ordered ternary variant of the BaAl 4 type, frequently found in 
several ternary compounds. 

The two structures may be described by the following occupation of the same atomic 
positions in the space group I4/mmm (No. 139). 
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in BaAl 4 in ThCr 2 Si 2 

a) 0,0,0; 2 Ba 2 Th 

d) 0,U;?.0,i; 4A1 4 Cr 

i,0,!; 0,ii; 

e) 0,0, z; 0,0,- z; 4 A1 4 Si 

Hi +7 . iii 

For the prototypes themselves: 

BaAl 4 , a =453.9 pm, c = 1116 pm, c/a = 2.459 , z = 0.38 
ThCr 2 Si 2 : a = 404.3 pm, c= 1057.7 pm, c/a = 2.616, z = 0.37 5 
The unit cell is presented in fig. 38. 

Normalized interatomic distances and numbers of equidistant neighbours are reported 
in fig. 39 for the ternary ThCr 2 Si 2 type. 

Many ternary alloys MeT 2 X 2 (Me = Th, U, alkaline-earth, rare earth metal, etc., T = Mn, 
Cr, Pt family metal, X = element of the fifth, fourth and occasionally third main group) 
have been systematically prepared and investigated (Parthe and Chabot [1984], Rossi 
et al. [1979]). A few hundreds of them resulted in the ThCr 2 Si 2 (or other Al 4 Ba deriva- 
tives) structure. The peculiar superconductivity and magnetic properties of these materials 
have been reported. The ThCr 2 Si 2 type structure, can be described as formed by T 2 X 2 
layers interspersed with Me layers. The bonding between Me and T 2 X 2 layers has been 
considered as largely ionic. In the T 2 X 2 layers T-X (covalent) and some T-T bonding 
have to be considered. A detailed discussion of this structure and of the bonding involved 
has been reported by Hoffmann [1987], 

In the specific case of the RET 2 X 2 phases (RE = rare earth metal) the data concerning 



Fig. 38. Unit cell of the tI10-ThCr 2 Si 2 type structure (a derivative structure of the tI10-BaAl 4 type). 
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Fig. 39. Distances and coordinations in the tI10-ThCr 2 Si 2 type structure. 

a) Coordination around Th: 

(+) Th-Si; (*) Th-Th; (o) Th-Cr; 

b) Coordination around Cr: 

(+) Cr-Si; (*) Cr-Cr; (o) Cr-Th. 

c) Coordination around Si: 

(+) Si-Cr; (*) Si-Si ; (o) Si-Th. 


ten series (T = Mn, Fe, Co, Ni, Cu; X = Si, Ge) have been analysed by Pearson [1985a]. 
It has been observed that the cell dimensions are generally controlled by RE-X contacts. 
In the case of Mn, however, the RJE-Mn contact has to be assumed to control the cell 
dimensions (see sec. 7.2.5.). 

Magnetic phase transition in RET 2 X 2 phases have been described by Szytula [1992], 
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Structural distortions in some groups of RET 2 X 2 phases (REI^Sn^, leading to less 
symmetric cells, have been reported by Latroche etal. [1992], 

An interesting compound belonging to the RET 2 X 2 family is EuCo 2 P 2 . In a neutron 
diffraction investigation of this phase carried out by Reehuis etal. [1992] the positional 
(nuclear) and the magnetic structures were determined. The ordering of the magnetic 
moments of the Eu-atoms and the relation (commensurability) between this ordering and 
that of the atomic positions were studied (see sec. 4.4.). 

6.5.10. Structural types: tI12-aThSi 2 and tI12-LaPtSi 


The aThSi 2 type structure, and its lattice-equivalent ternary LaPtSi type derivative 
can be considered, filled up tI8-NbAs type derivative. These structures can be described 
in terms of layers of (metal atoms) triangular prisms parallel to the basal planes of the 
tetragonal cells, the prism axes in one layer being rotated 90° relative to those of the 
layers above and below. 

In the NbAs type structure the As atoms only center alternate Nb prisms. In the 
aThSi 2 type structure all the Th-prisms are centered by Si instead of only half of them 
(Pearson [1972]). 

We may also compare the three structures in terms of 4 4 net layer stacking (along the 
c-direction of the tetragonal cells): See also fig. 40. 


tI8-NbAs: 

Nb 0 As 0 17 Nb 025 Aso 4 2 Nb 05 As 067 Nb 075 As 092 
tI12-aThSi 2 : 

Tho Si 008 Si 0 I7 Tho^ Si 033 Si 042 Th^ Si 058 Si 067 Tho 75 Si 0 83 Si 0 , 
tI12-LaPtSi: 

Lao P^o.o8 Sio.n L^o.25 Pffl.33 Sio.42 Laos Pto 58 Si 0 67 Lao 75 Pto .83 Sio.92 


4 

‘ 0.92 


Structural type: tI12~aThSi 2 

body-centered, tetragonal, space group 14,/amd, No. 141. 

4 Th in a): 0,0,0; 0,^; j, 2 ,- 2 ; j,0,|; 

8 Si in e): 0,0, z; 0,^ +z; ^,0,f-z; +z; ^,0,| +z; 0,|,{-z; 0,0, -z. 

For the prototype itself a =412.6 pm, c= 1434.6 pm, c/a = 3.477 and z(Si) = 0.416 5 . 


Structural type: tI12-LaPtSi 

body-centered, tetragonal, space group Mjind, N.109. 

4 La in a(l): 0,0,z; 0,^ +z; ^ +z; ^,0,f +z; 

4 Pt in a(2): 0,0, z; 0,^,^ +z; +z; ^,0,| +z; 

4 Si in a(3): 0,0, z; 0,£,£ +z; +z; i,0,| +z. 

For the prototype itself a = 424.90 pm, c= 1453.9 pm, c/a = 3.422 and z(La) = 0 (fixed 
conventionally), z(Pt) = 0.585 and z(Si) = 0.419. 

The unit cells of the two structures are presented in fig. 40. 

The ThSi 2 type structure according to Pearson [1972] is primarily controlled by the Th- 
Si contacts, with the Si-Si contacts exerting a certain influence. Each Si atom has three 
close Si neighbours resulting in the three dimensionally connected framework schemati- 
cally shown in fig. 40d. This framework (and the Si-Si coordination) can be compared 
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a) b) 




Th Si 2 

LaPtSi 

NbAs 
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Th 

La 
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Fig. 40a,b. Crystal structures of ThSi 2 and LaPtSi (a) and NbAs (b) with the indication of the atoms which, in 
the three structures, occupy the different sites. (Notice the defective character of the NbAs type structure in 
comparison with the ThSi 2 type.) In c) different sections of the LaPtSi structure unit cell are presented with the 
indication of the heights along the z-direction and of the codes used for the different atomic position in a 
square net (compare with fig. II). In the NbAs structure, the sections at z = 0.08, 0.33, 0.58 and 0.83 are not 
occupied by any atoms. The dotted lines in a) show a part of the three-connected framework of Si (or Pt,Si) 
atoms. A larger portion of the framework is presented in d). 

with the planar graphite hexagonal nets and therefore with, for instance, the hP3-AlB 2 
type structure (and its ordered variants). In the case of ThSi 2 , however, one vertex of 
each hexagon is always missing and we have parallel sets of planar chains interconnected 
to similar perpendicular sets. 

It may be interesting to mention that the characteristic structure of this network 
described as “ hinged ” network should have the peculiar feature that the entire framework 
could undergo reorganisation by a nearly barrierless twisting type motion. According to 
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Fig. 40c, d. 


Baughman and Galvao [1993] and Moore [1993], unusual mechanical and thermal 
properties may be predicted for substances having all their atoms arranged in such a 
framework. These special properties, therefore, may be envisaged for hypothetical 
compounds such as polyacetylene, polydiacetylene, polyphenylene, (BN) X phases, etc. and 
perhaps for substances containing the hinged network as a part of their structure 
(“ crowded ” hinged network crystals) such as ThSi 2 compounds. 

Finally considering the A1B 2 and the aThSi 2 type structures we may notice that the similarity 
of their bonding arrangements may be further confirmed by the existence of the A1B 2 structure 
also for a different form of ThSi 2 (/3 form, high temperature form) and (as a defective 
structure) for = Th 3 Si 5 . Following the description presented by Baughman and Galvao 
[1993]) the A1B 2 type structure could be called a “crowded” graphitic network structure. 
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6.6. Tetrahedrally close-packed, Frank-Kasper structures, Laves phases, 
Samson phases 

6.6.1. General remarks 

A number of structures of several important intermetallic phases can be classified as 
tetrahedrally close-packed structures. As an introduction to this subject we may remember, 
according to Shoemaker and Shoemaker [1969] that in packing spheres of equal sizes the 
best space filling is obtained in the cubic or hexagonal close-packed structures (or in their 
variants). In those arrangements there are tetrahedral and octahedral holes (see the comments 
on this point reported in the description of the cF4-Cu type structure in sec. 6.2.2). The local 
mean atomic density (the average space filling) is somewhat higher at the tetrahedral holes 
than in the larger octahedral ones. A more compact arrangement might, therefore, be obtained 
if it were be possible to have only tetrahedral interstices. It is, however, impossible to fill 
space with regular tetrahedra throughout. By introducing some variability in the sphere 
dimensions it is possible to obtain packing containing only tetrahedral holes. The tetrahedra 
are now no longer regular: the ratio of the longest tetrahedron edge to the shortest, however, 
needs not exceed about j in a given structure. The corresponding crystal structure can be 
considered to be obtained from the space filling of these tetrahedra (which share faces, edges 
and vertices). In structures containing atoms of approximately the same size and within the 
aforementioned limits of edge- length ratio, the sharing of a given tetrahedron edge (i.e. an 
interatomic link ligand) either among 5 or 6 tetrahedra has to be considered the most favored 
situation (according to the systematic analysis of these structures carried out by Frank and 
Kasper [1958, 1959]). On the assumption that only 5 or 6 tetrahedra may share a given edge 
the number of tetrahedra that share a given vertex is limited to the values 12, 14, 15 and 16. 
The 12 (or 14, 15, 16) tetrahedra sharing a given vertex form, around this point, a 
coordination polyhedron with triangular faces. The radii of this polyhedron are the edges 
shared among 5 or 6 component tetrahedra and connect the central atom with the polyhedron 
vertices, five-fold or six-fold vertices, that is vertices in which 5 or 6 faces meet. 

The four possible coordination polyhedra are shown in fig. 41 and correspond to the 
following properties: 

coordination 12 (regular, or approximately regular, icosahedron): 12 vertices (12 five-fold 

vertices) and 20 faces. 

coordination 14: 14 vertices (12 five-fold and 2 six-fold ) and 24 faces. 
coordination 15: 15 vertices (12 five-fold and 3 six-fold) and 26 faces. 
coordination 16: 16 vertices (12 five-fold and 4 six-fold) and 28 faces. 

(For symbols used in the coding of the vertex-characteristics see sec. 7.2.7). 

Several structures ( Frank-Kasper structures) can be considered in which all atoms have 
either 12 (icosahedral), 14, 15 or 16 coordinations. These can be described as resulting 
from the polyhedra presented in fig. 41. These polyhedra interpenetrate each other so that 
every vertex atom is again the center of another polyhedron. All structures in this family 
contain icosahedra and at least one other coordination type. 

Frank and Kasper demonstrated that structures formed by the interpenetration of the 
four polyhedra contain planar or approximately planar layers of atoms. (Primary layers 
made up by tessellation of triangles with hexagons and/or pentagons were considered. 
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CN 15 




Fig. 41. The coordination polyhedra of the Frank-Kasper structures, are shown in two different styles. 

a) the relative positions of the coordinating atoms are shown (the central atoms are not reported). (For the 
coordination numbers (CN) 12 and 14, one atom of the coordination shell is not visible). 

b) the corresponding triangulated polyhedra are shown. Vertices in which 5 or 6 triangles meet are easily 
recognizable. 
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and intervening secondary layers of triangles and/or squares). For a classification and 
coding of the nets and of their stacking see Pearson [1972] and also Shoemaker and 
Shoemaker [1969] or Frank and Kasper [1958, 1959]. 

A short summary of structural types pertaining to this family is reported in table 6; 
for a few of them, some details or comments are reported in the following. 


6.6.2. cP8-Cr 3 Si type structure 

This structure is also called W 3 0 or /3-W type (it was previously believed to be a W 
modification instead of an oxide) or A15 type (see section 3.4). 

Cubic, space group Pm3n, No. 223. 

Atomic positions: 

2 Si in a) 0,0,0; 


6 Cr in c) 4 


n !• ini'iin'tin’ nil- n 1 3 

4’ u >2’ 2»4* u > 2>4> u > u >2»4> u >2’3"' 


This structure type is observed for many phases formed in the composition ratio 3:1 by 
several transition metals with elements from the III, IV, V main groups (or with Pt 
metals or Au). Phases having this structural type are, for instance, Mo 3 A1, Nb 3 Al, V 3 A1, 
Ta 3 Au, Ti 3 Au, Cr 3 Pt, Cr 3 Os, Cr 6 AlSi, V 6 AlSn, Nb 6 GaGe, etc. A number of compounds 
with this structure have been found to have significantly high superconducting transition 
temperature, T c (among the highest known, before the discovery of the families of super- 
conducting complex oxides, such as Ba 2 YCu 3 0 7 _ x or = BijfCa.SrljCujO^, etc.). 
Examples of superconducting, Cr 3 Si type, phases are: 


Nb 3 Ge (T c = 23.2 K, sputtered films), Nb 3 Ga (T c = 20.7 K, bulk), Nb 3 Sn (T c =18.1 K), 
V 3 Si (T c = 16.8 K), V 3 Ga (T c = 14.1 K), Nb 3 Au (T c = 11.5 K), Nb 3 Pt (T c = 9.2 K), Mo 3 Ir 
(T c = 8.8 K), etc. 


The Cr 3 Si type structure does not always remain stable in these materials down to 0 K, 
yet the change in crystal structure, when it occurs (for instance, with a tetragonal 
structure formed at low temperature as a result of a martensitic transformation) seems not 
correlated with T c . Solid solutions in general have lower T c values than the stoichiometric 
compounds. (Other superconducting intermetallic phases belonging to different structural 
types are, for instance, LuRh 4 B 4 (T c =11.7 K, YPd 5 B 3 C x (T c = 23 K), quaternary 
lanthanum nickel, boro-nitrides, etc. See Cava etal. [1994a, 1994b]). 


6.6.3. a phase type structure, (tP30-oCr-Fe type) 

In the space group P4 2 /rnnm ) No. 136, the two atomic species, Cr and Fe, are 
distributed in several sites with a nearly random occupation. Different atom distributions 
have been proposed in the literature (also owing to different preparation methods and 
heat treatments). The following distribution is one of those reported in Daams et al. 
[1991]: two atoms in sites a) (with a 12% probability for Cr and 88% for Fe), 4 atoms 
(75% Cr, 25% Fe) in sites 0. 8 atoms (62% Cr, 38% Fe) in a set i) of sites, 8 atoms 
(16% Cr, 84% Fe) in another set i) and 8 atoms (66% Cr, 34% Fe) in j). The structure 
can be considered as made up of primary hexagon-triangle layers containing 3636 + 3 2 6 2 
and 6 3 nodes (in a 3:2:1 ratio) at height = 0 and j separated (at height and f) by 
secondary 3 2 434 layers (that is layers, in which every node is surrounded, in order, by 2 
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Table 6 

Examples of tetrahedral close-packed structures. 

Structural Unit cell dimensions (rounded % of atoms in the center 

types values) for the reported of a polyhedron with CN 

prototype [pm] 12 14 15 16 


cP8-Cr 3 Si 
(also called W 3 0 
or B-W type or 

A15 type phase). 

a= 456 

25 

75 



tP30-crCr,| <j Fe 54 * 
a phases 

a= 880 
c= 456 

33 

53 

13 


hR39- W 6 Fe, 
f j : phases 

a= 476 
c=2562 

55 

15 

15 

15 

hP7-Zr 4 Al 3 

a= 543 
c= 539 

43 

28 

28 


oP52=Nb 48 Ni 3 »Al 13 * 

M phases 

a= 930 
b= 493 
c = 1627 

55 

15 

15 

15 

oP56‘=Mo 21 Cr 9 Ni 20 * 

P phases 

a =1698 
b= 475 
c = 907 

43 

36 

14 

7 

hR159 = Mo 3 |Cr la Co 51 * 

R phases 

a = 1090 
c = 1934 

51 

23 

11 

15 

ell 62-Mg 1 lZn„ Al fi * 

a= 1416 

61 

7 

7 

25 

Laves Phases: 
cF24-Cu 2 Mg 

a= 704 

67 

33 



hP^-MgZnj 

a= 522 
c= 856 

67 

33 



hP24-Ni 2 Mg 

a= 482 
c = 1583 

67 

33 




* For these phases the reported formulae generally correspond to an average composition within a solid solution 
field. This also in relation with a (partially) disordered occupation of the different sites. 


triangles, 1 square, 1 triangle and 1 square). 

As pointed out by Pearson (by studying the near-neighbours diagram: see sec. 7.2.5.a) 
the cr-phase structure is a good example of a structure which is controlled by the 
coordination factor: all the known phases are closely grouped around the intersection of 
lines corresponding to high coordination numbers. (The most favorable radius ratio for 
the component atoms is included between 1.0 and 1.1.) It is also possible that the 
electron concentration plays some role in controlling the phase stability. The different 
phases are grouped in the range 6.2 to 7.5 electrons (s, p and d) per atoms. 
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6.6.4. Laves phases: cF24-Cu 2 Mg (and cF24-Cu 4 MgSn and cF24-AuBe s ), 
hP12-MgZn 2 (and hP12-U 2 OsAl 3 ) and hP24-Ni 2 Mg types 

General remarks 

The Laves phases form a homeotect structure type set (a family of polytypic struc- 
tures). In all of them (described in terms of a hexagonal cell) three closely spaced 3 6 nets 
of atoms are followed (in the z direction of the same cell) by a 3636 net (see figs. 8 and 
10). The 3 6 nets are stacked on the same site as the kagom6 3636 nets which they 
surround (for instance: /3-BAC-y-CAB in the “two slabs” MgZn 2 type (h) structure, 
/3-BAC-y-CBA-a-ACB in the “three slabs” MgCu 2 type (c) structure, a-ABC-y- 
CBA-a-ACB-j8-BCA in the “four slabs (he)” Ni 2 Mg type structure, etc.: see sec. 4.3. on 
homeotect structure type). The Laves phases, as Frank-Kasper structures, (see table 6), 
can also be described by alternative stacking of pentagon-triangle main layers of atoms 
and secondary triangular layers (parallel to (110) planes of the hexagonal cell). The 
importance of the geometrical factor in determining the stability of these phases has been 
pointed out (Pearson [1972]). The role of the electron concentration in controlling the 
differential stability of the different Laves phase types has been also observed. By 
studying, for instance, solid solutions of Cu 2 Mg and MgZn 2 with Ag, Al, Si (Laves and 
Witte [1936], Klee and Witte [1954]) it was observed that for an average VEC 
(valence electron concentration) between 1.3 and 1.8 e/a (electrons per atom) the Cu 2 Mg 
structure is generally formed, for VEC values in the range from =1.8 to 2.2 e/a 
generally the MgZn 2 type structure is obtained. The Ni 2 Mg type can be observed for 
intermediate values of VEC between 1 .8 and 2.0. 

It may be useful, however, to mention that depending, for instance, on the tempera- 
ture different Laves type structures may be observed in the same chemical system. An 
example may be the Ti-Cr system for which 3 different structures have been described: 
ar-TiCr 2 (MgCu 2 type, homogeneous in the composition range = 63-65 at% Cr), stable 
from room temperature up to = 1220°C; /3-TiCr 2 (MgZn 2 type, homogeneous from 64 to 
66 at% Cr), high temperature phase stable from 800°C up to = 1270°C; and y-TiCr 2 
(Ni 2 Mg type, =65-66 at% Cr), high temperature phase stable from 1270°C up to the 
melting point (1370°C). Notice that the a and /3 forms, which can coexist in the 
temperature range from 800°C up to 1220°C have slightly different compositions. 

Many (binary and complex solid solutions) Laves phases are known. Typically Laves 
compounds XM 2 are formed in several systems of X metals such as alkaline-earths, rare 
earths, actinides, Ti, Zr, Hf, etc, with M = Al, Mg, VIII group metals, etc. 

Before passing to a detailed description of the principal Laves types, a few more remarks 
can be made concerning the Laves poly types. An interesting example may be given by the 
Li-Mg-Zn alloys (Melnik [1974], Mallik [1987]). This system is one of the richest in the 
Laves phases among the known ternary systems. It contains, besides MgZn 2 , eight ternary 
compounds L„ (the index n denotes the number of slabs) in the following sequence: 

4: MgZn 2 (hP), a = 521.4 pm; c = 856.3 pm (=2*428.1) 

L 8 : Mg(Li 007 Zn, 93 ) (hP), a = 521.3 pm; c = 3422 pm (= 8 *427.8) 

L 14 : Mg(Li ou Zni 89 ) (hP), a = 521.5 pm; c = 5989 pm (=14*427.8) 

L 9 : MgOLio^Znjso) (hR), a = 522 pm; c = 3841 pm (=9*426.8) 
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L 10 : Mg(Li 023 Zn, 77 ) (hP), a = 522.3 pm; c=4278 pm (=10*427.8) 

L 4 : MgCLi^^Zrij^j) (hP), a = 522.7 pm; c= 1709 pm (=4*427.3) 

L' 4 : Mg(Li fl 50 Zn 150 ) (hP), a= 1046 pm; c = 1705 pm (=4*426.3) 

L' 3 : Mg(Li M 5 Zn 144 ) (hR), a= 1051 pm; c= 1285 pm (=3*428.3) 

Lj: Mg(Li 0 77 Zn 123 ) (cF), a = 522.6 pm; c= 1290 pm (=3*430) 

Notice that the structures with n = 3 and 4 exist not only in an ordinary form L 4 , Ni 2 Mg, 
and L 3 , MgCu 2 type cubic, (a =744.8 pm, here described in terms of an equivalent set of 
hexagonal axes) but also with doubled unit cell edge a (Ni 2 Mg type and MgCu 2 type 
superstructures L ' 4 and L' 3 ). 


Structural type: cF24-Cu 2 Mg and derivative structures 
Face-centered cubic cF24-Cu 2 Mg, space group Fd3m, No. 227. 

Atomic positions: 

8 Mtr in o'! H fl fl I i- ini- i A fV 1 1 3 • 3 3 1. 1 1 i- 13 3. 

O ivig ill a.) D,U,D, U, 2>2» 2 , ' J >2’ 4’4’4’ 4’4’4’ 4»4’4’ 4»4»?’ 

Pnin ^ 5 5 1 i- I 5 !• 11 5 * 1 1 t. 3 3 5. 7 7 5. 7 3 i- 7 1 3. 7 1 7. 3 1 7. 3 5 3. 1 3 7 - I 7 3. 

ID 111 $j£> 8> 8>£>8> 8>8’£> 8’8»$> 8’8>8> £>8’8’ £>8>8’ £>8’8’ $i8>8’ 8’$’8> 8>£’8> 8»?*5"* 8>?>E> 

533. 577. 

8>8>f> 8 ’8 >7’ 


Coordination formula: 333[Mg 4 / 4 ][Cu 6/6 ] 12/6 
For the prototype itself, Cu 2 Mg, a =704 pm. 

Fig. 42 shows the MgCu 2 packing spheres structure. 

Normalized interatomic distances and numbers of equidistant neighbours are shown in 
fig. 43. 


Ordered variants of this type of structure are the Cu 4 MgSn type structure and the AuBe s 
type structure. The packing spheres structure of AuBe 5 is shown in fig. 44. The atomic 
positions of the two structures correspond to the following occupation of the same 
equipoints in the space group F43m (No. 216). 



in Cu 4 MgSn 

in AuBe s 

a) 0 , 0 , 0 ; 0 ,^; 2 , 0 ,f, 2 ,^,0 

4 Sn 

4 Au 

C 3 ill. 13 3. 

W 4»4»4» 4»4»4> 

4 Mg 

4 Be 

III. 3 3 



4»4»4» 494949 



e) x,x,x; -x,-x,x; -x,x,-x; x,-x,-x 

16 Cu 

16 Be 

x, 2 +x,j+x; -x,j-x, 2 +x; -x, 2 -+x,j- x; x, 2 — x, 2 -x; 



- 2 -+x,x,^+x; |-x,-x, 5 +x; j-x,x,j-x; ^+x,-x,j— x; 



ft-x, 5 +x,x; j-x,^-x,x; j-x^+x.-x; 2 +x, 2 -x,-x. 




(xs 0.625=f) 


We can see that the 8 -atom equipoint of the Cu 2 Mg type structure has been subdivided 
into two different, ordered, 4-point subsets in the two derivative structures. 

Layers stacking symbols, triangular, kagome (T,K) nets: 


Cu 2 Mg: 

Mg 0 Cu 013 Mgo 25 Cu 029 Mg 033 Cu^ Mg 058 Cu 0 63 Mg 0 67 Cu 0 r 79 Mg 092 Cu 096 


Cu 4 MgSn: 

Mg 0 Cu 013 Sn 025 
AuBe 5 : 

Au 0 Be 013 Be 025 


Cu 029 Mgo .33 CU(f 46 Sn 058 Cu 0 53 Mgo 67 Cu 0 r 79 Sn 092 Cu 096 
Be 0 .29 Au ,, 1 

.33 ®®0.58 ®^0.63 ^ U 0.67 B®0/79 ®®0.92 ®®0.96 
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Cu ^ 

M 9 © 

Fig. 42. cF24-MgCu 2 type structure (1 unit cell is shown). 



Structural type: hP12-MgZn 2 
Hexagonal, space group P6 3 /mmc, N. 194, 

Atomic positions: 

2 Zn in a) 0,0,0; 0,0, j; 

4 Mg in f) j,j,z; f ,},j + z; - z; y,y,y - z; 

6 Zn in h) x,2x,5; -2x,- x,{; x,- x,{; - x,-2x,|; 2x,x,|; - x,x,|; 

For the prototype itself, MgZn 2 , a = 522 pm, c = 856 pm, c/a = 1 .640, z Mg = 0.062 and 
Xz„ = 0.830. 

Coordination formula: S^SlMg^dlZn^],^ 

Layer stacking symbols, triangular, kagom£ (T,K) nets: 

Zn 0 Mgo og Zn^ 2 5 Mg 0 44 Zit^o Mgo 56 ZnQ 75 Mg 094 

Fig. 45 shows the packing spheres structure for the MgZn 2 compound. 

A ternary ordered variant of this structure corresponds to three different atomic species 
in the three equipoint set. An example may be U 2 OsA1 3 (2 Os in a), 4 U in f) and 6 A1 
in h)). 

Structural type: hP24-Ni 2 Mg 
Hexagonal, space group P6 3 /mmc, No. 194. 

Atomic positions: 

4 Mg in e) 0,0, z; 0,0 , { + z; 0,0, - z; 0,0 , \ - z; 

4 Mg in 0 y,y,z; y,y,y + z; y,y,- z; y,y,y - z; 

4 Ni in 0 y,y,z; y,y,y + z; §,y, - z; y,f ,y - z; 

6 Ni in g) 2 ,0,0; 0,^,0; 5,5, 0; y,0,y; 0,^; 2 ,y, 2 ; 

6 Ni in h) x,2x,5; -2x,-x,j; x,-x,j; -x,-2x,|; 2x,x,|; -x,x,|; 

For the prototype itself, Ni 2 Mg, a = 482 pm, c= 1583 pm, c/a = 3.284 and z (e Mg ) = 0.094, 
z (f Mg ) = 0.8442, z (f Ni ) = 0.1251, and x (h Ni ) = 0. 1643. 
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1 1.2 1.4 1.6 1.8 2 d/d min 


Fig. 43. Distances and coordinations in the cF24-MgCu 2 type structure. 

a) Coordination around Mg: 

(+) Mg-Cu; (*) Mg-Mg. 

b) Coordination around Cu: 

(*) Cu-Cu; (+) Cu-Mg. 

The structure can be described by the following layer stacking sequence triangular, 
kagom6 (T,K) nets: 

Nio Mgo.09 Ni 0 13 Mg 0 16 Ni 0 r 25 Mg 034 Nio 37 Mg 041 Ni 050 
Mgo^, N& Mg 0 ^ Ni£ 75 Mg 0 ^ N& Mgo A 9] 

Coordination formula: 

333 [Mg4/4][Nifi/6]l2/6 

6.6.5. Structures based on frameworks of fused polyhedra, Samson phases 

In addition to the Frank-Kasper phases, other structures may be considered in which 
the same four coordination polyhedra prevail although some regularity is lost. Many of 
these structures and, in particular the giant cell structures studied by Samson [1969] can 
be described as based on frameworks of fused polyhedra rather than the full interpen- 
etrating polyhedra. Among the most important polyhedra we may mention the truncated 
tetrahedron: it is shown in fig. 46. It can be related to the CN 16 polyhedron (Friauf 
polyhedron) of fig. 41. The two polyhedra can be transformed into each other by 
removing (adding) the 4 six-fold vertices of the CN 16 polyhedron (corresponding to 
positions out from the center of each of the 4 hexagons of the truncated tetrahedron). 
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Fig. 44. Unit cell of the cF24-AuBe 5 type structure. (Compare with the cF24-MgCu 2 type structure, fig. 42.) 


Several other coordination polyhedra occur in giant cell structures in addition to the 
Frank-Kasper polyhedra and to the truncated tetrahedron. (The most important are 
polyhedra corresponding to CN between 11 and 16). 

The following phases represent a few examples of structures to which the 
aforementioned considerations specially apply: 

cI58-a-Mn (a = 89 1.4 pm) type structure (and its binary variants, cI58-Ti 5 Re 24 or^-phase 
and cI58--y-Mg 17 Al 12 ), cF1124-Cu 4 Cd 3 type (a = 2587.1 pm); cF1192-NaCd 2 type 
(a = 3056 pm); cF1832-Mg 2 Al 3 (a = 2823.9 pm), etc. (In the giant cell structures partial 
disorder and/or partial occupancy in some atomic positions have been generally reported, 
for cFl 124-Cu 4 Cd 3 , for instance, the structure was described as corresponding to the 
occupation, in several Wyckoff positions, of 388 atomic sites by Cd-atoms, 528 by 
Cu-atoms and of 208 by Cu- and Cd-atoms in substitutional disorder.) 

7 . On some regularities in the intermetallic compound formation and 
structures 

7.1. Preliminary remarks 

As already mentioned in the previous sections, several thousands of binary, ternary 
and quaternary intermetallic phases have been identified and their structures determined. 
In a comprehensive compilation such as that by Villars and Calvert about 2200 (in 
the first edition, [1985]) or about 2700 (second edition, [1991]) different structural types 
have been described. The specific data concerning about 17500 different intermetallic 
phases (pertaining to the aforementioned structural types) have been reported in the I s ' 
edition and 26000 in the 2 nd one. 

As an introductory remark, a little statistical information about the phase and 
structure type distributions may be interesting. 
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Fig. 45. Unit cell of the hP12-MgZn 2 type structure. 


For this purpose, we may consider the group of phases described in the compilation by 
Villars and Calvert [1991], This, in fact may be considered a fairly representative sample 
even if the number of new intermetallic phases (and structural types) is constantly increasing. 

As a first observation we may notice that the number of phases pertaining to each 
structural type is not at all constant. Table 7 shows that a very high number of phases 
crystallize in a few more common structure types. About 25% of the known intermetallic 
phases belong to the first 1 2 more common structure types and about 50% of the phases 
belong to 44 types (that is less than 2% of the known structural types). 

This kind of distribution seems to be significant even if table 7 contains only an 
approximate list. (Some changes may actually be obtained by a more accurate attribution 
of different phases to a certain structural type or to its degenerate or derivative variants). 

The distribution of the phases among the different types is summarized in fig. 47, 
where (in a double logaritmic scale) the number of phases belonging to each structural 
type is plotted against the rank order of the type itself. According to a suggestion of the 
authors of this chapter, in the same figure a curve is presented which has been computed 
by fitting the reported data by means of eq. (1): 

N f = A{r + ro ) B (1) 

where N f is the number of phases corresponding to the structure type having rank r (A, 
B and r 0 are empirical constants whose values have been determined by the fitting (see 
also Ferro et al. [1995]). 

It may be interesting to point out that the aforementioned equation is that suggested by 
Mandelbrot [1951] as a generalization of Zipf’s law [1949] (which corresponds to the 
special case of r 0 ~ 0 and B = 1). This law, in linguistics, relates for a given text the recurrence 
frequency (N f ) of a word to its rank (recurrence order). The formula had been deduced to 
define a cost function for the transmission of linguistic information and minimizing the 
average cost. (The word “cost” was considered to be related to the complexity of the word 
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Fig. 46. Truncated polyhedron (12 vertices) related, by the addition of 4 more coordinate atoms out from the 
centers of the hexagonal faces to the Friauf polyhedron (CN 16), reported in fig. 41. 

itself). (Eq. (1) may be considered a special case of a general “Rank Size Rule”.) 

We note, moreover, the larger numbers of phases having highly symmetric structures 
(cubic, hexagonal or tetragonal structures). The most frequent orthorhombic and 
monoclinic structures are the 6th and the 58th respectively in a general list such as 
reported in table 7. This may be partially related to a certain greater ease in solving 
highly symmetric structures but probably also contains an indication of a stability 
criterion. The Laves’ stability principles (presented in sec. 7.2.3.) and, specially, the 
“symmetry principle” may be mentioned. 

Considering then the phase composition as a significant parameter, we obtain the 
histogram shown in fig. 48 for the distribution of the structural types and of the intermetallic 
phases (as obtained from the 2nd edition of Villars-Calvert) according to the stoichiometry 
of binary prototypes (that is, for instance, the binary and ternary Laves phases, the A1B 2 , 
Caln 2 , etc., type phases are all included in the number reported for the 66 to 67.99 
stoichiometry range, even if the real stoichiometry of the specific phase is different). We may 
note the overall prevalence of phases and (to a certain extent) of structural types, which, at 
least ideally, may be related to simple (1:2, 1:1, 1:3, 2:3, etc.) stoichiometric ratios. 

The restriction of the phases concentration to a limited number of stoichiometric ratios is 
also valid (and, perhaps, more evident) for the ternary phases. We may notice in fig. 49 
(adapted from a paper by Rodgers and Villars [1993]) that seven stoichiometric ratios 
(1:1:1, 2:1:1, 3:1:1, 4:1:1, 2:2:1, 3:2:1, 4:2:1) are the most prevalent. According to 
Rodgers and Villars they represent over 80% of all ternary known compounds. 

We have, however, to remark that, considering only selected groups of (binary or 
ternary) alloys, quite different stoichiometric ratios may be predominant. As an example 
we may mention the binary alloys formed by an element such as Ca, Sr, Ba, rare earth 
metals, actinides, etc., with Be, Zn, Cd, Hg and, to a certain extent, Mg. Many com- 
pounds are generally formed in these alloys. Among them, phases having very high 
stoichiometric ratios are frequently observed, such as, for instance: CaBe n , LaBe 13 , 
BaZn 13 , BaCdjj, Baflg^, BaHgu, BaHgj 3 , La 2 Zn^ 3 , LaZnj 3 , L^Cdj^, LaCd^, Th 2 Znj 7 , 
Pu 3 Zn 22 , Ce 3 Mg. u , La 2 Mg 17 , LaMg 12 , etc. 

7.2. On some factors which control the structure of intermetallic phases 

A systematic description of bond characterization from thermodynamic properties in 
intermetallic compounds (and considerations concerning the stability of intermetallic 
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Fig. 47c. Distribution of the intermetallic phases among the structural types. In a double logarithmic diagram 
the phase numbers (expressed as ratios to the total number) are plotted versus the rank order of the structural 
type. The continuous line corresponds to the Mandelbrot’s equation. 

a) Number of phases belonging to the overall different structural types. (Compare with Table 6). 

b) Number of phases belonging to the cubic structural types. 

c) Number of phases belonging to the hexagonal structural types. 


phases) has been reported by Ellner and Predel [1994], Some information about the 
computation of the enthalpy of formation of alloys according Miedema’s model will be given 
in sec. 8.5. On this subject we may mention the peculiar properties of alloys of extraordinary 
stability formed by elements such as Al, Ti, Zr, Hf with the transition metals Re, Ru, Os, 
Rh, Ir, Pd, Pt, characterized by very high formation heats and discussed by Brewer 
[1973, 1990] as example of generalized Lewis acid-base interactions in metallic systems. 

A general presentation and discussion of the origin of structure of crystalline solids 
and the structural stability of compounds and solid solutions have been given by Pettifor 
(see chapter 2 of this book). 

In this section and in the following one a brief sampling of some semiempirical useful 
correlations and, respecively, of methods of predicting phase (and structure) formation will 
be summarized. The search for regularities and criteria for the synthesis of new represen- 
tatives of particular structure types has been carried out by many authors. Several factors 
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x=y x=2y x=3y x=4y 


Fig. 49. Distribution of the known ternary intermetaUic phases according to their stoichiometry. 

a) In a representative portion of a general composition triangle, the more common stoichiometries are shown. 

were recognized to be important in controlling the structural stability and some of them 
were used as coordinates for the preparation of “ classification and prediction maps ”, in 
which various compounds can be plotted and separated into different structure domains, 
IntermetaUic phases, therefore, could be classified following the most important factor 
which controls their crystal structure (Pearson [1972], Westbrook [1977], Girgis 
[1983], Hafner [1989]). 

According to Pearson [1972], following factors may be evidenced: 

— Chemical bond factor, 

— Electrochemical factor, ( electronegativity difference ) 

— Energy band factor, electron concentration 

— Geometrical factor 

— Size factor 
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Fig. 49. Distribution of the known ternary intermetallic phases according to their stoichiometry, 
b) For the same compositions shown in a), an indication is given of the number of phases. 


In the following paragraphs a few comments will be reported on this matter. Emphasis, 
however, will be given only to those aspects which are more directly related to a 
description of the “geometrical” characteristics of the phases. For the other questions 
reference should be made to other parts of this volume. 

For an introduction to the electronic structure of extended systems, see Hoffmann 
[1987, 1988], 

7.2.1. Chemical bond factor and electrochemical factor 

A chemical bond factor can be said to control the structure when interatomic distances 
(and as a consequence unit cell dimensions) can be said to be determined by a particular 
set of chemical bonds. Two different situations can be considered: bonds having high 
ionic characteristics (largely non-directional, the larger anions tend to form symmetrical 
coordination polyhedra subjected to the limitation related to the anion/cation atomic size 
ratio) or bonds having covalent character (the directional characteristic of which tend to 
determine the structural arrangement in the phase). 

To an increasing weight of the chemical bond factor (ionic and/or covalent bonding) 
will, of course, correspond, in the limit, the formation of valence compounds. According 
to Parthe [1980b] a compound C m A„ can be called a normal valence compound if the 
number of valence electrons of cations (e c ) and anions (e A ) correspond to the relation 
(normal valence compound rule): 


me c = n(%-e A ) 


( 2 ) 
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Table 7 


Intermetallic phases: The most common structural types 
(from the data reported in Villars and Calvert [1991]). 


Structural 

type 

Number of phases 
belonging to each type 
Total Binary Ternary 

Relative Frequency 

Specific Cumulative 

Rank order 

cFS-NaCl 

863 

318 

545 

0.0332 

0.0332 

1 

cF24-Cu 2 Mg 

806 

243 

563 

0.0310 

0.0642 

2 

tI10-BaAl 4 

723 

19 

704 

0.0278 

0.0921 

3 

cF4-Cu 

605 

520 

85 

0.0233 

0.1154 

4 

hP12-MgZn 2 

580 

148 

432 

0.0223 

0.1377 

5 

oP12-Co 2 Si 

495 

95 

400 

0.0191 

0.1567 

6 

cP2-CsCl 

461 

307 

154 

0.0177 

0.1745 

7 

cP4-AuCu 3 

454 

266 

188 

0.0175 

0.1920 

8 

hP6-CaCu 5 

405 

106 

299 

0.0156 

0.2076 

9 

hP2-Mg 

393 

362 

31 

0.0151 

0.2227 

10 

cI2-W 

382 

309 

73 

0.0147 

0.2374 

11 

cFl 6-BiFj 

379 

39 

340 

0.0146 

0.2520 

12 

U^-FejP 

375 

11 

364 

0.0144 

0.2664 

13 

cI28-Th 3 P 4 

358 

117 

241 

0.0138 

0.2802 

14 

hP3-AlB 2 

327 

122 

205 

0.0126 

0.2928 

15 

cF8-ZnS 

302 

40 

262 

0.0116 

0.3044 

16 

cF56-MgAl 2 0 4 

301 

11 

290 

0.0116 

0.3160 

17 

tI26-ThMn ]2 

296 

38 

258 

0.0114 

0.3274 

18 

hP16-Mn 5 Si 3 

290 

177 

113 

0.0112 

0.3385 

19 

hP24-Ce (i Al 3 S 14 

288 

0 

288 

0.0111 

0.3496 

20 

cP8-Cr 3 Si 

260 

82 

178 

0.0100 

0.3596 

21 

hP4-NiAs 

241 

101 

140 

0.0093 

0.3689 

22 

tPd-CujSb 

227 

74 

153 

0.0087 

0.3777 

23 

cP5-CaTi0 3 

225 

3 

222 

0.0087 

0.3863 

24 

cFllb-Th^Mnjj 

202 

49 

153 

0.0078 

0.3941 

25 

oC8-CrB 

193 

120 

73 

0.0074 

0.4015 

26 

tP68-BFe 14 Nd 2 

185 

0 

185 

0.0071 

0.4086 

27 

hR57-ThjZn 17 

160 

36 

124 

0.0062 

0.4148 

28 

oP8-MnP 

156 

33 

123 

0.0060 

0.4208 

29 

oP16-Fe 3 C 

155 

101 

54 

0.0060 

0.4268 

30 

hP6-Ni 2 In 

154 

54 

100 

0.0059 

0.4327 

31 

cP12-FeS 2 

152 

50 

102 

0.0059 

0.4385 

32 

hP6-CaIn 2 

149 

11 

138 

0.0057 

0.4443 

33 

hP38-Ni 17 Th 2 

145 

62 

83 

0.0056 

0.4499 

34 

oII2-CeCu 2 

145 

61 

84 

0.0056 

0.4554 

35 

hR12-NaCrS 2 

144 

9 

135 

0.0055 

0.4610 

36 

tI16-FeCuS 2 

139 

0 

139 

0.0053 

0.4663 

37 

cF12-AlLiSi 

135 

1 

134 

0.0052 

0.4715 

38 

cF12-CaF 2 

133 

87 

46 

0.0051 

0.4767 

39 

cP40-Pr 3 Rh 4 Sn 13 

126 

0 

126 

0.0048 

0.4815 

40 

hR36-Be 3 Nb 

122 

49 

73 

0.0047 

0.4862 

41 

oP8-FeB 

121 

73 

48 

0.0047 

0.4909 

42 

hR45-Mo 6 PbS 8 

115 

0 

115 

0.0044 

0.4953 

43 

hPS-LajOj 

115 

22 

93 

0.0044 

0.4997 

44 

tP2-AuCu 

112 

82 

30 

0.0043 

0.5040 

45 
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If we consider only the s and p block elements, the number of valence electrons of the 
elements correspond to their traditional group number) In this case (considering that no 
anions are formed from the elements of groups I, II and III) following formulae can be 
deduced for the normal valence compounds (formed in binary systems with large 
electronegativity difference between elements): 

- 1 4 4 - 2 2 4 - 3 4 4 3 - 1 3 5 - 2 3 5 2 - 35 - 4 3 5 4 

- 1 2 6 - 26 - 3 2 6 3 - 46 2 - 5 2 6 3 - 17 - 27 2 

- 37 3 - 47 4 - 57 s - 67 6 

(in these formulae each element is indicated by a number corresponding to its number of 
valence electrons; for instance: 

17 represent NaCl, KC1, etc, 3 2 6 3 A1 2 0 3 , etc.) 

In the more general case where some electrons are also considered to be used for 
bonds between cations and anions we have (general valence compound rule): 

™{ e c ~ e cc ) = «( 8 - «a ~ « a ») ( 3 ) 

In this formula, which can only be applied if all bonds are two-electron bonds and 
additional electrons remain inactive in non-bonding orbitals (or, in other words, if the 
compound is semiconductor and has not metallic properties) e cc is the average number 
of valence electrons per cation which remain with the cation either in non-bonding 
orbitals or (in polycationic valence compounds) in cation-cation bonds; similarly e^ can 
be assumed to be the average number of anion-anion electron pair bonds per anion (in 
polyanionic valence compounds). 

In a more limited field than that of the previously considered general octet rule, it 
may be useful to mention the “ tetrahedral structures" which form a subset of the general 
valence compounds. According to Parthe [1963, 1964, 1991], if each atom in a 
structure is surrounded by 4 nearest neighbours at the comer of a tetrahedron, the 
structure is called “ normal tetrahedral structure". The general formula of this structure, 
for the compound C m A n , is ( normal tetrahedral structure ): 

(me c +ne A ) = 4(m + n) (4) 

(This may be considered a formulation of the so-called Grimm-Sommerfeld [1926] Rule). 

For the same elements previously mentioned the possible combinations are: 

4x4y (all compositions, for instance, C, Ge, SiC) 

35 (BP, AlSb, etc.), 26 (BeO, MgTe, ZnS), 17 (CuBr, Agl), 

3 2 6, 3 3 7, 25 2 (ZnP 2 , ZnAs 2 ), 2 3 7 2 , 15 3 and 1 2 6 3 . 

(ternary or more complex combinations may be obtained by a convenient addition of 
different binary formulae; for instance: 

14 2 5 3 = (15 3 + 44): for instance CuGe 2 P 3 

136 2 = (1 2 6 3 + 3 2 6)/2: CuA 1S 2 , CuInTe 2 , etc. 

l 2 246 4 = (l 2 6 3 + 26 + 4): for instance Cu 2 FeSnS 4 (Fe 11 ), etc.) 

The aforementioned rule may be extended to include the “ defect tetrahedral structures" 
where some atoms have less than four neighbours ( general tetrahedral structure)-. 



Ch. 4, §7 


Structure of intermetallic compounds and phases 


325 


(m e c + n e A ) = 4 (m + n) + N mo {m + n) (5) 

In this formula N nb0 is the average number of non-bonding orbitals per atom. 

By adding the symbol 0 (zero) to the described notation, vacant tetrahedral sites can 
be represented. Examples of formulae of defect tetrahedral structures are: 

40 3 7 4 (Sil 4 , Snl 4 ); 406 2 (GeS 2 ); 3 6 05 4 6 3 (Ga 6 As 4 Se 3 ), 1 2 5 2 06 4 (CuSbS 2 ); etc. 

Notice that the aforementioned compositional scheme is a necessary condition for 
building the tetrahedral structures, but not every compound that fulfills this condition is 
a tetrahedral compound. The influence of other parameters, such as the electronegativity 
difference, has been pointed out. By means of a diagram as shown in fig. 50, the 
separation of tetrahedral structures from other structures may be evidenced (Mooser and 
Pearson [1959]). 

As a final comment to this point, we may mention that when one component in a 
binary alloy is very electropositive relative to the other, there is a strong tendency to 
form compounds of high stability in which valence rules are satisfied (Pearson [1972]). 
Such alloys are considered to show a strong electrochemical factor. 

7.2.2. Energy band factor, electron concentration 

The properties of a solid on principle could be calculated on the basis of the states of 
the electrons in the crystal. The status of the understanding of the structures of the solids 
and indications on the technical and computational problems have been presented in other 
chapters. 

We may mention here that if the stable crystal structure may be described as 
controlled by the number of electrons per atoms, the phase is called an “electron 
compound'. An important class of electron compounds (generally showing rather wide 
homogeneity ranges) are the Hume-Rothery phases. 

These include several groups of isostructural phases, each group corresponding to a 
given value of the so-called valence electron concentration (VEC). Three categories of 
Hume-Rothery phases are generally considered: those corresponding to VEC values of 
3/2 (that is three valence electrons every two atoms), 21/13 and 7/4, respectively. 
Representatives of the Hume-Rothery phases are the following: 

VEC - 3/2, body centered cubic, (cI2-W type): CuZn, = Cu 3 A1, = Cu 5 Sn, etc. 

VEC - 3/2, complex cubic, (cP20-/J Mn type): Cu 5 Si, Ag 3 Al, Au 5 Si, etc. 

VEC = 21/13, complex cubic, 52 atoms in the unit cell (or superstructures) 

(cP52: = Ciy\.l 4 , = Ci^Ga,,, Ag 9 In 4 , - Co 5 Zn 21 , etc.; cI52: = Cu 5 Zn 8 , y-brass, = AgjCdg, 
Ag 5 Zn 8 , Ru 3 Be 10 , etc.; cF408: Fe„Zn 39 , etc.) 

VEC =7/4, hexagonal close-packed, (hP2-Mg type or superstructures): =AgZn 3 , 
= Au 3 Ge, = Ag 5 Al 3 , etc. 

The VEC in all the aforementioned cases, for which approximate “ideal” formulae have been 
indicated, were calculated assuming the following “valence”: transition elements with non- 
filled d-snells: 0; Cu,Ag,Au: 1; Mg and Zn,Cd,Hg: 2; Al.Ga.In: 3; Si,Ge,Sn: 4; Sb: 5. 

The given ratios indicate ranges (which can even overlap). It has to be noted, 
moreover, that the number of electrons to be considered may be uncertain. The VEC 
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Fig. 50. Mooser-Pearson diagram separating AB compounds into covalent (0) and ionic (♦) types after 
Hume-Rothery [1967], The representative points of the different components are plotted in the map n, average 
quantum number, versus the electronegativity difference multiplied by the radius ratio. (f? A and R B radii of the 
anion and cation elements). 


values, therefore, indicate only a composition range where one of the aforementioned 
structure types may occur. 

According to Girgis [1983] the existence field of the electron phases may be 
especially related to the combinations of d elements with the elements of the Periodic 
Table columns from 1 1 to 14 (from Cu to Si groups). 

7 .2.3. Geometrical principles and factors. Laves’ stability principles 
Laves [1956], when considering the factors which control the structures of the metallic 
elements, presented three principles that are interrelated and mainly geometric in character. 

a) The principle of efficient (economical) use of space ( space-filling principle). 

b) The principle of highest symmetry. 

c) The principle of the greatest number of connections (connection principle). 

These principles may be considered to be valid to a certain extent for the intermetallic 
phase structures and not only for the metallic elements. 

(See also some comments on this point as a result of the atomic-environment analysis 
of the structure types summarized in sec. 7.2.7.) 

a) Space-filling principle 

The tendency to use the space economically (to form structures with the best space-filling) 
which is especially exemplified by the closest-packing of spheres is considered to be the 
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result of a specific principle which operates in the metal structures (and also in ionic and, 
to a lesser degree, in van der Waals structures). This principle is less applicable to 
covalent crystals because the characteristic interbond angles are not necessarily compat- 
ible with an efficient use of the space. Among the metallic elements, 58 metals possess 
a close-packed arrangement (either cubic or hexagonal) which, in the assumption that the 
metal atoms are indeformable spheres having fixed diameters, corresponds to the best 
space-filling; 23 of the remaining metals crystallize in another highly symmetric structure, 
the body-centered cubic, which corresponds to a slightly less efficient space-filling. 

(The space-filling concept has been analysed and discussed by several authors: we 
may mention Laves [1956], Parthe [1961], Pearson [1972], A short summary of this 
discussion will be reported in the following, together with some considerations on the 
atomic dimension concept itself). 

b) The principle of highest symmetry (symmetry principle) 

According to Laves a tendency to build configurations with high symmetry is evident and 
is called the symmetry principle. This tendency is particularly clear in metallic structures, 
especially in the simple ones. 

However, according to Hyde and Andersson [1989], for instance, the validity 
extension of this principle is difficult to evaluate. As time passes, crystallographers are 
able to solve more and more complex crystal structures and these tend to have low 
symmetry. The symmetry principle could perhaps be restated by observing that a crystal 
structure has the highest symmetry compatible with efficient use of space and the 
specific requirements of chemical bonding between nearest neighbours. 

For a discussion on the “symmetry principles”, its alternative formulations and the 
history of its development, papers by Brunner [1977] and by Barnighausen [1980] 
may be consulted. In these papers a number of statements have been reported which 
perhaps may be considered equivalent. When considering close sphere packings, the 
following statements are especially worthy of mention. 

a) A tendency to form arrangements of high symmetry is observable. 

b) Points are disposed around each point in the same way as around every other. 

c) Atoms of the same type tend to be in equivalent positions. 

c) The principle of the greatest number of connections (connection principle) 

To understand the meaning of this principle it may be at first necessary to define the 
concept of connection. To this end we may consider a certain crystal structure and 
imagine connecting each atom with the other atoms present in the structure by straight 
lines. There will be a shortest segment between any two atoms. We will then delete all 
links except the shortest ones. After this procedure, the atoms that are still connected 
constitute a “connection" . The connection is homogeneous if it consists of structurally 
equivalent atoms, otherwise it is a heterogeneous connection. 

Such connections may be finite or 1, 2, 3 dimensionally infinite and are respectively 
called islands , chains , nets or lattices. Symbols corresponding to the letters I, C, N, L 
(homogeneous connections) or i, c, n, 1 (heterogeneous connections) have been proposed, 
(see also the dimensionality indexes reported in sec. 3.5.1.). 

As pointed out by Laves (for instance, Laves [1967]) metallic elements and 
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intermetallic phases show a tendency to form multidimensional (possibly homogeneous) 
connections ( connection principle). 

7.2.4. Atomic dimensions and structural characteristics of the phases 
a) Atomic radii and volumes 

A few comments about the atomic dimension concept may be useful also in order to 
present a few characteristic parameters and diagrams (such as space-filling parameters, 
reduced strain parameters, near-neighbours diagrams, etc.). 

Quoting from a comprehensive review on this subject (Simon [1983]) we may 
remember that ever since it has been possible to determine atomic distances in molecules 
and crystals experimentally, efforts have been made to draw conclusions from such 
distances about the nature of the chemical bonding and to compare interatomic distances 
(dimensions) in the compounds with those in the chemical elements. Distances between 
atoms in an element can be measured with high precision. As such, however, they cannot 
be simply used in predicting interatomic distances in the compounds. In rational 
procedure, reference values (atomic radii) have to be “extracted” from the individual 
(interatomic distances) measured values. Various functions have been suggested for this 
purpose. In the specific case of the metals it has been pointed out that interatomic 
distances depend primarily on the number of ligands and on the number of valence 
electrons of the atoms (Pearson [1972]). 

Pauling’s rule (Pauling [1947]): 

R n =R x - 30 log n (pm) (6) 

relating radii for bond order (bond strength) n (number of valence electron per ligand) to 
that of strength 1, gives a means of correcting radii for coordination and/or for effective 
valencies. It has been shown (Pearson [1972], Simon [1983]) that, no matter what the 
limitations may be of any particular set of metallic radii (or valencies) that is adopted, 
the Pauling’s relation appears to be reliable, giving a basis for comparing interatomic 
distances in metals. According to Simon [1983] slightly better results could be obtained 
changing the Pauling’s formula to: 

= R^l - A log n) (7) 

where A is not constant but can be represented as a function of the element valency. 

The subsequent point is to select some system of (a set of) atomic radii which can be 
used when discussing interatomic distances. 

The radii given by Teatum et al. [1968] (and reported in table 8, together with the 
assumed “valencies”) are probably the most useful for discussing metallic alloys. These 
radii have been reported for a coordination number of 12; they were taken from the 
observed interatomic distances in the fc cubic (cF4-Cu type) structure and in the 
hexagonal close-packed hP2-Mg type structure (averaging the distances of the first two 
groups of 6 neighbours, if the axial ratio has not the ideal 1.633.. value) or from the be 
cI2-W type. Since the coordination is 8 in the cI2~W type structure, for the elements 
having this structure the observed radii were converted to coordination 12 by using a 
correction given by the formula: 
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Table 8 

Radii (CN 12) of the Elements (from Teatum et al. [1968])’’ 


Element 

“Valence” 

Radius 

(pm) 

Element 

“Valence” 

Radius 

(pm) 

H 

-1 

77.9 

Sb 

5 

157.1 

Li 

1 

156.2 

Te 

6 

164.2 

Be 

2 

112.8 

Cs 

1 

273.1 

B 

3 

92.0 

Ba 

2 

223.6 

C 

4 

87.6 

La 

3 

187.7 

N 

-3 

82.5 

Ce 

3 

184.6 

O 

-2 

89.7 

Ce 

4 

167.2 

Na 

1 

191.1 

Pr 

3 

182.8 

Mg 

2 

160.2 

Nd 

3 

182.2 

Al 

3 

143.2 

Pm 

3 

180.9 

Si 

4 

132.2 

Sm 

3 

180.2 

P 

-3 

124.1 

Eu 

2 

204.1 

S 

-2 

125.0 

Eu 

3 

179.8 

K 

1 

237.6 

Gd 

3 

180.1 

Ca 

2 

197.4 

Tb 

3 

178.3 

Sc 

3 

164.1 

Dy 

3 

177.5 

Ti 

4 

146.2 

Ho 

3 

176.7 

V 

5 

134.6 

Er 

3 

175.8 

Cr 

6 

128.2 

Tm 

3 

174.7 

Mn 

5 

130.7 

Yb 

2 

193.9 

Mn 

7 

125.4 

Yb 

3 

174.1 

Fe 

8 

127.4 

Lu 

3 

173.5 

Co 

9 

125.2 

Hf 

4 

158.0 

Ni 

10 

124.6 

Ta 

5 

146.7 

Cu 

1 

127.8 

W 

6 

140.8 

Zn 

2 

139.4 

Re 

7 

137.5 

Ga 

3 

135.3 

Os 

8 

135.3 

Ge 

4 

137.8 

It 

9 

135.7 

As 

5 

136.6 

Pt 

10 

138.7 

Se 

6 

141.2 

Au 

1 

144.2 

Rb 

1 

254.6 

Hg 

2 

159.4 

Sr 

2 

215.1 

Tl 

3 

171.6 

Y 

3 

177.3 

Pb 

4 

175.0 

Zr 

4 

160.2 

Bi 

5 

168.9 

Nb 

5 

146.8 

Po 

6 

177.4 

Mo 

6 

140.0 

Fr 

1 

280 

Tc 

7 

136.5 

Ra 

2 

229.4 

Ru 

8 

133.9 

Ac 

3 

187.8 

Rh 

9 

134.5 

Th 

4 

179.8 

Pd 

10 

137.6 

Pa 

5 

162.6 

Ag 

1 

144.5 

U 

6 

154.3 

Cd 

2 

156.8 

Np 

6 

152.8 

In 

3 

166.6 

Pu 

-4.8 

164 

Sn 

2 

163.1 

Pu 

5 

159.2 

Sn 

4 

158.0 

Am 

4 

173.0 


a) The elements are arranged according to their atomic number. 
Noble gases and halogens are not included. 
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Rc Nn = 1.0316 R cn& - 0.532 (pm) (8) 

which was empirically obtained from the properties of elements having at least two 
allotropic modifications, cI2-W type and either cF4-Cu type or hP2-Mg type. The radii 
in the two structures (calculated at the same temperature by means of the known 
expansion coefficients) were compared and used to construct the reported equation. For 
the other metals (that is for the more general problem of the radius conversion from any 
coordination to coordination number 12) a percentage correction was applied (by using 
a curve which ranges from about +3% for the conversion from CN 8 to CN 12 to about 
+20% for the conversion from CN 3 to CN 12) as suggested by Laves [1956] in a 
detailed paper dealing with several aspects of crystal structure and atomic sizes. 

While dealing with atomic dimension concepts, atomic volumes may also be considered. 
A value of the volume per atom, V al in a structure may be obtained from the room 
temperature lattice parameter data by calculating the volume of the unit cell and dividing 
by the number of atoms within the unit cell. See also the table reported by King [1983]. 

An equivalent atomic radius could be obtained by computing, on the basis of the 
space-filling factor of the structure involved, the corresponding volume of a “spherical 
atom” using the relationship V sph = (4 tt R 3 /3). 

In the cP2-W type (CN 8) structure we have V sph = 0.68 V al (only a portion of the 
available space is occupied by the atomic “sphere”, see the following paragraph b). In 
the cF4-Cu type, and in the “ideal” hP2-Mg type (CN 12) structures we have V sph = 0.74 
V al . Considering now the previously reported relationship between 12) and R (CN 8) we 
may compute for a given element, very little volume (V at ) changes in the allotropic 
transformation from a form with CN 12 to the form with CN 8. (The radius variation is 
nearly counterbalanced by the change in the space filling). 

This generally is in agreement with the experimental observations (Pearson [1972]). 

We will see that on the basis of the atomic dimensions of the metals involved 
(expressed, for instance, as R X -R Y or R X /R Y ) many characteristic structural properties of 
an X n Y m phase may be conveniently discussed and/or predicted (size factor effect). As a 
further comment to this point we may mention here two “rules”, the Vegard’s and the 
Biltz-Zen’s rules, which have been formulated for solid solutions and to a certain extent 
for ordered compounds. These rules, mutually incompatible, are very seldom obeyed; 
they may, however, be useful either as approximations or for defining reference behaviours. 
The first one, Vegard’s rule [1921], corresponds to an additivity rule for interatomic 
distances (or lattice parameters or “average” atomic diameters). For a solid solution A X B,_ X 
(x = atomic fraction) between two components of similar structure it takes the form: 

d AB = xd A +(1"*K (9) 

The Biltz [1934], (or Zen [1956]) rule has been formulated as a volume additivity rule: 

VaB ~ X ^A 0 “ X )^B ( 10 ) 

These rules are only roughly verified in the general case (for the evaluation of interatomic 
distances weighted according to the composition and for a discussion on the calculation and 
prediction of the deviations from Vegard’s rule see Pearson [1972] and Simon [1983]). 
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As contributions to the general question of an accurate prediction of the variation of 
the average atomic volume in alloying we may mention a few different approaches. 
Miedema and Niessen [1982] calculated atomic volumes and volume contractions on the 
basis of the same model and parameters used for the evaluation of the formation enthalpy 
of the alloy (see sec. 8.5). In a simple model proposed by Hafner [1985] no difference 
of electronegativity and no charge transfer were considered. Volume (and energy) 
changes in the alloy formation were essentially related to elastic effects. Good results 
have been obtained for alloys formed between s and p block-elements. An empirical approach 
has been suggested by Merlo [1988]. Deviations from Biltz-Zen trend have been discussed 
and represented as a function of a “charge transfer atomic parameter” which correlates with 
Pauling’s electronegativity. This approach has been successfully employed for groups of 
binary alloys formed by the alkaline earths and the bivalent rare earth elements. 

Negative experimental deviations from Vegard’s rule (and values of the volume 
contractions) have been sometimes considered as an approximate indication of the 
formation of strong bonds and related to more or less negative enthalpies of formation 
(Kubaschewskii [1967]). This indication is only very poor in the general case. For 
selected groups of alloys, however, the existence of a correlation between the formation 
volume and enthalpy (A fonn V and A fomi H) has been pointed out (even if only as an 
evaluation of relative trends). This is the case of the rare earth (RE) alloys. As noticed 
by Gschneidner [1969] considering the tri valent members of the lanthanide series, we 
may compare the atomic volume decreasing observed in the metals (RE) (lanthanide 
contraction) with the decreasing of the average atomic volume measured in a series of 
REMe x compounds. If this diminution is more (less) severe in the compounds than in the 
RE metal series, this is considered an indication that the bonding strength in the REMe x 
compounds increases (decreases) as we proceed along the series from La to Lu; the heats 
of formation are expected to increase (decrease) in the same order. To make this 
comparison the unit cell volumes of the compounds are divided by the atomic volumes 
of the pure metals. The volume ratio for the series of compounds are then divided for 
that corresponding to a selected rare earth, this giving a relative scale. If the resultant 
values increase, with the atomic number of the rare earth, then the lanthanide contraction 
is less severe in the compounds (in comparison to the rare earth element) and a decrease 
of the heat of formation is expected (conversely if the relative volume ratio decreases, an 
increase of the heat of formation (more negative enthalpy of formation) is expected). 

(Examples of this correspondence will be examined in sec. 8.6., see also fig. 59.) 

b) Space-filling parameter (and curves) 

The space-filling parameter introduced by Laves [1956] and by Parthe [1961] gives a 
means of studying the relationships between atomic dimensions and structure. For a com- 
pound, it is defined by the ratio between the volume of atoms in a unit cell and the 
volume of unit cell. 

(4tt / 3)(2,n,^ 3 ) 

<P = ~ ' 01) 

Kell 

(nj, R, number and radius of type i atoms). 
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To calculate the space filling value for a specific compound, one has to know the radii 
of the atoms and the lattice constant. Neither of these is needed for the construction of 
a space filling curve of a crystal structure type: it is sufficient to know the point positions 
of the atoms and the axial ratios. The curve is based on a hard sphere model of the 
atoms: the cell edges are expressed as functions of the atomic radii (R x and R Y for a 
binary system) for the special cases of X-X, X-Y and Y-Y contacts. The parameter can 
then be given (and plotted) as a function of the R X /R Y ratio. 

Considering, for instance, the cF8-ZnS-sphalerite type structure (Parth£ [1964]) the 
space filling can be given by: 

< p = [ 4 - 77/3 (4 Rl + 4 Rl )] /a 3 (12) 

where a is the cubic cell edge and R x and R Y are the radii of the atoms in the a) and c) 
positions (4 Zn and 4 S, respectively) in the unit cell. (See the description of the 
structure in sec. 6.3.2.). 

In the case that the two atoms (or, more accurately, the hard spheres) occupying the 
Zn and S sites are touching each other, then the sum of the two radii must be equal to 
one-quarter of the cubic cell diagonal. 

R x + R Y = W3/4 (13) 

By expressing the unit cell volume as a function of the sum of the radii we obtain: 

(477/3)(4R 3 +4/? 3 ) 

9 (4 3 /3V3)(/? x + R Y f 

Introducing the radius ratio e =R X /R Y one obtains: 

(15) 

This equation describes the middle section (0.225 <e <4.44) of the space-filling curve for 
the sphalerite type structure plotted (with log scales) in fig. 51. 

(The other sections, 0<e <0.225 and 4.44 <e <«> correspond to the cases in which 
Y-Y atoms or X-X atoms are touching.) 

In the <p versus e diagram every structure type is generally characterized by its own 
individually shaped spacefilling curve. The space-filling curves, however, of all binary 
structures belonging to one homeotect structure set coincide with one curve (see sec. 4.3). 

By assuming appropriate values for the radii R x and R Y it is possible to compare, 
with the specific curve of a given structure, the points representing actual compounds. 
Generally a good agreement is found for ionic structures (and/or compounds) while it is 
often observed that the <p versus e points for particular metallic phases lie above the 
space-filling curves, indicating a denser packing and emphasizing the lack of unique radii 
associated with X-X, X-Y, etc. contacts (compressible atom model) (Pearson [1972]). 

In the specific case of unary structures (element structures), providing that there are no 



Ch. 4, §7 


Structure of intermetallic compounds and phases 


333 



Fig. 51. Space filling diagram for the CsCl, NaCl and ZnS structures (from Pahthe [1961]). 


variable atomic positional parameters or axial ratios, there is a unique space-filling parameter 
(independent of atomic size for every structure type). For the cF4-Cu type structure, for instance, 


<p = (47r/3)(4/? 3 /a 3 ) 


(16) 


Assuming the atoms to be hard spheres n-2\j2 R, then <p =0.740 (which is the highest 
value for an infinite collection of close-packed hard spheres of the same radius). Typical 
space-filling parameters of elemental structures are the following: 


cF4-Cu type 
hP2-Mg type 

cI2-W type 
tI4-/3-Sn type 
cPl-Po type 
cF8-Diamond 


0.740 

0.740 (for the “ideal” value, c/a =1.633.., of the axial ratio. It is 
< p =0.65 in the case, for instance, of Zn, for which c/a = 1.86). 

0.680 

0.535 

0.524 

0.340 


Several other considerations and applications of the space filling concept may be found 
in Parthe [1961], for instance: space-filling diagrams of ternary structures, applications 
of space-filling concept for discussing and predicting possible pressure structures, etc. 

A similar treatment has been made by Liu and Bassett [1986] defining a special 
“ volumetric index ” a, considering that the molar volume V of a crystal must be a linear 
function of the cube of the nearest neighbor interatomic distance 
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^ ( 17 ) 

where a is a function of the axial ratio, axial angle(s) and positional parameters of a 
crystal structure. 

Within a group of isostructural substances small variations are therefore generally 
observed in the a-value. If d^ is given in nm and V in cm 3 / mol (moles of atoms or 
moles of formulae) the following a-values may be mentioned: 

425.9 (cF4-Cu); 425.9 to 485.0 (hP2-Mg for 1.633 <c/a< 1.86; 463.6 (cI2-W); 

589.7 (tI4-/3Sn, c/a = 0.5456); 602.2 (cPl-Po); 927.2 (cF8-diamond); 927.1 (cP2-CsCl); 
1204.4 (cF8-NaCl); = 1843 (hP4-C graphite); etc. 

The a-values are the slopes in the plots of the molar volume versus the cube of the 
interatomic distances for given types of structures such as those illustrated in fig. 52a. 
These indexes (as the space-filling parameters) may be useful, for instance, in a 
systematic description of the effect of pressure on the phase transformations which may 
be observed for a given compound. In a discussion of high-pressure phases (of elements, 
oxides and silicates) with implications for the Earth’s interior, Liu and Bassett [1986] 
presented data relevant to several families of compounds in a number of graphs such as 
those of fig. 52b. The transformations at increasing pressure from C graphite to diamond, 
from Si and Ge diamond type to /3Sn type, the modifications of a number of 1:1 
compounds from NaCl to CsCl type structure and also for elements, such as Cd and Zn, 
the preservation of the same structure but with c/a approaching the “ideal” 1.633 value 
can all be effectively summarized in these type of graphs. 

7.2.5. Reduced dimensional parameters 
a) Reduced strain parameter and near-neighbours diagrams 

By means of the comparison between the space-filling theoretical curves and the actual 
values of intermetallic phases it has been observed that an incompressible sphere model 
of the atom is unsuitable when discussing metallic structures. 

Pearson [1972] suggested the use of a model which allows the atoms of a binary 
X-Y alloy to be compressed until subsequently (and according to the structure geometry) 
X-X, X-Y, Y-Y contacts are established. The contacts are considered to occur when the 
X-X, X-Y and Y-Y interatomic distances in the compound structure, d x , d XY and d Y are 
equal to 2 R x ( = D X ), R X + R Y and 2 R Y ( = D Y ) (R x , R Y , D x , D Y atomic radii and 
diameters, respectively). According to Pearson, the metallic radii choosen are those 
appropriate for the coordination of the atoms (compare with sec. 7.2.4.). The distances 
between all the close atoms in the structure may be expressed in terms of the cell (and 
atomic site) parameters. (As an example see, for instance, the phases XY 3 , AuCu 3 type, 
described in sec. 3.5.5. and in figs. 12, 13, 14. In these phases around each X atom there 
are 6 X atoms at a distance equal to the unit cell edge d x = a. Around the X atoms there 
are 12 Y atoms at a distance d XY = a\/2/2), and around the Y atoms at the same distance 
d Y = a \[ 2 / 2 ). All these distances may thence be expressed as a function of one of them, 
selected as a reference. (In the case of the AuCu 3 type phase, for instance: 
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Fig. 52. Trends of the molar volumes of selected groups of phases as a function of the nearest neighbours 
interatomic distances. 

a) Schematic trends for X, Y, Z, etc., structural types. (Y may represent a structure type for which, for 
instance, owing to different c/a ratios, several volume values may correspond to the same d mia ). The 
hyphens 1 -» 2, 2 -» 3 (or 2 -» 3'), etc. from 1 to 2 etc., represent different behaviours (and transform- 
ations) that may be observed by increasing pressure. 

b) Actual trends for a group of common crystal structure types. 


d XY = d x -j2/2, d Y = d x 4l/l (18) 

A reduced strain parameter is then defined with reference to a arbitrarily selected set of 
contacts. With reference to the d x distances the strain parameter may be defined as 
S = (D X — d x )/D Y . This parameter gives an indication of the atomic dimension compres- 
sion. It is computed, as a function of the ratio e =D X /D Y = R X /R Y . for the different kinds 
of interatomic contacts. 

In the aforementioned AuCu 3 type phases, we have 3 cases corresponding to X-X, 
X-Y and Y-Y contacts. 

If X-X atoms are touching d x = D x , then the strain parameter S x _ x will be 
(D x - D x )/D y = 0 for all the ^-values. 

If X-Y atoms are considered to be in contact d XY = d x \fl / 2 will be equal to 
j(D x + D y ) so we will have: 

5 = c ^x _ Dx d XY 42. _ D x Vi -J2D X + y 2 \f2D Y 

X ~ Y Dy Dy Dy Dy Dy Dy ^ ' 

If, on the other hand, the Y-Y atoms are those which are considered to be in contact we 
will have: 
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d Y = d x ^l 2/2 = D Y \d x = 2 and 


J Y-Y 


D X V2 Dy 
Dy Dy 


Dy 


(20a) 

(20b) 


The values of the strain parameters are then plotted, according to Pearson [1972], as 
a function of e =R X /R Y . Several straight lines are obtained (see figs. 53, 54, 55) the lines 
corresponding to the reference contacts are horizontal and set at zero. What matters is 
only the relative position of the different straight lines (which does not change by taking 
another contact as the reference one: a rotation will only be obtained of the whole 
diagram). The diagram is called Near-Neighbour Diagram. In the diagram, points may 
also be plotted which represent actual phases. (To this end the experimental d x , d XY , etc., 
values will be used). 

According to Pearson [1972], when a point representing a specific phase has a larger 
value of the strain parameter than that of a particular contact line, then the contacts 
corresponding to that line are to be considered (on the basis of the D x and D Y assumed 
for the components) compressed. If, on the other hand, the experimental points lie below 
a line then those contacts have not been established. 

Figs. 53 to 55 represent the data and the trend for a few structure types. For 
compounds having the cF8-ZnS sphalerite structure (see sec. 6.3.2.) it can be seen that 
the X-Y (Zn-S) bonds (corresponding to a tetrahedral coordination) are the most 
important in controlling the structural characteristics. The different points, representing 
actual compounds, are very close indeed, for a wide range of diameter ratio and of 
electronegativity differences to the line corresponding to the X-Y contacts. (The X-X 
and Y-Y contacts are not formed). The structure can, therefore, be considered as formed 
by a skeleton of presumably covalent (and directional in character) X-Y bonds. An X-Y 
chemical bond can similarly be recognized as important in several compounds having 
cF12-CaF 2 type (or antitype), cF16-Li 3 Bi, hP3-CdI 2 , hP8-Na 3 As, etc., type structures. 
The different behaviours of more “metallic” phases can be seen in fig. 53 and fig. 55. 

The AuCu 3 type near-neighbour diagram (fig. 53) shows the importance of contacts 
corresponding to high coordinations. A similar trend can be observed for the XY 2 Laves 
phases (see fig. 55 for the MgCu 2 type) for which, moreover, a certain compression of the 
X-X contacts generally results. (The X-X curve is, for e > 1 .25, far below the data points). 

Many near-neighbour diagrams have been presented by Pearson (1972) and 
systematically discussed for several structure types in order to show the importance of 
factors such as geometrical or chemical bond factors in controlling occurrence and 
structural characteristics of different phases. 

For an analysis of the meaning and the applications of these diagrams see also Simon 
[1983]. A representation, in generalized near neighbour diagrams, of structure families 
for alloy phases with given XY n compositions has been presented and discussed. 

b) Unit-cell dimension analysis 

While discussing the interest in an analysis of the dimensional characteristics of phases 
with given structures and reconsidering advantages and limitations of the near-neighbour 
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Fig. 53. Near neighbour diagram for binary phases with XYj formula belonging to the cP4-AuCUj structural 
type (according to Pearson [1972]). The lines corresponding to the different contacts are shown. 


diagrams, Pearson himself has proposed [1985a] a new analytical method based on plots 
as functions of the CN 12 atomic diameters determined from elemental structures and in 
which attention is paid to the group and period of the component elements in the 

selection of subsets of the data of phases to be considered together. 

As an example of such an analysis we may consider the data reported in fig. 56. 

Phases are considered which pertain to the tI10-ThCr 2 Si 2 type; the structure contains 

three different position sets, as described in sec. 6.5.9. It is one of the most populous of 
the different structure types. In particular, there are ten almost complete groups of data 
for RET 2 X 2 phases given by rare earth metals (RE) with T = Mn, Fe, Co, Ni, Cu and 
X = Si or Ge. The data reported in fig. 56 are those concerning the RENi 2 Ge 2 compounds. 
According to Pearson [1985a] and Pearson and Villars [1984] the contacts of interest 
between pairs (i,j) of the three components (RE, T, X) are defined by the relation: 

+ (21) 

where D ; , Dj are the atomic diameters and dy is the interatomic distance between i and 
j atoms (obtained from the experimental structure data). Generally it has been observed 
(see fig. 56) that Ay varies linearly with D RE (for series with different RE but the same 
T and X components). 

A parameter fy may thus be defined by: 

= fiP RE + (22) 

If a specific fy is of the order of zero (see, for instance, Ar^,, in fig. 56) this can be 


References: p. 363. 



338 


Riccardo Ferro and Adriana Saccone 


Ch. 4, §7 



e= R x / /? Y 

Fig. 54. Near neighbour diagram for binary phases with XY formula belonging to the cF8-ZnS structural type 
(according to Pearson [1972]). 


considered an indication that the particular ij contact is independent of change in D,^ and 
therefore it can be assumed to control the cell dimensions (as the size of RE changes in 
the series of phases having the same T and X components). For the different RET 2 X 2 
phases it was observed that fR£_ x = 0 for T=Fe, Co, Ni, Cu and X=Si, Ge, whereas 
fRE-T~ 0 for T = Mn. 

Structural aspects of chemical bonding in another family of phases formed by similar 
groups, RE-T-X, of elements (1:1:1, RETX compounds) have been analysed by Bazela 
[1987] using the same technique. 

For a general discussion on the dimensional analysis of the structures of the metallic 
phases with special reference to the hR57-Th 2 Zn 17 , tI26-ThMn 12 and hP6-CaCu 5 type 
structures see also Pearson [1980], 

7.2.6. Alternative definitions of coordination numbers 

We have seen in the previous sections that the determination of the coordination 
number of an atom in a structure is clearly recognized as an important point in the 
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Fig. 55. Near neighbour diagram for binary phases with XY 2 formula belonging to the cF24-MgCu 2 structural 
type (according to Pearson [1972]). 


definition of that atom’s contribution to the bulk material properties and in the character- 
ization of the structure itself. Several properties (for instance, atomic size, atomic valence 
and magnetic properties and species stability and reactivity) are know to be coordination 
number dependent. 

In many cases the coordination number (or ligancy) of a central atom is readily 
obtained by enumerating the number of neighbours; we have seen, however, that there 
are numerous cases where the criteria for the enumeration procedure may be ambiguous. 
As an introductory summary of this point see, for instance, Carter [1978], O'Keeffe 
[1979]). 

As already pointed out by Frank and Kasper [1958] the term “ coordination numbed' 
has been used in two ways in crystallography. According to the first (more precisely 
defined, in principle) the coordination number, (CN), is the number of the nearest 
neighbours to an atom. According to this definition in the hexagonal close-packed 
hP2-Mg type structure CN is 6 unless the axial ratio c/a has exactly the “ideal” value 
yj\ (= 1.63299..), in which case it is 12. (see fig. 26). In this structure the mentioned 
definition is seldom applied with rigour, that is, the CN in the hP2-Mg type structure is 
generally regarded as 12, even with c/a slightly different from the “ideal” value; that is 
not only the first group but also the very close second group of distances are considered 
together. More difficulties arise in less symmetrical structures and when there is a high 
coordination number. Near neighbours with slightly different interatomic distances are 
often found and it may be difficult to determine (and to state in an unambiguous way) 
how many should be considered as coordinating the central atom. Several schemes for 
the calculation of an “ effective ” coordination have been proposed. 

According to Frank and Kasper [1958] the computation of the coordination number 
may be based on the definition of the “ domain ” of an atom in a structure. This is the 
space in which all points are nearer to the centre of that atom than to any other. It is a 
polyhedron, (Voronoi polyhedron, Voronoi cell, Wigner-Seitz cell), each face of which 
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Fig. 56. RENi 2 Ge 2 phases (RE=rare earth) with the tI10-ThCr 2 Si 2 structure (from Pearson [1985a]). 

a) plot of A u (= '/.(Di + Dj) - d u ) versus D re . 

b) plot of the c/a axial ratio of the cell versus D RK . 


is the plane equidistant between that atom and a neighbour. (Every atom whose domain 
has a face in common with the domain of the central atom is, by the Frank-Kasper 
definition, one of its neighbours). The counting of the faces of the domain polyhedron 
gives the number of neighbours: the set of neighbours is the “coordination shell”. (The 
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coordination polyhedron, of course, is the polyhedron whose edges are the lines joining 
all the atoms in the coordination shell. The domain (Voronoi) polyhedron and the 
coordination polyhedron, therefore, stand in dual relationship, each having a vertex 
corresponding to each face of the other). 

According to the Frank-Kasper definition the coordination number is unambiguously 
12 in the hexagonal close-packed metals and assumes the value 14 in a body-centered 
cubic metal. Generally in several complex metallic structures this definition yields 
reasonable values such as 14, even when the nearest neighbour definition would give 1 
or 2. 

According, for instance, to O’Keeffe, however, this definition may lead to some 
difficulties (the value 14 for the bcc structure, higher than that of closest packing does 
not seem entirely reasonable, the difficulty becomes more acute in a structure as that of 
diamond for which a very high value, 16, is computed according to the mentioned 
definition). 

For a better quantification of the coordination number, several alternative schemes 
have been proposed. For example, a simple procedure is based on the identification of a 
gap in the list of interatomic distances (and to add atoms up to this gap). A similar 
procedure (O'Keeffe [1979]) may be to add atoms to the coordination polyhedron in 
order of increasing interatomic distances and to stop when the next addition would result 
in a non-convex polyhedron. Brunner and Schwarzenbach [1971] suggested cutting 
off the coordinating atoms at the largest gap in the list of the interatomic distances (see 
also sec. 7.2.7). According to Brunner [1977] the largest gap in the list of reciprocal 
interatomic distances is used to limit the coordination polyhedra. It has also been 
suggested to weight the contribution of the atoms according a weight that decreases with 
interatomic distances (Bhandary and Girgis [1977]) or according to a bond strenghts 
of the Pauling type (Brown and Shannon [1973]). Non integral coordination numbers 
may of course be obtained. 

In relation with the Frank-Kasper proposal, previously reported, O'Keeffe [1979] 
suggested that coordinating atoms contribute faces to the Voronoi polyhedron around the 
central atom and their contributions are weighted in proportion to the solid angle 
subtended by that face at the center. 

By using this definition increasing values of the (weighted) CN coordination number 
are obtained for the structures: diamond (4.54), simple cubic (6), body-centered cubic 
(10.16), face-centered cubic (12) (in agreement with the increasing packing density). 

A more complex weighting scheme has been suggested by Carter [1978] on the 
basis of the following assumptions: 

The interactions of a central atom with its / lh neighbour is considered as being measured 
by a certain parameter Ai (2 A, = A tm , finite). 

The CN as a function of all the A; should satisfy the following conditions: 

— CN(A ; ) is dimensionless and > 1 if any neighbours with non-zero A; exists; 

— CN(Aj) is a continuous function of the Ai (its slope may not be); 

— if N interactions exist such that A, = A 2 = ... = A N , for all neighbours with non-zero A„ 

then CN(Aj) = N; 
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— if some of the A; are unequal, then CN(Aj)<N; 

— if m of the A, are equal and large and N-m equal are small, then 
m<CN(A;)<N. 

The formula proposed by Carter for the quantification is: 

\ICN = / 'ZwjAjf (23) 

(where W; are finite weighting factors). Definitions and measures of A; might include 
bond strenghts, bond energies, bond orders, etc.). 

As an example, the structure of the CsCl type has been discussed by Carter using 
several criteria of evaluation of A;. In a geometrical approach a weighted coordination 
number (varying from 8 to 14 to 6) as a function of atomic radii difference was described. 

We may finally mention the so-called “effective coordination number” ECoN, 
proposed by Hoppe [1979] and Hoppe and Meyer [1980] computed by means of a 
rapidly converging function of the distances. According to Hoppe’s scheme (which may 
be related to Brunner’s suggestions previously mentioned), individual contributions 
ECoNj, of all neighbours to the coordination number are summed together. Each 
contribution ECoNj quickly becomes vanishingly small with increasing atomic distances 
dj according to an expression such as ECoNj = exp (l-fdj/dj 6 ), where d m is a reference 
distance (the “mean Active” atomic size) which has to be determined beforehand from 
the structure. The trend of the ECoN has, for instance, been discussed as a function of 
the axial ratio c/a for the hexagonal closest packing of spheres (hP2-Mg structure). 
Values of ECoN ranging from say 11.94 (for c/a= 1.57 as Ho or Er) to 12.02 (for the 
“ideal” c/a value, 1.633..,) and to 11.02 (c/a= 1.856, as forZn) or to 10.74 (c/a= 1.886, 
as for Cd) have been computed. ECoN for different Laves phases have been presented. 
For a number of NaCl and CsCl type compounds, moreover, values have been given to 
show the dependence of ECoN as a function of varying ionic radii. 

(For a discussion on the “effective coordination number” its relation with atomic size, 
bond-strength, Madelung constant, etc., see also Simon [1983]. For a computation of the 
heats of formation based on the so-called effective coordination see a suggestion by 
Kubaschewski [1958], and for a discussion on the application and limits of this 
suggestion see Borzone etal. [1993].). 

7.2.7. Atomic-environment classification of the structure types 
DAAMSet al.[ 1992] and Daams and Villars [1993, 1994] in a series of reviews have 
given an important contribution to the problem of the classification of intermetallic 
structural types, reporting a complete description of the geometrical atomic environments 
found in the structural types of cubic, rhombohedral and hexagonal intermetallic 
compounds, respectively. To define an atomic environment they used the maximum gap 
rule (see sec. 7.2.6.). The Brunner-Schwarzenbach method was considered, in which all 
interatomic distances between an atom and its neighbours are plotted in a histogram such 
as those shown in figs. 15, 23, 25, etc.. (The height of the bars is proportional to the 
number of neighbours, and all distances are expressed as reduced values relative to the 
shortest distance). In most cases a clear maximum gap is revealed (see, for instance, in 
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fig. 23 the gap between the second and the third bar). The atomic environment is then 
constructed with the atoms to the left of this gap (8 + 6 in the example of fig. 23). To 
avoid, in some particular cases, bad or ambiguous descriptions, however, a few additional 
rules have been considered. In those cases, for instances, where two (or more) nearly 
equal maximum gaps were observed, a selection was made in order to keep, in a given 
structure type, the number of different atomic environment types as small as possible. A 
convexity criterion for the environment polyhedron was also considered (the coordination 
polyhedron has to be defined as the maximum convex volume around only one central 
atom enclosed by convex faces with all coordinating atoms lying at the intersections of at 
least three faces). This rule was specially used where no clear maximum gap was detectable. 

The different atomic environment types were characterized by a polyhedron code 
based on the number of triangles, squares, pentagons, hexagons, etc. that join each other 
in the different vertices (coordinating atoms). The polyhedron code gives the number of 
equivalent vertices with the number of faces in the above-mentioned sequence as an exponent. 
For example, a quadratic pyramid has four comers adjoining two triangles and one square (no 
pentagons or hexagons) and one comer adjoining four triangles: its code, therefore, is 
42.1.0.0 j4.o.o.o ( or briefly 4 21 1 40 with coordination number 5). The cube, 8 equivalent 
vertices, adjoining 3 squares, has the code 8 03 , the octahedron 6 40 and the Frank-Kasper 
polyhedra have the codes 12 5 0 ; 12 5 0 2 60 ; 12 50 3 60 and 12 50 4 60 (see sec. 6.6. and fig. 41). 

Daams et al. [1992] have analysed all the cubic structure types reported in Villars 
and Calvert [1985], after excluding all oxides and a few types with improbable 
interatomic distances, thus leaving 128 structure types representing 5521 compounds. 
Their analysis showed that these cubic structure types have 13917 atomic-environments 
(point sets). Of those environments 92% belong to one of the 21 most frequently 
occurring atomic-environment types, which are those reported in the following list: 

4 3 0 (tetrahedron) - 4 2, 1 4 0 - 6 4 0 (octahedron) - 3 5 0 3 4 0 1 3 0 - 8 0 3 - 6 5 0 3 4 0 - 8 5 0 2 4 0 - 6 6 0 4 3 0 
_ 92 . 220.3 _ g 5 . 024 . 0 j 6.0 _ 12 5.o (icosahedron) - 12 12 (cp. cubic) and 12 2,2 (cp. hexagonal) 
(the same code describes the cubic as well as the hexagonal atomic environment of the 
ideal close-packing) - 10 2 - 2 2 50 - 10 50 2 60 1 40 - ll 22 2 4 -‘ - 12 50 2 60 - 8 03 6 0 - 4 - 12 50 3 60 - 
12 5 0 4 60 - 12 60 6 4 0 . 

Of the 5521 compounds crystallizing in the mentioned 128 structure types, 46% belong 
to a single-environment group (structures in which all atoms have the same type of 
environment), 37% have two environment types, 9% three and the rest four or more 
environments. (= 98% of the cubic compounds crystallize in structure types with 1, 2, 3 
or 4 atomic environment types). 

In a subsequent paper (Daams and Villars [1993]) the results of a similar classifica- 
tion of the rhombohedral intermetallic structure types were reported. The 195 
rhombohedral structure types reported in Villars and Calvert [1991] were analysed. 
51 types have improbable interatomic distances or correspond to oxides with no 
intermetallic representatives and were excluded. The remaining 144 types (corresponding 
to 1324 compounds) were considered. It was observed that 14 atomic environment types 
are greatly preferred. Out of 6356 investigated point sets 71% belong to one of these 14 
frequent atomic environment types which are those reported in the following list: 
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3 (loose triangle); 4 30 ; 6 40 ; 6 12 (trigonal prism) 8 03 ; 6 50 3 40 ; 6 40 4 30 ; 9 22 2 03 ; 12 50 ; 12 22 
(cubic type); 10 50 2 60 1 40 ; 12 50 2 60 ; 8 0,3 6 04 ; 12 50 4 60 . (Compare this list with the previous 
one of the cubic compounds: notice that several atomic environment types are reported 
in both lists.) 


Of the 1324 rhombohedral compounds crystallizing in one of the 144 types, 19% belong 
to a single-environment group, 15% combine two environment types, 25% three 
environments; 34% four and the rest ,7%, five or more environments 94% of the 
rhombohedral compounds crystallize in structure types with 1, 2, 3 or 4 environment 
types). 

The results of a similar analysis of the intermetallic hexagonal structure types have 
been reported by Daams and Villars [1994], Of 442 structure types 315 (clearly 
intermetallic and correctly refined) were considered. In this case too it was observed that 
a small group of atomic environments is greatly preferred. The 23 atomic environment 
types most frequently occurring in the 315 hexagonal structure types are reported in the 
following list (to be compared with those previously reported for cubic and rhombohedral 
structure types): 


3; 4 30 ; 4; 6 40 ; 6 12 ; 3 50 3 40 1 30 ; 8 03 ; 6 50 3 40 ; 6 40 4 30 ; 6 50 3 40 1 60 ; 9 22 2 0 ' 3 ; 8 50 2 40 1 50 ; 12 50 ; 12 2 


(cubic); 12 2 ' 2 (hexagonal); 1O 30 2 6 o 1 40 ; 6 41 3 30 3 22 1 90 ; 12 50 2 60 ; 12 22 2 60 ; 6 50 6 30 2 90 ; 12 50 3 60 ; 


12 5 0 4 60 ; 12 5 '°8 6 ' 0 . (The 3 and 4 codes correspond to “irregular” atomic environment types. 


The reference atom is not included in the plane (volume) of the polygon (polyhedron) 


formed by the 3 (4) coordinating atoms.) 


Out of 20131 poit sets investigated (belonging to 5646 compounds crystallizing in one 
of the aforementioned 315 hexagonal structure types), 81% (16392) belong to one of 
these 23 atomic environment types. Of the 5646 compounds, 14% belong to a single 
environment group; 35% combine two environment types; 32% three; 11% four and the 
rest (7%) five or more (93% of the hexagonal compounds crystallize in structure types 
with 1, 2, 3 or 4 atomic environment types). 

As a result of these analysis several relations between structure types have been 
shown and discussed. Emphasis has been given to the fact that, in all the structure types 
considered (cubic, rhombohedral, hexagonal) it may be observed that: “Nature prefers 
one of the most symmetrical atomic environment types. Remarkably these atomic 
environment types (21 in the cubic structures, 14 in the rhombohedral and 23 in the 
hexagonal ones) are equally often found in single-environment up to poly-environment 
groups meaning that even in complex structures, symmetrical arrangements are pre- 
ferred”. The formation of the geometrically most simplest structure types containing a 
small number of different atomic environment types was also noticed. 

As a comment, we may observe that the results of these analyses can be compared 
with the “Stability Principles” stated by Laves (see sec. 7.2.3.). 

In conclusion to this section we may mention a paper by Villars and Daams [1993] 
concerning an atomic environment classification of the chemical elements. Critically 
evaluated crystallographic data for all element modifications (and recommended atomic 
volumes) have been reported. Special structural stability diagrams were used to separate 
atomic environment type stability domains and to predict the structure (in terms of 
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environment types) of hitherto unknown high pressure and high temperature modifica- 
tions (see sec. 8.4.). 

8. Semi-empirical approaches to the prediction of (intermetallic) 
compound formation 

8.1. General remarks on procedures of prediction of compound and structure 
formation in alloy systems 

In the previous sections a brief sampling of some correlations has been given which 
relate crystallochemical characteristics of the phase to the properties of the component 
elements. This group of correlations may be considered as a first reference point for a 
number of methods of predicting the formation, in a given system, of a compound and/or 
of a certain structure. It is well known that, in scientific literature, more and more space 
is dedicated to the question of the forecast of chemical equilibria in simple and complex 
systems. A clear indication of this interest, both from a general and a technological point 
of view, may be seen in the development and success of a number of monographs and 
periodic publications and proceedings on this subject. Several approaches to this problem 
have been considered: we may mention, with special attention to metal systems, the 
explicit over-all summary already presented by Kaufman et al. (see Kaufman and 
Bernstein [1970]) and the more recent discussion by Massalski [1989], 

The role of a thermodynamic approach is well known: a thermodynamic control, 
optimization and prediction of the phase diagram may be carried out by using methods 
such as those envisaged by Kubaschewski and Evans [1958], described by Kaufman 
and Nesor [1973], Ansara et al. [1978], Hillert [1981] and very successfully 
implemented by Lukas et al [1977, 1982], Sundman et al. [1985]. The integration of 
phase diagram calculations into the design of multicomponent alloys, and performance 
prediction, has been discussed by Miodownik [1993]. The knowledge (or the prediction) 
of the intermediate phases which are formed in a certain alloy system may be considered 
as a preliminary step in the more general, and complex, problem of assessment and 
prediction of all the features of phase equilibria and phase diagrams. (See also Aldinger 
and Seifert [1993]). 

Evidence has to be given to the phase stability problem (Massalski [1989]). The 
significant progress and the limits, of the first principles calculations may be mentioned 
(Hafner [1989], Pettifor, chapter 2), the usefulness, however, of a number of 
semiempirical approaches has to be pointed out. Several schemes and criteria have been 
suggested to forecast and/or optimize the data concerning certain properties. In the 
following a short outline will be reported on some prediction methods based on selected 
correlations between elemental properties and structure formation. 

8.2. Stability diagrams, structure maps 

Several authors have tried to classify and order the numerous data concerning the 
different intermetallic substances by using two (or three) dimensional structure maps 
(stability, existence diagrams). 
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These maps were prepared by selecting coordinates based on those parameters 
(generally properties of the component elements) which were considered to be determi- 
nant factors of the structural stability and phase formation control. 

As an introductory example to this subject we may remember the well known 
diagrams developed by Darken and Gurry [1953] for solid solution prediction. In such 
diagrams (as shown in fig. 57) all elements may be included. The two coordinates 
represent the atomic size (generally the radius corresponding to CN 12) and the 
electronegativity of the elements. It is well known that the first table of electronegativity 
values was introduced by Pauling [1932]. Several alternative definitions have since 
been proposed. A reliable compilation extensively used in discussing the metallurgical 
behaviour is that by Teatum et al. [1968]. References to other scales will be reported later. 

To determine the solid solubility of the different elements in a given metal, in the 
Darken and Gurry map, the region with the selected metal (Mg, for instance, in fig. 57) 
in the center can be considered. Generally we observe that elements which have high 
solubility lie inside a small region around the selected metal. As a rule of thumb an 
ellipse may be drawn in the diagram (with the selected metal in the center), for instance, 
with ± 0.3 electronegativity unity difference in one axis and ± 15% atomic radius 
difference on the other axis. For those elements for which there is a low (or a negligible) 
solubility a larger region has to be considered. 

For a review of the application of the Darken and Gurry method to predict solid 
solubilities see Gschneidner [1980], An improvement of the method by means of 
simultaneous use of rules based on the electronic and crystal structures of the metals 
involved, is also presented. 

The diagrams reported in figs. 50 and 58 are examples of other structure stability 
maps which have been suggested and successfully used in order to obtain a good 
separation (classification) of typical alloying behaviours (compound formation, crystalli- 
zation in a certain structure type, etc.). 

As an outline of more general approaches along these lines we may mention a 
selection of a few methods proposed by several researchers. 

8.3. Savitskii-Gribulya-Kiselyova method (cybernetic computer-learning 
prediction system) 

Cybernetic computer-learning methods have been proposed by Savitskii et al. [1980] 
for predicting the existence of intermetallic phases with a given structure and/or with 
certain properties. The computer learning, in this case, is a process of collecting 
experimental evidence on the presence (or absence) of a property of interest in various 
physicochemical systems (defined by means of a convenient selection of the properties 
of the components). 

As a result of machine learning a model is produced of characteristic exhibition of a 
property (for instance, the formation of a particular type of chemical compound) which 
corresponds to a distribution “pattern” of this property in the multidimensional represen- 
tative space of the properties of the elements. The subsequent pattern recognition 
corresponds to a criterium for the classification of the known compounds and for the 
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Fig. 57. Darken and Gurry diagram for the element Mg. (Solubility in Mg greater (•) or less (°) than 5 atom 
% is indicated.) 


prediction of those still unknown. 

Examples of this approach reported by Savitskii are the prediction of the formation 
of Laves phases, of CaCu 5 type phases, of compounds XY 2 Z 4 (X, Y any of the elements, 
Z = 0, S, Se, Te), etc. (Data on the electronic structures of the components were selected 
as input). 

The main principles and applications for the cybernetic prediction of inorganic 
substances which would have pre-defined properties have been summarized and 
discusssed by Kiselyova [1993], 

8.4. Villars, Villars and Girgis approaches (analysis of the dependence of the 
behaviour of alloy systems on the properties of the component elements) 

In an examination of the binary structure types (containing more than five representa- 
tives, Villars and Girgis [1982] observed that 85% exihibited the following reg- 
ularities: 

a) linear dependence of interatomic distances on concentration weighted radii; 

b) narrow ranges of the space-filling parameter and of the unit cell edge ratio c/a (and 
b/a) for the representatives of a given structure types; 

c) dependence between the position of the elements in the Periodic Table (in the s, p, 
d, f blocks) and their equipoint occupation in the structure; 
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Fig. 58. Kubaschewski’s plot of the regions of preference for formation of certain type of binary equilibrium 
diagrams (Rj, L, and Xj are atomic radius, heat of sublimation and electronegativity of element i). 


d) narrow grouping of the phases pertaining to a given structure type, in isostoichio- 
metric diagrams based on the positions of the components in the Periodic Table. 
These relationships have been used to predict the existence and/or the structure type (and 
the unit cell characteristics) of binary intermetallic compounds. 

By using a systematic procedure to find the relevant element properties representing 
the alloying behaviour of binary systems Villars [1983, 1985] defined three expressions 
for atomic properties which enable systems that form compounds to be separated from 
those that do not. 

A systematic elimination procedure was also used by Villars [1982] to find atomic 
property expressions which could be used to distinguish the crystal structures of 
intermetallic compounds. 182 sets of tabulated physical properties and calculated atomic 
properties were considered. These were combined, for binary phases, according to the 
modulus sums, differences and ratios. The best separations were obtained by using three- 
dimensional maps, which, for a binary A x B y , x<y compound, were based on the 
following variables (Villars and Hulliger [1987], Villars etal. [1989]): 

XVE, averaged sum of the valence electrons of the elements A and B, defined by 

XVE = {xVE A +yVE B )/(x + y), (24) 

AX, electronegativity difference, according to the Martynov-Batsanov [1980] scale 
defined by 
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AX = [2 x/{x + y)]{X A -X B ) 


(25) 


A(r s + r ) z , difference of Zunger’s pseudo-potential radii sum (Zunger [1981]), defined by 


A ( r - + r ?)z = [ 2x *{ x + + r p) z , A ~ + r p) z , B 


(26) 


The relevant data concerning the different elements have been reported in table 9 (from 
Villars [1983]). 

Several structural types, corresponding to about 5500 binary compounds and alloys, 
were considered. 147 structure types were classified as 97 coordination types. The 
applications of these maps (which, in the most favorable cases, make it possible to 
predict not only the coordination number and polyhedron but also the structure type or 
a limited number of possibilities) were discussed. The possible extension to ternary and 
quaternary phases was also considered. 

As an example of an investigation of a selected group of ternary alloys we may 
mention a paper by Hovestreydt [1988], In analogy with the work of Villars a three- 
dimensional structure stability diagram was constructed. For the equiatomic RETX 
compounds formed by the rare earth metal (RE) with transition metal (T) and Ga, Si or 
Ge (X) the variables considered were: the difference in atomic radii r x - %, the 
Martynov-Batsanov electronegativity of the T metal and the expression G T + G X + P X , 
related to the position in the Periodic Table of the T and X elements, where G is the 
group and P the period number. A good separation was obtained for the 8 structural 
types considered (corresponding to 202 compounds). 

Special, modified, structure stability diagrams have been used for the elements by 
Villars and Daams [1993]. Maps were built by using the variables valence electron 
number and Zunger pseudopotential radius and reporting the atomic environment types 
(see sec. 7.2.7) found in the element structures. A simple separation into different 
stability domains was observed. By including the high temperature, high pressure crystal 
structure data, a prediction was made of the atomic environment modifications, hitherto 
unknown for several elements, to be found under high pressure, high temperature 
conditions. (See sec. 7.2.7.). 

An empirical relation between band gap and Zunger’s orbital electronegativity in 
sp-bonded compounds has been determined by Makino [1994a] using a formula derived 
from the bond orbital model. Based on the bond orbital model and Zunger’s orbital 
electronegativity, new structural maps of AB, AB 2 and AB 3 compounds between transi- 
tion metals have been successfully constructed (Makino [1994b]). 


8.5. Miedema’s theory and structural information 

The model for energy effects in alloys suggested by Miedema and coworkers is well 
known. By assigning two coordinates (<J> and n ws ) to each transition element it was 
possible to separate all those binary alloys with positive heats of formation from those 
with negative values (Miedema [1973]). 

Successive steps in the formulation of the model have been described, for instance. 
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Table 9 

Valence Electron Number (VE), Martynov-Batsanov electronegativity (X MB ) 
and Zunger’s pseudo potential sum R z (from VILLARS [1983]). 


'*st 

o 


H 1 
2.10 
1.25 


Li 1 

Be 2 





El 

VE 





B 3 

C 4 

N 5 

06 

F7 

0.90 

1.45 






^MB 





1.90 

2.37 

2.85 

3.32 

3.78 

1.61 

1.08 






R z 





0.795 

0.64 

0.54 

0.465 

0.405 

Na 1 

Mg 2 











A13 

Si 4 

P 5 

S 6 

Cl 7 

0.89 

1.31 











1.64 

1.98 

2.32 

2.65 

2.98 

2.65 

2.03 











1.675 

1.42 

1.24 

1.10 

1.01 

K 1 

Ca 2 

Sc 3 

Ti 4 

V 5 

Cr 6 

Mn 7 

Fe 8 

Co 9 

Ni 10 

Cu 11 

Zn 12 

Ga 3 

Ge 4 

As 5 

Se 6 

Br 7 

0.80 

1.17 

1.50 

1.86 

2.22 

2.00 

2.04 

1.67 

1.72 

1.76 

1.08 

1.44 

1.70 

1.99 

2.27 

2.54 

2.83 

3.69 

3.00 

2.75 

2.58 

2.43 

2.44 

2.22 

2.11 

2.02 

2.18 

2.04 

1.88 

1.695 

1.56 

1.415 

1.285 

1.20 

Rb 1 

Sr 2 

Y 3 

Zr 4 

Nb 5 

Mo 6 

Tc 7 

Ru 8 

Rh 9 

Pd 10 

Ag 11 

Cd 12 

In 3 

Sn 4 

Sb 5 

Te 6 

17 

0.80 

1.13 

1.41 

1.70 

2.03 

1.94 

2.18 

1.97 

1.99 

2.08 

1.07 

1.40 

1.63 

1.88 

2.14 

2.38 

2.76 

4.10 

3.21 

2.94 

2.825 

2.76 

2.72 

2.65 

2.605 

2.52 

2.45 

2.375 

2.215 

2.05 

1.88 

1.765 

1.67 

1.585 

Cs 1 

Ba 2 

La 3 

Hf 4 

Ta 5 

W 6 

Re 7 

Os 8 

Ir 9 

Pt 10 

Au 11 

Hg 12 Tl 3 

Pb 4 

Bi 5 

Po 6 

At 7 

0.77 

1.08 

1.35 

1.73 

1.94 

1.79 

2.06 

1.85 

1.87 

1.91 

1.19 

1.49 

1.69 

1.92 

2.14 

2.40 

2.64 

4.31 

3.402 

3.08 

2.91 

2.79 

2.735 

2.68 

2.65 

2.628 

2.70 

2.66 

2.41 

2.235 

2.09 

1.997 

1.90 

1.83 

Fr 1 

Ra 2 

Ac 3 















0.70 

0.90 

1.10 















4.37 

3.53 

3.12 

















Ce 3 

Pr 3 

Nd 3 

Pm 3 

Sm 3 

Eu 3 

Gd 3 

Tb 3 

Dy 3 

Ho 3 

Er 3 

Tm 3 

Yb 3 

Lu 3 




1.1 

1.1 

1.2 

1.15 

1.2 

1.15 

1.1 

1.2 

1.15 

1.2 

1.2 

1.2 

1.1 

1.2 




4.50 

4.48 

3.99 

3.99 

4.14 

3.94 

3.91 

3.89 

3.67 

3.65 

3.63 

3.60 

3.59 

3.37 




Th 3 

Pa 3 

V 3 

Np 3 

Pu 3 

Am 3 












1.3 

1.5 

1.7 

1.3 

1.3 

1.3 












4.98 

4.96 

4.72 

4.93 

4.91 

4.89 











For a few elements, such as the rare earths, the Martynov-Batsanov electronegativity was not available, Pauling values were reported. 
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by Niessen etal. [1983] and by deBoer etal. [1988]. 

The enthalpy of formation of solid and liquid binary alloys was described as 
proportional to the expression: 


/[-P(A<D*) 2 +e(An^ 13 ) 2 -/? 


(27) 


where f is a concentration (and molar volumes) dependent function, Ad>* = where 

<£i* is the work function of each element, closely related to its electronegativity, (the 
values tabulated by Miedema, however, have been slightly readjusted by amounts 
comparable to the experimental uncertainty of work function values), n ws is the electron 
density at the boundary of the Wigner-Seitz cell for each element. P, Q and R are 
constants for specific groups of elements (their values are related to the position in the 
Periodic Table of the elements involved). In the same model (Miedema and Niessen 
[1982]) the volume variation in the formation of the intermetallic compound is evaluated 
as proportional to (Ad>’)[(A(n ws ) -1 ]). 

Although the way to predict formation enthalpies of alloys was introduced as an 
empirical one it is important to observe that the model incorporates basic physics. A 
quantum-mechanical interpretation of Miedema’s parameters has already been proposed 
by Chelikowsky and Phillips [1977, 1978]. 

Extensions of the model to complex alloy systems have been considered. As an 
interesting application we may mention the discussion on the stabilities of ternary 
compounds presented by deBoer et al. [1988]. In the case of the Heusler type alloys 
XY 2 Z, for instance, the stability conditions with respect to mechanical mixtures of the 
same nominal composition (XY 2 +Z, X + Y 2 Z, XY + YZ, etc.) have been systematically 
examined and presented by means of diagrams. 

The Miedema’s parameters, A<£\ An ws 1/3 , moreover, have been used as variables for 
the construction of structural plots of intermetallic phases (Zunger [1981]), 
Rajasekharan and Girgis [1983]). According to Rajasekharan and Girgis on a Ad>', 
An ws w map, considerable resolution is obtained among the binary systems in which 
different structure types occur. The points corresponding to the systems in which the 
Laves phases (or the phases of types as Cr 3 Si, TiAl 3 , etc.) occur show linear relationships 
on the map. (The good separation, moreover, between the line connecting the Cr 3 Si type 
phase points and that of the Laves phase points, can be related to the almost total 
exclusion of the Cr 3 Si type phases from the 250 binary systems containing Laves phases 
and that of the Laves phases from the about 90 binary systems in which a Cr 3 Si type 
phase occur). (See also ch. 2, § 7). 


8.6. Prediction of the properties of selected families of alloys: 

Gschneidner’s relations as an example 

Stability maps and/or correlation diagrams may be especially simple and easy to 
handle for selected groups of similar alloys. (For instance, alloys of the elements of the 
same group of the Periodic Table). 

As an example we may mention the alloys of the rare earth metals (especially the 
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“trivalent ones”). It is well known that, within this family of elements, several properties 
change according to well-recognized and systematic patterns. The atomic number itself 
can be used in this case as a simple and convenient chemical parameter). In several 
instances it has been pointed out that a systematic consideration of the crystal structures 
(and of the phase diagrams) of alloys formed by analogous elements (as those of the 
trivalent rare earth family) enables a number of empirical regularities to be deduced and 
theoretical statements to be made. (See a general discussion on this subject by 
Gschneidner [1969, 1971], the comments by Yatsenko etal. [1979, 1983], Colinet 
etal. [1984a, 1984b], Vassiliev etal. [1993], Ferro etal. [1994] and Sommer etal. 
[1995] on alloys thermodynamics, the papers by Massalskj [1989] on the applications 
of this behaviour to phase diagram assessment, by Parthe and Chabot [1984], Rogl 
[1984] and by Iandelli and Palenzona [1979] for a systematic crystallochemical 
description. See Sereni [1984] for examples and a discussion of the properties of the 
rare earth metals themselves. See also some comments of this point in sec. 7.2.4.a). 
Criteria based on the mentioned characteristics have been used in assessment procedures 
and in the prediction of phase diagrams and of phase (and structure type) formation. Fig. 
59 may be considered as an example of such typical trends and of their correlations. 
Special applications (prediction of Pm-alloys) have been described by Saccone et al. 
[1990] and (forecast of selected phase diagrams) by Borzone etal. [1990], Ferro etal. 
[1993] and Saccone etal. [1995]. The applicability of similar criteria to the assessment 
and prediction of phase equilibria in selected groups of ternary rare earth alloys 
(containing two different RE metals) has been exemplified by Giovannini et al. [1994, 
1995a, 1995b] in the description of complex Mg-RE alloy systems. 

Considering other families of similar compounds we may mention as an other 
example of systematic descriptions of selected groups of phases and of the use of special 
interpolation and extrapolation procedures to predict specific properties, the contributions 
given by Guillermet et al. [1991, 1992] (cohesive and thermodynamic properties, 
atomic average volumes, etc. of nitrides, borides, etc. of transition metals). 

8.7. Pettifor’s chemical scale and structure maps 

We have seen that in a phenomenological approach to the systematics of the crystal 
structures (and of other phase properties) several types of coordinates, derived from 
physical atomic properties, have been used for the preparation of (two, three-dimension- 
al) stability maps. Differences, sums, ratios of properties such as electronegativities, 
atomic radii, valence electron numbers have been used. These variables, however, as 
stressed, for instance, by Villars et al. [1989] do not always clearly differentiate 
between chemically different atoms. 

As already mentioned in sec. 1 of this chapter, Pettifor [1984, 1985a, 1986a] 
created a chemical scale (x) which orders the elements along a single axis. This scale 
(and the progressive order number of the elements in this scale: the so-called Mendeleev 
number, M) starts with the least electronegativity element and ends with the most 
electronegative one (see table 1). 

For binary compounds (and alloys) X^Y m (with a given n:m ratio) two-dimensional 
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Fig. 59. Gschneidner’s plots for some rare earth (RE) alloys. 

a) REIn 3 compounds 

b) RET1 3 compounds 

Following data are reported as a function of RE atomic number: Formation enthalpy, volume ratio relative 
to cerium (see sec. 7.2.4.a) and reduced melting temperature T„. This is the ratio (Kelvin/Kelvin) of the 
melting point of the phase and of the melting point of the involved earth metal. (•) experimental values; 
(°) hypothetical values (reference values) of T„ computed for compounds assumed to have a constant 
melting point. The difference between the experimental and computed slopes of T„ curves is considered 
to be an indication of the variation of the thermal stability of the phases along the series). 

In these cases, all the diagrams show a decreasing phase stability for an increase of the atomic number. 


Xx, Xy ( or M x , M y ) maps may be prepared. See chapter 2, § 6.2 and the simplified 
version reported in fig. 60 for the reader’s convenience. It has been proved that by using 
this ordering of the elements an excellent structural separation may be obtained of the 
binary compounds of various stoichiometries (n:m= 1:1, 1:2, 1:3, 1:4, ...., 1:13, 2:3, 2:5, 
..., 2:17, 3:4, ..., etc.) (Pettifor [1986a]). See also Villars et al. [1989] who have 
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Fig. 60. Simplified version of the Peltifor’s map for AB compounds. The elements are arranged along the axes 
according to their M,, Mendeleev number. As an example the existence regions of the NaCl, CsCl and cubic 
ZnS type phases are evidenced. For more details see chapter 2, § 6.2. 


updated the Pettifor maps for several stoichiometries. 

An extension of the application of these maps to the systematic description of certain 
groups of ternary alloys has been presented also by Pettifor [1988a, 1988b], Composi- 
tion averaged Mendeleev numbers can be used, for instance, in the description of 
pseudobinary, ternary or quaternary alloys. All these maps show well defined domains 
of structural stability for a given stoichiometry, thus making the search easier for new 
ternary or quaternary alloys with a particular structure type and which, as a consequence, 
have the potential of interesting properties and applications (Pettifor [1988a, 1988b]; 
see also ch. 2, § 6.2). 
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Appendix 1. Gazetteer, in alphabetic order, of intermetallic phases 
cited in this chapter. 


(In the formulae of the phases in the 1st column the element symbols are in 
alphabetical order, in the prototype formulae they are in the Pettifor’s order (see sec. 2). 
Heavy-faced characters have been used for the phases corresponding to the prototypes) 

Phase and 

Corresponding 

Section 

Prototype 

Prototype 

of this chapter 

Al, A 2 ,...B|, B 2 ,..., etc.: 

Strukturberichte Symbols 

3.4 

Ag 

cF4-Cu 

6.2.1 

AgjAl 

cP20-Mn 

7.2.2 

Ag 5 Al 3 

hP2-Mg 

7.2.2 

AgAsBa 

hP6-Ni 2 In 

6.5.3 

AgAsMg 

cF12-AgMgAs 

6.4.3 

Ag 5 Cda 

cI52-Cu s Zn 8 

6.1.5, 7.2.2 

Agl 

hP4-ZnO 

6.3.3 

Ag-jln, 

cP52-Cu,A1 4 

6.1.5, 7.2.2 

Ag 3 Li- 

cI52-Cu 5 Zn 8 

6.1.5, 7.2.2 

AgSe 

cF8-ZnS (sphalerite) 

6.3.3 

AgTe 3 Tl 

tI8-AgTlTe 2 

6.5.9 

AgZn, 

hP2-Mg 

7.2.2 

Ag 5 Zn 8 

cI52-Cu 5 Zn 8 

6.1.5, 7.2.2 

Al 

cF4-Cu 

6.2.1 

AlAs 

cF8-ZnS (sphalerite) 

6.3.3 

AljAu 

cF12-CaF 2 

6.4.2 

AlBj 

hP3-AlB 2 

6.5.6, 6.5.10 

AJ 4 Ba 

tllO-BaAl 4 

6.5.9 

Al|- x Co x 

cP2-CsCl 

6.1.2 

AlCr 6 Si 

cP8-Cr 3 Si 

6.6.2 

j8-Al-Cu 

cI2-W 

6.1.1 

A1Cu 3 

cI2-W 

7.2.2 

AljCu 

t!12-CuAl 2 

5 

AIjCul, 

cPS2-Cu,Al4 

6.1.5, 7.2.2 

AlCujMn 

cF16-MnCu : Al 

3.4, 6.1.3 

Al 5 (Cu,Ni), 


6.1.5 

AWCu.Nl), 


6.1.5 

Al,(Cu,Ni) 5 


6.1.5 

Al 8 (Cu,Ni) 6 


6.1.5 

Al„(Cu,Ni) 6 


6.1.5 

Al|j(Cu,Ni) g 


6.1.5 
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Al 15 (Cu,Ni) 10 


6.1.5 

Al 17 (Cu,Ni) 12 


6.1.5 

A1CuS 2 

tI16-CuFeS 2 

7.2.1, 6.3.3 

AljEr 

cP4-AuCu 3 

6.2.7 

AlFe 

cP2-CsC1 

6.1.2 

AlFe 3 

cF16-BiLi 3 

4.1.1(a) 

AljGd 

hP8-Ni 3 Sn 

6.2.7 

Al 23 Gd 4 Ni 6 


3.2. 

AljLa 

hP8-Ni 3 Sn 

6.2.7 

AI 3 Mg 2 

cF1832-Mg 2 Al 3 

6.6.5, 5 

Al 12 Mg 17 

cI58-Mg 17 Al I2 

6.6.5 

A1Mo 3 

cP8-Cr 3 Si 

6.6.2 

AIN 

hP4-ZnO 

6.3.3 

AINbj 

cP8-Cr 3 Si 

6.6.2 

AlNi 3 

cP4-AuCu 3 

3.5.5 

Al,_ x Ni, 

cP2-CsC1 

6.1.2 

AIjjN^Y, 


3.2. 

AIjOsUj 

hP12-U 2 OsAl 3 

6.6.4 

A1P 

cF8-ZnS (sphalerite) 

6.3.3 

AlPdj 

oP12-Co 2 Si 

6.5.4 

AlPt 3 

cP4-AuCu 3 

3.5.5 

Al 2 Pt 

cF12-CaF 2 

6.4.2 

AlSb 

cF8-ZnS (sphalerite) 

6.3.3, 7.2.1 

A1 3 Sc 

cP4-AuCu 3 

6.2.7 

AlSnV 6 

cP8-Cr 3 Si 

6.6.2 

AljTh 

hP8-Ni 3 Sn 

6.2.7 

AlTij 

hP8-Ni 3 Sn 

6.2.7 

AljTi 

tI8-TiAl 3 

4.1.1(a) 

Al 3 Tm 

cP4-AuCu 3 

6.2.7 

AlVj 

cP8-Cr 3 Si 

6.6.2 

A1 8 V 5 

cI52-Cu 5 Zn 8 

6.1.5, 7.2.2 

AlYj 

cP4-AuCu 3 

3.5.5 

AljY 

hP8-Ni 3 Sn 

6.2.7 

A1 3 Y 

cP4-AuCu 3 

3.5.5 

AljYb 

cP4-AuCu 3 

6.2.7 

AlZr 2 

hP6-Ni 2 In 

6.5.3 

Al 2 Zr 

hP12-MgZn 2 

6.6.4 

AljZr 

tI16-AljZr 

4.1.1(a) 

AljZr, 

hP7-Zr 4 Al 3 

Table 6 

Ar 

cF4-Cu 

6.2.1 

AsB 

cF8-ZnS (sphalerite) 

6.3.3 

AsCaCu 

hP6-Ni 2 ln 

6.5.3 

AsCuS 

oP12-CuAsS 

5 

AsGa 

cF8-ZnS (sphalerite) 

6.3.3 

Asln 

cF8-ZnS (sphalerite) 

6.3.3 

AsNa 2 

hP8-NaAs 3 

3.4. 

AsNb 

tI8-NbAs 

6.5.9 

AsNi 

hP4-NiAs 

4.1, 6.5.1 

ASjZn 

mP24-ZnP 2 

7.2.1 

Au 

cF4-Cu 

6.2.1 

AuBe 5 

cF24-AuBe s 

6.6.4 

Au 5 Cd 8 

cI52-Cu 5 Zn 8 

6.1.5, 7.2.2 

AuCu (I) 

tP2-AuCu 

4.1.1, .6.2.4 



Structure of intermetallic compounds and phases 


357 


Ch. 4, App. 

AuCu (II) 

AuCuj 

Au 3 Ge 

Au 5 Hg a 

Aujilrx, 

Au s K 

AuNbj 

AuSiTh 

AuSn 2 

AuTa 3 

AuTij 

B 3 CJPd 5 Y 

BCeCo 4 

BjCeCoj 

B 3 Ce 2 Co 7 

B 4 Ce 3 Con 

B 2 CoW 2 

BjCoWj 

BCr 

B 3 Cr 5 

BIr 

B 6 LujNi„ 

B 4 LuRh 4 

B 2 Nd 3 Ni 13 

BNi 

BOs 

BRu 

Ba 

BaCd„ 

Ba 2 Cu 3 0 7 _ 4 Y 

BaH 2 (h) 

BaHg n 

BaPb 3 

BaPtSb 

a-Be 

Be 

Be^jCOj 

Be 1 .,Cu, 

BeN 2 Si 

Be^Ni. 

BeO 

BePd 

BePo 

BeS 

BeSe 

BeTe 

Bi ; (Ca,Sr),Cu 2 0^^ 

BiF 3 

BiLi 3 

BrCs 

BrCu 

BiTl 

C (diamond) 


oI40-AuCu 

cP4-AuCu 3 

hP2-Mg 

cI52-Cu 5 Zn 8 

cP52-Cu 9 A1 4 

hP6-CaCu 5 

cP8-Cr 3 Si 

hP3-BaPtSi 

oP24-AuSn 2 

cP8-Cr 3 Si 

cP8-Cr 3 Si 

hP12-CeCo 4 B 

hP6-CeCo 3 B 2 

hP24-Ce 2 Co 7 B 3 

hP18-Ce 3 Co n B 4 

oI10-W 2 CoB 2 

oC28-W 3 CoB 3 

oC8-CrB 

tI32-Cr,B 3 

hP2-WC 

hPM-LuiNijjBf 

hP18-Nd 3 Ni u B 2 

oC8-BCr 

hP2-WC 

hP2-WC 

cI2-W 

tI48-BaCd„ 

oP12-Co 2 Si 

cP36-BaHg u 

hR36-BaPb 3 

hP3-BaPtSb 

hP2-Mg 

cI2-W 

cP2-CsCl 

cP2-CsCl 

oP16-BeSiN 2 

cP2-CsCl 

hP4-ZnO 

cP2-CsCl 

cF8-ZnS (sphalerite) 
cF8-ZnS (sphalerite) 
cF8-ZnS (sphalerite) 
cF8-ZnS (sphalerite) 

cF16-BiF 3 

cF16-Li 3 Bi 

cP2-CsQ 

hP4-ZnO 

cP2-CsCl 

cF8-C 


4.1.1, 4.2, 6.2.4 

3.5.5, 4.1, 4,1,1, 6.2.3. 

7.2.2 

6.1.5, 7.2.2 

6.1.5, 7.2.2 

6.2.8 

6 . 6.2 
6.5.6 
5 

6 . 6.2 

6 . 6.2 

6 . 6.2 

4.5 

4.5, 6.2.8 
4.5 

4.5 

4.5 

4.5 

4.5 

3.4 

6.5.5 

4.5 
6 . 6.2 

4.5 

3.2 

6.5.5 

6.5.5 
6.1.1 
5 

6 . 6.2 
6.5.4 
5 

6.2.3 

6.5.6 

6.2.6 
6.1.1 
6.1.2 
6.1.2 

6.3.3 
6.1.2 
6.3.3 
6.1.2 
6.3.3 
6.3.3 
6.3.3 
6.3.3 
6.6.2 

3.5.1, 6.1.4 

4.1.1, 6.1.4, 6.2.2 
6 . 1.2 

6.3.3, 7.2.1 

6 . 1.2 

6.3.1 
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C (graphite) 

hP4-C 

6.3.4 

Cflonsdaleite) 

hP4-C 

6.3.3 

C 2 Ca 

tI6-CaC 2 

3.2 

C,_ x Hf 

cF8-NaCl 

6.4.1 

CMo 

hP2-WC 

6.5.5 

Ci_„Nb 

cF8-NaCl 

6.4.1 

C 5 Nb 6 

mC22-Nb 6 C 5 

6.4.1 

CSi polytypes 


4.3, 6.3.3, 7.2.1 

C,-Jh 

cF8-NaCl 

6.4.1 

C,-Ji 

cF8-NaCl 

6.4.1 

c,_ x v 

cF8-NaCl 

6.4.1 

c 5 v 6 

m??44— V 6 C 5 

6.4.1 

C,V 8 

cP60-V a C, 

6.4.1 

cw 

hP2-WC 

6.4.1, 6.5.5, 5 

C,.,W 

cF8-NaCl 

6.4.1 

C,_,Zr 

cF8-NaCl 

6.4.1 

a-Ca 

cF4-Cu 

6.2.1 

/3-Ca 

cI2-W 

6.1.1 

CaCu, 

hP6-CaCu 5 

4.5, 6.2.8 

CaF 2 

cF12-CaF 2 

3.2, 6.2.2, 6.4.2 

Cain, 

hP6-CaIn 2 

6.4.3, 6.5.7 

Ca 2 Pb 

oP12-Co 2 Si 

6.5.4 

CaSi 2 

hR18-CaSi 2 

3.4 

Ca 2 Si 

oP12-Co 2 Si 

6.5.4 

Ca 31 Sn 20 

tI204-Pu 31 Rh 20 

3.2 

Cd 

hP2-Mg 

6.2.6 

CdjCuj 

cF1124-Cu 4 Cd 3 

5, 6.6.5 

Cdl, 

hP3-CdIj 

3.2, 4.1, 6.5.2 

CdjNa 

cF1192-NaCd 2 

5, 6.6.5 

Cd 43 Pd 8 

cP52-Cu,A1 4 

6.1, 7.2.2 

CdPo 

cF8-ZnS (sphalerite) 

6.3.3 

CdS 

cF8-ZnS (sphalerite) 

6.3.3 

CdS 

hP4-ZnO 

6.3.3 

CdSe 

cF8-ZnS (sphalerite) 

6.3.3 

CdSe 

hP4-ZnO 

6.3.3 

CdTe 

cF8-ZnS (sphalerite) 

6.3.3 

a-Ce 

cF4-Cu 

6.2.1 

y-Ce 

cF4-Cu 

6.2.1 

CejMfoj 

tI92-Ce 5 Mg 41 

5 

CejNij, 

hP36-CejNi 17 

4.5 

=Ce 2 NiSi 3 

hP3-AlB 2 

6.5.6, Table 3 

Ce 6 Ni 2 Si 3 

hP22-Ce 6 Ni 2 Si 3 

4.1, 6.5.6 

Ce,Ni 2 Si 3 

hP40-CejNi 2 Si 3 

4.1, 6.5.6 

Ce0 2 

cF12-CaF 2 

6.4.2 

CICu 

hP4-ZnO 

6.3.3 

CINa 

cF8-NaCl 

6.2,2, 6.4.1 

CljPb 

oP12-PbCI 2 

3.4, 6.5.4 

CICs 

cP2-CsCI 

4.1.1, 6.1.2, Table 3 

C1T1 

cP2-CsCl 

6.1.2 

Co 

hP2-Mg 

6.2.6 

a -Co 

cF4-Cu 

6.2.1 

Co-Cr-Mo (R phases) 

3.4 


Co 2 EuP 2 

t!10-ThCr 2 Si 2 

4.4, 6.5.9 
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CoFeSn 

hP6-Ni 2 In 

6.5.3 

Co 3 GaY 3 

oC28-W 3 CoB 3 

4.5 

Co 4 GaY 4 

mC18-Y 4 Co 4 Ga 

4.5 

CojGaYj 

oC44-YjCOsGa 

4.5 

Co 2 Ge 

hP6-Ni 2 In 

6.5.3 

Co 2 Ge 2 RE 

tI10-ThCr,Si 2 

6.5.9 

Co 3 La 

hP6-CaCu s 

6.2.8 

CoO 

tI4-CoO 

6.1.5 

Co 2 RESi 2 

tI10-ThCr 2 Si 2 

6.5.9 

Co 2 Si 

oP12-Co 2 Si 

6.5.4 

Co 5 Sm 

hP6-CaCu 3 

6.2.8 

CoTe 2 

hP3-CdI, 

6.5.2 

Co 3 V 

hP24-VCo } 

6.2.3 

Co^Zn^ 

cP52-Cu s1 A1 4 

6.1.5 

Cr 

cI2-W 

6.1.1 

crCr-Fe 

tP30-oCr-Fe 

6.6.3, Table 6 

Cr-Mo-Ni (P phases) 


3.4, Table 6 

Cr 3 Os 

cP8-Cr 3 Si 

6.6.2 

Cri 2 P 7 

hP19-26-Cr 12 P, 

Table 3 

Cr 3 Si 

cP8-Cr 3 Si 

6.6.2, Table 6 

Cr 2 Si 2 Th 

tI10-ThCr 2 Si 2 

6.5.9 

Cr 3 Pt 

cP8-Cr 3 Si 

6.6.2 

a>-Cr-Ti phase 

hP3-Cr-Ti 

6.5.6 

a-CrjTi 

cF24-Cu 2 Mg 

6.6.4 

/3-Cr 2 Ti 

hP12-MgZn 2 

6.6.4 

7-Cr 2 Ti 

hP12-Ni 2 Mg 

6.6.4 

Cu 

cF4-Cu 

6.2.1 

CuFeS 2 

tI16-FeCuS 2 

5, 6.3.1, 6.3.3 

Cu,Ga 4 

cP52-Cu»AI 4 

6.1.5 

Ci^GejRE 

tI10-ThCr 2 Si 2 

6.5.9 

Cul 

hP4-ZnO 

6.3.3 

Cu 3 La 

hP6-CaCu 5 

6.2.8 

CuLaSi 

hP6-Ni 2 In 

6.5.3 

Cu 2 Mg 

cF24-Cu 2 Mg 

3.4, 4.3, 6.6.4, Table 6 

Cu^Mg^S i 7 

cFl le-ThjMny 

3.4 

Cu 4 MgSn 

cF24-Cu|MgSn 

6.6.4 

CuPt(I) 

hR96-CuPt(I) 

4.1.1a 

Cu 2 RESi 2 

tI10-ThCr 2 Si 2 

6.5.9 

CuS 2 Slb 

oP16-CuSbSj 

5 

Cu s Si 

t** 

7.2.2 

Cu 5 Sn 


7.2.2 

CuTi 3 

tP4-Ti 3 Cu 

4,1,1 a, 6.2.5 

03-)Cu-Zn 

cI2-W 

4.1.1, 6.1.1, 7.2.2 

03'-)Cu-Zn 

cP2-CsCl 

4.1.1, 6.1.2 

CujZiij 

cIS2-Cu 5 Zn 8 

6.1.5 

Diamond: see C (diamond) 


a-Dy 

hP2-Mg 

6.2.6 

E phases: see oP12-TiNiSi 


Er 

hP2-Mg 

6.2.6 

Er 2 RhSi 3 

hP24-£r 2 RhSi 3 

6.5.6 

Eu 

cI2-W 

6.1.1 

a-Fe (S) 

cI2-W 

6.1.1 

y-Fe 

cF4-Cu 

6.2.1 
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Fe 3 Ga 

hP8-Ni 3 Sn 

6.2.7 

Fe 3 Ge 

hP8-Ni 3 Sn 

6.2.7 

FejGejRE 

tI10-ThCr 2 Si 2 

6.5.9 

FejN ' 

cP5-Fe 4 N 

4.1, 4.1.1 b 

Fe s N 

tI8-Fe s N 

4.1.1 b 

FeNNi 

tP3-FeNiN 

4.1.1 b 

FejP 

hP9-Fe 2 P 

6.5.8 

Fe 2 RESi 2 

tI10-ThCr 2 Si 2 

6.5.9 

FeS 2 (pyrite) 

cP12-FeS 2 

4.1 

FeSbV 

hP6-Ni 2 In 

6.5.3 

Fe 3 Sn 

hP8-Ni 3 Sn 

6.2.7 

Fe,W s 

hR39-WjFe, 

3.4,5, 6.6.3, Table 6 

F^Znio 

cI52-Cu 5 Zn s 

6.1.5 

Frank-Kasper phases 


3.4, 6.6 

G phases: see cFllb-Mn^Th^ 


GaGeNb 6 

cP8-Cr 3 Si 

6.6.2 

Ga 5 Ir 3 

tP32-Ir 3 Ga s 

4.4 

GaN 

hP4-ZnO 

6.3.3 

GaNb 3 

cP8-Cr 3 Si 

6.6.2 

Ga 4 Ni 

cI52-Cu s Zn s 

6.1.5 

GaV 3 

cP8-Cr 3 Si 

6.6.2 

Ga,V 6 

cI52-Cu 5 Zn 8 

6.1.5 

GdNi 

oC8-CrB 

3.2. 

GdSej 

oP12-Co 2 Si 

6.5.4 

Ge 

cF8-C (diamond) 

6.3.1 

Gejlr 4 

tP36-Ir 4 Ge 5 

4.4 

GeMgj 

cF12-CaF 2 

6.4.2, Table 3 

Ge 2 Mn 2 RE 

tl 10 — ThCr,Si 2 

6.5.9 

GeNa 

mP32-NaGe 

3.4 

GeNb 3 

cP8-Cr 3 Si 

6.6.2 

Ge 2 Ni 2 RE 

tI10-ThCr 2 Si 2 

6.5.9, 7.2.5 b 

GeRh 2 

oP12-Co 2 Si 

6.5.4 

Ge 3 iV J7 

tP192-V 17 Ge 31 

4.4 

Graphite: see C (graphite) 


Hagg phases 


3.4 

Heusler phases 


3.4, 6.1.3 

HfS 2 

hP3-CdI 2 

6.5.2 

HgS 

cF8-ZnS (sphalerite) 

6.3.3 

HgSe 

cF8-ZnS (sphalerite) 

6.3.3 

HgTe 

cF8-ZnS (sphalerite) 

6.3.3 

HgTi 3 

cP4-AuCu 3 

3.5.5 

HfPt 3 

cP4-AuCu 3 

3.5.5 

Ho 

hP2-Mg 

6.2.6 

Hume-Rothery phases 


3.4, 6.1.5, 7.2.2 

InLaj 

hP6-Ni 2 In 

6.5.3 

InLa 3 

cP4-AuCu 3 

3.5.5 

In, La 

cP4-AuCu 3 

3.5.5 

InN 

hP4-ZnO 

6.3.3 

InNi 2 

hP6-Ni 2 In 

6.5.3 

IT1 

cP2-CsCl 

6.1.2 

Ir 

cF4-Cu 

6.2.1 

IrMo 3 

cP8-Cr 3 Si 

6.6.2 

K 

cI2-W 

6.1.1 
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k 2 o 

cF12-CaF 2 

6.4.2 

Kr 

cF4-Cu 

6.2.1 

K 2 S 

cF12-CaF 2 

6.4.2 

KSbZn 

hP6-Ni 2 ln 

6.5.3 

KjSe 

cF12-CaF 2 

6.4.2 

K 2 Te 

cF12-CaF 2 

6.4.2 

or- La 

hP4-La 

6.2.6 

j8-La 

cF4-Cu 

6.2.1 

LaNi s 

hP6-CaCu 5 

6.2.8 

LaPt 5 

hP6~CaCu 5 

6.2.8 

LaPtSi 

tI12-LaPtSi 

6.5.10 

Laves phases 


3.4, 4.3, 6.6.4, Table 6 

LaZn 3 

hP6-CaCu 5 

6.2.8 

Li 

cI2-W 

6.1.1 

Li-Mg-Zn Laves polytypes 

6.6.4 

Li 2 0 

cF12-CaF 2 

6.4.2 

Li 2 0 3 Si 


3.2. 

LiN 3 Si 2 


3.2. 

Li;i)Pb, 

cP52-City\l 4 

6.1.5 

Li,S 

cF12-CaF, 

6.4.2 

Li 2 Se 

cF12-CaF 2 

6.4.2 

Li 2 Te 

cF12-CaF 2 

6.4.2 

Lonsdaleite: see C (lonsdaleite) 


Lu 

hP2-Mg 

6.2.6 

M phases 


Table 6 

Martensite (Fe/C) 


6.1.5 

Mg 

hP2-Mg 

6.2.6 

MgNi 2 

hP24-Ni 2 Mg 

3.4, 6.6.4, 4.3, Table 6 

Mg 2 Pb 

cF12-CaF 2 

6.4.2 

Mg 2 Si 

cF12-CaF 2 

6.4.2 

Mg 2 Sn 

cF12-CaF 2 

3.4, 6.4.2 

MgZn 2 

hP12-MgZn 2 

3.4, 6.6.4, 4.3, Table 6 

or- Mn 

cI58 or-Mn 

6.6.5 

Mn 2 RESi, 

tI10-ThCr 2 Si 2 

6.5.9 

MnS 

hP4-ZnO 

6.3.3 

MnSe 

hP4-ZnO 

6.3.3 

Mn 2 Sn 

hP6-Ni 2 In 

6.5.3 

MnTe 

hP4-ZnO 

6.3.3 

Mn 12 Th 

tI26-ThMn 12 

6.2.8 

Mn 23 Th 6 

cF116-Th 4 Mn 23 

3.4 

MnZn 3 

cP4-AuCu 3 

3.5.5 

Mo 

c!2-W 

6.1.1 

MoNi 4 

tI10-MoNi 4 

4.1.1a 

MoP 

hP2-WC 

6.5.5 

MoPt 2 

oM-MoPtj 

4.1.1a 

MoSij 

tI6-MoSi 2 

3.2, Table 3 

NNb 

hP4-ZnO 

6.3.3 

NNb 

hP2-WC 

6.5.5 

N,_ X V 

cF8-NaCl 

6.4.1 

N^W 

cF8-NaCl 

6.4.1 

NW 

hP2-WC 

6.4.1, 6.5.5 

Na 

cI2-W 

6.1.1 

Na 2 0 

cF12-CaF 2 

6.4.2 
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N^S 

cF12-CaF 2 

6.4.2 

Na 2 Se 

cF12-CaF 2 

6.4.2 

NaSi 

mC32-NaSi 

3.4 

Na 2 Te 

cF12-CaF 2 

6.4.2 

NaTl 

cF16-NaTl 

3.4, 6.1.4 

NaZn,j 

cF112-NaZn 13 

5 

NbjSn 

cP8-Cr 3 Si 

6.6.2 

NbjPt 

cP8-Cr 3 Si 

6.6.2 

Ne 

cF4-Cu 

6.2.1 

NijPr isSi t0 

hP64-Pr 15 Ni 7 Si 10 

4.1, 6.5.6 

Ni 2 Si 2 RE 

tI10-ThCr 2 Si 2 

6.5.9 

NiSiTi 

oP12-TiNiSi 

6.5.4 

NijSn 

hP8-Ni 3 Sn 

6.2.7, 4.1.1a 

Ni 17 Th 2 

hP38-Th 2 Ni 17 

6.2.8 

NijTi 

hP16-TiNij 

6.2.3 

Ni 2 Zn„ 

cI52-Cu s Zn a 

6.1.5, 7.2.2 

NijZr 

hP8-Ni 2 Sn 

6.2.7 

Nowotny phases 


4.4 

Os 

hP2-Mg 

6.2.6 

OTa„ 

oP5-Ta40 

4.1.1b 

0 2 Th 

cF12-CaF 2 

6.4.2 

0 lfa Ti 

cF8-NaCl 

6.4.1 

OTi 2 

hP3-CdI 2 

6.5.2 

o 2 u 

cF12-CaF 2 

6.4.2 

o lfa v 

cF8-NaCl 

6.4.1 

OW 3 

cP8-Cr 3 Si 

6.6.2 

OZn 

hP4-ZnO 

6.3.2 

P phases 

oP56-(Cr-Mo-Ni) 

Table 6 

Pb 

cF4-Cu 

6.2.1 

Pb 3 U 

cP4-AuCu 3 

3.5.5 

Pd 

cF4-Cu 

6.2.1 

Pd 2 Sn 

oP12-Co 2 Si 

6.5.4 

(r) 

oP4-AuCd 

6.1.2 

Pd,-Ji 3 (h) 

cP2-CsCl 

6.1.2 

a-Po 

cPl-Po 

3.5.2 

Pt 

cF4-Cu 

6.2.1 

PtMn, 

cP4-AuCu 3 

3.5.5 

PtS 2 

hP3-CdI 2 

6.5.2 

Pt 2 RESn 2 

tI10-ThCr 2 Si 2 

6.5.9 

Pt.-Ji, (r) 

oP4-AuCd 

6.1.2 

P'l-xTi* (h) 

cP2-CsCl 

6.1.2 

Pt,U 

oC12-UPt 2 

4.5 

P u 3iRh M 

tI204-Pu 31 Rh M 

3.2. 

Pyrite: see FeS 2 



X phases 

hR159 Co-Cr-Mo 

Table 6 

RE (rare earth) alloys 


8.6 

RE (metals) 


6.1.1, 6.2.6 

Rb 

cI2-W 

6.1.1 

Re 

hP2-Mg 

6.2.6 

ReyTijOy-phase) 

cISS-TijRej, 

6.6.5 

Rh 

cF4-Cu 

6.2.1 

Rh 2 Sn 

oP12-Co 2 Si 

6.5.4 

Ru 

hP2-Mg 

6.2.6 
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Ru 2 Sn 3 

tP20-Ru 2 Sn 3 

4.4 

Samson phases 


6.6.5 

SZn(sphaleritc) 

cF8-ZnS 

6.3.1, 6.3.2 

SZn(wurtzitc) 

hP4-ZnO 

6.3.2 

S 2 Th 

oP12-Co 2 Si 

6.5.4 

SeZn 

hP4-ZnO 

6.3.3 

Si 

cF8-C (diamond) 

6.3.1 

or-SijTli 

tI12-a-ThSi 2 

6.5.10 

i3-Si 2 Th 

hP3-AlB 2 

6.5.10 

==Si 5 Th 3 

hP3-AlB 2 

6.5.10 

Si 2 Ti 

oF24-TiSi 2 

4.4 

Si 2 U 3 

tPlO-UjSij 

5 

SiV 3 

cP8-Cr 3 Si 

6.6.2 

Si 3 W s 

tI32-W s Si 3 

3.4 

Sm 

hR9-Sm 

6.2.6 

tt-Sn 

cF8-C (diamond) 

6.3.1 

0-Sn 

tI4-0-Sn 

6.3.1 

SnTij 

hP6-Ni 2 In 

6.5.3 

a -Sr 

cF4-Cu 

6.2.1 

Sr 

cI2-W 

6.1.1 

T, phases: see Si 3 W 5 



T 2 phases: see B 3 Cr 5 



Ta 

cI2-W 

6.1.1 

Tc 

hP2-Mg 

6.2.6 

TeTh 

cP2-CsCl 

6.1.2 

TeZn 

hP4-ZnO 

6.3.3 

rr-Th 

cF4-Cu 

6.2.1 

Th 

CI2-W 

6.1.1 

Th 2 Zn„ 

hR57-Th 2 Zn 17 

6.2.8 

TiZn 3 

cP4-AuCu 3 

3.5.5 

V 

cI2-W 

6.1.1 

W 

cI2-W 

4.1.1, 6.1.1 

Wurtzite: see SZn (wurtzite) 


Xe 

cF4-Cu 

6.2.1 

a- Y 

hP2-Mg 

6.2.6 

Zintl phases 


3.4, 6.1.4 

Zn 

hP2-Mg 

6.2.6 

/3-(Cu-Zn) 


4.1.1 

/3'-(Cu-Zn) 


4.1.1 

e-Mg type 



y-(Cu 5 Zn s ) 


6.1.5 

»-(FCjVS 6 ) 


5.3.4, Table 6 

cr-phases (see (cr) Cr-Fe) 3.4 

Table 6 

*-phase:see Re^Ti, 


6.6.5 

re-phase : see w-Cr-Ti 


Thble 6 
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1. Introduction 

The first years of quasicrystal structure analysis were marked by the investigation of 
badly characterized samples with non-crystallographic diffraction symmetry, called 
“quasicrystals” for short, with spectroscopic and powder diffraction techniques. It was 
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Fig. Al. (a) HRTEM image of perfectly ordered icosahedral Al 6 ,Cu 20 Fe 15 with enlarged part in (b) (from 
Hiraga, Zhang, Hirabayashi, Inoue and Masljmoto [1988], and (c) REM photograph of a single crystal 
with pentagon-dodecahedral morphology (from Tsai, Inoue and Masumoto [1987]. 


not at all clear whether these samples were homogenous and quasiperiodically ordered 
(fig. Al), whether they were twinned approximants (fig. A2), i.e. closely related 
structures with huge unit cells, or had rather a kind of complicated crystalline nano- 
domain structure. The generalization of models based on single experimental results 
caused confusion in many cases until investigation learnt that the experimental findings 
were strongly dependent on chemical composition, thermal history and growth conditions 
of the samples. It turned out that most stable quasicrystals transform to crystalline phases 
at lower temperature or higher pressure running through intermediate states with 
sometimes complicated modulated and/or nanodomain structures. Some structural 
principles of quasicrystals and their relationships to approximants are now fairly well 
understood: both the quasiperiodic and periodic related structures are built from the same 
clusters. Whether the structural units order periodically or quasiperiodically can be 
influenced by slight changes in composition for stable samples and also by the annealing 
conditions for metastable ones. 


References: p. 408. 
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Fig. A2. Twinned Al n Mn,-Pd approximant with pseudo-tenfold diffraction symmetry. O and M mark the 
orthorhombic, and monoclinic phases, respectively (from Daulton and Kelton [1993]). 


2. Description of quasiperiodic structures 

Regular crystal structures can be characterized by the dimensions of the unit cell, the 
space group, and the information what atoms occupy which Wyckoff position (cf. chapter 
1 of this volume). The space group includes the information about the crystal system, the 
Bravais lattice type, atomic coordinates and site symmetries. A comparable description 
for quasiperiodic structures is possible in terms of the higher-dimensional approach (Janssen 
[1986]). Another way is the structure description by a quasilattice (quasiperiodic tiling) with 
two or more different unit cells, its symmetry and decoration with atomic clusters. 

2.1. Decoration of quasiperiodic tilings 

The classical example of a quasiperiodic tiling with five-fold orientational symmetry 
is the Penrose tiling (PT) (fig. A3). It can be constructed by two types of unit cells, a fat 
rhomb (72° and 108° angles) and a skinny rhomb (36° and 144° angles) with edge 
lengths all equal to a^ and areas in the ratio r: 1 , like their frequencies in the tiling. The 
irrational number r, related to the golden mean, is the solution of the algebraic equation 
7 2 - t - 1 =0, and has the value r= 1 * ^ =2cos36°= 1. 6180. . . . Since the unit tiles can 
also be arranged periodically or randomly, local matching rules are necessary to obtain 
a quasiperiodic tiling. The PT has the following characteristic properties (Pavlovitch 
and Kleman [1987]; Levine and Steinhardt [1986]): 
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Fig. A3. Penrose tiling (bold lines) with deflated tiling drawn in (light lines). The deflation rules for the fat, and 
skinny rhombs are also shown in the lower part of the drawing. The edge lengths of the deflated tiles are 
smaller by a factor r than the original ones (from Socolar and Steinhardt [1986]). 

Quasiperiodic translational order: there is no nontrivial translation leaving the tiling 
invariant. The mass density function is quasiperiodic, i.e. it can be expressed as a 
finite sum of periodic functions with periods incommensurate to each other. For 
example, the function is quasiperiodic f(x) = cos x + cosax if a is an irrational 
algebraic number (i.e., an irrational solution of an equation of the type a n x” + a n _ 1 x“ -1 
+ ...a o = 0). 

Orientational order: each edge of each unit tile is oriented along one of the set of 
orientational star axes. Except in singular cases, there is no rotational or mirror 
symmetry in a quasiperiodic tiling. 

Indeterminacy of the construction process: the infinite pattern is not determined by a 
finite region. Starting from a finite region allows an uncountable infinity of ways to 
continue the construction. All resulting tilings belong to the same local isomorphism 
class and are homometric structures (i.e., have the same diffraction patterns). 

Local isomorphism: any region, however large it might be, belonging to a given infinite 
tiling, can be found in any other different (i.e., non superposable) tiling. 


References: p. 408. 
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Self-similarity: to any PT a different PT can be associated, whose tiles are smaller by a 
factor t and which includes all the vertices of the former tiling (this operation is 
termed deflation). The local matching rules can be obtained from the deflation 
operation. 

The Penrose tiling may serve as quasilattice for structures with two-dimensional 
quasiperiodicity and five-fold orientational order (decagonal phases). A three-dimensional 
variation of the PT, with prolate and oblate rhombohedra for unit cells (their volumes in 
the ratio t: 1 like their frequencies) may represent a quasilattice for the icosahedral 
quasicrystals (fig. A4). 

In the course of a normal crystal structure analysis, the determination of the correct 
crystal lattice, which has to be one of the 14 Bravais lattices, never poses any problems. 
In the case of quasicrystal structure analysis, however, for a given diffraction symmetry 
an infinite number of different quasilattices are possible. Thus, the selection of the 
quasilattice cannot be separated from the determination of the quasicrystal structure itself. 
Helpful as the tiling approach may be for the understanding of the geometrical principles 
of a quasicrystal structure, it is not suited for performing ab initio structure analyses of 
quasicrystals. This has to be done by means of the higher-dimensional approach. 

2.2. Higher-dimensional approach 

Quasiperiodic structures can always be decribed as sections of higher-dimensional 
periodic structures (Janssen [1986]). Five-fold rotational symmetry, for instance, which 
is incompatible with three-dimensional translational order, can be a symmetry operation 
of a four-dimensional lattice. Thus, non-crystallographic symmetries in the three- 
dimensional space M 3 can become crystallographic in M n space. It is quite natural, 
consequently, to describe quasiperiodic structures with their non-crystallographic 
symmetries as periodic structures in the M". For the axial quasicrystals, which are 
quasiperiodic in two dimensions and periodic in the third one, the five-dimensional 
embedding space ffi 5 is necessary. The icosahedral phases can be embedded in the ffi 6 , and 
one-dimensional quasicrystals in the M 4 . 

The principles of the higher-dimensional embedding method are demonstrated on the 




Fig. A4. Prolate (left), and oblate (right) rhombohedron, the unit tiles of the three-dimensional Penrose tiling, 
with special sites marked. 
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simple example of the one-dimensional quasiperiodic Fibonacci sequence, which can be 
described as a quasiperiodic section of a two-dimensional periodic lattice (fig. A5). 

The Fibonacci sequence may be obtained from the substitution rule 





where L denote ‘long’ and S denotes ‘short’. Starting with L one obtains the sequences 




Fig. A5. Embedding of a one-dimensional quasicrystal with point atoms in the R 2 . The observed diffraction 
pattern of the Fibonacci sequence in the physical (external, parallel) space V E corresponds to a projection of 
appropriate two-dimensional reciprocal lattice down the complementary (external, perpendicular) space 
(upper drawing). The quasiperiodic structure, connected via Fourier transform with reciprocal space, 
consequently results from a section of V E with the two-dimensional hypercrystal. Since the slope of V E is 
irrational with regard to the lattice vectors, the hyperatoms have to be extended (line-shaped) to get a non- 
empty intersection (lower drawing). 


References: p. 408. 
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sequence 

number of 

L S 

L 

1 

0 

LS 

1 

1 

LSL 

2 

1 

LSLLS 

3 

2 

LSLLSLSL 

5 

3 

LSLLSLSLLSLLS 

8 

5 

LSLLSLSLLSLLSLSLLSLSL 

13 

8 


P n +i 

F„ 


where F=F.+F,aie the Fibonacci numbers with lim — ^ = r. 

" n_1 n_1 F 

n 

One finds that the substitution rule always leaves the existing sequence invariant. Thus, it 
corresponds to a self-similarity operation in the case of an infinite Fibonacci sequence. 
Replacing the letters L and S by intervals of length t and 1 one gets, because of the relation 

L _ L + S _ 

S ” L “ T 

a structure invariant under scaling by a factor t", n being an integer. 

In fig. A6 the correlation between hyperatoms in the five-dimensional description and 
the actual quasiperiodic structure is illustrated on the example of decagonal Al 70 Co 15 Ni 15 
(cf. section 3.2.2). 

One big advantage of the higher-dimensional approach is that the structural informa- 
tion can be given in closed form. It is mainly contained in the position and shape of the 
hyperatoms. In terms of the tiling-decoration method, it would not be sufficient to define 
the type of tiling (what needs not always be possible in closed form) and the decoration 
of the unit tiles since, generally, the decoration can be context dependent. 

2.3. Symmetry of quasicrystals 

A first classification of quasicrystals, without knowing anything about their structure, can 
be performed by means of their diffraction symmetry. As for regular crystals, the diffraction 
symmetry is equivalent to the centrosymmetric point group related to the space group of the 
crystal structure. Experimentally observed have been phases with diffraction symmetries 
8/mmm, 10/mmm, 12/mmm, and m35 so far, called octagonal, decagonal, dodecagonal and 
icosahedral phases, respectively. Systematically absent reflections in the diffraction patterns 
(fig. A7) allow the assignment of centered lattices and symmetry elements with translation 
components in the higher-dimensional description. 
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Fig. A6. Physical space electron density map (atomic structure in the (x„ x 2 )-plane) of decagonal Al 70 Co 15 Ni l5 
with aluminum, and transition metal atoms, bond lengths, and pentagon-rectangle structure motifs marked 
(upper part of the drawing). In the lower part of the drawing, a section containing the perpendicular-space 
direction x 2 is shown to visualize the generation of real atoms from the hyperatoms marked 1, 2, and 3. The 
outline of one unit cell is also drawn in. 

Fortunately, the number of possible superspace groups is very limited owing to the 
restriction that the corresponding point group has always to leave invariant the point 
group of the physical subspace. Thus, for the icosahedral phase, the combination of the 
three Bravais groups, generating the primitive (P), the body-centered (I) and the face- 
centered (F) hypercubic lattice, with the point groups 235 and m35, produces only six 
symmorphous and five non-symmorphous superspace groups: P235, P235,, 1235, 1235,, 
F235, F235„ P2/m35, P2/q35, I2/m35, F2/m35, F2/q35. 

3. The structure of quasicrystals and approximants 

Depending on the preliminary character of our present knowledge of the real structure 
of quasicrystals, the following classification and description of quasicrystal structures 
may be revised in future. The fundamental relationships between quasicrystals and 


References: p. 408. 
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■■ ■ M, 

Fig. A7. First-layer X-ray precession photograph of decagonal Al 70 s Mn, 6 5 Pd l3 with symmetry 10/mmm. The 
zonal systematic extinctions (marked by arrows) obey tenfold symmetry. 


approximants* seem to be fairly reliable, however. The metastable quasicrystals 
mentioned in the following have all been prepared by rapid solidification methods (melt- 
spinning or splat-cooling); stable quasicrystals have been grown from the melt in the 
same way as any other metal crystals. 

3.1. One-dimensional quasicrystals 

There are only a few, mostly metastable phases known which are periodic in two 
dimensions and quasiperiodic in the third one (table Al). The structural units in these 
phases are ordered along one direction similarly to a Fibonacci sequence ( Fibonacci 
phases). Well-studied examples are Al-Pd, Al-Cu and Al-Cu-Ni phases with basic 
cP2-CsCl type structure and vacancies ordered quasiperiodically along the [1 1 1] direction 
(Chattopadhyay, Lele, Thangaraj and Ranganathan [1987]). Fibonacci phases 
also often occur as intermediate states during the transition icosahedral <-» crystalline or 
decagonal <-» crystalline phase. Examples of the latter case were found in the systems 
Al-Ni-Si, Al-Co-Cu and Al-Cu-Mn (He, Li, Zhang and Kuo [1988]; Li and Kuo 
[1993]). 

A stable one-dimensional quasicrystal as transformation product from the decagonal 
phase was found in a fully annealed Al 65 Cu 20 Fe| 0 Mn 5 sample. It has six-layer periodicity 


* A crystalline phase with a structure closely related to that of a quasicrystal is called an approximant. If both 
structures can be transformed into each other by a rotation in superspace the crystalline phase is called a 
rational approximant. 
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Table A1 

Systems with one-dimensional quasiperiodic (Fibonacci) phases (approximate compositions given). Stable decagonal 

phases are marked by a star. 


GaAs-AIAs 

artificial 

Todd, Merlin, Clarke, Mohanty 
and Axe [1986] 

Mo-V 

artificial 

Karkut, Triscone, Ariosa and 

Fischer [1986] 

Al-Pd, Al-Cu-(Ni) 


Chattopadhyay, Lele, Thangaraj and 
Ranganathan [1987] 

AlsoNinSifi 

Al 65 Cu 20 Mn 15 

Al 65 Cu 20 Co l5 

1 

He, Li, Zhang and Kuo [1988] 

*A] 6S Cu2oFe ) oMn5 


Tsai, Inoue, Masumoto, Sato and 
Yamamoto [1992] 

*AI 75 Fe 10 Pd 15 


Tsai, Masumoto and Yamamoto [1992] 


along the original tenfold axis and eight-layer periodicity perpendicular to it (Tsai, 
Inoue, Masumoto, Sato and Yamamoto [1992]). Another one was prepared from 
slowly cooled Al 75 Pd 15 Fe 10 (Tsai, Matsumoto and Yamamoto [1992]). Its structure can 
be derived from a decagonal quasicrystal by introducing a finite linear phason strain.* 

By means of molecular beam epitaxy, Fibonacci phases were constructed from GaAs 
and AlAs layers (Todd, Merlin, Clarke, Mohanty and Axe [1986]), as well as from 
Mo and V layers (Karkut, Triscone, Ariosa and Fischer [1986]), in order to study 
their physical properties. 

3.2. Two-dimensional quasicrystals 

Two-dimensional quasicrystals consist of quasiperiodically ordered atomic layers 
which are stacked periodically. They combine the structural characteristics of both 
quasicrystals and regular crystals in one and the same sample. According to their 
diffraction symmetry octagonal, decagonal and dodecagonal quasicrystals are known so 
far. 


3.2.1. Octagonal phases 

The known octagonal phases (table A2) are all metastable and closely related to the 
cP20-/3Mn type, whose lattice parameter, a = 6.3 15 A, is preserved along the translation- 
ally periodic direction of the quasiperiodic phases (fig. A8). 


* A strain field introduced parallel to the perpendicular space is called a phason-strain field. In the case of a 
uniform shift of the hyperatoms along the perpendicular space coordinates one gets a linear phason-strain field. 
This is equivalent to rotating the hypercrystal relative to to the parallel space, producing a rational approximant. 


References: p. 408. 
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Table A2 

Systems with octagonal phases (approximate compositions given). In the second column the translation period 

along the eight-fold axis is given. 


Ni, 0 SiV l5 

Cr,Ni,Si, 

6.3A 1 

6.3A | 

Wang, Chen and Kuo [1987] 

Mn 4 Si 

6.2A 

Cao, Ye and Kuo [1988] 

Al,Mn 82 Si,, 

6.2A 

Wang, Fung and Kuo [1988] 

Fe-Mn-Si 


Wang and Kuo [1988] 


3.2.2. Decagonal phases 

Decagonal phases (table A3) are built in many cases from quasiperiodically packed 
columnar clusters with eigensymmetry 10 5 /mmc or 10 5 mc. The clusters are periodic along 
their tenfold axes, their translation periods can be -4 A, -8 A, -12 A, -16 A, -24 A and 
-36 A corresponding to stackings of 2, 4, 6, 8, 12 and 18 flat or puckered atomic layers. 
All decagonal phases have needle-like decaprismatic crystal morphology, indicating 
preferred crystal growth along the periodic direction (fig. A9). 



Fig. A8. (a) HRTEM image taken from octagonal Cr-Ni-Si. Nuclei of the /3-Mn structure are marked by an 
arrow, (b) A tiling model of the octagonal phase with /3-Mn structure units (hatched) indicated (from Wang 
and Kuo [1990]). 
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Table A3 

Systems with decagonal phases (approximate compositions given). In the second column the translation period 
along the tenfold axis is given. In the third column the closely related crystalline phase (approximant) is listed. 
Stable decagonal phases are marked by stars. 


*A1 65 Co 15 Cu 20 

4 A. 

A1 13 Co 4 

*Al 70 Co 15 Ni 15 

4 A 

A1 13 Co 4 

*Al 70 Ni 15 Rh 15 

4 A 

AI 13 CO 4 | 

*AI 65 Cu, 5 Rh 20 

4 A 

A1i 3 Co 4 j 

*Al 71 Fe 5 Ni 24 

4 A. 

A1 13 Co 4 

Al 75 C u | 0 Nii 5 

4 A 


Al 4 Ni 

4 A 


Fe 52 NTb , 8 

4 k 

Zr 4 Al 3 

*AI 10 Co 4 

8 k 

A1 13 Co 4 

Al 4 Mn 

12 k 

/x-Al 4 Mn 

Al 79 Fe 16 Mn 19 4 

12 k 


*Al 7 o, 5 Mn 165 Pd 135 

12 k 

/x-Al 4 Mn 

Al-Cr(Si) 

12 k 

Al 4 jCr 7 

Al 65 Cu 2 oMn 15 

12 k 

Al„Mn 4 1 

^l65^ U 2oF e i5 

12 A 

Al 13 Fe 4 J 

Al65Cr 7 Cu 20 Fe 8 

12 k 

Al 13 Fe 4 

Al 5 Ir 

16 A 

Al 3 Ir 1 

Al 5 Pd 
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Fig. A9. Single crystals with decaprismatic growth morphology of decagonal (a) AI 70 Co„Ni 15 , and (b) 
A1 65 Co m Cu I5 (from Tsai, Inoue and Masumoto [1989]). 


Crystals of the decagonal phase epitaxially grown on icosahedral quasicrystals exhibit 
a defined orientation relationship: the tenfold axis of the decagonal phase is parallel to 
one of the fivefold axes of the icosahedral phase. Thus, in many cases decagonal phases 
can be considered as approximants of icosahedral quasicrystals. Stable decagonal phases 
were observed so far in the systems Al-Co-Cu (He, Zhang, Wu and Kuo [1988]), 
Al-Co-Ni, Al-Cu-Rh, Al-Ni-Rh (Tsai, Inoue and Masumoto [1989]) and Al-Me-Pd 
with Me=Mn, Fe, Ru, Os (Beeli, Nissen and Robadey [1991]; Tsai, Inoue and 
Masumoto [1991]). The Al-Mn-Pd system is the only one for which both stable 
icosahedral and decagonal phases are known. 

Three different basic decagonal structure types were identified hitherto: Al 65 Co 15 Cu 2 o 
and Al 70 Coi 5 Ni 15 belong to the deca-Al-Co-Cu type, Al 78 Mn 22 , Al 70 5 Mn 165 Pd 13 and 
Al 65 Cu 20 Cr 7 Fe 8 to the deca-Al-Mn type, Al 80 Fe, 0 Pd 10 , Al 80 Ru ]() Pd| 0 , Al 80 Os 10 Pd 10 and 
Al 75 Mn 5 Pd 20 to the deca-Al-Fe-Pd type. In all cases the most probable superspace group 
of the average structures is P10 5 /mmc (table A4). 

It is remarkable that all three decagonal structure types result from different stacking 
sequences of only three types of layers: A, B and C. In all cases, similar columnar 
clusters are formed with interplanar bonds stronger than intraplanar ones. It is also 
noteworthy that the electron density maps, projected along the tenfold axis, show the 
respective hyperatoms all centered at the same special positions on the [11110] diagonal 
of the five-dimensional unit cell, as is the case for a general Penrose tiling. This means 
that at least a substructure of any decagonal phase shows close resemblance to a 
decorated Penrose tiling. For the description of the full structure, however, only a context 
dependent decoration is adequate. 



App. Ch. 4, § 3 


The structure of quasicrystals 


385 


Table A4 


Selected symmetry information on the five-dimensional superspace group P10 5 /mmc. p is an integer with 
0<p<4. Reflection condition: h 1 h 2 h,h 1 h 5 =2n. 


Multiplicity 

Wyckoff position 

site symmetry 

coordinates 

4 

c 

5m 

±(p/5 p/5 p/5 p/5 x 5 ) 




± (p/5 p/5 p/5 p/5 fx 3 ) 

2 

b 

TO m2 

±(p/5 p/5 p/5 p/5 J-) 

2 

a 

5 m2 

(0 0 0 0 0), (0 0 0 0 ±) 


Deca-Al-Co-Cu type: 

For Al-Co-Cu, there exist studies on phase equilibria and transformation properties 
(Grushko [1993]; Daulton, Kelton, Song and Ryba [1992]; Dong, Dubois, 
DeBoissieu and Janot [1991]), on structural relationships to approximants (Liao, Kuo, 
Zhang and Urban [1992]; Dong, Dubois, Kang and Audier [1992]; Daulton and 
Kelton [1992]; Song and Ryba [1992]; Kuo [1993]), on twinning and microdomain 
structures (Song, Wang and Ryba [1991]; Launois, Audier, Denoyer, Dong, Dubois 
and Lambert [1990]), as well as investigations using high-resolution transmission 
electron microscopy (HRTEM) (Reyes-Gasga, Lara, Riveros and Jose-Yacaman 
[1992]; Hiraga, Sun and Lincoln [1991]), the extended X-ray absorption fine structure 
(EXAFS) technique (Dong, Lu, Yang and Shan [1991]), scanning tunneling micro- 
scopy (Kortan, Becker, Thiel and Chen [1990]), or fast-ion channeling (Plachke, 
Kupke, Carstanjen and Emrick [1993]). For Al-Co-Ni the stability range between 
500° C and the melting point was investigated (Kek [1991]), and a wealth of HRTEM and 
electron diffraction studies of the decagonal phase in comparison with its approximant phases 
was performed (e.g., Hiraga, Lincoln and Sun [1991]; Edagawa, Ichihara, Suzuki 
and Takeuchi [1992]). Also a large number of theoretical studies have been published 
dealing with structure modelling or tiling decoration to understand the rules governing 
the formation of quasiperiodic phases (Henley [1993]; Romeu [1993]; Widom and 
Phillips [1993]; Kang and Dubois [1992]; Burkov [1991]; Burkov [1992]). 

From the results of the five-dimensional single crystal X-ray structure analyses of 
decagonal AI^CouCujo (Steurer and Kuo [1990]) and Al 70 Co 15 Ni 15 (Steurer, 
Haibach, Zhang, Kek and LOck [1993]), the following characteristics of the deca-Al- 
Co-Cu structure type can be derived: 

(1) Two-layer structure with approximate translation period 4 A. There are two planar 
layers stacked with sequence Aa ( a means A rotated around 36° under the action 
of the lOj-screw axis). At lower temperature a disordered superstructure doubling 
the translation period is observed. 

(2) There are two hyperatoms per asymmetric unit on the special Wyckoff position 
(b): one with p = 2 consisting mainly of transition metal (marked 1), and one with 
p = 4 (marked 2) consisting of A1 atoms (fig. A10). 
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0.0 0.5 1.0 1.5 [10010] 2.0 


Fig. A10. Characteristic (10110) section of the five-dimensional electron density of decagonal A^Co^Ni,;. The 
hyperatoms 1, and 2 generate an atomic layer A separated by =2 A from the symmetrically equivalent layer a 
generated by the 10 5 -screw axis which is parallel to [00100]. 


(3) Shape and chemical composition of the hyperatoms are roughly compatible with 
tiling models like the binary tiling model (Burkov [1991]), for instance. 

(4) Columnar clusters (0 = 20 A) with eigensymmetry 10 5 /mmc can be identified as 
basic structural units (fig. All). Their cross sections can be described as parts of 
a Penrose tiling with edge lengths a T = 2.5 A. The unit rhombs are decorated by 
atoms on the vertices and in some cases on the diagonals. 

(5) The global structure can be described as a rhombic tiling with unit tiles of edge 
length a r =20 A (equivalent to the distance between two =20 A columnar clusters), 
decorated by the columnar clusters at the vertices and at one position on the long 
diagonal of the fat rhomb (fig. A12). 

(6) The formation of a network of icosagonal rings of pentagonal and rectangular 
structure motifs may act as weak matching rule stabilizing quasiperiodic tilings 
(fig. A13). 

(7) A closely related approximant structure is that of monoclinic Al 13 Co 4 (Hudd and 
Taylor [1962]; Barbier, Tamura and Verger-Gaugry [1993]). It contains 
locally similar structure motifs (pentagon-rectangle strips) which are arranged in a 
different way (wavy bands instead of icosagons), however (fig. A14). 

Deca-Al-Mn type: 

Decagonal Al 78 Mn 22 , Al 705 Mn 165 Pd 13 and Al 65 Cu 20 Cr 7 Fe 8 are representatives of the deca- 

Al-Mn type with ~ 12 A translational period. Stable decagonal Al 705 Mn 165 Pd 13 , may be 

considered as Pd-stabilized Al 78 Mn 22 . There exist several HRTEM (Beeli, Nissen and 

Robadey [1991]; Hiraga, Sun, Lincoln, Kaneko and Matsuo [1991]; Hiraga and 
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Sun [1993]; Beeli and Nissen [1993]) and X-ray diffraction investigations (Frey and 
Steurer [1993]; Steurer, Haibach, Zhang, Beeli and Nissen [1994]) and also structure 
determinations of the approximants Al,Mn (Hiraga, Kaneko, Matsuo and Hashimoto 
[1993]) and p-Al, 12 Mn (Shoemaker [1993]). Stable decagonal Al 65 Cu 20 Cr 7 Fe 8 , i.e., Fe- 
stabilized metastable (?) Al 65 Cu 20 Cr ]5 , and its approximants were studied by (Liu, KOster, 
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Fig. All. (a), and (b): Schematic drawings illustrating how the = 20 A columnar clusters (shown in sections) 
agglomerate to a fat decorated Penrose unit rhomb, (c) Stacking principle of the layers A and a along the line 
drawn in the uppermost section of (a). 


MOxler and Rosenberg [1992]; Kang, Dubois, Malaman and Venturini [1992]). 

The X-ray single-crystal structure analyses of Al 78 Mn 22 (Steurer [1991]) and 

Al 705 Mn 165 Pd 13 (Steurer, Haibach, Zhang, Beeli and Nissen [1994]) allow the 

characterization of the deca-Al-Mn type in the following way; 

(1) Six-layer structure with approximate translation period 12 A. One puckered (±0.3 
A) layer A (related to the layer a of the deca-Al-Co-Cu type) and one planar layer 
B are stacked with sequence ABAaba. 

(2) Four hyperatoms per asymmetric unit: two on the Wyckoff position (c); one with 
p= 1, x 5 = 0.063 (marked 1), consisting in its core region of transition metal (TM) 
and in its remaining part of Al, and one with p = 3, x 5 = 0.1 13 (marked 2), consist- 
ing of Al. Two further hyperatoms are located on Wyckoff position (b), one with 
p = 0 (marked 4), consisting mainly of Al, and one with p = 3 (marked 5), of 
similar chemical composition as hyperatom 1 (fig. A 15). 

(3) Shape and chemical composition of the hyperatoms are roughly compatible with 
tiling models such as the triangular tiling model (Burkov [1992]; Welberry 
[1989]), for instance. 

(4) Columnar clusters (diameter = 20 A) with point symmetry 10 5 /mmc can be 
identified as basic structural units. Their cross sections can be described as sections 
of a Penrose tiling with edge lengths a,. = 2.5 A of the unit rhombs (fig. A 16). 

(5) The global structure can be described as a random Robinson-triangle tiling with 
unit tiles of edge lengths S = 20 A, and L = rS, decorated by the columnar clusters 
on the vertices (fig. A 17). 

(6) The decagonal phase shows close resemblance to the respective icosahedral phase, 
orthorhombic Al 3 Mn (Hiraga, Kaneko, Matsuo and Hashimoto [1993]), and 
hexagonal |i-Al 412 Mn (Shoemaker [1993]), which has nearly all Mn atoms 
icosahedrally coordinated. 

(7) Contrary to the phases with deca-Al-Co-Cu type, those with deca-Al-Mn type show 
icosahedral pseudosymmetry and can be considered as rational approximants of 
icosahedral quasicrystals. There is also a larger amount of Mackay icosahedra (MI) or 
fragments of MI present in this structure type than in the other decagonal ones. 
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Fig. A 12. (a) HRTEM image of decagonal Al 70 Co, 5 Ni 15 (b) simulation image calculated from the 20 A 
columnar cluster (from Hiraga [1992]). 
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0 5 10 15 2,0 2 


Fig. A13. Parallel space section with Penrose tiling from the type of a=20 A rhombs shown in hg. All 
indicated. The pentagonal and rectangular structure motifs form a network of interconnected icosagons. 


Deca-AI-Fe-Pd type: 

The stable decagonal phases Al 80 Fe 10 Pd 10 , Al^Ru^d^, Al g0 OS| 0 Pd, 0 (Tsai, Inoue and 
Masumoto [1991]) and Al 75 Mn 5 Pd 20 (Tsai, Yokoyama, Inoue and Masumoto [1991]) 
belong to the deca-Al-Fe-Pd type with 16 A translational periodicity. Al g0 Fe 10 Pd 10 is the 
only one of this group studied so far by X-ray single-crystal diffraction (Haibach, 
Zhang and Steurer [1994]), electron diffraction and HRTEM (Tsai, Inoue and 
Masumoto [1993]), and also by Mossbauer spectroscopy (Lawther and Dunlap 
[1993]). A stable one-dimensional quasiperiodic phase, a rational approximant of the 
decagonal phase, was also identified in the system Al-Fe-Pd (Tsai, Masumoto and 
Yamamoto [1992]). On the basis of early results, the deca- Al-Fe-Pd type may be 
characterized in the following way: 

(1) Eight-layer structure with approximate translation period 16 A. Two puckered 
(± 0.3 A) layers A and C, and one planar layer B are stacked with sequence 
CABACaba, with C identical to c. 

(2) Four hyperatoms per asymmetric unit: one on the Wyckoff position (a), one on the 
Wyckoff position (c) with p= 1, x s = 0.125, and two with p = 0 and 2 on (b). 
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Fig. A14. Schematic drawing of the puckered atomic layer of the monoelinic approximant Al 13 Co 4 with the 
same pentagon-rectangle strips as found in the decagonal phase. One unit cell is also drawn in. 


(3) Shape and chemical composition of the hyperatoms are roughly compatible with 
tiling models like the binary tiling model (Burkov [1991]), for instance. 

(4) Columnar clusters (0 = 20 A) with point symmetry 10 5 /mmc can be identified as 
basic structural units. Their cross sections can be described as section of a Penrose 
tiling with edge lengths a r =2.5 A of the unit rhombs. 

(4) The global structure can be described as a rhombic tiling with unit tiles of edge 
lengths a r = 20 A decorated by the columnar clusters at the vertices and at one site 
on the long diagonal of the fat rhombs. 

3.2.3. Dodecagonal phases 

Beside one, probably stable, dodecagonal Ta^e phase (Krumeich, Conrad and 
Harbrecht [1994]), only metastable dodecagonal phases are known so far (table A5). 
These phases are closely related to the tP30-crCrFe type phases, which are built up from 
hexagon-triangle and triangle-square layers (fig. A18). The c lattice parameter of the a- 
phase corresponds with 4.544 A to the translation period of the dodecagonal phases. 

3.3. Icosahedral phases 

The icosahedral phases discovered so far (table 6) can be grouped into two main 
classes (Henley and Elser [1986]): the ico-Al-Mn structure type (A) with quasilattice 
constant a r ~4.6 A and free electron per atom ratio of ~ 1.75, and the ico-Al-Mg-Zn 
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Fig. A15. Characteristic (10110) section of the five-dimensional electron density of decagonal Al 705 Mn 165 Pd| 3 . 
The hyperatoms create a six-layer structure ABAaba. 

structure type (B) with a r ~ 5.2 A and free electron per atom ratio of ~ 2.1. The A type 
phases contain 54-atom Mackay icosahedra as structural building elements which also 
occur in the approximant a-Al-Mn-Si, while the B type consists of 137-atom Bergmann 
rhombic triacontahedra which are also typical for Frank-Kasper phases like 

Table A5 

Systems with dodecagonal phases (approximate compositions given). In the second column the translation 
period along the twelve-fold axis is given. Stable dodecagonal phases arc marked by a star. 

Ishimasa, Nissen and Fukano [1985] 

Chen, Li and Kuo [1988] 

Krumeich, Conrad and Harbrecht 

[1994] 


C- r 70.6^*29.4 

Ni 2 V, 4.5 A 

Ni 10 SiV 15 4.5 A 

*Ta x Te 20.7 A 
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Mg 32 (Al,Zn) 42 , for instance. The A-type icosahedral phases are mostly aluminum- 
transition metal compunds contrary to the B-type phases which rarely contain transition 
metals. 

The first quasicrystal structure ever studied was that of metastable ico-Al-Mn and 



(a) 

Figure continued on p. 394 
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isotypic, higher-quality ico-Al-Mn-Si, respectively (Cahn, Gratias and Mozer [1988]). 
Single-crystal X-ray and neutron diffraction methods became possible with the discovery 
of stable ico-Al-Cu-Li (DeBoissieu, Janot, Dubois, Audier and Dubost [1991]; van 
Smaalen, deBoer and Shen [1991]; Yamamoto [1992]; Qiu and Jaric [1993]) also 
allowing for a further developement of six-dimensional structure analytical techniques. 
The existence of closely related cubic a-Al 73 Mn 16 Si u (Cooper and Robinson [1966]) 
and R-AljCuLij (Audier, Pannetier, Leblanc, Janot, Lang and Dubost [1988]), 
both rational (l,l)-approximants of the respective icosahedral phases, was very helpful 
for their structure analyses. 

Ico-Al-Cu-Li and shortly later found stable ico-Ga-Mg-Zn (Ohashi and Spaepen 
[1987]) could both be prepared only with poor quality setting a limit for the achievable 


2.97A 


mm 


2.32 A 


Figure continued on p. 395 
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(c) 

Fig. AI6. (a) Schematical drawings illustrating how the =20 A columnar clusters (shown in sections) agglomer- 
ate to a Robinson triangle (coincidence lines are dotted), (b) Stacking principle along the full line drawn in the 
uppermost section of (a). The pentagons and decagons in the right upper part marked by a bracket form one 
half of a 54-atom Mackay icosahedron illustrated in (c). 

structural resolution. The discovery of very well ordered icosahedral quasicrystals in the 
systems Al-Cu-Me, with Me = Fe, Ru, Os (Tsai, Inoue and Masumoto [1987]; Tsai, 
Inoue and Masumoto [1988]b) and Al-Me-Pd, with Me = Mg, Mn, Re (Tsai, Inoue, 
Yokoyama and Masumoto [1990]; Koshikawa, Sakamoto, Edagawa and Takeuchi 
[1992]) brought the turning point. During the last years, structure analyses focused on 
ico-Al-Cu-Fe (Cornier-Quiquandon, Quivy, Lefebvre, Elkaim, Heger, Katz and 
Gratias [1991]; Cornier-Quiquandon, Bellisent, Calvayrac, Cahn, Gratias and 
Mozer [1993]) and ico-Al-Mn-Pd (Boudard, DeBoissieu, Audier, Janot, Heger, 
Beeli, Nissen, Vincent, Ibberson and Dubois [1992]). In both cases, the ternary phase 
diagrams have been intensively investigated and the phase transitions studied (Audier, 
Durand-Charre and DeBoissieu [1993]). 

3.3.1. Primitive hypercubic icosahedral phases 

Representatives of stable quasicrystals with superspace group Pm35 are ico- 
Al 73 Mn 21 Si 6 (Janot, DeBoissieu, Dubois, and Pannetier [1989]), ico-Al 6 CuLi 3 
(DeBoissieu, Janot, Dubois, Audier and Dubost [1991]; Yamamoto [1992]), ico- 
Ga 20 4 Mg 36 7 Zn 429 (Ohashi and Spaepen [1987]) and ico-Al 38 Mg 4 7 Pd 15 (Koshikawa, 
Sakamoto, Edagawa and Takeuchi [1992]). The structures of ico-Al 73 Mn 21 Si 6 and ico- 
A1 6 CuLi 3 (fig. A 19) were analysed using X-ray powder diffraction and neutron scattering 
techniques. Of the large number of papers dealing with other structure sensitive methods, 
only two HRTEM studies will be quoted (Hiraga [1991]; Nissen and Beeli [1993]). 
The results are shortly summarized as follows: 



References: p. 408. 


396 


W Sleurer 


App. Ch. 4, § 3 


Table A6 

Systems with icosahedral phases (approximate compositions given). The quasilattice constant a r = 1 /a ' , ooqoq is 
listed in the second column. The structures with face-centered hypercubic unit cells are marked by F, the 
ico-Al-Mn-Si structure type is labeled by A, and that of ico-(Al, Zn)-Mg by B. Stable quasicrystals are 

marked by asterisks. 


Al8sCr 15 

4.65 A 


A 

^186^14 



A 

Al 86 Mn 14 

4.60 A 


A 

Al-Mo 



A 

A1 78 RC22 



A 

A1 4 Ru 



A 

A1 4 V 

4.75 A 


A 

Al-W 



A 

Al(Cr,_ x Fex) 



A 

Al(Mn,. x Fe x ) 



A 

A^Cr^Sii, 

4.60 A 


A 

Al65Cr 20 _ x Fe x Ge 15 



A 

Al-Cr-Ru 



A 

*Al 65 Cu 2 oCr| 5 



A 

*Al 65 Cu 20 Fe 15 

4.45 A 

F 

A 

Al 6 5Cu 2 oMn 15 

4.51 A 

F 

A 

*A1 65 Cu 20 Os 15 

F 

A 

*A1 65 Cu 20 RU| 5 

4.53 A 

F 

A 

AlfiS^-UjoV |5 

4.59 A 


A 

Al 70 Fe2oTai 0 

4.55 A 


A 

Al 73 Mn 21 Si 6 

4.60 A 


A 

^^60^ n 20^ e 20 



A 

Al 73 , M n | -/ 5 Ru 4 Si 3 



A 

Al 74 Mn i 7 . 6 Fe 24 Si 6 

4.59 A 


A 

Al 75 Mn l5 Cr 5 Si 5 



A 

*^^7o.5Mn 8 jPdj, 

4.56 A 

F 

A 

* Al 70 ^PcLjo 5 Re 9 

4.60 A 

F 

A 

*A1-Mn-Pd-B 

4.55 A 

F 

A 

*A1-Cu-Mn-B 

4.51 A 

F 

A 


Zhang, Wang and Kuo [1988] 

Bancel, Heiney, Stephens, Goldman 
and Horn [1985] 

Shechtman, Blech, Gratias and Cahn 
[1984] 

Chen, Phillips, Villars, Kortan and 
Inoue [1987] 

Bancel and Heiney [1986] 

Anlage, Fultz and Krishnan [1988] 
Chen, Phillips, Villars, Kortan 
and Inoue [1987] 

Schurer, Koopmans and van der 
Woude [1988] 

Inoue, Kimura, Masumoto, Tsai and 
Bizen [1987] 

Srinivas, Dunlap, Bahadur and 
Dunlap [1990) 

Bancel and Heiney [1986] 

Tsai, Inoue and Masumoto [1988a] 
Ebalard and Spaepen [1989]; Tsai, 

Inoue and Masumoto [1988d] 

He, Wu and Kuo [1988] 

Tsai, Inoue and Masumoto [1988b] 

Tsai, Inoue and Masumoto [1988a] 

Tsai, Inoue and Masumoto [1988c] 
Gratias, Cahn and Mozer [1988] 

Tsai, Inoue and Masumoto [1988d] 
Heiney, Bancel, Goldman and Stephens 
[1986] 

Ma and Stern [1988] 

Nanao, Dmowski, Egami, Richardson 
and Jorgensen [1987] 

Tsai, Inoue, Yokoyama and 
Masumoto [1990] 

Yokoyama, Inoue and Masumoto [1992] 
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Table A6~Continued 


Al 72 Pd 25 V 3 


F 

A 

Al 7 oFe 13 Pd | 7 


F 

A 

Al 72 Cr 8 Pd 20 


F 

A 

Al 7 5 Co 10 Pd 13 


F 

A 

*A1-Pd-Cr-Fe 


F 

A 

*Al-Pd-Co-V 


F 

A 

*Al-Pd-Mo-Ru 


F 

A 

*Al-Pd-W-Os 


F 

A 

A^Mg^Pdj, 

4.63 A 

F 

A 

Al 7 oMg 8 Rh 22 


F 

A 

Ti 2 Fe 

4.72 A 

F 

A 

Ti 2 Mn 

4.79 A 

F 

A 

Ti 2 Co 

4.82 A 

F 

A 

Ti 2 ( Ni,V) 


F 

A 

T'i 5 6 Ni 28 Sii 6 

V 4 lNi 36 Si 23 

5.14 A 

F 

A 

A 

F 0 38 - 8 U 2 q 5 


A 

*Al 43 Mg 44 Pd 13 

5.13 A 


B 

*Al 6 CuLi 3 

5.04 A 


B 

Al 6 CuMg 4 

5.21 A 


B 

Al 51 Cu 1Z5 — 

(Li x Mg 365-x ) 

5.05 A 


B 

AljoLi^jMgy 

5.17 A 

F 

B 

Al 6 AuLi 3 

5.11 A 


B 

Al 5 |Zn, 7 Li 32 

5.11 A 


B 

Al5oMg3sAg I5 

Al-Ni-Nb 

5.23 A 


B 

B 

(Al,Zn) 49 Mg 32 

5.15 A 


B 

(Al,Zn,Cu) 49 Mg 32 

5.15 A 


B 

*Ga 16 Mg 32 Zn 5 2 

*Mg-Y-Zn 

*Mg-Y-Zn-Zr 

Nb-Fe 

5.09 A 


B 

B 

B 

B 


Tsai, Yokoyama, Inoue and 
Masumoto [1990] 


Yokoyama, Tsai, Inoue, 

Masumoto and Chen [1991] 

Koshikawa, Edagawa, Honda and 
Takeuchi [1993] 

Kelton, Gibbons and Sabes [1988] 

Zhang, Ye and Kuo [1985] 

Chatterjee and O'Handley [1989] 
Kuo, Zhou and Li [1987] 

Poon, Drehmann and Lawless [1985] 

Koshikawa, Sakamoto, Edagawa and 
Takeuchi [1992] 

Saintfort and Dubost [1986] 

Sastry, Rao, Ramachandrarao and 
Anantharaman [1986] 

Shen, ShiAet and Poon [1988] 

Niikura, Tsai, Inoue, Masumoto and 
Yamamoto [1993] 

Chen, Phillips, Villars, Kortan 
and Inoue [1987] 

Mukhopadhyay, Chattopadhyay, and 
Raganathan [1988] 

Henley and Elser [1986] 
Mukhopadhyay, Thangaraj, Chatto- 
padhyay and Ranganathan [1987] 
Ohashi and Spaepen [1987] 

Luo, Zhang, Tang and Zhao [1993] 
Tang, Zhao, Luo, Sheng and Zhang 
[1993] 

Kuo [1987] 
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Tabic A7 


Selected symmetry information on the six-dimensional superspace group Pm35. 
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Fig. A 17. (a) HRTEM image of decagonal Al 705 Mn 165 Pd l3 with a point to point resolution of 2 A, and (b) 
comparison with the projected decagonal Al-Mn structure (from Beeli and Nissen [1993]). (c) Physical space 
projection of the electron density of decagonal Al, 0 5 Mn 16 5 Pd 13 with large, and small Robinson triangles drawn 
in. 

(1) The hyperatoms occupy the Wyckoff positions (a), (b) and (c) (table A7), i.e., the 
vertices, the body center and the mid-edge positions of the six-dimensional 
hypercubic unit cell. In the case of ico-Al 73 Mn 21 Si 6 , one hyperatom is centered at 
(a), its core consisting of Mn and the surrounding part of Al/Si. The second 
hyperatom is located at the body center (b), (c) remains unoccupied. Ico-Al 6 CuLi 3 
has Al/Cu-hyperatoms at (a) and (c), and one Li-hyperatom at (b) (figs. A20 and A2 1). 

(2) The structures of ico-AL^Mn^Si^, ico-Al 6 CuLi 3 and their related crystalline phases 
show close resemblance in the six-dimensional description. This confirms the 
assumption that cubic a-Al 73 Mn 16 Si M and R-Al 5 CuLi 3 are (l,l)-approximants 
related to the icosahedral phases merely by a hyperspace rotation. 

(3) There exist orientation relationships for epitaxially grown a-Al 73 Mn 16 Si n on 
icosahedral Al 73 Mn 21 Si 6 : [100] of the cubic phase is parallel to a twofold direction 
of the icosahedral phase, and [111] is parallel to a threefold one. 
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Fig. A 19. Single crystal of ico-Al 5 ,CuLi 5 with triacontahedral shape (from Kortan, Chen, Parsey and 
Kimerling [ 1989)). 
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(4) a-Al 73 Mn l6 Sin contains a high percentage of atoms forming slightly distorted 
Mackay icosahedra (78.3%), and its structure can be described by a near-bcc 
packing of these 54-atom polyhedra. Ico-Al 73 Mn 21 Si 6 , on the other hand, contains 
66.6% of atoms in regular but often fragmented Mackay icosahedra. 

(5) R-A1 5 CuLi 3 can be described as bcc packing of distorted Pauling triacontahedra or 
104-atoms Samson complexes (fig. A22). These structure motifs are also locally 
present in ico-Al 6 CuLi 3 . In the Penrose tiling description, there are icosahedral 
clusters placed on the twelvefold vertices. 

3.3.2. Face-centered hypercubic icosahedral phases 

The face-centering of the six-dimensional hypercubic unit cell results from chemical 

15 
A 
10 

5 


0 

-5 
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Fig. A20. Cuts of six-dimensional partial hyperatomic density of ico-AI 6 CuLi 3 . (a) Al/Cu hyperatoms at the vertices, 
and mid-edge positions, (b) Li at the body center. Parallel-space atomic planes as obtained by a cut of the six- 
dimensional model; layer with twofold symmetry in (c), with fivefold symmetry in (d) (from Janot [1992]). 
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Fig. A21. Hyperatoms of the ideal ico-AI 6 CuLi 3 structure derived from the R-Al 5 CuLij structure: (a) vacant 
twelve-fold, (b) vertex AVCu, (c) mid-edge AVCu, (d) body-center Li surrounded by (e) AVCu hyperatoms. The 
domain (a) has to be subtracted from (b) to remove unoccupied twelve-fold vertices (from Yamamoto [1992]). 


ordering of the atoms. Therefore, the resulting structure may also be described as a 
superstructure, with twice the lattice parameters of the primitive hypercubic unit cell used 
in the preceding paragraph: the Wyckoff positions occupied are often named n, =(0 0 0 
0 0 0), n 2 = j(l 00000), bc,=Kl 1 1 1 1 1) and bc 2 =Kl 1 1 1 1 I). 

Representatives of stable quasicrystals with superspace group Fm35 are ico- 
Al-Cu-Me, with Me=Fe, Ru, Os (Tsai, Inoue and Masumoto, 1989; Tsai, Inoue and 
Masumoto [1988b]) and ico-Al-Me-Pd, with Me=Mn, Re (Tsai, Inoue, Yokoyama 
and Masumoto [1990]). Ico-Al 63 Cu 25 Fe 12 (Cornier-Quiquandon, Quivy, Lefebvre, 
Elkaim, Heger, Katz and Gratias [1991]; Cornier-Quiquandon, Bellisent, 
Calvayrac, Cahn, Gratias and Mozer [1993]) and ico-Al 705 Mn 85 Pd 21 (Boudard, 
DeBoissieu, Audier, Janot, Heger, Beeli, Nissen, Vincent, Ibberson and Dubois 
[1992]) were analysed using X-ray diffraction and neutron scattering techniques on 
single- and polycrystalline samples, and by HRTEM (Beeli, Nissen and Robadey 
[1991]; Hiraga [1991]; Krakow, di Vincenzo, Bancel, Cockayne and Elser 
[1993]). Ico-A1 65 Cu 20 Ru 15 was investigated by anomalous X-ray diffraction on poly- 
cristalline samples (Hu, Egami, Tsai, Inoue and Masumoto [1992]). The results of the 
structure analyses can be summarized briefly: 

(1) The hyperatoms occupy the positions n„ n 2 , be, and bc 2 , i.e. the vertices, mid-edge 
positions, and body centers of the subhypercubes of the six-dimensional face- 
centered hypercubic unit cell. In the case of ico-Al 63 Cu 25 Fe l2 , Fe is concentrated at 


References: p. 408. 


the core of hyperatoms centered on nj and n 2 and surrounded by successive shells 
of Cu and Al. Cu also occupies the body center be,, while bc 2 remains unoccupied. 
For ico-A^o jMngsPc^! (fig. A23) was found that Mn occupies the core of the 
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Fig. A22. Schematical illustration of the structure, and bcc packing of Pauling triacontahedra in R-Al 5 CuLi 3 (from Audier, Pannetier, Leblanc, 
Janot, Lang and Dubost [1988]). 
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Fig. A23. (a) Single crystal of ico-AljuMnajPd^ with shape like an (b) icosidodecahedron (from Tsai, Inoue, 
Yokoyama and Masumoto [1990]). 


hyperatom on n, surrounded by an intermediate Pd and one outer A1 shell, the 
hyperatom at n 2 consists of Mn surrounded by Al; at bc 2 a small Pd and at be, 
possibly a small Al hyperatom may be located (fig. A24). 

(2) The shapes of the hyperatoms for Al 63 Cu 25 Fe| 2 were assumed as a large triaconta- 
hedron at n,, a truncated triacontahedron of the same size at n 2 and a small 
polyhedron bounded by twofold planes at be, (fig. A25). For Al 705 Mn 85 Pd 2l only 
spherical hyperatomic shapes were used in the refinements. 

(3) Since the hyperatoms at the lattice nodes have a subset in common with the 
triacontahedra generating a canonical Penrose rhombohedra tiling, also a subset of 
the atoms in the three-dimensional quasicrystal structure is located on the vertices 
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of a Penrose tiling. The location of the other atoms, however cannot be described 
by a simple decoration of the unit tiles, a context dependent decoration would be 
necessary. 

(4) In the three-dimensional structure of ico-Al 705 Mn g5 Pd 21 two types of pseudo- 
Mackay cluster are present: type 1 refers to a large icosahedron of Mn/Al and a 
icosidodecahedron of Pd/Al, type 2 to a large icosahedron of Mn/Pd and a 
icosidodecahedron of Al. The small icosahedron core of MI is absent. 
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Za5-0(A) Za 5 =0.482(A) 



(b) [T,1.0]„ 

Fig. A24. (a) Cuts of six-dimensional partial hyperatomic density of ico-Al 705 Mn 85 Pd 2] for lattice nodes n,, and 
mid-edge positions n 2 (upper drawing), and the body centers be, of the subhypercubes of the F-hypercell (lower 
drawing), (b) Parallel-space atomic planes as obtained by cuts of the six-dimensional model (from Boudard, 
DeBoissieu, Janot, Dubois and Dong [1991]). 
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Fig. A25. The shapes of ihe hyperatoms in ico-Al 63 Cu 25 Fe 12 . (a) Fe/Cu/Al triacontahedral hyperatom in the 
origin n„ (b) mid-edge (n 2 ) Fe/Cu/Al hyperatom, and (c) Cu/Al hyperatom at be, (from 
Cornier-Quiquandon, Quivy, Lefebvre, Elkaim, Heger, Katz and Gratias [1991]). 
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1. Introduction 


Metallurgical thermodynamics is concerned with the equilibrium states of existence 
available to systems, and with the effects of external influences on the equilibrium state. 
The thermodynamic state of a system is defined in terms of state variables (or state 
functions) and the state variables occur in two categories; intensive variables such as 
pressure, P, and temperature, T, the values of which are independent of the size of the 
system, and extensive variables such as internal energy, U, and volume, V, the values of 
which are dependent on the size of the system. The simplest equation of state is the ideal 
gas law, 

PV = nRT (1) 


where n is the number of moles of the gas and R is the universal gas constant. In 
considering a fixed quantity of ideal gas, only two of the state functions in eq. (1) are 
independent and the other is dependent. Thus, in a three-dimensional diagram employing 
P, V and T as ordinates, the equilibrium states of existence of the fixed quantity of gas 
lie on a definite surface. In any reversible change of state of the gas the path of the 
process lies on this equilibrium surface, such that, in moving from the initial to the final 
state, the gas passes through a continuum of equilibrium states. Under such conditions 
the work , w, done on or by the gas during the process is given by: 


w - 



( 2 ) 


and thus the magnitude of w is dependent on the actual process path taken over the 
equilibrium surface between the final and initial states. In an irreversible process the 
state of the gas momentarily leaves the equilibrium surface while moving between the 
initial and final states. 


1.1. The First and Second Laws of Thermodynamics 

When a system undergoes a process in which it moves from one state to another, the 
change in the internal energy of the system, AU, is given by: 

A U = U 2 -U l =q-w, (3) 

where q is the heat entering or leaving the system and vv is the work done on or by the 
system during the change of state. For an increment of the process the change is: 

iU = dq- dw. (4) 

Equations (3) and (4) are statements of the First Law of Thermodynamics. By convention, 
heat entering the system and work done by the system are positive quantities. Equation 
(3) is remarkable in that, although the individual values of q and vv are dependent on the 
path taken by the system between the initial and final states, their algebraic sum (which 
is the difference between U 2 and f/,) is independent of the process path. Thus integration 
of eq. (4) to obtain eq. (3) requires that the process path be known and that the process 
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be conducted reversibly. 

The Second Law of Thermodynamics states that, for a reversible change of state, the 
integral of dq/T is independent of the process path. As one of the properties of a state 
function is that the difference between the values of the function in any two thermo- 
dynamic states is independent of the process path taken by the system in moving 
between the two states, the term dq/T is the differential of a state function. The state 
function entropy, S, is thus defined as: 

dS = d q rm / T. (5) 

If change in volume against an external pressure is the only form of work performed 
during a reversible change of state of a closed system, the work performed is given by 
eq. (2), and substitution of eqs. (2) and (5) into eq. (4) gives: 

d U = TdS - PdV. ( fi ) 

Equation (6), which is a combination of the First and Second Laws of Thermodynamics, 
gives the variation of U (as the dependent variable) with S and V (as the independent 
variables). 

From consideration of the difference between reversible and irreversible processes 
and the Second Law, eq. (6) gives the following criteria for thermodynamic equilibrium 
in a closed system of fixed composition: 

(i) S is a maximum at constant U and V ; 

(ii) U is a minimum at constant S and V. 

Equation (6) involves the extensive thermodynamic properties S and U as independent 
variables. Although it is possible to measure and, with sufficient ingenuity on the part of 
the experimenter, to control the volume of a system, experimental control of the entropy 
of a system is virtually impossible, and consequently the criteria for equilibrium obtained 
from eq. (6) are not of practical use. From the practical point of view it would be 
desirable to have an equation as simple in form as eq. (6) but in which the independent 
variables are the intensive properties P and T, both of which are amenable to exper- 
imental measurement and control. Such an equation would also provide a criterion for 
equilibrium in a constant pressure-constant temperature system. 


1.2. Auxiliary thermodynamic functions 


The required auxiliary state functions are generated by Legendre transformations of 
U. For example, in eq. (6), written as 

U=U(S,V), 

a Legendre transform, H, of U is obtained using: 


-P = 



U-H 
V-0 ' 


(7) 


At constant S, the tangent to the variation of U with V passes through the points U=U, 
V-V and U=H, V=0. Rearrangement of eq. (7) gives: 
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H=U+PV, 

which, on differentiation, gives: 

dH = dU + PdV + VdP. (8) 

Substitution of eq. (6) into eq. (8) gives: 

dH = TdS + VdP , (9) 

in which the extensive variable V has been replaced by the intensive variable P. The 
transform H is called the enthalpy. 

Writing eq. (9) as 
H=H(S, P), 

a Legendre transform, G, of H is obtained as: 

_ H ~ G 

Us A S-0 (10) 

or: G - H - TS, 


which, on differentiation, gives: 

dG = dH-TdS- SdT = -SdT + VdP, 


( 11 ) 


in which the extensive variable S has been replaced by the intensive variable T. This 
transform, G, is called the Gibbs free energy. Being dependent on the independent 
variables T and P, the Gibbs free energy is the most useful of thermodynamic functions 
and provides the practical criterion that, at constant T and P, thermodynamic equilibrium 
is established when the Gibbs free energy is minimized. 

A third Legendre transform yields the Helmholtz free energy, or work function A, 
defined as 

A = U- TS. 

In a multicomponent system containing n x moles of component 1, n 2 moles of 
component 2, n, moles of component i, etc.: 

G = G(T,P,n l ,n 1 , ...,n i ) 
and thus, 


(dG\^ 

' dG' 


' dG' 


' dG' 

— dr + 


d P + 


dn,+... 


\0T) 

,dP. 






The derivative 

Ug'I 


( 12 ) 


is of particular significance and is called the chemical potential, or the partial molar 
free energy, G r of the component i. Thus, in view of eq. (11), eq. (12) can be written as 
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d G = -SdT + VdP + ]TG,d/z,., (13) 

and the equilibrium state of any system undergoing any type of reaction at constant 
temperature and pressure can be determined by application of this equation. 


2. Metallurgical thermochemistry 


2.1. The measurement of changes in enthalpy 

In order to distinguish between the value of an extensive property of a system 
containing n moles and the molar value of the property, the former will be identified by 
the use of a prime ('), e.g., with respect to enthalpy, H' =nH. 

From eqs. (5) and (9), for a process occurring reversibly at constant pressure P: 
dH' = dq P , 

which, on integration, gives: 

AH'=q P . 

Thus, in a system undergoing a process in which the only work performed is the work 
of expansion or contraction against the constant pressure P, the change in enthalpy, AH', 
can be measured as the heat q P entering or leaving the system during the constant 
pressure process. In the case of heat entering the system the process involves an increase 
in the temperature of the system and the constant pressure molar heat capacity, c P , is 
defined as: 


' p d T l STJ P 


(14) 


The constant pressure molar heat capacity of a system can be measured by the methods 
of calorimetry. In metallurgical applications the measured values are fitted to an equation 
of the form 


c p = a + bT + cT 2 . 


For example, the constant pressure molar heat capacity of solid silver varies with 
temperature in the range 298-1234 K as: 

c . ( \ = 21.3 + 8.54 x 10' 3 r + 1.51 x 10 5 7 _2 J/K mole 

p.w) ' 

and hence, from eq. (14), the difference between the molar enthalpy of solid Ag at a 
temperature T and the molar enthalpy at 298 K is 
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A «=L^ dr 

= 21.3(7 - 298) + 4.27 x l(T 3 (r 2 - 298 2 ) 

- 1.51 x 10 5 | - - — Wmole, 

{T 298 J 7 

which is thus the quantity of heat required to raise the temperature of one mole of solid 
Ag from 298 K to T. 

Transformation of a low-temperature phase to a high-temperature phase involves the 
absorption of the latent heat of the phase change, e.g., the transformation of one mole of 
silver from the solid to the liquid state at the normal melting temperature of 1234 K 
requires a heat input of 11.09 kj. Thus at 1234 K the molar enthalpy of melting of Ag, 
A// m , is 

^m.Ag. 1234K = ^A«(1),1234K _ ^ Ag(s). 1234K = H'O^ltl. 


The molar heat capacity of liquid Ag is independent of temperature, c P >Ag(1) = 30.5 J/K 
mole, and the difference between the molar enthalpy of liquid Ag at a temperature T and 
the molar enthalpy of solid Ag at 298 K is 

f’ 234 A f T 

^Ag(\),T ~ ^Ag( s),298K “ J 29S C p.Ag(s)^ + ^m.Ag.\23AK + ] nM C p,Ag{\)^' 

As chemical reactions involve the absorption or evolution of heat, they also necessar- 
ily involve changes in enthalpy. For example, when conducted at 298 K, the oxidation 
reaction 

2Ag^ + \ 0 2(g) = Ag 2 Oj s j 

is accompanied by the evolution of 30.5 kJ of heat per mole of Ag 2 0 produced. Thus, 

q = AH = -30.5k}, 

or the system existing as one mole of Ag 2 0 has an enthalpy of 30.5 kJ less than the 
system existing as two moles of Ag and half a mole of oxygen gas at 298 K. 

As the enthalpies of substances are not measurable quantities, i.e., only changes in 
enthalpy can be measured (as the evolution or absorption of heat), it is conventional to 
designate a reference state in which the relative enthalpy is zero. This reference state is 
the elemental substance existing in its stable form at 298 K and P = 1 atm. In practice the 
designation of P = 1 atm is relatively unimportant as the enthalpies of condensed phases 
are not significantly dependent on pressure and the enthalpy of an ideal gas is indepen- 
dent of pressure. Thus, in the above example: 

A-^298 — ^Ag 2 0(s),298 _ ^ ^ Ag(s),29& ~ 2 ^0 2 (g),298’ 
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As H Ag(s)29S and # 0(g)298 are arbitrarily assigned values of zero, the relative molar 
enthalpy of Ag 2 0 at 298 K is simply equal to the experimentally-measured molar heat of 
formation of Ag 2 0 at 298 K. At any other temperature T: 

AH T = ^A g2 o,r — r — "2 fi 0i T 

~ H ,\g 2 0.29i + J 29(j C p.A gl O dT ~ 2 ^Ag.298 “ 2 J 298 C p,Ag d ^ 

~ T ^o 2 , 298 “ 1 J 298 C p,^ dT 

= AH 29S+ f 29s Ac p dT, 

where 


& C P ~ C p, Ag 2 0 2c P , Ag 2 c P ,o 2 • 

The enthalpy-temperature diagram for the oxidation of silver is shown in fig. 1. 


2.2. The measurement of entropy 

From eqs. (5) and (14), we find: 
dc l P 


d S = 


CpdT 


Thus, the variation of entropy with temperature at constant pressure is obtained from 
measured heat capacities as 


S T =S 0 +j T o ^dT. 

Nemst’s heat theorem, which is also known as the Third Law of Thermodynamics, 
states that all substances at complete internal equilibrium have zero entropy at 0 K, i.e., 
S 0 = 0. Thus, in contrast to enthalpies, the entropies of substances have absolute values. 

According to Gibbs, entropy is a measure of the degree of disorder in a system. Thus 
the entropy of the gaseous state is greater than that of the liquid state, which, in turn, is 
greater than that of the solid state. The transformation of a solid to a liquid at the normal 
melting temperature, T m , involves the absorption of A H m per mole. Thus, at T m , the molar 
entropy of the liquid exceeds that of the solid by the molar entropy of fusion, A S m , given 
by eq. (5) as: 

AS m =AH m tT m . 

This corresponds with the fact that the liquid state is more disordered than the solid state, 
and A S m is a measure of the difference in degree of order. For simple metals, with 
similar crystal structures and similar liquid structures, AS m lies in the range 8-16 J/K. 
This correlation is known as Richard’s rule. Similarly, at the normal boiling temperature, 
T b , the molar entropy of boiling, A S h , is obtained from the molar heat of boiling as: 
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AS b =AH b /T b . 


For simple metals AS b ~ 88 J/K, which indicates that the difference in disorder between 
the gaseous state at 1 atm pressure and the liquid state significantly exceeds the 
corresponding difference between the liquid and solid states. The correlation AH b = 8%T b 
is known as Trouton ’s rule. 

Although the degrees of disorder, and hence the entropies of condensed states, are not 
noticeably dependent on pressure, the entropy of a gas is a significant function of 
pressure. As the internal energy, U', of an ideal gas is dependent only on T, an iso- 
thermal compression of an ideal gas from P x to P 2 does not involve a change in U'. 
Thus, from eq. (3), the work of compression, w, equals the heat transferred from the gas 
to the isothermal surroundings at the temperature T. This transfer of heat from the gas 
decreases its entropy by the amount 


T T Jl 


2 PdV' 
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which, from eq. (1), gives: 

A S' = f 2 = - fnfld In P. 

Ji v 

Thus 

S' -S,' = nRX^PJP^ 

which corresponds with the fact that a gas at high pressure is a less disordered state than 
a gas at low pressure. 

As changes in entropy are caused by the transfer of heat, chemical reactions involving 
heat changes necessarily involve changes in entropy. At 298 K and 1 atm pressure, the 
molar entropies of Ag (s) , 0 2(g) and Ag 2 0 (s) are 42.7, 205 and 122 J/K, respectively. Thus 
the entropy change for the oxidation 

2Ag (8) +i0 2(g) =Ag 2 0 (s) 
at 298 is: 

AS = 122 - (2 x 42.7) - (0.5 x 205) = -65.9 J/K mole. 

This can be viewed in two ways: (i) the entropy decrease is due to the loss of the heat 
of oxidation from the reacting system, or (ii) the degree of disorder in the system 
existing as one mole of Ag 2 0 is less than that when the system exists as two moles of 
Ag and half a mole of oxygen gas at 1 atm pressure. 

The variation, with temperature, of the entropy change for the reaction is determined 
by the heat capacities of the reactants and products as: 

AS r = AS 298 + £(A Cp /7jdr 

The entropy-temperature diagram corresponding to fig. 1 is shown in fig. 2. 

From the definition of Gibbs free energy, eq. (10), the change in Gibbs free energy 
due to a chemical reaction occurring at a temperature T, A G T , is 

A G t = A H t - TAS t 

T T (15) 

= + LAc/r - rAS,„ - TjJSc,IT)iT. 

Thus, the variation of the change in Gibbs free energy with temperature can be 
determined from measurement of the variation, with temperature, of the constant pressure 
molar heat capacities of the reactants and products and measurement of the enthalpy 
change of the reaction at one temperature. For the oxidation of solid silver, such data 
give 

A G t = -34200 + 87.9 T - \.16T\nT - 10.8 x 10' 3 T 2 

(16) 

+ 3.2 X 10 5 7”‘J/ mole Ag 2 0. 
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temperature, K 

Fig. 2. The entropy-temperature diagram for the reaction 2Ag + j0 2 = Ag 2 0. 


3. Phase equilibrium in a one-component system 

m 

At constant T and P the equilibrium state is that in which the Gibbs free energy has 
its minimum possible value. In a one-component system the states of existence available 
are the gaseous and liquid states and the various allotropic or polymorphic forms of the 
solid state. At any T and P the state with the lowest Gibbs free energy is the stable state. 
For the transformation 

solid — » liquid: 

A G m (P. T) = G (I) (P, T) - G (s) (P, T) = A H m (P, T) - TA S m (P, T). (17) 

If AG m is negative, the transformation decreases the Gibbs free energy of the system 
and hence the liquid is stable relative to the solid. Conversely, if AG m is positive the 
solid is stable relative to the liquid. As absolute values of enthalpy cannot be measured 
it follows that absolute values of Gibbs free energy cannot be measured. Thus only 
changes in G can be measured. 

The solid and liquid phases coexist in equilibrium with one another in that state at 
which AG m = 0, i.e., where G d ) = G W From eq. (15), at any pressure P this equilibrium 
occurs at the temperature T m given by 
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T = AH m /AS„. 


and hence T m is the equilibrium melting temperature of the solid at the pressure P. From 
eq. (10), G is decreased by decreasing H and increasing S and hence nature prefers states 
of low enthalpy and high entropy. As H m > H (i) and S(D >S (s) the enthalpy contribution to 
G favors the solid as the stable state and the entropy contribution favors the liquid as the 
stable state. In eq. (17) the entropy contribution to AG is temperature-dependent and the 
enthalpy contribution is not. Thus, at high temperatures the former contribution domi- 
nates, at low temperatures the latter contribution dominates, and at a unique temperature 
T m the two contributions cancel to make AG = 0. 

For the two-phase equilibrium to exist. 



and maintenance of the two-phase equilibrium with variation in T and P requires that T 
and P be varied in such a manner that 


dG (1 ) - dG (s) 

or, from eq. (11), such that 

-S {l) dT + v {[) dP = -S {s) dT + v {s) dP, 


i.e., 

(dP / dT) eq = (S {1) - S (s) ) / (V {1) - lfo) = ASJAV m 

As equilibrium between the two phases is maintained, A H m = TAS m : 

(dP/dr)^ = AH m /TAV m . (18) 


Equation (18) is the Clapeyron equation, which, on integration, gives the variation of T 
and P required for maintenance of the two-phase equilibrium. Strictly, integration 
requires knowledge of the pressure and temperature dependences of A H m and AV m . 
However, for relatively small departures from the state P= 1 atm, T m , A// m and AV m can 
be taken as constants, in which case: 


P 2 -P^ 


Mm 

AV m 


In 


( ’T' \ 




Equation (18) can be applied to condensed phase-vapor phase equilibria by making the 
approximation AV= V (v) - V (condenSKjphase) = V (v) and assuming ideal behavior of the vapor 
phase, i.e., V M -RT/P, i.e.. 




PA/4 

RT 2 


(19) 


Equation (19) is the Clausius-Clapeyron equation. 
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If A H b (the molar enthalpy of boiling) is not a function of temperature (which 
requires c p(v) = c p(1) ), integration of eq. (19) gives 

, o A/f b 

In P = + const. , 

RT 

and if A H b is a linear function of T (which requires that A c p be independent of tempera- 
ture) given by AH bT = AH 0 + Ac p T, integration gives 

AH Ac 

In P + — - In T + const. 

RT R 

as either (i) the variation of the saturated vapor pressure with temperature or (ii) the 
variation of the equilibrium boiling temperature with pressure. Experimentally measured 
vapor pressures are normally fitted by an equation of the type 

InP - -AIT + Bln T + C. 

The solid, liquid and vapor states exist on surfaces in G-T-P space. The solid- and 
liquid-surfaces intersect at a line (along which G (1) = G (s) ) and projection of this line onto 
the basal P-T plane of the G-T-P diagram gives the pressure dependence of T m . 
Similarly the vapor- and liquid-surfaces intersect at a line, projection of which onto the 
basal P-T plane gives the variation, with temperature, of the saturated vapor pressure of 
the liquid. Similar projection of the line of intersection of the surfaces for the solid and 
vapor states gives the variation, with temperature, of the saturated vapor pressure of the 
solid. The three lines of two-phase equilibrium in G-T-P space intersect at a point, 
called the triple point, at which all three phases are in equilibrium with one another. 
Consideration of the geometry of the intersections of the surfaces in G-T-P space shows 
that, in a one-component system, a maximum of three phases can exist in equilibrium. 
Alternatively, as the three phases co-exist in equilibrium at fixed values of T and P the 
equilibrium is invariant, i.e., has no degrees of freedom. The phase diagram for H 2 0 is 
shown in fig. 3 and a schematic representation of the section of G-T-P space at 1 atm 
pressure is shown in fig. 4. In fig. 4, the slope of any line at any point is -5 for that state 
and hence the “steepness” of the lines increases in the order solid, liquid, vapor. Also the 
curvatures of the lines are (d 2 G/dT 2 ) p = - (dS/dT) p = - c/T. 

4. Chemical reaction equilibrium 

From eq. (13), at constant T and P, the Gibbs free energy varies with composition in 
a chemically reacting system as 

dG' = ^G,d«,. 

The reaction proceeds spontaneously in that direction which involves a decrease in Gibbs 
free energy, and reaction equilibrium is attained when, thereby, the Gibbs free energy is 
minimized, i.e., when dG' =0. 

Consider the water-gas reaction 
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temperature, °C 


Fig. 3. The phase diagram for H 2 0. 


H 2°(g) + C0 (g) “ H 2(g) + C0 2- 

At equilibrium: 

dG = G H; dtt H ^ + G C02 d« C02 — G H20 dn H20 — G co dn co = 0 

or, in view of the stoichiometry requirement 
_dw H 2 o = ~dn co = dn Hz = d n COi : 
dG - (G H2 + G C02 - G H20 - G co jdn H2 = 0 
Thus, at equilibrium: 

(C H2 + G c02 ) - (^h 2 o + ^co)- (20) 

The isothermal transfer of a mole of ideal gas i from the pure state at the pressure P i and 
temperature T to an ideal gas mixture at the partial pressure p, involves a change in 
Gibbs free energy: 

AG = G, -G, =RT\n{ Pi IP). (21) 
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temperature, °C 


Fig. 4. Schematic representation of the variations of G (I) , G (1) and G (t) with temperature at P = 1 atm for H 2 0. 


Again, as only changes in Gibbs free energy can be measured, it is convenient to select 
a standard state for the gas and consider the Gibbs free energy of the gas in any other 
state in terms of the difference between the free energy of the gas in this state and the 
free energy of the gas in the standard state. The standard state for an ideal gas at the 
temperature T is the pure gas at 1 atm pressure and in this state the Gibbs free energy is 
the standard free energy, designated G°. Thus eq. (21) can be written as: 

G, = G,° + RT\n p r (22) 

Substitution of eq. (22) into eq. (20) and rearrangement gives: 

K + G° 0 - G ° H2 0 - G c ° 0 ) = -RT In . (23) 

V Ph 2 oPco 

Being the difference between the standard free energies of the products and the standard 
free energies of the reactants, the left-hand side of eq. (23) is termed the standard free 
energy for the reaction at the temperature T, A G°, and, being dependent only on T, it 
has a definite fixed value at any T. Consequently the quotient of the partial pressures of 
the reactants and products occurring in the logarithm term on the right-hand side of eq. 
(23) has a fixed value at any T. This term is called the equilibrium constant, K p , and 
hence the equilibrium state in any reacting system is such that 
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AG® = -RT\nK p . (24) 

For the general reaction 

c d 

aA + bB = cC + dD: K=KcPjl 

PaPb 

Dalton’s law of partial pressures in an ideal gas mixture gives 
Pi = x,p. 

where X„ being the ratio of the number of moles of / in the gas to the total number of moles 
of all species, is the mole fraction of / in the gas and P is the total pressure of the gas. 
Thus 

K p = ^P c+d ~ a - b = K X P< +M , (25) 

where K x is the equilibrium constant expressed in terms of the mole fractions of the 
reactants and products occurring at reaction equilibrium. From the definition of A G®, K p 
is independent of pressure and hence, from eq. (25), K x is only independent of pressure 
if c + d- a-b = 0. 

From eqs. (24) and (15): 

A G® = -RT\n K p = Atf? - TAS®. 

Thus 


or 


In K p = 
din K p 

cfT 


A Hi A5“ 

- + — 

RT R 

A H° t 

RT 2 ‘ 


For the water-gas reaction: 

CO + H 2 0 = C0 2 + H 2 ; 

AG® = -36400 + 32.0TJ/mole; 

thus 


K P = exp 


36400 > | 

8.3144rJ CXp l 


-32.0 ^ 
8.3144/ 


The reaction of a moles of CO with b moles of H 2 0 produces x moles of each C0 2 and 
H 2 and leaves ( a - x ) moles of CO and ( b - x) moles of H 2 . Thus at any point along the 
reaction coordinate in a reacting mixture at the constant pressure P: 
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_ a ~ x 
Pco ~ . . P< 


a + b 

and at reaction equilibrium: 

Pco^Ph, x 2 


Pa 2 o — , t. Pco 2 — Ph 2 — 


PcoPn 2 o (« ~ x)(b - x ) 


a + b 


= K= exp 


a + b 


P, 


P^expf--^ 
18.31447V 1 8.3 144 J 


If one or more of the reactants and/or products occurs in a condensed state the 
attainment of equilibrium involves both phase and reaction equilibrium. For example, at 
a temperature T the equilibrium 

2Ag( s j + 2 ®2(g) = Ag 2 0 (s) (26) 

requires the establishment of the phase equilibria 
Ag (s) = Ag (v) and Ag 2 0 (s) = Ag 2 0 (v)> 

and, in the vapor or gas phase, requires establishment of the reaction equilibrium 

2Ag( v ) +y0 2 ^ = Ag 2 0( v ). (27) 

Conditions for the phase equilibria are p Ag = p a hg (the saturated vapor pressure of solid 
silver at temperature T) and p A ^ 0 = plgp (the saturated vapor pressure of solid Ag 2 0 at 
temperature T), and thus, as the equilibrium constant K for the vapor phase reaction, 
given by eq. (27), has a fixed value at temperature T, the equilibrium oxygen pressure, 
p Q , is uniquely fixed by: 


K 


0 

PAg 2 Q 


( „0 V 1/2 

(^Agj Po 2 

Alternatively, reaction equilibrium in the vapor phase requires that: 


2 G 


Ag(v) 


+ 2 Go 


'2(g) ^Ag 2 0(v)' 


and the two-phase equilibria require that: 


and 


(^Ag(v) ^Ag(s) 


= Ga 


u Ag 2 0(v) W Ag 2 0(s) ‘ 

From eq. (11), at constant I , dG = VdP, and hence eq. (29) can be written as: 




(28) 


(29) 


(30) 


(31) 


where G^ (s) is the standard molar free energy of solid Ag at temperature T. The integral 
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on the right-hand side of eq. (31) is negligibly small and hence eq. (31) can be written as: 

'**)■ (32) 


G° My)+ RT\npl s =Gl 


Similarly, eq. (30) can be written as: 

Substitution of eqs. (32) and (33) into eq. (28) gives: 


(33) 


2G S,W +t G 2„., +R7 ''n<=< 




Ag 2 0(s) - 


or AG® = -RT In — ^ — , (34) 

Poifa-T) 

where AG® is the standard free energy change for the reaction given by eq. (26) and 
Po (ec T) ’ s value of p Q required for equilibrium between Ag (s) , Ag 2 0 (s) and oxygen 
gas at temperature T. The variations of A//®, -TAS® and AG® [given by eq. (16)] are 
shown in fig. 5. Thus, from eq. (34), p Q ( 485 K) = 1 atm, at which temperature AG° = 0. 
At T<485 K, AG® is a negative quantity and hence p Q ( ^ < 1 atm. At 7’>485 K, AG® 
is a positive quantity and hence p 0 (cq n > 1 atm. 


5. Ellingham diagrams 

In 1944 Ellingham published diagrams showing the variation, with temperature, of the 
standard free energies of formation of a number of oxides and sulfides, and pointed out that 
these diagrams “would show at a glance the relative stabilities of the various substances 
within a given class at any temperature, and would thus indicate, in a direct fashion, the 
range of conditions required for their reduction to the corresponding elements. It would 
provide, in fact, what might be described as a ground plan of metallurgical possibilities 
with respect to the reduction of compounds of the specified class”. Such diagrams, which 
are now available for a wide range of classes of compounds, are known as Ellingham 
diagrams, and the Ellingham diagram for oxides is shown in fig. 6. (See also ch. 14, 
§2.1). 

In order to facilitate comparison of the stabilities of the various oxides, the standard 
free energies are for the reaction 
(2x/y)M + 0 2 = (2/ y)MjO v , 

i.e., for reactions involving the consumption of one mole of 0 2 . By choosing this basis: 
AG® = RT\np 02(tqT] , 

and hence, in addition to being a plot of AG ® versus temperature, the Ellingham diagram 
is a plot of the variation, with temperature, of the oxygen pressure, p 0 Tj , required for 
equilibrium between the metal and its oxide. The free energy change for the change of 
state 0 2 (T, P - 1 atm) — ¥ 0 2 (T, P= p 0 ) is: 
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Fig. 5. The variations of and AGj with temperature for the reaction 2Ag+jO, = Ag 2 0. 

AG r = jRTlnp 02 , 

and thus, in the Ellingham diagram, lines of constant p 0 radiate from the origin, A G° = 0, 
T= 0 K, with slopes of R In p 0 . Consequently, a nomographic scale of p 0 can be placed on 
the edges of the diagram and p 0(eq) at any point on an Ellingham line is obtained as the 
reading on the nomographic scale which is collinear with the given point and the origin of the 
diagram. The Ellingham diagram is thus a stability diagram, in that any point in the diagram 
lying above the Ellingham line for a given oxide is a state in which p 0(T) >p 0(eq T) 
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and hence, in all states above the line the oxide is stable relative to the metal. Converse- 
ly, any point lying below the Ellingham line for the given oxide is a state in whichp om 
<Po (eq T) an d hence, below the line, the metal is stable relative to the oxide. The 
Ellingham line thus divides the diagram into stability fields and, if it is required that a 
given oxide be reduced, the thermodynamic state must be moved from a point above the 
Ellingham line for the oxide to a point below the line, i.e., must be moved from a 
position within the oxide stability field to a position within the metal stability field. 

The magnitude of A G° is a measure of the relative stability of the oxide and hence, 
with increasing stability, the Ellingham lines occur progressively lower in the diagram. 
Consequently, in principle, the element A can reduce the oxide B/^,, if, in the diagram. 
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the Ellingham line for A^O^., lies below that for B^. 

Over the ranges of temperature in which no phase transitions occur the Ellingham 
lines are virtually linear, being given by 

AG® = A + BT. 

In this expression A, the intercept of the line with the T- 0 K axis, is identified with 
A H°, the standard enthalpy change for the oxidation, and B, the slope of the line, is 
identified with -AS®, the standard entropy change for the reaction. The Ellingham lines 
for the oxidation of solid and liquid metals are more or less parallel with one another, 
with slopes corresponding to the disappearance of one mole of oxygen gas in the 
standard oxidation equation. Consequently, the stabilities of these oxides are determined 
primarily by the magnitudes of their enthalpies of formation. 

At the temperature of a phase change the slope of the Ellingham line changes by an 
amount equal to the entropy change for the phase transition. The slope increases at the 
transition temperatures of the metal and decreases at the transition temperatures of the 
oxide. These changes in slope are most noticeable at normal boiling temperatures, e.g., 
at 1090°C the slope of the Ellingham line for MgO increases by 190.3 J/K, which is the 
entropy of boiling of 2Mg, and at 1484°C the slope of the Ellingham line for CaO 
increases by 174.2 J/K, the entropy of boiling of 2Ca. 

Carbon is unique in that it forms two gaseous oxides, CO and C0 2 , and the positions 
of the Ellingham lines for these oxides are of particular significance in extraction 
metallurgy. The Ellingham line for CO has a negative slope due to the fact that the 
oxidation 

2C + 0 2 = 2CO 

involves the net production of one mole of gas, and, because the oxidation 

C + 0 2 = C0 2 

does not involve a change in the number of moles of gas, the Ellingham line for C0 2 is 
virtually horizontal. The enthalpy change for the oxidation of C to form CO as C +j0 2 
= CO is - 111 700 J and the enthalpy change for the oxidation of CO to C0 2 as C0+j0 2 
= C0 2 is -282 400 J. Thus the standard enthalpy change for the Ellingham line for CO 
is 2x (-11 1700) = -223400 J and the standard enthalpy change for the Ellingham line for 
C0 2 is (-111700) + (-282400) = -394100 J. Thus, on the basis that the stability of an 
oxide is determined primarily by the magnitude of AH 0 , it would appear that C0 2 should 
be more stable than CO. However, as the Ellingham line for CO has a negative slope, 
which means that the stability of CO increases with increasing temperature, the Elling- 
ham lines for the two oxides intersect. Consequently, although C0 2 is more stable than 
CO at lower temperature, the reverse is the case at higher temperatures. The gaseous 
phase in equilibrium with solid carbon is a CO-C0 2 mixture in which the ratio p co /p co 
increases with increasing temperature. For a total pressure of 1 atm, the equilibrium gas 
contains less than 1% CO at temperatures less than 400°C, contains less than 1% C0 2 at 
temperatures greater than 980°C, and is an equimolar mixture at 674°C. The “carbon 
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line” in the diagram, which is the continuum of states in which carbon is in equilibrium 
with a C0-C0 2 mixture at 1 atm pressure, follows the C0 2 Ellingham line up to about 
400°C and then curves down gently to tangentially meet and join the Ellingham line for 
CO at about 1000°C. Along the carbon line the ratio p C (/Pco * s ^ xe< ^ by the equilib- 
rium 

C + C0 2 = 2CO, 
and, by virtue of the equilibrium 
CO + ^ 0 2 = C0 2 

the oxygen pressure is also fixed. Thus the carbon line divides the other oxides into two 
classes, those with Ellingham lines which lie above the carbon line, and those with 
Ellingham lines which lie below the carbon line. With respect to the former class, the 
carbon line lies in the stability field of the metal and hence carbon is a potential reducing 
agent for these oxides, whereas, with respect to the latter class, the carbon line lies in the 
oxide stability field and hence carbon cannot reduce the oxide. Furthermore, if the 
Ellingham line for a metal oxide intersects the carbon line, the temperature of inter- 
section is the minimum temperature at which the oxide may be reduced by carbon. Thus, 
for example, FeO cannot be reduced by carbon at temperatures less than 675°C. 

Whether or not carbon can be used as a reducing agent is determined by the stability 
of any carbide phase which may form, i.e., by the sign of the standard free energy for 
formation of the carbide from metal and carbon. For example, in the Ellingham diagram 
the carbon line intersects with the Ellingham line for Si0 2 at 1676°C, and hence above 
this temperature liquid Si is stable relative to Si0 2 in the presence of C and its equilib- 
rium C0-C0 2 gas mixture at 1 atm pressure. However, for the reaction 

Si^ + C = SiC, 

the standard free energy change is AG ° =-122600 + 37.07 7 J and hence SiC is stable 
relative to liquid Si in the presence of carbon at 1676°C and P= 1 atm. 

The stability fields in the system Si-O-C at 1676°C are shown in fig. 7 as functions of 
log p co and log p CQ . Line A is the variation of p c0 and p co required for the equilibrium 

Si (l) + 2C0 2 = Si0 2 + 2CO. 

Line B is the corresponding variation required for the equilibrium 
Si^ + 2CO = SiC + C0 2 , 

and line C is the variation for the equilibrium 
SiC + 3C0 2 = Si0 2 + 4CO. 

These lines divide the diagram into stability fields for Si, SiC and Si0 2 and meet at the 
values of p c Q and p co required for the four-phase equilibrium involving the three 
condensed phases Si, SiC and Si0 2 and the C0-C0 2 gas phase. Line D is the variation 
of p co and p co required for the equilibrium between carbon and the gas phase at 1676°C 
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Fig. 7. The stability diagram for the system Si-O-C at 1949 K. 


and, as such, represents the compositions of C0-C0 2 gas mixtures which are saturated 
with carbon. The field below line D is designated “unstable” gas, as any gas mixture in 
this field is supersaturated with carbon and hence will spontaneously undergo the carbon 
deposition reaction 


2CO -> C 


(graphite) 


+ C0 2 , 


until, thereby, the composition of the gas lies on line D. The dashed line is the (p co + 
p co ) = 1 atm isobar. Consequently, the system containing solid carbon and a gas phase 
at 1 atm pressure exists at the state a, and as this state is in the field of stability of SiC, 
Si0 2 is not reduced to Si by carbon at 1676°C. However, if the standard free energy for 
formation of SiC had been positive, lines B and C would have occurred below line D in 
the diagram and, as shown by the dashed-dotted extension of line A, the equilibrium 
Si-Si0 2 -C would occur at the state a, which is the state of intersection of the carbon line 
with the Ellingham line for Si0 2 in the Ellingham diagram. 
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6. The thermodynamic properties of solutions 
6.1. Mixing processes 

The relationship between entropy and the “degree of mixed-up-ness” is quantified by 
Boltzmann’s expression as: 

S' = k In W, 

where S' is the entropy of the system and W is the number of microstates available to the 
system*. In the simplest of mixing processes, W is the number of distinguishable 
arrangements of the constituent atoms on the sites available to them. Consider the mixing 
of N A atoms of solid A and N B atoms of solid B as the process: 

state 1 — » state 2, 

i.e., unmixed A and B — > mixed A and B. 

In state 1, interchange of the positions of A atoms in the crystal of pure A and/or 
interchange of the positions of B atoms in the crystal of pure B does not produce a 
distinguishably different arrangement and hence W subl = 1. However, the N A atoms of 
A and N B atoms of B can be placed on the N A + N B lattice sites of the mixed crystal 
(state 2) in (N A + N B )l ways, of which (N A + N B y./N A lN B l are distinguishable. Thus 

(Wdi 

Thus, for the process: 

(N + n Ii 

AS' = S' - s: = k In W 2 - Jfcln W, =k ln^ (35) 

N i N i 

If N a and N b are sufficiently large numbers, Stirling’s theorem can be applied as 

(N a +N b )\ . , , , 

ln ~~ T~, = + N B )\n{N A + N b ) - N a In N A - N B In N B 

yv A i iv B : 

= -/V A lnX A -/V B lnX B , 

where, respectively, X A and X B are the mole fractions of A and B in the mixed crystal. 
Thus, the change in entropy, A S' M , due to mixing, is 

AS' M = /tin (N a ln X A + N B ln X B ), 

and, if N A + N B = N 0 (Avogadro’s number) then the molar entropy of mixing is 


* The equivalence between this definition of entropy and the definition in terms of heat flow (§1.1) is 
demonstrated in general terms in many texts; a particularly clear treatment is provided in ch. 2 of Fast’s book 
(see bibliography). 
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A S M = -R(X a In X A + X B In X B ). (36) 

This increase in entropy is caused by the increase in the number of spatial configurations 
made available to the system as a result of the mixing process and, hence, is config- 
urational in origin. If there is no change in enthalpy on mixing, the Gibbs free energy 
change due to the mixing process is given by 

A G u = -TAS m = RT(X a In X A + X B In X B ). (37) 

Alternatively, consider the following. Consider that p A and p B are the saturated 
vapor pressures of pure A and pure B at temperature T and that p A and p B are the partial 
pressures of A and B exerted by the mixed crystal (or solid solution) of composition X A 
at temperature T. Consider that one mole of A is isothermally evaporated from pure solid 
A to form A vapor at the pressure p A , that the mole of A vapor is isothermally expanded 
to the pressure p A and is then isothermally condensed into a large quantity of the solid 
solution. As the evaporation and condensation processes are conducted at equilibrium, 
they do not involve any change in Gibbs free energy and hence the change in Gibbs free 
energy for the three-step process is simply that caused by the change in pressure from 
Pi to p A , i.e., 

AG = G A('ul tile solution) " G A(pore) = RT 111 (Pa < Pi \ 

Similarly, for the corresponding three-step process for B, 

AG = G B ( inlhcsolHlion) - G B ( pure ) = RT\n(p B /p B ). (38) 

Thus, for the mixing of n A moles of A and n B moles of B: 

AG' = G'(solution) - G'(unmixed A and B) 

= ( n A G A + ^B G b) “ ( n A G A + ^B G B ) 

= n A (G A -G“) + n B (G B -G B °), 

which, from eqs. (37) and (38), can be written for one mole of solution as 

A G M = RT\X A In (p A lp° A ) + X B ln (p B /p“)]. (39) 

Comparison of eqs. (37) and (39) indicates that, if the mixing process does not involve 
a change in enthalpy, 

Pa = X aPa and Pb = X bP°b- (40) 

Equation (40) is an expression of Raoult’s Law and a solution conforming with this 
behavior is said to exhibit Raoultian ideal behavior. If the energies of the pure states and 
the solution are considered to be the sums of the pair-wise bond energies between 
neighboring atoms, Raoultian ideal mixing requires that: 
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^AB — (^AA + £bb)/2, 


(41) 


where ^AB’ &AA and E m are the pair-wise bond energies of A-B, A-A and B-B pairs, 
respectively. If the condition given by eq. (41) is not met, the isothermal mixing process 
is accompanied by the evolution or absorption of heat, which, for mixing at constant 
pressure, represents a change in the enthalpy of the system. In such a situation random 
mixing of A and B atoms does not occur and hence the entropy of mixing is no longer 
given by eq. (36). 

Any change in the enthalpy on mixing arises from a redistribution of the atoms 
among their quantized energy levels and this gives rise to a change in the thermal (as 
distinct from the configurational) component of the entropy of the system. Boltzmann’s 
equation can be written as 


= V' + c' 

^ total °conf ’ ° thermal 


= k\n{W^W M ), 


where W conf is the number of distinguishable ways in which the atoms can be distributed 
on the available sites and W lhemMl is the number of ways in which the energy of the 
system can be distributed among the particles. Thus, for the mixing process, 

W W 

^ conf(2) ’’thermal^) 

W W ’ 

conf(I) mermal(l) 

and hence A S' is only given by eq. (35) if W lh ermoi(i> = W ltema ] ( 2 ), i.e., if no redistribution of 
the energy occurs, and hence no change in enthalpy occurs. This condition is required for 
Raoultian ideal mixing. If 

|£ab| > |(^AA ^Bb)/2[, 


the solution exhibits a tendency towards ordering, i.e., towards maximizing the number 
of A-B contacts, and if 

K\ < |(^AA ^Bb)/2|, 


the solution exhibits a tendency towards clustering or phase separation, i.e., towards 
minimizing the number of A-B contacts. 

Configurational entropy is responsible for the occurrence of vacancies in metals. Consider 
a perfect single crystal containing N atoms on N lattice sites. If a single atom is removed 
from a lattice position within the crystal and is placed on the surface of the crystal, random 
placement of the vacancy on N+ 1 sites gives rise to a configurational entropy of 

N ! 

This process involves an enthalpy change A H v and, as the vibration frequencies of the 
nearest-neighbor atoms to the vacancy are altered, a change occurs in the thermal 
entropy, AS,,,. Thus, for the formation of N v vacancies, 
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AG' = A//' - TAS' 


= W v Aff v - W v AS lh r + *rin 


{N + N v )\ 
AMA V ! 


= ^(A#, - N v AS th ) + kT 


N\n — — + AMn- N " 


N + N„ 


N + N„ 


(42) 


The formation of vacancies in an initially perfect crystal is thus a spontaneous process 
which proceeds until, thereby, the Gibbs free energy of the crystal is minimized, in 
which state 


MG' 

<W V 


= 0 . 


From eq. (42), this condition occurs when 


N + N v 


= exp 



The fraction of vacant sites in a crystal can be determined from simultaneous measure- 
ment of the thermal expansion of a sample, A///, and the change in the lattice parameter, 
A<3(/a 0 , as measured by X-ray diffraction (see ch. 18, §2.2.2.2). As the former is 
influenced by both the increase in the average spacing between lattice planes and the 
creation of vacancies, and the latter is a measure only of the average spacing between 
planes, the increase in the fraction of vacant lattice sites is proportional to the difference 
between A/// and Aa^/a B . Measurements of this type on aluminum give: 


N+N v 


= 1 1 exp 



from which AH v = 73 .3 kJ/mole and AS V = 20 J/K mole. At the melting temperature of 
660°C this gives the fraction of vacant sites as 9 x lCT*. 

The thermodynamic properties of solutions which do not exhibit Raoultian ideal 
behavior are dealt with by introducing the concept of activity. The activity, a„ of the 
component i in a solution is defined as: 

a, = pjp- (43) 

and, from eq. (40), is equal to the mole fraction, X,., in a Raoultian ideal solution. Thus, 
the molar free energy of formation of a binary A-B solution, A G M , is given by 

A G m = RT(X a In a A + X B In a B ). (44) 

The free energy of formation of n moles of a solution, A G' M , can be written in terms 
of the partial molar free energies of mixing of the components as: 
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A G ,m = n A AG" + «bAG b m 
or, the molar free energy, A G", as: 

A G" = X a AG" + X B AG B M , (45) 

where A G, M = G ( . - G° (the difference between the molar free energy of i in the 
solution and the molar free energy of pure i) is termed the partial molar free energy of 
mixing of i. The partial molar free energy of mixing of i and the molar free energy of 
formation of the solution are related as: 

f r'M N 

ag; m = ag m + (i-x,.) . (46) 

V dX ‘ Jt.p 

Comparison of eqs. (39) and (45) shows that in a Raoultian ideal solution 
AG; m = RT In X ; , 

and comparison of eqs. (39) and (44) shows that, generally, 

AG" = RT\na : . (47) 

A typical ideal variation of A G M with composition is shown in fig. 8. In this figure the 
tangent drawn to the free energy curve at any composition intercepts the X A = 1 axis at 
A G a and intercepts the X B = 1 axis at A G". This construction is a geometric represent- 
ation of eq. (46). Also, as X, -» 0, a t — » 0 and hence, from eq. (47), A Gf -» -«>, i.e., 
the vertical axes are tangents to the curve at its extremities. The relationship between the 
variations of the tangential intercepts with composition is given by the Gibbs-Duhem 
equation: 

X A d In a A + X B d In a B = 0. (48) 

Usually, the activity of only one component of a solution is amenable to experimental 
measurement, and the activity of the other component, and hence AG", are obtained from 
integration of the Gibbs-Duhem equation. 

The activity coefficient, y,, is defined as y, = a/X t and hence eq. (44) can be written as: 

AG" = RT{X a In X A + X B In X B ) + RT(X a In y A + X B In y B ). (49) 

The first term on the right-hand side of eq. (49) is the molar free energy of formation of 
a Raoultian ideal solution, A G" ad , and the second term, being the difference between the 
actual molar free energy of solution and the ideal value, is called the excess molar free 
energy of mixing, G“. 

6.2. Regular solution behavior 

A regular solution is one which has an ideal entropy of mixing and a nonzero 
enthalpy of mixing. The properties of such a solution are best examined by means of a 
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Fig. 8. The variation of AG M with composition in an ideal system at 1000 K. 


simple statistical model of the mixing of N A atoms of A and N B atoms of B. If the 
internal energy, U\ of the solution can be taken as the sum of the pair-wise bond 
energies then 

U = ^AB^AH + ^AA^AA + ^BB^BB' (50) 

where P i} is the number of i—j pairwise bonds and E ;j is the energy of the bond relative 
to i and j at infinite separation. If the coordination number of an atom is z, the number 
of bonds involving A atoms, N A z, is given by 2P AA + P m and, similarly, the number of 
bonds involving B atoms, N B z, is given by 2P BB +P AB . Thus: 

P*A ~ T ^A 2 _ T ^AB an ^ ^BB = ^ N b Z — Pad, 
substitution of which into eq. (50) gives: 

^ — 2 N a zE aa + N b zE bb + + £^ b )/2]. 

The first two terms on the right-hand side represent the internal energies of N A atoms of 
A and N B atoms of B before mixing and hence, for the mixing process: 
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At/'^AB^AB 

~(E AA + E BB )/2\ 

(51) 


If the mixing process, conducted at constant pressure, does not involve a change in 
volume, then, as PAV' =0, AH' = AU‘ and eq. (51) is the expression for the enthalpy of 
mixing. As random mixing of the atoms is assumed, the number of A-B bonds is 
calculated as the product of the probability of occurrence of an A-B pair and the number 
of pairs of atoms. The former is given by: 

2 N b 

n a + n b n a + n b ’ 

and the latter is j( N A + N B )z , and hence: 

-Ka + £bb)/2]. (52) 

' V A + ' V B 

For the mixing of n A moles of A (= n A N 0 atoms of A) and n B moles of B (= n B N 0 atoms 
of B), eq. (52) becomes: 

Aff' - M^ab - ( E aa + £bb)/2]. 

n A +«B L 1 

or, per mole of solution: 

A H M = X A X B iV 0 z[£ AB - (E M + £ bb )/2]. 

If 1^1 >1^ + E bb / 21, AH™ is negative, which leads to exothermic mixing, and if 
I^aaKK^aa + E bb /2\, AH™ is positive, which leads to endothermic mixing. On the other 
hand, if E AB is the average of E^ and ^BB> AH™ is zero and Raoultian ideal mixing 
occurs. For any given system, 

^ = ^o 2 [^ab — (^aa + -®bb)/2] 

is a constant, and hence, in a regular solution, AH™ is a parabolic function of com- 
position, given by: 

AH™ = HX A X B , (53) 

and AS™ = -R(X a In X A + X B In X B ). (36) 

For any extensive thermodynamic property Q, the relationship between AQ™ and 
AQ W in a binary system is given by: 

40"=Ae"+(l-xi^', 

V ° X i 

and thus, in a regular solution, from eq. (53): 
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a h, m = n(i - x,.) 2 , 

and from eq. (36): 

A S, M =-RlnX i . 

The partial molar free energy of mixing of i can be expressed variously as 
AG, W = A H* 1 - TAS, m = A + G,™ = RTlnX. + RT lny,., 
and hence, in a regular solution: 

U” = A H” = RT In y, = fi(l - X f ) 2 . 

Consequently, the limiting values of y, as X t — » 1 and X i -> 0 are unity and exp((l/ RT), 
respectively; i.e., with increasing dilution, the solvent approaches Raoultian ideal behavior 
and the activity coefficient of the solute approaches a constant value designated y° . The 
tendency of y, towards a constant value as X, — » 0 is expressed as Henry’s Law, i.e.: 

7 , -> y° as X ; -> 0, 

and if y f is constant over some finite range of composition of dilute solution of i, 
component i is said to exhibit ideal Henrian behavior in this range, its activity being 
given by: 



Application of the Gibbs-Duhem relation, eq. (48), shows that, over the composition 
range in which the solute B exhibits ideal Henrian behavior, the solvent A exhibits ideal 
Raoultian behavior. 


The occurrence of Henrian ideal behavior gives rise to the concept of the Henrian 
standard state, illustrated in fig. 9 which shows the activity of B as a function of 
composition in the system A-B. The Raoultian standard state is pure B, located at the 
point R where a B - 1. If, however, pure B behaved as it does in dilute solution in A, 
extrapolation of its activity along the Henry’s Law line would give an activity of y° B in 
the hypothetical pure state at X B =1, relative to the Raoultian standard state. This 
hypothetical pure state is the Henrian standard state, located at the point H in fig. 9, and, 
relative to this standard state, the activity of B in any solution, h B , is 

= b> 

where f B is the Henrian activity coefficient. In the range of dilute solutions over which B 
exhibits Henrian ideal behavior, f B — 1 and hence: 

K = x B . 

If the vapor pressure of B in the Raoultian standard state is p B , then the vapor pressure 
of B in the Henrian standard state is y\p B , and hence the change of standard state. 
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Fig. 9. Illustration of the Raoultian and Henrian standard states. 


D ID 

(Raoultian standard state) ( Herman standard state) * 

corresponds to 

0\ ^ n Q\» 

I vapor at pressure p$ I I vapor at pressure y^PB I 

with a free energy change of 

H) = RT In y®. 


7 . The thermodynamic origin of phase diagrams 


In the definition of activity, given by eq. (43), pf is the vapor pressure of pure i at 
the temperature of interest. However, depending on the convenience of the situation, 
either pure solid i or pure liquid i can be chosen as the standard state. At temperatures 
below the triple point, p ° so lid) < p dliqilid) , and so the activity of i in a solution, relative to 
pure solid i as the standard state, is larger than the activity relative to pure liquid i as the 
standard state. Conversely, at temperatures higher than the triple point temperature the 
reverse is the case. The activities on the two activity scales are related as 


^‘(relative to solid standard slate) 
^/(relative to liquid standard state) 


4 ^ = 

P /(solid) 
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Consider the molar free energies of mixing in the system A-B, the phase diagram for which 
is shown in fig. 10a. For simplicity of discussion it will be assumed that both the solid and 
liquid solutions exhibit ideal Raoultian behavior. The molar free energies, at temperature T, 
are shown in fig. 10b. Pure liquid A and pure solid B are chosen as the reference states and 
are located at points a and b respectively. G A(S) is located at c, where G A(S) - G A(1) = -AG° a 
at temperature T, and G B(I) is located at d where G B(I) - G B(S) =AG° B at temperature T. 
Thus, relative to unmixed pure liquid A and pure solid B as the reference state, the molar 
free energy of the unmixed pure liquids (given by line ad) is X B AG° B and the corre- 
sponding free energy of the unmixed pure solids (given by line cb) is -X a A G^ a . Upon 
mixing to form Raoultian ideal solutions, the molar free energies decrease by \RT{X A 
In X A + X B lnX B l and hence, relative to the chosen reference state: 

AG M (solid solutions) = -X a AG° a + RT(X a lnX A + X B In X B ), 
and 

AG M (liquid solutions) = X B AG° B + RT(X a In X A + X B In X B ). 

The double tangent drawn to the two free energy curves touches the curve for the 
solid solutions at g and the curve for the liquid solutions at f, with the intercepts at 
X A = 1 and X B = 1 being e and h respectively. As the equilibrium state is that of minimum 
free energy, points f and g divide the composition range into three regions. At com- 
positions between a and f the homogeneous liquid solution has the lowest possible free 
energy and at compositions between g and b the homogeneous solid solution has the 
lowest possible free energy. However, at compositions between f and g, a two-phase 
mixture of liquid solution of composition f and solid solution of composition g, the free 
energy of which lies on line fg, has a lower free energy than both the homogeneous solid 
solution and the homogeneous liquid solution. Thus point f is the limit of solution of B 
in liquid A and g is the limit of solution of A in solid B, and so points f and g are, 
respectively, the liquidus and solidus compositions at temperature T. 

Furthermore, for phase equilibrium: 

G A (in liquid solution f) = G A (in solid solution g), 

and: 


G B (in liquid solution f) = G B (in solid solution g) 
or AG a (in liquid f) = AG A (in solid g), 
and: 

AG B M (in liquid f) = AG B M (in solid g). 

These requirements state that, for phase equilibrium, the tangent to the molar free energy 
curve for the liquid solutions at the liquidus composition f is also the tangent to the 
molar free energy curve for the solid solutions at the solidus composition g. Geometrical- 
ly, this condition is such that, simultaneously. 
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Fig. 10. (a) The phase diagram for the system A-B. (b) The ideal free energy of mixing curves for the system 
A-B at temperature T. 

ca + ae = ce and db + bh = dh, (54) 

where: ce = A G^ (relative to solid A as the standard state) 

= RT In X A (at the composition g), 
ae = A (relative to liquid A as the standard state) 

= RT In X A (at the composition f), 
dh = A Gg (relative to liquid B as the standard state) 

= RT In X B (at the composition f), 
and bh = AGg (relative to solid B as the standard state) 

= RT In X B (at the composition g). 
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Thus eqs. (54) become: 

AG® A + RT In X A (liquidus) = RT In X A (solidus), 
and 

-AG°, b + RT In X B (solidus) = RT In X B (liquidus). 

As X A (liquidus)+X B (liquidus)= 1 and X A (solidus)+X B (solidus) = 1, the solidus and 
liquidus compositions (in a Raoultian system) are thus uniquely determined by the values 
of AG“ a and AG„° B as: 

x 1 ~ ex P(~AG° B //?r) 

A(liquidus) j _ [ eX p(_ AG) 0 /flr)][eXp(AG„° , A / RT)\ 

and 

_ exp(AG° A /i?r)[l - exp(-AG° B //?r)] 

^Atsoiidu,) - ! _ [ e xp(-AG,“ B / /? 7 ’)][ exp ( A G° A /^r)] ' 

The phase diagram for the system Si-Ge, calculated from eqs, (55) and (56) and the 
known variations of AG^ Si and A G^ with temperature, is compared, in fig. 11, with 
the liquidus and solidus lines determined experimentally by thermal and X-ray analysis. 
As is seen, the behavior in the system is very close to Raoultian. 

Raoultian behavior is very much the exception rather than the rule, and even 
complete mutual solid solubility between A and B requires that A and B have the same 
crystal structure, similar atomic sizes, similar electronegativities, and similar valences. 
The requirement of similar atomic size arises from the introduction of a strain energy 
into the lattice when the solvent and substitutional solute atoms are of differing size. This 
strain energy always increases the Gibbs free energy and, hence, can significantly 
influence the phase relationships in the system. It is found that terminal solid solutions 
extend only a few atomic percent into a binary system if the atomic diameters differ by 
more than 14%. Significant differences in electronegativity cause the formation of 
intermetallic compounds such as Mg 2 Si, Mg 2 Sn and Mg 2 Pb, and differences in valences 
can cause the formation of electron compounds such as occur in the systems Cu-Zn and 
Cu-Sn. 

Although Cu and Ag are chemically similar, the atomic radius of Ag is 13% larger 
than that of Cu and hence, as shown in fig. 12a, Cu and Ag form a simple eutectic 
system. In this system it is presumed that Ag exhibits Raoultian ideal behavior in the Ag- 
rich a-solid solution and that Cu exhibits Raoultian ideal behavior in the Cu-rich /3-solid 
solution. Consequently Cu in a and Ag in /3 exhibit Henrian ideal behavior and, at 1000 
K, the activities of the components, relative to the pure solids as standard states, are as 
shown in fig. 12b. At 1000 K, saturation of the a-phase with Cu occurs at X Ag = 0.9, and 
hence, as Ag obeys Raoult’s law in the a-phase, a Ag = 0.9 at this composition. Phase 
equilibrium between a saturated with Cu and /3 saturated with Ag requires that the 


(55) 


(56) 
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Fig. 11. Comparison of the phase diagram for the system Si-Ge as determined experimentally by X-ray and 
thermal analysis, with that calculated assuming Raoultian ideal behavior in both the solid and liquid solutions. 

activities of both Ag and Cu be the same in both phases, and hence a Ag = 0.9 in the Ag- 
saturated /3 -phase of composition X Ag = 0 .04. Similarly, a Ca = 0.96 in the Ag-saturated /3 
(at X Ql = 0.96) and in the Cu-saturated a (at X Ag = 0.9). Thus, in the a-phase, Henrian 
behavior of Cu is given by: 

a cu = 9.6Xc, (57) 

and in the /3 -phase, Henrian behavior of Ag is given by: 
a Ag = 22.5X Ag . 


8. Reaction equilibrium involving solutions and the Gibbs phase rule 

8.1. The dependence of the equilibrium state on activity 

In §4 it was shown that, at constant temperature and pressure, equilibrium is 
established in the reaction 

aA -t- bB = cC + dD, 

when 

aG K + bG B = cGq + dG D . (58) 


References: p. 469. 




448 




Ch. 5, § 8 


Metallurgical thermodynamics 


449 


where the quotient in the logarithm term is K T the equilibrium constant for the reaction. 

Consider the oxidation, at 1000 K, of Cu from an Ag-Cu alloy of X Cu = 0.08. From 
eq. (57), the activity of Cu in this alloy, relative to pure solid Cu as the standard state, 
is 

a Cu = 9.6X Cu = 9.6 x 0.08 = 0.768. 

For the reaction: 


4Cii( s ) + 0 2 ^ - 2 Cu 2 0 (s) 

A G° = -336810 + 142.57’ J. 

Thus, AG “ooo =-194300 J = -8.3144x 1000 lnK l0m and so: 


^iooo =1.41x10'° =-£?&-, 


(59) 


a CuPo 2 

Oxidation of the Cu occurs when the oxygen pressure in the system has been increased 
to the level at which a Cu0 = 1. From eq. (59) this oxygen pressure is: 

1 

Po 2 = 


(0.768) 4 x 1.41 x 10 10 
From eq. (16), AG^ for the reaction 
2Ag (s) + i 0 2(g) = Ag 2 0 (s) 

has the value 31 062 J. Thus: 


= 2.04 x 10 _10 atm. 


K„ 


. a Ag,0 

— n il2 

a AgPo 2 


0.024. 


Thus, with a Ag = 0.92 (Raoultian behavior in the a -solid solution) and p 0 =2.04x 10 10 
atm: 


a Ag 2 0 


2.9 x 10" 7 , 


which shows that the equilibrium oxide is virtually pure Cu 2 0. As the oxygen pressure 
in the system is further increased, the Cu content in the alloy decreases in accordance 
with eq. (59). Thus the alloy in equilibrium with virtually pure Cu 2 0 and air (oxygen 
fraction 0.21) at 1000 K is that in which 


#rs. — 


l 


1.41 x 10 10 x 0.21 


1/4 


or X Cu = a Cu / 9.6 = 4.5 x 10 


0.0043, 


At this oxygen pressure the activity of Ag 2 0 in the equilibrium oxide phase, with a Ag = 
1, is: 
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fl Ag2 o = 0.024 x 1 x 0.21 1/2 = 0.011, 
and so the equilibrium oxide phase is still essentially pure Cu 2 0. 


8.2. The Gibbs phase rule 

The complete description of a thermodynamic system containing C components 
existing in P phases requires specification of the temperatures, pressures and com- 
positions of each of the P phases. As the composition of each phase is defined when the 
concentrations of C - 1 of its components are known, the total number of variables in the 
description is P pressures + P temperatures + P(C - 1) concentrations =P(C+ 1). For 
thermodynamic equilibrium in the system, each of the P phases must be at the same 
temperature and same pressure and the activity (or partial molar free energy) of each of 
the individual components must be the same in each of the P phases. Thus, for equilib- 
rium, there are (P - 1) equalities of temperature, (P - 1) equalities of pressure and (P - 
1)C equalities of activity, and hence the total number of equilibrium conditions, given as 
the number of equations among the variables of the system, is (P - l)(C + 2). The 
number of degrees of freedom, F, which the equilibrium system may have, is defined as 
the maximum number of variables which may be independently altered in value without 
disturbing the equilibrium in the system. This number is obtained as the difference 
between the total number of variables available to the system and the minimum number 
of equations among these variables that is required for maintenance of the equilibrium, 
i.e.: 


F = P{C + 1) - {P - 1)(C + 2) 
= C + 2 - P. 


(60) 


Equation (60) is the Gibbs phase rule and is a powerful tool in the determination of 
possible equilibria which may occur in multicomponent, multiphase systems. 

In the simplest of applications, i.e., in a one-component system, F=3-P. Thus, with 
reference to the phase diagram for H 2 0, shown in fig. 3, for the existence of a single 
phase F = 2 and so the pressure and temperature can be varied independently without 
disturbing the equilibrium, i.e., with F= 2 the state of the system can be moved about 
within the area of stability of the single phase in the pressure-temperature diagram. 
However, for a two-phase equilibrium the state of the system must lie on one of the lines 
in fig. 3 and thus only the pressure or the temperature can be varied independently. From 
the phase rule, F= 1 and hence the two-phase equilibrium is univariant. The triple point, 
where the three phases are in equilibrium, occurs at fixed values of temperature and 
pressure, in accordance with F = 0 from the phase rule. The three-phase equilibrium is 
thus invariant and three is the maximum number of phases which can be in equilibrium 
with one another in a one-component system. 

In a binary system, the inclusion of a second component adds an extra degree of 
freedom to each equilibrium and hence the maximum number of phases which can be in 
equilibrium with one another in a two-component system is four. However, phase 
diagrams for binary systems of metallurgical interest are normally presented for a 
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pressure of 1 atm, i.e., they are the 1 atm isobaric sections of the phase equilibria 
occurring in pressure-temperature-composition space, and hence one of the degrees of 
freedom is used in specifying the pressure. Thus, at an arbitrarily selected pressure such 
as 1 atm, the maximum number of phases which can exist in equilibrium with one 
another in a binary system is three (unless, by chance, the arbitrarily selected pressure 
happens to be that at which an invariant four-phase equilibrium occurs). In the binary 
system A-B, considered at constant pressure, the available variables are T, a A and a B . For 
the existence of a single phase, such as a, (3 or liquid in fig. 12a, the phase rule gives 
F=2, and hence any two of T, a A and a B may be varied independently. For any two- 
phase equilibrium, F= 1 and hence the specification of any one of the three variables 
fixes the state of the system. For example, specification of the temperature at which the 
two-phase equilibrium exists fixes the compositions of the equilibrated phases on the 
appropriate liquidus, solidus or solvus lines; and specification of the composition of one 
of the equilibrated phases fixes the temperature at which the chosen composition lies on 
the appropriate liquidus, solidus or solves line and fixes the composition of the second 
phase at the other end of the tie-line between the two equilibrated phases. The three- 
phase equilibrium with F= 0 is invariant, and, in fig. 12a, the eutectic equilibrium occurs 
at a fixed temperature at which the compositions of the a, f3 and liquid phases are also 
fixed. 

If some, or all, of the components of a system can react chemically with one another 
to produce new chemical species, a distinction must be drawn between the terms 
component and species. For example the components silver and oxygen in the binary 
system Ag-O are capable of reacting to form the new species Ag 2 0, and hence an 
equilibrium among the three species Ag, Ag 2 0 and 0 2 can occur in the two-component 
system. The equilibrium among Ag, Ag 2 0 and 0 2 is called an independent reaction 
equilibrium. In a system containing N species and existing in P phases among which 
there are R independent reaction equilibria, the number of variables is P(N+ 1), i.e., P 
pressures + P temperatures + P(N - 1) concentrations. However, if the species i and j 
react to form the species k, reaction equilibrium requires that 

G i + G j = G k> 

and this is an additional equation required among the variables. Thus, if R independent 
reaction equilibria occur, the number of equations among the P(N+ 1) variables, required 
for equilibrium is ( P - 1) equalities of temperature +(P - 1) equalities of pressure + (P 
- 1 )N equalities of activity + R = (P- \)(N+2) + R, and hence the number of degrees of 
freedom, F, is 

F = P(N + 1) - (P - \)(N + 2 )-R 
- (N - R) + 2 - P. 

Comparison with eq. (60) indicates that 

C = N - R f (61) 
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i.e., the number of components in a system equals the number of species present minus 
the number of reaction equilibria. Equation (61) is normally used to calculate the number 
of independent reaction equilibria from knowledge of the number of components and the 
number of species. For example, in the two-component system Ag-O, the independent 
reaction equilibrium among the three species is 

2Ag + \ 0 2 = Ag 2 0. 

For equilibrium among the phases metal, metal oxide and oxygen gas in the two- 
component system, F= 1 and thus only T or p Q can be selected as the single degree of 
freedom. Selection of T fixes A G° and hence, via eq. (34), fixes p 0 , and vice versa. 

Consider the various equilibria which can occur in the ternary system Si-C-O, for 
which a stability diagram is shown in fig. 7. It can be considered that this system 
contains the six species Si, Si0 2 , SiC, C, CO and C0 2 , and hence R = 6-3, i.e., there are 
three independent reaction equilibria. These are derived as follows. The chemical reaction 
for formation of each compound from its elements is written: 

Si + 0 2 = Si0 2 , 

Si + C = SiC, 

c + o 2 = co 2 , 
c + t o 2 = CO. 

These equations are then combined in such a way as to eliminate any elements which are 
not considered as species in the system, and the minimum number of equations so 
obtained, is the number of independent reaction equilibria, R. In this case oxygen is not 
considered as species, and elimination of 0 2 gives: 


C + C0 2 — 2CO, 

(i) 

Si + C = SiC, 

(ii) 

and 


Si + 2C0 2 = Si0 2 + 2CO 

(iii) 

as the independent equilibria. From the phase rule, the maximum number of phases 
which can coexist in equilibrium is five (the condensed phases Si, Si0 2 , SiC, C and the 


gas phase C0-C0 2 ). This equilibrium is invariant and occurs at the temperature at 
which A G ( l) = 0 and at the pressure P=p co + p co at which K (i)T = p co /p co and A r (iii) T 
= ( PcJPco ) 2 are simultaneously satisfied. If the temperature is arbitrarily fixed, as is the 
case in fig. 7, the maximum number of phases which can coexist in equilibrium is four 
(three condensed phases and a gas phase). One such equilibrium occurs in fig. 7 at point 
b. For the coexistence of two condensed phases and a gas phase at the arbitrarily selected 
temperature, F= 1, and such equilibria lie on the univariant lines A, B, C and D in fig. 
7, and for equilibrium between a single condensed phase and a gas phase, F= 2, 
corresponding to areas of single condensed phase stability in fig. 7. 

Occasionally situations are found in which it might appear, at first sight, that the 
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phase rule is not obeyed, and usually, in such situations a degree of freedom is used by 
a condition of stoichiometry in the system. For example, in the reduction of ZnO by 
graphite to produce Zn vapor, CO and C0 2 , it might appear that the three-phase 
equilibrium (ZnO, C and the gas phase) in the three-component system (Zn-O-C) has 


F=5-3 = 2 degrees of freedom, and that, with the five species ZnO, C, Zn (v) , 
C0 2 , two independent reaction equilibria occur, which can be selected as 

CO and 

Zn0 (s) + C (gr) = Zn (v) + C0 (g) 

(iv) 

and 


2Zn0 (s) + C (gr) = 2Zn (v) + C0 2(g)’ 

(v) 

for which 


= PcoPzn< 

(vi) 

and 


*(V) = PzaPc 0 2 ■ 

(vii) 


However, selecting T, which fixes the values of K (iw) and K (v) and any one of p^, p co orp co 
as the two apparent degrees of freedom does not fix the state of the system, i.e., does not 
allow simultaneous solution of eqs. (vi) and (vii). This difficulty arises because the 
stoichiometry requirement has not been taken into consideration, i.e. that, as all the Zn 
and O occurring in the gas phase originates from the stoichiometric ZnO, the condition 


ftp _ j _ Mco 2rtc °2 _ Pco ^Pc o 2 
n Zn ^Zn Pin 


(viii) 


must also be satisfied. This stoichiometric requirement decreases F to unity and hence 
selecting T as the single degree of freedom fixes the partial pressures of Zn, CO and C0 2 
as the values required for simultaneous solution of eqs. (vi), (vii) and (viii). 


9. The thermodynamics of surfaces and interfaces 

9.1. The Gibbs adsorption isotherm 

In passing from one phase to another in a heterogeneous system, some of the 
properties undergo significant changes as the boundary between the two phases is 
traversed. The thin region over which these changes occur is called the interface , and a 
complete thermodynamic analysis of the system requires consideration of the thermo- 
dynamic properties of the interface. 

Consider fig. 13 which shows the variation of the concentration, c„ of the component 
1 across the interface region in a system comprising equilibrated a and /3 phases. 
Calculation of the total number of moles of component 1 in the system as the sum 
c“V“ + cfv where V and V* 3 are the volumes of the phases, involves the assumption 


References: p. 469. 



454 


D. R. Gaskell 


Ch. 5, §9 



Fig. 13. The varialion, with distance, of concentration on passing through the interface between two phases. 

that the values c" and cf occur up to some plane in the interface region, and evaluation 
of c°V a + cfv p requires that a mathematical plane be located somewhere in the 
interface region. In fig. 13 it is seen that the number of moles of component 1 in the 
system, calculated as c"V a + , is only equal to the actual number of moles of 1 in 

the system, n t when the boundary plane X-X is located such that the shaded areas in fig. 
13 are equal. If the boundary plane is located to the right of X-X, say at X'-X', then: 

n, < c°V a + cf V p 

or, if the boundary plane is located to the left of X-X: 
n, > c“V a +cfV /j . 

The difference between n, and c“V a + cfv& defines the surface concentration of 
component 1, T,, (moles/cm 2 ), as: 

= n, - (c“V a + cfV p ), 

where A s is the area of surface between the two phases. Thus, with the boundary located 
to the left of X-X, T, is a positive quantity and with the boundary located to the right of 
X-X, T, is a negative quantity. In a single-component system where the boundary is 
between a condensed phase and a vapor phase, it is logical to locate the boundary at 
X-X so that the surface concentration is zero. However, with two or more components 
in the system it is not generally possible to locate the interface at a position at which 
more than one of the surface concentrations are zero. In such a case X-X is located such 
that the surface concentration of the solvent, T,, is zero and the surface concentration of 
the solute, T 2 , is not zero. This is illustrated in fig. 14. 
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Fig. 14. The variations, with distance, of the concentrations of solvent and solute on passing through an 
interface, and illustration of the origin of surface concentration of the solute. 


The definition of surface free energy per unit area, G s , is analogous to that for the 
surface concentration, i.e.: 

G s \ = G' - X G“n“ Gfnf, (62) 

where G' is the total free energy of the system. 

The surface tension, a, is defined as: 

f JG') 

a = 

V ^ JT.P.n, 

and hence, when surfaces are included in the discussion, eq. (13) is written as: 

d G' = -S'dT + V'dP + odA s + £ G,dn, (63) 

If the surface area is increased by cL4 s at constant T, P, and n„ combination of eqs. (62) 
and (63) gives: 

G,<M, = od4 + £ G°n° +X G?nf ). (64) 

As phase equilibrium is maintained, G“ = G? ; mass balance requires that: 

dn“ + dnf = -I^dA,, 
in which case eq. (64) can be written as: 

G s d\ = odA, + £ G^dA, 
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or: 


G s =o- + XG,T. ) (65) 

i.e., the surface free energy is the surface tension plus the free energy due to the surface 
concentrations of the components. 

Complete differentiation of eq. (65) gives: 

d G s = do- + X G,dr, + X r,dG„ (66) 

and the differential of G s for conditions of fixed surface area and fixed P gives: 

dG s = -S s dT + X^dli- (67) 

Combination of eqs. (66) and (67) gives: 

do- = -5 s dr-Xr j dG () (68) 


which is Gibbs’ equation for surface tension. At constant T, eq. (68) gives, for the binary 
system A-B in which T A = 0: 


r B =- 


f da 


f ^ 1 


T 

RTd In a B ^ 


1 

RT 


^ da ^ 
d In a B j 


(69) 


Equation (69), which is known as the Gibbs adsorption isotherm, indicates that any solute 
which lowers the surface tension has a positive value of T and hence is concentrated in 
the surface, and, conversely, any solute which raises the surface tension has a lower 
concentration in the surface than in the bulk phase. 

The influence of dissolved oxygen on the surface tension of liquid iron at 1550°C is 
shown in fig. 15 as the variation of or with the activity of oxygen relative to the 1 weight 
percent standard state. The surface concentration of oxygen at any concentration of 
oxygen in the bulk phase is obtained from the slope of the line and the Gibbs adsorption 
isotherm. At high oxygen contents the slope of the line approaches the constant value of 
-240 dyne/cm, which corresponds to saturation coverage of the surface by adsorbed 
oxygen. From the Gibbs adsorption isotherm this saturation coverage is calculated as 

240 

T 0 = 6.023 x 10 23 x - = 9.5 x 10 14 atoms/cm 2 . 

0 8.3144 x 10 7 x 1823 ' 


9.2, The Langmuir adsorption isotherm 

Consider the equilibrium between the component i in a vapor phase and i adsorbed 
on the surface of a condensed phase. If is is considered that the atoms of i are adsorbed 
on specific adsorption sites on the surface of the condensed phase, the limit of adsorption 
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weight percent oxygen 



occurs when all of the available sites are occupied by adsorbed atoms. This limit 
corresponds to the surface being covered by a monolayer of adsorbed atoms at the 
surface concentration r°. At surface concentrations, T„ less than that corresponding to 
monolayer coverage, the fraction of surface sites occupied, 0, (or the fractional saturation 
of the surface) is defined as: 



( 70 ) 


At equilibrium, the rates of adsorption and desorption of i are equal, the former being 
proportional to the pressure of i in the vapor phase, p jt and the fraction of unoccupied 
surface sites, (1-0,), and the latter being proportional to the fraction of surface sites 
occupied by i, i.e.: 

Kp,{ [ ~ 8 ,) = k A> 


where k d and k d are the rate constants for the adsorption and desorption reactions, 
respectively. Thus: 


Pt 



( 71 ) 


where 

K, = kjk a = exp(-AG,V/?r), 
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and AGj° is the change in molar free energy accompanying the transfer of one mole of 
i from the vapor state at 1 atm pressure to the adsorbed layer on the surface at the 
surface concentration r°. Equation (71), which is Langmuir’s adsorption isotherm, shows 
that 0, is proportional to p ( at small 0, and (1 - 0,) is inversely proportional to p t at large 0,. 

Alternatively, eq. (71) can be written as: 


fl, = K'- 


1 - 0 . 


(72) 


Belton has combined the Gibbs and Langmuir adsorption isotherms by substitution of 
eqs. (70) and (72) into eq. (69) to give: 


da 


= -RT r, = -RTOXf = -RT r“ 


K'a, 


dlna, ‘ ‘ ‘ ' 1 + Kfa’ 

which, on integration between the composition limits X- and X) , becomes: 

1 + K'a" 


or" -a’ = -RT r° In 


1 + K'a' 


(73) 


If Langmuir’s isotherm holds at all compositions, one limit can be taken as the pure 
solvent, in which case eq. (73) becomes 

o- p - a = -RT I)° ln(l + K'a). (74) 

where a p refers to the surface tension of the pure solvent. Curve-fitting of eq. (74) with 
the experimental data shown in fig. 16 and a* = 1788 dyne/cm, Tq = 240 dyne/cm, gives 
K' = 220. Thus, if oxygen adsorbed on liquid iron exhibits ideal Langmuir behavior: 

220 ■ [wt%0] 

' 1 + 220 • [wt%0] ' W ; 


Equation (75) is shown in fig. 16 in comparison with the variation of 0 O obtained from 
the slopes in fig. 15 as 0 o = r o /r'o. 

A number of applications of the Gibbs and Langmuir absorption isotherms will be 
found in ch. 13, §§2 and 4. 


9.3. Curved interfaces 

The existence of surface tension gives rise to the interesting phenomenon that the 
equilibrium vapor pressure exerted by a spherical droplet is a function of the radius of 
curvature of the droplet. This phenomenon, which was first discussed by Kelvin in 1871, 
is of importance with respect to the dependence of the limit of solid solution of one 
component in another on the particle size of the second phase. 

The general equation 

dG' = -S'dT + V'dP + odA s + ]T G ( dn,. 


(63) 
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Fig. 16. The variation, at 1550°C, of the fractional coverage of the surface of liquid iron by adsorbed oxygen 
with concentration of oxygen in the melt. 


was tacitly applied to systems containing flat interfaces. However, provided that a is not 
a function of the radius of curvature of the interface, and that the interface within the 
system does not influence the exterior pressure, eq. (63) can be applied to the transfer of 
matter across curved interfaces. The partial molar free energy, G * t , defined from eq. (63) 
as: 


G* = 


r dG'^ 




pertains to the addition of i to the system in such a manner that A s remains constant. 
However, in a process involving the transfer of matter to a small spherical droplet, A s , 
being dependent on the volume, and hence on the amount of matter in the droplet, is not 
an independent variable. The incremental increase in volume of a droplet caused by the 
addition of An i moles of the various components is: 

dV' = £^dn,., 


where V t is the partial molar volume of i in the system. From the relationship between 
the surface area and the volume of a sphere, 



substitution of which into eq. (63) gives: 
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d G' = —S'dT + V'dP + £ Jg* + 
Comparison with eq. (63) gives the identity 


(76) 


as the variation of partial molar free energy with spherical particle size. From the 
relationship between partial molar free energy and activity, eq. (76) can be written as 


In a, = In a* + 


2V;<r 

RT ' 


(77) 


In a limited terminal solid solution of B in A, in which B obeys Henry’s Law, the 
activity of B at the limit of solubility is: 

fl B = TB^B(sal)’ 

and hence, from eq. (77), the solubility limit varies with particle size of the second phase 
as 


In 


■^B(sal,>-) 

y* 

-^Btsat) 


2<7V b 


(78) 


where X B(sau) is the solubility limit when the second phase occurs as a dispersion of 
spherical particles of radius r and 2f B(sat) is the solubility limit when the second phase is 
massive. Equation (78), which is known as the Thomson-Freundlich equation, provides 
a thermodynamical explanation of the phenomenon of Ostwald ripening (see ch. 9, § 
3.2.2). When the second phase, precipitating from a primary solid solution, occurs in a 
range of particle sizes, it is observed that the particles of radius greater than some 
average value grow and that the smaller particles redissolve in the matrix. As the 
concentration of solute in the matrix at the interface between the matrix and a small 
precipitate is greater than that at the interface between the matrix and a large precipitate, 
a concentration, and hence activity, gradient exists between the two interfaces. This, in 
turn, provides the driving force for the diffusion of dissolved solute from one interface 
to the other, with the overall result that the larger particle grows and the smaller particle 
dissolves. Equation (78) is also of interest in that it indicates that no such quantity as 
“maximum solubility” exists. 


1 0. The measurement of thermodynamic activity 

Although activities are thermodynamic functions of state, their magnitudes and 
variations are determined by the interactions among the constituent particles of the 
system, which, in turn, determine bond energies and influence the spatial configurations 
assumed by the particles. Thus measurement of activities within a class of similar simple 
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systems can be expected to provide, at best, some fundamental understanding of the 
natures of these interactions or, at least, a basis for correlation of the behavior, which can 
then be used for extrapolation of the behavior of more complex systems. 

The molar free energy of formation of a solution or compound from its pure 
components is obtained from the activities via eq. (44) and as the various phase 
equilibria occurring in a materials system are determined by the variations, with 
composition, temperature and pressure, of the relative free energies of the various phases, 
such equilibria can be most precisely determined by accurate measurement of activity. 
Also, the activity of a component in a solution is a measure of the minimum free energy 
required to convert the component from its state in solution to the pure state in any 
proposed extraction or refining process. 

In the majority of the experimental methods the activity of only one component is 
measured. In such cases the activities of the other components can be obtained by 
integration of the Gibbs-Duhem equation. For constant temperature and total pressure 
this expression is £X,d lna; = 0 or, in a more convenient form, 2X,d lny, = 0 where 
y i = a/Xj is the activity coefficient of i. Applied to the binary system A-B in which the 
variation of y A is known across the entire range of composition: 

In y B (at X B ) = - j* B ^ d In y A . (79) 


10.1. Determination of activity by experimental measurement of vapor pressure 

The experimental technique for the measurement of vapor pressure is determined by 
the magnitude of the pressure to be measured, and the various techniques which have 
been developed can be classified as absolute methods (direct and indirect static methods) 
and indirect methods (effusion and transpiration methods). 

The earliest activity measurements were made on binary alloys of Hg with Zn, Au, 
Ag and T1 at temperatures near the boiling point of Hg. The partial pressure of Hg 
exerted by an amalgam is so much greater than the partial pressure of the other 
component that the former can be equated with the total vapor pressure of the amalgam. 
In the first studies the alloy was used as the sealing liquid in a U-tube null-point 
manometer. The vapor in equilibrium with the alloy is contained in the closed arm of the 
manometer, and hydrogen, the pressure of which is measured at a second manometer, is 
introduced to the other arm until the meniscuses in both arms are at the same level. The 
vapor pressures of amalgams at lower temperatures have been measured using various 
devices such as membrane manometers, quartz spiral manometers and ionization gages. 

The partial pressures of Zn and Cd over a-Ag-Zn-Cd alloys and of Zn over 
a-brasses have been measured by resonance absorption spectroscopy. In studying the Zn 
alloys, light produced by a spark between Zn electrodes, is passed through a sample of 
vapor in equilibrium with the alloy, and the absorption of the 3076 A resonance line is 
measured. As absorption of the 3035 A resonance line does not occur, it is used as an 
internal standard and the vapor pressure, p, of Zn is obtained from Beer’s Law as 
-\n(I 1076 /I M3S ) = Kpd/T where / is the intensity of the transmitted light, K is the absorp- 
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tion coefficient, T is the absolute temperature and d is the distance travelled by the light 
through the sample of vapor. 

The dew point method is well-suited to systems containing a distinctly volatile 
component and has been applied to measurement of the activity of Zn in binary alloys 
containing Cu, Al, Ag, Au, Zr, Th, U, and Y, and the activity of Cd in Ag-Cd alloys. 
Experimentally, the alloy is placed at one end of a long initially evacuated tube which is 
heated to the desired temperature T { . The temperature of the other end of the tube is 
lowered until condensation of the volatile component is observed at the temperature T v 
As the pressure within the tube is uniform, the partial pressure of the volatile component 
exerted by the alloy at T, equals the saturated vapor pressure of the pure volatile 
component at T 2 . The use of fused silica tubes, which permits visual observation of 
condensation at the cooler end, has limited the temperature to less than 1100°C and, 
generally, measurements have been made in the range 400-900°C. In a similar isopiestic 
technique, the pure volatile component is placed in the cool end of an initially evacuated 
tube maintained in a known temperature gradient, and weighed quantities of the pure 
second component are placed at intervals along the temperature gradient. The volatile 
component is transferred from the vapor phase to the specimens of nonvolatile com- 
ponent until the alloys in equilibrium with the prevailing pressure of the volatile 
component are formed. In this technique, which has been applied to measurement of the 
activities of Al in solid Al-Fe and Al-Ni alloys, the compositions of the equilibrated 
alloys are determined gravimetrically. 

Application of the dew point and isopiestic techniques to measurement of activity 
requires knowledge of the temperature dependence of the saturated vapor pressure of the 
volatile component. 

In the transpiration technique, an inert carrier gas is passed over a sample at a flow 
rate which permits evaporation of the alloy to occur to the extent necessary to saturate 
the carrier gas. This technique has been used to measure the activities in liquid Fe-Cu 
and Fe-Ni alloys. The material evaporated from the sample is condensed downstream 
and is chemically analyzed. The total amount of evaporation into unit volume of the 
carrier gas at the total pressure P is determined by measuring the weight loss of the 
sample or by quantitative analysis of the amount of condensate recovered from a known 
volume of gas. If n Fe , n Cu and n Ho are the numbers of moles of Fe, Cu and He carrier gas 
in the sampled volume, the partial pressure of Fe is calculated, from the ideal gas law, 
as p^- Pn rs /(n fe + n ai + n He ). An advantage of this technique is that the activities of both 
components are measured and hence internal consistency of the results can be checked 
using the Gibbs-Duhem equation. However, in order that surface depletion of the more 
volatile component be avoided, the rates of diffusion in the alloy must be faster than the 
rates of evaporation. 

In the effusion technique the alloy to be studied is placed in a Knudsen cell (a sealed 
crucible containing a small orifice in its lid) and the crucible is heated in vacuum to the 
desired temperature. Phase equilibrium is established between the vapor phase and the 
condensed phase in the cell and, if the dimensions of the orifice are small in comparison 
with the mean free path of the vapor species, the passage of vapor species through the 
orifice is not disturbed by collisions. Thus the rates of effusion of the vapor species are 
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proportional to their vapor pressures within the cell. From gas kinetic theory, the number 
of particles in a vapor phase striking unit area of the containing wall in unit time is 
0.25 tic, where n is the density of vapor species and c = (8RT/HM) I/2 is the average speed 
of the particles. Consequently, the weight loss, W, due to effusion through an orifice of 
area A in time f is pAt/ (2YlMRT) l/2 and hence the pressure, p, of the species in the cell 
is p = (W/At)(2URT/M) l/2 . If a radioactive tracer is added to the alloy, very small 
amounts of effusing substance can be detected. For example, gamma-ray spectrometry of 
neutron-irradiated Au-Cu alloys has facilitated estimation of quantities as small as 10“ 10 g. 

The transpiration and effusion techniques require that the molecular weights of the 
vapor species be known and hence they can only be used to study systems in which no 
complex vapor molecules are formed. 

The problems caused by complex molecule formation can be eliminated by mass- 
spectrometric analysis of the vapor effusing from the Knudsen cell. In the Knudsen cell- 
time of flight mass-spectrometer combination, the beam of particles effusing from the cell 
is introduced to the ionization chamber of the mass-spectrometer through a slit. Ioniza- 
tion is produced by a pulsing electron beam and after each pulse the ionization chamber 
is cleared of ions by a pulse of small negative potential. The ions are then subjected to 
a continuously maintained high negative potential which accelerates them into a field-free 
drift tube, and the time required for a given ion to traverse the drift tube and be detected 
is proportional to ( m/e) u 2 . The ion current, /,* , measured for the species i is related to 
the vapor pressure of i as: 

Pi = Kl'T, (80) 

where the constant K is determined by the ionization cross-section of the ion, the detector 
sensitivity and the geometry of the Knudsen cell-ion source. The application of the 
technique to measurement of activities in binary systems was greatly facilitated by a 
manipulation of the Gibbs-Duhem equation which allows the variations, with com- 
position, of the activity coefficients of the individual components to be obtained from the 
corresponding measured ratio of the activity coefficients as: 


ln 7B ( a tX B ) = -J i XB X A dl n ^-. (81) 

From eq. (80): 

.. Pa .. fl A 7 a 
/ B + Pb «b 7b*b ’ 


substitution of which into eq. (81) gives: 


ln 7B (atX B ) = -J i XB X A d 


In — - 


y 


Use of a mass-spectrometer requires that a pressure of less than 10 8 atm be maintained 
in the areas of the ion source, analyzer and detector. This technique has been applied to 
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measurement of activities in a large number of binary and ternary systems containing V, 
Cr, Fe, Co, Ni, Cu, Ag, Au, Al, Tl, Pb, Sn, Bi, Sb, and In. 


10.2. Determination of activity by establishing heterogeneous equilibrium 


Heterogeneous equilibrium at constant temperature and pressure requires that the 
partial molar free energy, and hence activity, of each component of the system be the 
same in each of the phases present, i.e., a, (in phase I) = a t (in phase II) = a t (in phase III) 
= .... Thus, if the activity of a component can be fixed at a known value in any one of 
the phases, its value in every other phase is known. 

One of the more simple heterogeneous equilibria involves a binary liquid, saturated 
with one of its components. In a simple binary eutectic system exhibiting virtually 
complete mutual immiscibility in the solid state, the saturated liquids on the liquidus 
lines are in equilibrium with virtually pure solids. Thus, in the melt of A-liquidus 
composition at the liquidus temperature T, the activity of A relative to pure liquid A as 
the standard state equals the activity of pure solid A relative to liquid A as the standard 
state, both being given by a A = exp( -AG^ a /RT) where AG° a is the molar free energy 
of melting of A at temperature T. Activities have been calculated in this manner along 
liquidus lines in such systems as Ag-Si and Ag-Pb. 

Fe and Ag are virtually immiscible in the liquid state, and when Si is added as a 
solute to coexisting liquid Fe and Ag it is distributed between the two liquids such that 
its activity is the same in both phases. The activities of Si in liquid Fe and liquid Fe-C 
alloys have been determined by chemical analysis of equilibrated Fe and Ag liquids 
containing Si, and knowledge of the activity of Si in Ag-Si alloys. In a similar manner 
the activity of Ag in Al-Ag alloys has been determined from measurement of the 
equilibrium partitioning of Ag between the virtually immiscible liquids Al and Pb, and 
the activity of Al in Al-Co alloys has been determined by partitioning Al between the 
virtually immiscible liquids Ag and Co. 

The respective equilibrium constants for the reactions C0 2 + C^p^, = 2CO and 
C 0 + 50 2 = C0 2 are: 


K = P 2 co 
4 Pco 2 a c 


(82) 


and 




Pco 2 

„ L2 • 

PcoPo 2 


(83) 


Thus, at a fixed temperature, which determines the values of K 4 and K 5 , a CO-C0 2 gas 
mixture of known p co and p c0 has an activity of carbon given by eq. (82) and a partial 
pressure of oxygen given by eq. (83). Similarly, by virtue of the equilibrium H 2 + 2 0 2 = 
H 2 0, an H 2 -H 2 0 mixture of known p H and p HQ exerts a unique partial pressure of 
oxygen at any temperature; by virtue of the equilibrium H 2 +jS 2 = H 2 S, an H 2 -H 2 S 
mixture of known p H and p H i exerts a unique partial pressure of sulfur at any temperat- 
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ure; and, by virtue of the equilibrium C (graphile) + 2H 2 = CH 4 , a CH 4 -H 2 mixture of known 
p CH and p H has a unique activity of carbon at any temperature. Consequently, C0-C0 2 
and CH 4 -H 2 mixtures can be used as gas phases of fixed activity of carbon for use in the 
establishment of heterogeneous equilibria between a gas phase and a condensed phase. 
Similarly, CO-C0 2 and H 2 -H 2 0 mixtures can be used as gas phases of fixed oxygen 
pressure and H 2 -H 2 S mixtures can be used as gas phases of fixed sulfur pressure. The 
activities of carbon in liquid and solid iron have been determined by equilibrating iron 
with C0-C0 2 and CH 4 -H 2 mixtures and measuring the equilibrium carbon content of the 
metal phase, and the activities of oxygen and sulfur in liquid iron have been determined 
by equilibrating iron with H 2 0-H 2 and H 2 S-H 2 mixtures, respectively. In more simple 
gas-metal equilibria the activities of hydrogen and nitrogen in iron have been determined 
by measuring the solubilities of the gases as functions of gas pressure. Activities in the 
system Fe-Fe 2 0 3 have been determined by experimental observation of the variation of 
the composition of small samples of condensed phases with temperature and oxygen 
pressure imposed by an equilibrating gas phase. The variation, with composition, of the 
activity of Fe in the system is determined by Gibbs-Duhem integration of the corres- 
ponding measured variation of the equilibrium partial pressure of oxygen. The oxygen 
content of liquid iron in equilibrium with pure liquid iron oxide at 1600°C is 0.23 wt%. 
If the oxide of a less noble metal than iron is dissolved in the liquid iron oxide, the 
activity of iron oxide, and hence the equilibrium oxygen content of the liquid iron are 
decreased. If the latter is x wt%, the activity of FeO, relative to pure Fe-saturated iron 
oxide as the standard state, in the oxide solution is x/0.23. This technique has been used 
to determine the activity of FeO in CaO-FeO and CaO-FeO-Si0 2 melts saturated with 
liquid iron. 

One step more complex is the establishment of equilibrium between a gas phase and 
two condensed phases. The equilibrium between manganese, manganous oxide and a 
C0-C0 2 mixture, expressed as Mn + C0 2 = MnO + CO requires: 


K = 


PcO Q MnO 
Pc 0 2 fl Mn 


(84) 


Thus, at a given temperature, the equilibrium between pure Mn (at unit activity) and Mn- 
saturated pure MnO (at unit activity) occurs at a unique value of the ratio p CQ / p co given 
by eq. (84). If a metal more noble than Mn is embedded in an excess of MriO and 
subjected to a lower p co / p co ratio, manganese is transferred from the MnO to the metal 
phase until the activity of Mn required by eq. (84) and the imposed p cc / p co is establish- 
ed. The manganese content of the alloy corresponding to the imposed activity is 
determined by chemical analysis. The other component of the alloy must be sufficiently 
more noble than Mn that formation and solution of its oxide in the MnO phase is 
negligible. The activity of Mn in Mn-Pt alloys has been determined in this manner. 
Having determined this relationship, the activity of MnO in oxide melts containing 
oxides more stable than MnO can be determined by equilibrating a small sample of Pt 
with an excess of oxide melt and a CO-C0 2 gas mixture. Again, as Mn is distributed 
between the Pt-Mn alloy and the oxide melt in accordance with eq. (84) and the imposed 
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p c q/ p c o , chemical analysis of the equilibrated Pt-Mn alloy yields a Mn and hence, from 
eq. (84), the value of a Mn0 in the oxide melt. In this application the other oxide compo- 
nent must be of a metal which is sufficiently less noble than Mn that the extent of its 
solution in the Pt Mn phase is negligible. This technique has been used to determine the 
activity of MnO in systems such as MnO-Si0 2 , MnO-Ti0 2 , Mn0-Al 2 0 3 , Mn0-B 2 0 3 and 
MnO-CaO-Si0 2 . 

Other examples of determination of activities by establishing equilibrium between a 
binary alloy, a nonmetallic phase of known composition and a gas phase include: 

Fe(in Fe-Ni alloys) + H 2 0 = FeO + H 2 ; 

2Cr(in Cr-Ni alloys) + 3H 2 0 = Cr 2 0 3 + 3H 2 ; 

3Mn(in Mn-Cu alloys) + CH 4 = Mn 3 C + 2H 2 ; 

2Cu(in Cu-Au alloys) +H 2 S = Cu 2 S + H 2 ; 

3Si(in Si-Ag alloys) + N 2 (in N 2 -H 2 mixtures) = Si 3 N 4 . (85) 

Again, in this application, the “inert” metal must be sufficiently more noble than the 
primary component metal that its occurrence in the equilibrium nonmetallic phase is 
negligible. Corrections are required in systems where the nonmetallic phase is not a line 
compound. Thus, for example, in eq. (85), the activity of FeO is that in the wustite 
equilibrated with the imposed partial pressure of oxygen, relative to Fe-saturated wustite 
as the standard state. Equation (85) has also been used to determine the activity of FeO 
in FeO-Si0 2 melts by establishing the equilibrium Fe + H 2 0 = FeO (in FeO-Si0 2 melts) 
+ H 2 . 

If the difference between the nobilities of the metals is small enough that an oxide 
solution is produced in equilibrium with the binary alloy phase a different approach is 
taken. For example, if a small specimen of an Fe-Mn alloy is equilibrated with an excess 
of an FeO-MnO solid solution, the exchange equilibrium Fe + MnO = Mn + FeO is 
established, wherein K=a Mn a FeO /a Fe a Ma0 - From chemical analysis of the equilibrated 
Fe-Mn alloy and knowledge of the activities in the system Fe Mn, the ratio y Fe c/y M no 
the equilibrating oxide solution is obtained as: 

y FeO _ v fl Fe^MnO 

y MnO a Mn A FeO 

and Gibbs-Duhem integration of the variation of this ratio with composition in the oxide 
solution according to eq. (81) yields the individual activity coefficients, and hence 
activities, of the components of the oxide solution. This technique has been used to 
determine activities in the systems Fe 2 Si0 4 -Co 2 Si0 4 and Fe 2 Si0 4 -Mn 2 Si0 4 . 

Activities have been determined by establishing equilibrium among three condensed 
phases and a gas phase. As an example, the activity of Si0 2 in Ca0-Mg0-Al 2 0 3 -Si0 2 
melts has been determined by establishing the equilibrium 

Si0 2 + 2C = Si + 2CO (86) 

in systems comprising a silicate melt, solid graphite, liquid iron and CO gas at 1 atm 
pressure, and by establishing the equilibrium 
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Si0 2 + 2SiC = 3Si + 2CO (87) 

in systems comprising a silicate melt, solid SiC, liquid iron and CO gas at 1 atm 
pressure. The activity of Si0 2 is obtained from chemical analysis of the equilibrated 
liquid phases, knowledge of the equilibrium constants for the reactions given by eqs. (86) 
and (87) and knowledge of the activity of Si in Fe-Si-C melts. Gibbs-Duhem integration 
of the results yielded activities in the systems CaO-Si0 2 , Ca0-Al 2 0 3 , MgO-Si0 2 , CaO- 
Ai 2 0 3 -Si0 2 , MgO-CaO-Si0 2 and Mg0-Al 2 0 3 -Si0 2 . 

10.3. Electrochemical measurement of activity 

The EMF of a reversible galvanic cell, e, is related to the free energy change, AG, 
for the cell reaction as A G = -zFs where F is Faraday’s constant and z is the number of 
Faradays required for the cell reaction. Thus, in a concentration cell of the type 

pure metal A lionic conductor containing metal A ions of valence zjalloy A-B, 
the cell reaction is A(pure) —> A(in the A-B alloy) for which AG-RT In a A (in the A B 
alloy). Thus the activity of A in the alloy is obtained as \na A = -{z A Fs/RT). The 
determination of activity by measurement of the EMF of an electrochemical cell requires 
that the electrolyte be a purely ionic conductor and that the valency z A be defined. A 
further requirement is that the extent of the exchange reaction at the cathode-electrolyte 
interface between B in the alloy and A in the electrolyte be negligible. If this condition 
is not met, the measured EMF contains a contribution of unknown magnitude arising 
from the transfer of electrolyte between regions of different composition. In practice the 
extent of the exchange reaction is rendered negligible by ensuring that B is significantly 
more noble than A. Molten chlorides are purely ionic conductors and hence these melts 
are popular as liquid electrolytes. The concentrations of low valent cations in the 
electrolyte are minimized by dissolving the chlorides in mixtures of alkali chlorides. 

The activity of A1 in Al-Ag melts in the range 700-800°C has been obtained from 
measurement of the EMFs of cells of the type 

Al (1) I Al 3+ (in KCl-NaCl) I Al-Ag (1) . 

Similarly the activities of Cd in Cd-Pb, Cd-Bi, Cd-Sb and Cd-Sn alloys, and the 
activities of Cu in Cu-Au melts and Ag in Ag-Au melts have been determined from 
concentration cells with liquid chloride electrolytes. 

The cell 

Mg ( i) I MgCl 2(1) I Cl 2 ( g , alm) 

is a formation cell in which the cell reaction is Mg + Cl 2 = MgCl 2 . With pure liquid Mg, 
pure liquid MgCl 2 and Cl 2 at 1 atm pressure, the free energy change is the standard free 
energy change, AG°, and the EMF is the standard EMF, £° = -AG >) /2F. Alloying the 
anode with a more noble metal such as A1 alters the free energy change for the cell 
reaction to AG = ACr > -RT lna Mg (in the alloy) and hence the cell EMF to 
RT 

e - e° + In a Mg (in the alloy). (88) 

2 F 
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Equation (88) has been used to determine the activities of Mg in Mg-Al melts from 
EMF measurements in the range 700-880°C. 

Similarly, the formation cell 

Pb(i)i PbO (1) l 0 2(g [ alltl) 

has a standard EMF of e 0 = -AG°/2F. Alloying the PbO electrolyte with the oxide of a 
less noble metal, such as Si0 2 , changes the cell EMF to: 

RT 

e = *° - — In a Pb0 (in PbO-Si0 2 ), 

2 F 

and this has been used as the basis for electrochemical determination of the activities in 
the system PbO-Si0 2 in the range 850-1050°C. 

Within wide ranges of temperature and oxygen pressure, Zr0 2 and Th0 2 in the 
fluorite structure, stabilized by solid solution with CaO and Y 2 0 3 , respectively, exhibit 
unusually high conductivities and transport numbers for O 2- of essentially unity. 
Consequently CaO-Zr0 2 and Y 2 0 3 -Th0 2 have been used as solid electrolytes in oxygen 
concentration cells of the type 

® 2(g at pressure />, ) ^ CaO-Zr0 2 I 0 2(g , a[ pressure p 2 ) > Pt> 

in which the cell reaction is ->■ 0 2(giltimaKP2) and the cell EMF is e =-AG/4F 

= -{RT/4F) In P 2 /P\- The oxygen pressure at the electrodes can be fixed by using 
equilibrated metal-metal-oxide couples, e.g., with Fe-FeO and Ni-NiO the cell becomes 

Fe, FeO I CaO-Zr0 2 1 Ni, NiO, 

with a cell reaction of NiO + Fe = FeO + Ni. With the electrodes Fe-FeO and (Fe-Ni)- 
FeO, the cell reaction is Fe^, Fe (in the Fe _ Ni alloy) and the cell EMF is 

RT 

e = In a (in the alloy). (89) 

2 F 

This method is similar to that discussed in connection with eq. (85). In the chemical 
equilibration technique the oxygen pressure is imposed, and the Fe-Ni alloy in equi- 
librium with FeO and the imposed oxygen pressure is produced in the experimental 
apparatus. In the EMF technique the oxygen pressure in equilibrium with a given Fe-Ni 
alloy and FeO is measured. Equation (89) has been used as the basis for electrochemical 
determination of the activities in a large number of solid and liquid binary alloy systems, 
the majority of which contained Fe, Co, Ni or Cu as the less noble metal. The activity 
of Si in Fe-Si alloys at 1550°C and 1600°C has been determined with electrodes of Cr, 
Cr 2 0 3 and Si0 2 , Fe-Si and activities in the systems Ta-W and Ta-Mo have been 
determined with a Y 2 0 3 -Th0 2 electrolyte and Ta, Ta 2 0 5 and Ta-X, Ta 2 0 5 electrodes. The 
activities of SnO in SnO-Si0 2 melts and PbO in PbO-Si0 2 melts have been determined 
from cells of the type M, MOICaO-Zr0 2 IM, M0-Si0 2 . 

Other solid electrolytes which have been used include /3-alumina and soft soda glass 
for measurement of the activity of sodium in alloys, and glasses containing K + and Ag + 
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for study of K and Ag alloys, respectively. It can be expected that, as new solid state 
electrolytes are developed for possible use in fuel cells, they will be applied to the 
determination of activities by EMF measurements. 
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1. Introduction 

The study of phase equilibria and phase transformations is central to nearly all 
branches of metallurgy and materials science. Although departures from equilibrium will 
occur in any real system, a knowledge of the equilibrium state under a given set of 
conditions is the starting point for the understanding of most processes. 

A phase diagram is a graphical representation of the loci of thermodynamic variables 
when equilibrium among the phases of a system is established under a given set of 
conditions. The phase diagrams most familiar to the metallurgist are those for which 
temperature and composition are the axes. These are discussed in §§2 and 3 for binary 
(two-component) and ternary (three-component) systems, and in § 4 for multicomponent 
systems. However, the effect of other variables such as total pressure and chemical 
potential of the components (e.g., the partial pressure of oxygen) may often be of 
interest. In §6, different types of phase diagrams are discussed along with the general 
rules governing their construction. 

Throughout the chapter, the thermodynamic origin of phase diagrams is stressed. 
With the advent of modern computer techniques, the relationship between phase diagrams 
and the thermodynamic properties of the system has become of increasing practical 
importance. As discussed in §2.10, a quantitative coupling of the two is now possible. 
Furthermore, as discussed in §5, the computer-assisted thermodynamic approach often 
permits good estimates of unknown multicomponent phase diagrams to be made, and can 
often significantly reduce the experimental effort required to measure the phase diagram 
of a system. 

2 . Binary phase diagrams 

The temperature composition ( T-X) phase diagram of the Bi-Sb system is shown in 
fig. 1 (Hultgren et at. [1963]). The abscissa is the composition, expressed as mole 
fraction of Sb, X Sb . Note that X Sb = 1 -X Bi . Phase diagrams are also often drawn with the 
composition axis expressed as weight percent. 

At all compositions and temperatures in the area above the line labelled liquidus , 
single-phase liquid alloys will be observed, while at all compositions and temperatures 



Fig. 1. Phase diagram of the Bi-Sb system (after Hultgren et al. [1963]). 
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below the line labelled solidus, alloys exist as single-phase solid solutions. An alloy 
sample at equilibrium at a temperature and overall composition between these two curves 
will consist of a mixture of solid and liquid phases, the compositions of which are given 
by the liquidus and solidus compositions at that temperature. For example, a Bi-Sb 
sample of overall composition X Sb = 0 .60 at 7=700 K (at point R in fig. 1) will consist, 
at equilibrium, of a mixture of liquid alloy of composition ■^sb-0 .37 (point P) and solid 
alloy of composition X Sb = 0 .82 (point Q). The line PQ is called a tie-line or conode. As 
the overall composition is varied at 700 K between points P and Q, the compositions of 
the liquid and solid phases remain fixed at P and Q, and only the relative proportions of 
the two phases change. From a simple mass balance, one can derive the lever rule for 
binary systems: (moles of liquid)/(moles of solid) = RQ/PR. Hence, at 700 K a sample 
of Bi-Sb alloy with overall composition X sb = 0.60 consists of liquid and solid phases in 
the molar ratio (0.82 -0.60)/(0.60- 0.37) = 0.96. Were the composition axis expressed as 
weight percent, then the lever rule would give the weight ratio of the two phases. 

Suppose that a liquid Bi-Sb alloy with composition * Sb = 0 .60 is cooled very slowly 
from an initial temperature of 900 K. When the temperature has decreased to the liquidus 
temperature of 780 K (point A) the first solid appears, with a composition at point B 
(X sb = 0.93). As the temperature is decreased further, solid continues to precipitate with 
the compositions of the two phases at any temperature being given by the liquidus and 
solidus compositions at that temperature and with their relative proportions being given 
by the lever rule. Solidification is complete at 630 K, the last liquid to solidify having 
composition X Sb = 0.18 (point C). 

The process just described is known as equilibrium cooling. At any temperature 
during equilibrium cooling the solid phase has a uniform (homogeneous) composition. In 
the preceding example, the composition of the solid phase during cooling varies along 
the line BQD. Hence, in order for the solid particles to have a uniform composition at 
any temperature, diffusion of Sb from the center to the surface of the growing particles 
must occur. Since solid state diffusion is a relatively slow process, equilibrium cooling 
conditions are only approached if the temperature is decreased very slowly. If a Bi-Sb 
alloy of composition * Sb = 0 .60 is cooled very rapidly from the liquid, concentration 
gradients will be observed in the solid grains, with the concentration of Sb decreasing 
towards the surface from a maximum of X Sb = 0.93 (point B) at the center. Furthermore, 
in this case solidification will not be complete at 630 K since at 630 K the average 
concentration of Sb in the solid particles will now be greater than X Sb = 0.60. These 
considerations are discussed more fully in ch. 9. 

At X Sb = 0 and X Sb = 1 in fig. 1 the liquidus and solidus curves meet at the equilibrium 
melting points, or temperatures of fusion, of Bi and Sb, which are: 7 f ( Bi) =544.5 K, 
7^=903 K. 

The phase diagram is influenced by the total pressure, P. Unless otherwise stated, 
T-X diagrams for alloy systems are usually presented for P = const. = 1 atm. However, for 
equilibria involving only solid and liquid phases, the phase boundaries are typically 
shifted only by the order of a few hundredths of a degree per bar change in P (see ch. 
5, § 3). Hence, the effect of pressure upon the phase diagram is generally negligible 
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unless the pressure is of the order of hundreds of atmospheres. On the other hand, if 
gaseous phases are involved then the effect of pressure is very important (§2.12). 

2.1. The thermodynamic origin of phase diagrams 

In this section we shall consider first of all the thermodynamic origin of simple “lens- 
shaped” phase diagrams in binary systems with complete liquid and solid miscibility. 

An example of such a diagram was given in fig. 1. Another example is the Ge-Si 
phase diagram in the lowest panel of fig. 2 (Hansen [1958]). In the upper three panels 
of fig. 2 are shown, to scale, the molar Gibbs energies of the solid and liquid phases, g s 
and g', at three temperatures. As illustrated in the top panel, g s varies with composition 



Fig. 2. Ge-Si phase diagram (after Hansen [1958]) and Gibbs energy-composition curves at three temperatures, 
illustrating the common tangent construction. 
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between the standard molar Gibbs energies of pure solid Ge and of pure solid Si,g<?! s) 
and g& s) , while g ] varies between the standard molar Gibbs energies of the pure liquid 
components g^ and g??\ The molar Gibbs energies of mixing of the solid and liquid 
phases, A g s and A g\ are negative and are equal to the difference between the Gibbs 
energy of the solution and a simple weighted average of the Gibbs energies of the pure 
unmixed components in each phase. 

The difference between g?? r> and g s ° <s) is equal to the standard molar Gibbs energy of 
fusion (melting) of pure Si, Ag“ Sl) = (g s ° (1) - g s “ (s) ). Similarly for Ge, A g f ° Qe) = (g° e a) - g G °‘ s> ). 
The Gibbs energy of fusion of a pure component may be written as: 


A g? = Ah? - TAs?, (1) 

where Ah? and As? are the standard molar enthalpy and entropy of fusion. Since, to a 
first approximation, Ah? and As? are independent of T, A g? is approximately a linear 
function of T. If T > T?, then Ag? is negative. If T < T? , then A g { is positive. Hence, 
as seen in fig. 2, as T decreases, the g 5 curve descends relative to g 1 . At 1500°C, g'<g s 
at all compositions. Therefore, by the principle that a system always seeks the state of 
minimum Gibbs energy at constant T and P, the liquid phase is stable at all compositions 
at 1500°C. At 1300°C, the curves of g s and g 1 cross. The line P,Q,, which is the common 
tangent to the two curves, divides the composition range into three sections. For 
compositions between pure Ge and P„ a single-phase liquid is the state of minimum 
Gibbs energy. For compositions between Q, and pure Si, a single-phase solid solution is 
the stable state. Between P, and Q,, total Gibbs energies lying on the tangent line P,Q, 
may be realized if the system adopts a state consisting of two phases with compositions 
at P, and Q, and with relative proportions given by the lever rule. Since the tangent line 
P,Q, lies below both g s and g\ this two-phase state is more stable than either phase 
alone. Furthermore, no other line joining any point on g 1 to any point on g s lies below the 
line P,Q,. Hence, this line represents the true equilibrium state of the system, and the 
compositions P, and Q, are the liquidus and solidus compositions at 1300°C. 

It may be shown that the common tangency condition also results in equal activities of 
each component in the two phases at equilibrium. That is, equality of activities and 
minimization of total Gibbs energy are equivalent criteria for equilibrium between phases. 

As Tis decreased to 1100°C, the points of common tangency are displaced to higher 
concentrations of Ge. For T < 937°C, g s < g 1 at all compositions. 

It should be noted that absolute values of Gibbs energies cannot be defined. Hence, 
the relative positions of go™ and g s “ (1) in fig. 2 are completely arbitrary. However, this 
is immaterial for the preceding discussion, since displacing both g s ° (1> and g s ° (s) by the 
same arbitrary amount relative to g ^ and g& s) will not alter the compositions of the 
points of common tangency. 

It should also be noted that in the present discussion of equilibrium phase diagrams 
we are assuming that the physical dimensions of the single-phase regions in the system 
are sufficiently large that surface (interfacial) energy contributions to the Gibbs energy 
can be neglected. For very fine grain sizes in the sub-micron range however, surface 
energy effects can noticeably influence the phase boundaries. 
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The shape of the two-phase (solid + liquid) “lens” on the phase diagram is determined 
by the Gibbs energies of fusion, Ag f ° of the components and by the mixing terms, Ag s 
and A g\ In order to observe how the shape is influenced by varying Ag f °, let us consider 
a hypothetical system A-B in which A g s and Ag 1 are ideal Raoultian (§2.2). Let 
T? (A) = 800 K and T? m = 1200 K. Furthermore, assume that the entropies of fusion of A 
and B are equal and temperature-independent. The enthalpies of fusion are then given 
from eq. (1) by the expression Ah? = T?As? since Ag f °=0 when T=T? . Calculated 
phase diagrams for As? =3, 10 and 30 J/mol K are shown in fig. 3. A value of Ax f ° = 0 
is typical of most metals ( Richard’s rule). However, when the components are ionic 
compounds such as ionic oxides, halides, etc., then As? can be significantly larger since 
there are several atoms per formula unit. Hence, two-phase “lenses” in binary ionic salt 
or oxide phase diagrams tend to be “fatter” than those encountered in alloy systems. If 
we are considering vapour-liquid equilibria rather than solid-liquid equilibria, then the 
shape is determined by the entropy of vaporization, As? (§2.12). Since As“=> 10Av f °, 
two-phase (liquid + vapour) lenses tend to be very wide. 



x B 


Fig. 3. Phase diagrams for a system A-B with ideal solid and liquid solutions with T^ (A) = 800 K and T? (B) = 
1200 K, calculated for entropies of fusion As“ ( a) = As BB) = 3, 10 and 30 J/mol K. 
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2.2. Minima and maxima in two-phase regions 

As discussed in ch. 6, § 6, the Gibbs energies of mixing, A g s and Ag 1 , may each be 
expressed as the sum of an ideal (Raoultian) term which is purely entropic and which is 
given by the Boltzmann equation for a random substitutional solution of A and B 
particles, and an excess term, g E . 

A g = RT{X a In X A + X B In X B ) + g E , (2) 

where X A and X B are the mole fractions of the components. An ideal or Raoultian 
solution is defined as one in which g E = 0. Both the solid and liquid phases in the Ge-Si 
system (fig. 2) are approximately ideal. With two ideal solutions, a “lens-shaped” two- 
phase region always results. However, in most alloy systems, even approximately ideal 
behaviour is the exception rather than the rule. 

If g E > 0 then the system is said to exhibit positive deviations from ideality. If g E < 0, 
then we speak of negative deviations. 

Curves of g s and g 1 for a hypothetical system A-B are shown schematically in fig. 4 
at a constant temperature below the melting points of pure A and B such that the solid 
state is the stable state for both pure components. However, in this system g®* < g E(s) so 
that g s presents a flatter curve than does g 1 and there exists a central composition region 
in which g 1 < g\ Hence, there are two common tangent lines, P,Q t and P 2 Q 2 . Such a 
situation gives rise to a phase diagram with a minimum in the two-phase region as 
observed in the Au-Cu system shown in fig. 5 (Hultgren et al. [1963]). At a com- 
position and temperature corresponding to the minimum point, liquid and solid of the 
same composition exist in equilibrium. 

A two-phase region with a minimum point as in fig. 5 may be thought of as a two- 
phase “lens” which has been “pushed down” by virtue of the fact that the liquid is 
relatively more stable than the solid. Thermodynamically, this relative stability is 
expressed as g E(1) < g® 00 . 

Conversely, if g^'^g 2 ® to a sufficient extent, then a two-phase region with a 
maximum will result. In alloy systems, such maxima are nearly always associated with 
the existence of an intermetallic phase, as will be discussed in § 2.8. 



x B 


Fig, 4. Isothermal Gibbs-encrgy-composition curves for solid and liquid phases in a system A-B in which 
g 6(11 < g®* 1 . A phase diagram of the type in fig. 5 results. 
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2.3. Miscibility gaps 

If g E >0 for a solution, then the solution is thermodynamically less stable than an 
ideal solution. In an alloy system this can result from a large difference in atomic 
diameter of the components, which will lead to a (positive) lattice strain energy, or from 
differences in valence, or from other factors. 

In the Au-Ni system, g E is positive in the solid phase. In the top panel of fig. 6 is 
plotted g^ s) at 1200 K (Hultgren et al. [1963]) as well as the ideal Gibbs energy of 
mixing, Ag ideal , also at 1200 K. The sum of these two terms is the Gibbs energy of 
mixing Ag s = Ag ideal + g E(s) , which is plotted at 1200 K as well as at other temperatures in 
the central panel of fig. 6. Now, 

^=RT{X Au \nX Au+ X Ni lnX Ni ) 

is always negative and varies directly with T, whereas £ E varies less rapidly with 
temperature. As a result, the sum, Ag s = Ag jdeal + £ E , becomes less negative as T decreases. 
However, the limiting slopes to the Ag ldeal curve at X Au = 1 and *Ni = 1 are both infinite 

f lim d(Ag id “')/dX Au = lim d(Ag ideal )/dX Ni = A 

V^Au - ^ ‘'Nl - * 1 J 

whereas the limiting slopes of g E are always finite (Henry’s Law). Hence, A g* will 
always be negative as 1 and no matter how low the temperature. As a 

result, below a certain temperature the curves of A g s will exhibit two negative “humps”. 
Common tangent lines P[Q„ P2Q2. P3Q3 to the two humps define the ends of tie-lines of 
a two-phase solid-solid miscibility gap in the Au-Ni phase diagram which is shown in 
the lower panel in fig. 6 (Hultgren et al. [1963]). The peak of the gap occurs at the 
critical or consolute temperature and composition, T c and X c . 

When g B(s) is positive for the solid phase in a system it is usually also the case that 
g E(1) < g E(s >, since the unfavourable factors (such as a difference in atomic dimensions) 
which are causing g™ to be positive will have less of an influence upon g E(1) in the liquid 
phase owing to the greater flexibility of the liquid structure to accommodate different 
atomic sizes, valencies, etc. Hence, a solid-solid miscibility gap is often associated with 
a minimum in the two-phase (solid + liquid) region as in the Au-Ni system. 

Below the critical temperature the curve of Ag s exhibits two inflection points 
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indicated by the letter “s” in fig. 6. These are known as the spinodal points. On the phase 
diagram their locus traces out the spinodal curve as illustrated in fig. 6. The spinodal 




Fig. 6. Phase diagram and Gibbs energy curves of solid solutions for the Au-Ni system (after Hultgren el at. 
[19631). Letters “s” indicate spinodal points. 


References: p. 531. 






480 


A. I), Pelton 


Ch. 6, §2 


curve is not part of the equilibrium phase diagram, but it is important in the kinetics of 
phase separation as discussed in ch. § 15. 

2.4. Simple eutectic systems 

The more positive g E in a system is, the higher is T c and the wider is the miscibility 
gap at any temperature. Suppose that g E<s) is sufficiently positive that T c is higher than the 
minimum in the (solid + liquid) region. The result will be a phase diagram such as that 
of the Ag-Cu system shown in fig. 7 (Hultgren et al. [1963]). 

In the upper panel of fig. 7 are shown the Gibbs energy curves at 1100 K. The two 
common tangents define two two-phase regions. As the temperature is decreased below 
1100 K, the g s curve descends relative to g l , and the two points of tangency, P, and P 2 , 
approach each other until, at T= 1052 K, P, and P 2 become coincident at the composition 
E. That is, at T=1052 K there is just one common tangent line contacting the two 
portions of the g s curve at compositions A and B and contacting the g‘ curve at E. This 
temperature is known as the eutectic temperature , T B , and the composition E is the 
eutectic composition. For temperatures below w lies completely above the common 




Fig. 7. Phase diagram and Gibbs energy curves at 1100 K of the Ag-Cu system (after Hultgren etal. [1963]). 
Solid Ag and Cu are both fee. 
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tangent to the two portions of the g s curve and so, for T< T E a solid-solid miscibility gap 
is observed. The phase boundaries of this two-phase region are called the solvus lines. 
The word eutectic is from the Greek for “to melt well” since an alloy has the lowest 
melting point at the eutectic composition E. 

This description of the thermodynamic origin of simple eutectic phase diagrams is 
strictly correct only if the pure solid components A and B have the same crystal structure 
(see § 2.6). 

Suppose a Ag-Cu alloy of composition *c„ = 0 .28 (composition P,) is cooled from the 
liquid state very slowly under equilibrium conditions. At 1100 K the first solid appears 
with composition Q,. As T decreases further, solidification continues with the liquid 
composition following the liquidus curve from P, to E and the composition of the solid 
phase following the solidus curve from Q, to A. The relative proportions of the two 
phases at any T are given by the lever rule. At a temperature T=(T B + 8) just above T E , 
two phases are observed: a solid of composition A and a liquid of composition E. At a 
temperature T=(T E -8 ) just below T b , two solids with compositions A and B are 
observed. Therefore, at T e , during cooling, the following binary eutectic reaction occurs: 

liquid -» solid[ + solid 2 . (3) 

Under equilibrium conditions the temperature will remain constant at T=T E until all the 
liquid has solidified, and during the reaction the compositions of the three phases will 
remain fixed at A, B and E. For this reason the eutectic reaction is called an invariant 
reaction. 

The morphologies of two-phase grains resulting from the co-precipitation of two 
solids during eutectic reactions are discussed in detail in ch. 8. 

2.5. Binary phase diagrams with no intermediate phases 

2.5.1. Thermodynamic origin illustrated by simple regular solution theory 

Many years ago VanLaar [1908] showed that the thermodynamic origin of a great 
many of the observed features of binary phase diagrams can be illustrated at least 
qualitatively by simple regular solution theory. As discussed in ch. 5, §6.2, a regular 
solution is one in which: 

g E = cix A x B> (4> 

where Cl is a parameter independent of temperature and composition. 

In fig. 8 are shown several phase diagrams calculated for a hypothetical system A-B 
containing a solid and a liquid phase with melting points of T° (A) = 800 K and T° im = 
1200 K and with entropies of fusion of both A and B set to 10 J/mol K, which is a 
typical value for metals. The solid and liquid phases are both regular with g E(s) = ft s X A X B 
and g E<1) = JU‘X A X B . The parameters Cl s and f! 1 have been varied systematically to generate 
the various panels of fig. 8. 

In panel (n) both phases are ideal. Panels (1-r) exhibit minima or maxima depending upon 
the sign and magnitude of (g^’-g® 00 ), as has been discussed in § 2.2. In panel (h) the liquid 
is ideal but positive deviations in the solid give rise to a solid— solid miscibility gap as 
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A* ( k J mol' 1 ) — ► 



Fig. 8. Topological changes in the phase diagram for a system A-B with regular solid and liquid phases, 
brought about by systematic changes in the regular solution parameters ft s and ft 1 . Melting points of pure A 
and B are 800 K and 1200 K. Entropies of fusion of both A and B are 10.0 J/mol K. (Pelton and Thompson 
[1975].) 


discussed above in §2.4. On passing from panel (h) to panel (c), an increase in g®® 
results in a widening of the miscibility gap so that the solubilities of A in solid B and of 
B in solid A decrease. Panels (a-c) illustrate that negative deviations in the liquid cause 
a relative stabilization of the liquid with resultant lowering of the eutectic temperature. 

Eutectic phase diagrams are often drawn with the maximum solid solubility occurring 
at the eutectic temperature (as in fig. 7). However fig. 8d, in which the maximum 
solubility of A in the B-rich solid solution occurs at approximately T = 950 K, illustrates 
that this need not be the case even for simple regular solutions. 
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2.5.2. Liquid-liquid immiscibility - monotectics 

In fig. 8e, positive deviations in the liquid have given rise to a liquid-liquid miscibil- 
ity gap. An example of a real system with such a phase diagram is the Cu-Pb system 
shown in fig. 9 (Hultgren el al. [1963]). If a Cu-Pb alloy with X Pb = 0.10 is cooled 
slowly from the liquid state, solid Cu begins to appear at 1260 K. Upon further cooling 
the liquid composition follows the liquidus curve to point A at T= 1227 K. The following 
invariant monotectic reaction then occurs: 

liquid A -» liquid B + Cu (solid) , (5) 

where liquid A and liquid B are liquids with compositions at points A and B. The temper- 
ature remains constant at the monotectic temperature and the compositions of all phases 
remain fixed until liquid A is completely consumed. Cooling then continues with precipita- 
tion of copper with the liquid composition following the liquidus line from B to the 
eutectic E. 

Returning to fig. 8, we see that in panel (d) the positive deviations in the liquid are 
not large enough to produce immiscibility but they do result in a flattening of the 
liquidus which is often described as a “tendency to immiscibility”. An example of such 
a flattened (or “S-shaped”) liquidus resulting from a positive g E(1) is shown later for the 
Cd-Pb system in fig. 12. 

2.5.3. Peritectics 

The invariant which appears in fig. 8i is known as a peritectic. The Au-Fe system 
shov/n in fig. 10 (Hultgren et al. [1963]) exhibits a peritectic PQR at 1441 K as well 
as another at about 1710 K. The Gibbs energy curves, g 1 and g tcc , of the liquid and solid 
face-centred cubic phases are shown schematically at the peritectic temperature of 
T p = 1441 K in the upper panel of fig. 10. One common tangent line PQR to g' and to the 
two portions of g lcc can be drawn. 



Fig. 9. The Cu-Pb phase diagram (after Hultgren etal. [1963]). 
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Fig. 10. Phase diagram and Gibbs energy curves at the peritectic temperature of 1441 K for the Au-Fe system 
(after Hultgrdn et at. [1963]). 


Suppose that a Au-Fe alloy of composition X ¥c = 0.65 is cooled very slowly from the 
liquid state. At a temperature (T p + 8) just above 1441 K, a liquid phase of composition 
P and an fee phase of composition R are observed at equilibrium. At a temperature 
(T p S) just below 1441 K, the two phases at equilibrium are liquid and solid with com- 
positions P and Q respectively. The following invariant binary peritectic reaction thus 
occurs upon cooling: 

liquid + solid 2 — > solid j. (6) 

This reaction occurs isothermally with all three phases at fixed compositions (at points 
P, Q and R). In the case of an alloy with overall composition between P and Q, the 
reaction occurs isothermally until all solidj is consumed. In the case of an alloy with 
overall composition between Q and R, it is the liquid which will first be completely 
consumed. 

A peritectic reaction between a liquid and solid, occurs on the surface of the particles 
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of solid 2 which can rapidly become coated with solid,. By preventing contact between 
liquid and solid 2 , this coating may greatly retard further reaction to such an extent that 
equilibrium conditions can only be achieved by extremely slow cooling. 

2,5.4. Syntectics 

The invariant in fig. 8k in which a solid decomposes upon heating into two liquids 
is known as a syntectic. It is rarely observed in alloy systems. Examples are found in the 
K-Pb and K-Zn systems (Hansen [1958]). A phase diagram similar to fig. 8j, although 
without the tiny miscibility gap, is exhibited by the Au-Pt system (Hansen [1958]). 

2.6. Limited mutual solid solubility 

In § 2.4 the region of two solids in the Ag-Cu phase diagram of fig. 7 was described as 
a miscibility gap in the solid phase. That is, only one g s curve was drawn. If, somehow, 
the appearance of the liquid phase could be suppressed, then the two solvus lines in fig. 
7, when projected upwards, would meet at a critical point (as in the Au-Ni system in fig. 
6) above which one continuous solid solution would exist at all compositions. 

Such a description is justifiable only if the pure solid components have the same 
crystal structure. This is the case for Ag-Cu since solid Ag and Cu are both fee. The 
same assumption was made in our treatment of the peritectic Au-Fe system (fig. 10) in 
which the region of two solids was treated as a miscibility gap. Again in this case this 
description is permissible since Au and Fe are both fee in this temperature range. 

However, consider the simple eutectic system A-B in fig. 11 in which pure solid A 
and B are hep (hexagonal close-packed) and fee respectively. In this case, if the 
formation of the liquid phase could be suppressed the two solvus lines could not project 
upward to meet at a critical point, since this would imply that above this critical 
temperature a continuous series of solid solutions varying smoothly from hep to fee 
could exist. Such a situation is prohibited by symmetry conditions. That is, one con- 
tinuous curve for g s cannot be drawn. Each solid phase must have its own separate Gibbs 
energy curve, as shown schematically in the upper panels of fig. 11. In this figure, 
is the standard molar Gibbs energy of pure fee A and g E hCf) is the standard molar Gibbs 
energy of pure hep B. Such quantities may be defined in a number of different and non- 
equivalent ways as will be discussed below. 

A real system with a phase diagram similar to fig. 1 1 is the Cd-Pb system shown in 
fig. 12 (Ashtakala et al. [1981]). Gibbs energy curves at a temperature below the 
eutectic are shown schematically in the upper panel. Let us derive an expression for g fcc 
under the assumption that the Pb-rich fee solid solution is a Henrian solution. As 
discussed in ch. 5, § 6.2, when a solution is sufficiently dilute in one component, Henrian 
behaviour may be assumed. That is, the activity of the solvent is ideal (a so iv e m = -^solvent ; 
T solvent = 1 ), While for the solute, a sokue = y!Li Aoiu.e - where the Henrian activity coefficient, 
T solute * ' s independent of composition. At T E = 247.8°C in fig. 12, Cd in the Pb-rich fee 
solution at ^ = 0.940 exists in equilibrium with virtually pure solid hep Cd. Thus, in the 
fee solution, a cd ~ 1 .0 with respect to pure solid hep Cd as standard state. Hence, 
Ted - a c< /X cd = 1.0/0.060= 16.67 at 247. 8°C. We can now express g fcc as: 
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Fig. 11. Phase diagram and Gibbs energy curves at two temperatures for a simple eutectic system A-B in 
which pure solid A and B have different crystal structures. 

= (* Cd £cf P) + Xpb^) + RT(X Ci In a a + X Pb In flpb ) 

(7) 

= (^^ hCP) + ^P b ^ fCC> ) + ^(x cd MTcd^cd) + X n In X n ) 

However, since y a CA is independent of composition we can combine terms as follows: 

= [^ cd (gcd CP) + RT In y ^ ) + X n g%*] 

L J (8) 

+ RT(X Ci In X Cd + X fb In X n ). 

Let us now define: 


= {gT P) + RTlnyl). 
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Cd 


Pb 


Pb 


Fig. 12. Phase diagram of the Cd-Pb system (after Ashtakala el al. [1981]) and Gibbs energy curves 
(schematic) at a temperature below the eutectic. Dashed lines indicate limiting liquidus slopes calculated for 
zero solid solubility. 


From eq. (8) it can be seen that relative to £ c ° 1 f cc) defined in this way and to g P ° b <fcc) the 
fee solution is ideal. This is illustrated in fig. 12. 

At247.8°C in Cd-Pb, (g c °‘ fcc) - g^ cp) ) = RT\n y^ =/?(247.8 + 273.15) In 16.67 - 12.19 
kJ/mol. As a first approximation we could take this value to be independent of T, or as 
a second approximation we could evaluate y° Cli at other temperatures along the solidus 
and express (g c ^ fcc) -g c ^ hcp> ) as, say, a linear function of T. 

Although the above treatment has the advantage of numerical simplicity, it suffers 
from the difficulty that the numerical value of (g^^-gcT^) is solvent-dependent and 
will be different for, say, solutions of Cd in fee Cu and Cd in fee Pb. For purposes of 
predicting binary phase diagrams from first principles or for estimating ternary phase 
diagrams from binary phase diagrams (§5.5) it would be desirable if g^ cc) could be 
defined to be system-independent so as to be truly the “standard molar Gibbs energy of 
metastable fee Cd”. A great deal of effort has been expended by the international 
calphad group under the impetus of Kaufman (Kaufman and Bernstein [1970]) and 


References: p. 531. 




488 


A.D. Pelton 


Ch. 6, §2 


co-workers to compile tables of lattice stabilities for metals in the fee, hep, bee, and 
liquid states (that is, to obtain a set of relative values of g 0(f “ ) , g 00 "^, g 0<bcc) and g 1 * 1 ’ for 
every metal). In some cases, these can be calculated by extrapolating thermodynamic 
data from regions of T and P where the phases are stable. In other cases, lattice 
stabilities can be estimated partly from theoretical calculations and partly from the 
analysis of a large number of binary phase diagrams followed by a judicious choice of 
the “best” values which most closely fit the greatest number of systems. Tabulations of 
lattice stabilities are now available for many metals (Dinsdale [1991]). 

2.7. Calculation of limiting slopes of phase boundaries 

In fig. 12 we see that the solubility of Pb in solid Cd is very small. The actual 
solubility at T E is about 0.14 mol% (Hansen [1958]). In thermodynamic terms this 
means that g hcp increases very rapidly as Pb is added to solid Cd (see fig. 12), or that the 
Henrian activity coefficient is very large. The fact that the solubility of Cd in solid 
Pb is much greater than that of Pb in solid Cd can be understood in terms of the 
Hume-Rothery rule (ch. 4) that solubilities are greater when the solute atoms are smaller 
than the solvent atoms, since the lattice strain energy will be less and hence g will rise 
less rapidly upon addition of solute. 

As discussed later in § 7, it is usually more difficult experimentally to determine a 
solidus than it is to measure liquidus temperatures. However, if the liquidus has been 
measured in the limit as X solV(!nt — » 1, then the limiting slope of the solidus can be 
calculated. Let component B be the solvent in a system A-B. The partial Gibbs energies 
of B along the liquidus and solidus are equal (g B - g B =0). Hence: 

But: (g B - g B 0) ) = RT lnn B and (g B - g B s) ) = RT lnn B , where a B and a B are activit- 
ies of B on the liquidus and solidus with respect to the pure liquid and pure solid 
standard states respectively. Hence, eq. (9) may be written as: 

RT In a l B - RT In n B = -Ag° B) . 

In the limit X B — » 1, Raoult’s Law holds for both phases. That is, a B — > X B 
X B . Hence, in the limit, eq. (10) may be written as: 

f?TlnX B /X B = -Agj (B) . (11) 

Furthermore, in the limit, T — > T C ° B) and from eq. (1) A g° m —> Ah° (B) (l -T/T f ° (B) ). Finally, 
lim^_ >1 (lnX B ) = (X B -l). Substituting these limiting values into eq. (11) we obtain: 

Um(dX‘/dr - AXytT) = AhlJR(T« B) ) 2 . (12) 

If the limiting slope of the liquidus, lim x ^(dX^/dT), is known, then the limiting slope 
of the solidus can be calculated via eq. (12) if the enthalpy of fusion is known. 

For the Cd-Pb system, limiting liquidus slopes were calculated for both components 


( 10 ) 
and a B —> 
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from eq. (12) under the assumption that there is no solid solubility (that is, that dX^/d T 
= 0). These are shown as the dashed lines on fig. 12. In Cd-rich solutions, agreement 
with the measured limiting liquidus slope is very good, but in Pb-rich solutions the poor 
agreement indicates the existence of appreciable solid solubility as has been confirmed 
by direct measurement. 

2.8. Intermediate phases 

The phase diagram of the Ag-Mg system (Hultgren etal. [1963]) is shown in fig. 
13. An intermetallic phase, j3', is seen centered approximately about the composition 


T = 1050 K 1 


T =744 K 



Fig. 13. Ag-Mg phase diagram (after Hultgren etal. [1963]) and Gibbs energy curves (schematic) at 744 K 
and 1050 K. 
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X Mg = 0.5. The Gibbs energy curve for such an intermetallic phase has the form shown 
schematically in the upper panel of fig. 13. $ rises quite rapidly on either side of its 
minimum which occurs near X Mg = 0.5. As a result, the fi' phase appears on the phase 
diagram only over a limited composition range. This form of the curve $ results from 
the fact that when X Ag ~X Mg a particularly stable crystal structure exists in which Ag and 
Mg atoms preferentially occupy different sites. The two common tangents P,Q t and P 2 Q 2 
give rise to a maximum in the two-phase (J3' + liquid) region in the phase diagram. 
(Although the maximum is observed very near * Mg = 0.5, there is no thermodynamic 
reason for the maximum to occur exactly at this composition.) 

The Na-Bi phase diagram is shown in fig. 14 (Hansen [1958]). Gibbs energy curves 
at 700°C are shown schematically in the upper panel. g(Na 3/4 Bi I/4 ) rises extremely 
rapidly on either side of its minimum which occurs at X Na = 3/4, X Bi = 1/4. (We write 
g(Na 3/4 Bi 1/4 ) rather than g(Na 3 Bi) in order to normalize to a basis of one mole of metal 
atoms.) As a result, the points of tangency Q, and Q 2 of the common tangents PjQj and 
P 2 Q 2 are nearly (but not exactly) coincident. Hence, the composition range over which 
single-phase Na 3 Bi exists (sometimes called the range of stoichiometry or homogeneity 



775 • 



Fig. 14. Na-Bi phase diagram (after Hansen [1958]) and schematic Gibbs energy eurves at 700°C. 
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range of Na 3 Bi) is very narrow (but never zero). The two regions labelled (Na 3 Bi + 
liquid) in fig. 14 are the two sides of a two-phase region which passes through a 
maximum just like the ifi' + liquid) regions in fig. 13. Because the Na 3 Bi single-phase 
region is so narrow we refer to Na 3 Bi as an intermetallic compound. In the case of 
Na 3 Bi, any slight deviation from the stoichiometric composition causes a very large 
increase in Gibbs energy. Owing to the large difference in electronegativities of Na and 
Bi, Na 3 Bi could be considered to be a semi-ionic compound. Deviations from 
stoichiometry would require the substitution of Na on Bi sites or vice versa which would 
be energetically very unfavourable. 

If stoichiometric Na 3 Bi is heated, it will melt isothermally at 775°C to form a liquid 
of the same composition. That is, the melting behaviour of Na 3 Bi is similar to that of a 
pure element. Such intermetallic compounds are called congruently melting or simply 
congruent compounds. The /3' phase in fig. 13 might also be called a congruent inter- 
metallic compound AgMg (or AgMg ia ). It is debatable, however, whether a phase with 
such a wide range of composition should really be called a “compound”. 

It should be noted with regard to the congruent melting of Na 3 Bi in fig. 14 that the 
limiting slopes dT/dX of the two liquidus curves at the congruent melting point (775°C) 
are both zero, since we are really dealing with a maximum in a two-phase region and not 
with the melting of an element. 

Another intermetallic phase, the e phase, is also observed in the Ag-Mg system, fig 
13. This phase has a narrow range of stoichiometry around the composition AgMg 3 . This 
phase is associated with a peritectic invariant ABC at 744 K. The Gibbs energy curves 
are shown schematically at the peritectic temperature in the central panel of fig. 13. One 
common tangent line can be drawn to g 1 , g* 3 , and g 1 . 

Suppose that a liquid alloy of composition X Mg = 0.7 is cooled very slowly from the 
liquid state. At a temperature just above 744 K a liquid phase of composition C and a /3' 
phase of composition A are observed at equilibrium. At a temperature just below 744 K, 
the two phases at equilibrium are /3' of composition A and e of composition B. The 
following invariant peritectic reaction thus occurs upon cooling (cf. § 2.5.3): 

liquid + /3'(solid) -4 £(solid). (13) 

This reaction occurs isothermally at 744 K with all three phases at fixed compositions (at 
points A, B and C). For an alloy with overall composition between points A and B the 
reaction proceeds until all the liquid has been consumed. In the case of an alloy with overall 
composition between B and C, the /3' phase will be the first to be completely consumed. 

The AgMg 3 (s) compound is said to melt incongruently. If solid AgMg 3 is heated, it 
will melt isothermally at 744 K, by the reverse of the above peritectic reaction (14), to 
form a liquid of composition C and another solid phase, /3', of composition A. 

Another example of an incongruent compound is the compound NaBi in fig. 14. This 
compound has a very narrow range of stoichiometry. When heated, it melts incongruently 
(or peritectically) at the peritectic temperature of 446°C to form another solid, Na 3 Bi, and 
a liquid of composition X Bi ~ 0.53. 

An incongruent compound is always associated with a peritectic. (The word peritectic 
comes from the Greek for (loosely) “to melt in an indirect way”.) However, the converse 
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is not necessarily true. A peritectic is not always associated with an intermediate phase. 
See, for example, fig. 10. 

For purposes of phase diagram computations involving very stoichiometric com- 
pounds such as Na 3 Bi, we may, to a good approximation, consider the Gibbs energy 
curve, g(Na 3/4 Bi 1/4 ), to have zero width. Then all we need is the numerical value of 
g(Na 3/4 Bi 1/4 ) at the minimum. This value is usually expressed in terms of the Gibbs 
energy offusion of the compound , j, or in terms of the “ Gibbs energy of 

formation ”, Ag^p^^.of the compound from solid Na and Bi according to the reaction 
}Na^ + ^Bi (s) =Na iM Bi l/4(a y Both these quantities are interpreted graphically in fig. 14. 

2.9. Topology of binary phase diagrams 

In ch. 5, § 8.2 the Gibbs phase rule was derived.: 

F = C-P + 2, (14) 

where C is the number of components, P the number of phases in equilibrium, and F the 
number of degrees of freedom or variance. That is, F is the number of parameters which 
can and must be specified in order to completely specify the state of the system. In the 
present context, the thermodynamic parameters are temperature, total pressure, and the 
compositions of the phases at equilibrium. Since binary temperature-composition phase 
diagrams are plotted at constant pressure, usually 1 bar, one degree of freedom is already 
used up. In a binary system, C= 2. Hence, for binary isobaric T-X diagrams the phase 
rule reduces to: 

F = 3- P. (15) 

Binary T-X diagrams contain single-phase areas and two-phase areas. In the single- 
phase areas, F=3-l=2. That is, temperature and composition can be varied indepen- 
dently. These regions are thus called bivariant. In two-phase regions, F=3-2= 1. If, say, 
T is chosen, then the compositions of both phases are fixed by the ends of the tie-lines. 
Two-phase regions are thus termed univariant. Note that the overall composition can be 
varied within a two-phase region at constant T, but the overall composition is not a 
variable in the sense of the phase rule. Rather, it is the compositions of the individual 
phases at equilibrium that are the variables to be considered in counting the number of 
degrees of freedom. 

When three phases are at equilibrium in a binary system at constant pressure, F= 3 
-3=0. Hence, the compositions of all three phases as well as T are fixed. There are two 
general types of three-phase invariants in binary phase diagrams. These are the eutectic- 
type and peritectic-type invariants as illustrated in fig. 15. Let the three phases concerned 
be called a, /3 and y, with /3 as the central phase as shown in fig. 15. a, /3 and y can be 
solid, liquid or gaseous phases. At the eutectic-type invariant, the following invariant 
reaction occurs isothermally as the system is cooled: 

P -> a + y, (16) 

whereas, at the peritectic-type invariant the invariant reaction upon cooling is: 
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a + y->/3 (17) 

Some examples of eutectic-type invariants are: (i) eutectics (fig. 7) in which 
a = solid,, j3 = liquid, y = solid 2 . The eutectic reaction is 1 — > s, + s 2 ; (ii) monotectics (fig. 
9) in which a = liquid,, j3 = liquid^ y = solid. The monotectic reaction is 1 2 — > 1, + s; (iii) 
eutectoids (fig. 10) in which a = solid,, j3 =solid 2 , y =solid 3 . The eutectoid reaction is 
s 2 — ^ s, + s 3 ; (iv) catatectics in which a = liquid, /3 = solid,, y = solid 2 . The catatectic 
reaction is s, -» 1 + s 2 . 

Some examples of peritectic type invariants are: (i) peritectics (fig. 10) in which 
a = liquid, j3 = solid,, y - solid^ The peritectic reaction is 1 + s 2 — > s,; (ii) syntectics (fig. 8k) 
in which a = liquid,, /3 = solid, y = liquid^ The syntectic reaction is 1, +1 2 — > s; (iii) peri- 
tectoids in which a = solid,, /3 = solid^ y = solid 3 . The peritectoid reaction is s, + s 3 — >s 2 . 

An important rule of construction which applies to invariants in binary phase 
diagrams is illustrated in fig. 15. This extension rule states that at an invariant the 
extension of a boundary of a two-phase region must pass into the adjacent two-phase 
region and not into the single-phase region. Examples of both correct and incorrect 
constructions are given in fig. 15. To understand why the “incorrect extension” shown is 
not correct, consider that the (a + y) phase boundary line indicates the composition of the 
y-phase in equilibrium with the a-phase as determined by the common tangent to the 

Eu tecllc - type 
invariant 


incorrect 

extensions 





Fig. 15. Some topological units of construction of binary phase diagrams illustrating rules of construction. 
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Gibbs energy curves. Since there is no reason for the Gibbs energy curves or their 
derivatives to change discontinuously at the invariant temperature, the extension of the 
(a +y) phase boundary also represents the composition of the y-phase in equilibrium 
with the a-phase. Hence, for this line to extend into a region labelled as single-phase y 
is incorrect. 

Two-phase regions in binary phase diagrams can terminate: (i) on the pure com- 
ponent axes (at X A - 1 or X B = 1) at a transformation point of pure A or B; (ii) at a 
critical point of a miscibility gap; (iii) at an invariant. Two-phase regions can also exhibit 
maxima or minima. In this case, both phase boundaries must pass through their max- 
imum or minimum at the same point as shown in fig. 15. 

All the topological units of construction of binary phase diagrams have now been 
discussed. The phase diagram of a binary alloy system will usually exhibit several of 
these units. As an example, the Fe-Mo phase diagram (Kubaschewski [1982]) is shown 
in fig. 16. The invariants in this system are: peritectics at 1540, 1488, and 1450°C; 
eutectoids at 1235 and 1200°C; peritectoids at 1370 and 950°C. The two-phase (liquid 
+-y) region passes through a minimum at *mo = 0.2. 

Between 910°C and 1390°C is a two-phase (a +y) y-loop. Pure Fe adopts the fee y 
structure between these two temperatures but exists as the bcc a phase at higher and 
lower temperatures. Mo however, is more soluble in the bcc than in the fee structure. 
That is, g^“- Fe) < g°f c ' Fe) as discussed in §2.6. Therefore, small additions of Mo 
stabilize the bcc structure. 

2.9.1. Order-disorder transformations 

In fig. 13 for the Ag-Mg system, a transformation from an a' to an a phase is shown 
occurring at approximately 390 K at the composition Ag 3 Mg. This is an order-disorder 



Fig. 16. Fe-Mo phase diagram (Kubaschewski [1982]). 
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transformation. Below the transformation temperature, long-range ordering (superlattice 
formation) is observed. An order parameter may be defined which decreases to zero at 
the transformation temperature. This type of phase transformation is not necessarily a 
first-order transformation like those considered so far in this chapter. Unlike transfor- 
mations which involve atomic displacements over distances large compared with atomic 
dimensions, order-disorder transformations, at least at the stoichiometric composition 
(Ag 3 Mg is this example), occur by atomic rearrangement over distances of the order of 
atomic dimensions. The slope of the curve of Gibbs energy versus T is not necessarily 
discontinuous at the transformation temperature. For a detailed discussion see ch. 4, 
§4.1.1, Inden [1982], and Pitsch and Inden [1991]. 

A type of order-disorder transformation of importance in ferrous metallurgy is the 
magnetic transformation. Below its Curie temperature of 769°C, Fe is ferromagnetic. 
Above this temperature it is not. The transformation involves a change in ordering of the 
magnetic domains and is not first-order. Additions of alloying elements will change the 
temperature of transformation. Magnetic transformations are treated in ch. 29. See also 
Miodownik [1982], Inden [1982] and Hillert and Jarl [1978]. 

2.10. Application of thermodynamics to phase diagram analysis 

In recent years, the development of solution models, numerical methods and computer 
software has permitted a quantitative application of thermodynamics to phase diagram 
analysis. Computer programs are available which permit phase diagrams to be generated 
from equations for the Gibbs energies of the phases. Other programs have been written 
to perform simultaneous critical evaluations of available phase diagram measurements 
and of available thermodynamic data (calorimetric data, measurements of activities, etc.) 
with a view to obtaining optimized equations for the Gibbs energies of each phase which 
best represent all the data. These equations are consistent with thermodynamic principles 
and with theories of solution behaviour. 

The phase diagram can be calculated from these optimized thermodynamic equations, 
and so one set of self-consistent equations describes all the thermodynamic properties 
and the phase diagram. This technique of analysis greatly reduces the amount of 
experimental data needed to characterize a system fully. All data can be tested for 
internal consistency. The data can be interpolated and extrapolated more accurately, and 
metastable phase boundaries can be calculated. All the thermodynamic properties and the 
phase diagram can be represented and stored by means of a small set of coefficients. 

Finally and most importantly, it is often possible to estimate the thermodynamic 
properties and phase diagrams of ternary and higher-order systems from the assessed 
parameters for their binary sub-systems as will be discussed in §5. The analysis of 
binary systems is thus the first and most important step in the development of databases 
for multicomponent systems. 

The computer coupling of thermodynamics and phase diagrams is a growing field of 
much current research interest. The international Calphad Journal, published by Per- 
gamon Press, and an annual international meeting, the Calphad Conference, are now 
devoted to this subject. 
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2.10.1. Polynomial representation of excess properties 

Empirical equations are required to express the excess thermodynamic properties of 
the solution phases as functions of composition and temperature. For many simple binary 
substitutional solutions, a good representation is obtained by expanding the molar excess 
enthalpy and entropy as polynomials in the mole fractions X A and X B of the components: 

h E = X A X B (h 0 +h l (X B -X A ) + 

h 2 (X B -X A ) 2 +h i (X B -X A ) 3 +...) 


s E = X A X B (s 0 + Sl (X B -X A ) + 

s 2 (X b -X a ) 2 +s 3 (X b -X a ) 3 +...) 

where the h,- and s, are empirical coefficients. As many coefficients are used as are 
required to represent the data in a given system. For most systems it is a good approx- 
imation to assume that the coefficients h t and are independent of temperature. 

If the series are truncated after the first term, then: 

g E =h E - Ts e = X A X B (h 0 - Ts 0 ) (20) 


This is the same as eq. (4) for a regular solution. Hence, the polynomial representation 
can be considered to be an extension of regular solution theory. When the expansions are 
written in terms of the composition variable (X B -X A ) as in eqs. (18) and (19) they are 
said to be in Redlich-Kister form. Other equivalent polynomial expansions such as 
orthogonal Legendre series have been discussed by Pelton and Bale [1986], 

Differentiation of eqs. (18) and (19) yields the following expansions for the partial 
excess properties: 


hi = X& hi \(X B - X A )‘ - 2 iX A {X B - Xj- 1 

/=0 


( 21 ) 


hi = X 2 A ^h\{X B -X A )‘+ 2 iX B {X B - X A )'-‘l (22) 

1=0 

-X a )‘ - 2iX A (X B -X A f‘] (23) 

i=0 


4 =x2£4(X b -Xa)'+2K b (X b 

1=0 



(24) 


2.10.2. Least-squares optimization 

Eqs. (18), (19) and (21) to (24) are linear in terms of the coefficients. Through the 
use of these equations, all integral and partial excess properties (g E , h K , s E , gf, hf, sf) 
can be expressed by linear equations in terms of the one set of coefficients {h it s,}. It is 
thus possible to include all available experimental data for a binary phase in one 
simultaneous linear least-squares optimization as discussed by Bale and Pelton [1983], 
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Lukas et al. [1977] and DOrner et al. [1980], and specialized software for such 
optimizations is available. 

The technique of coupled thermodynamic/phase diagram analysis is best illustrated by 
an example. The phase diagram of the Cd-Na system with points measured by several 
authors is shown in fig. 17. From electromotive force measurements on alloy con- 
centration cells, several authors have measured the activity coefficient of Na in liquid 
alloys. These data are shown in fig. 18 at 400°C. From the temperature dependence of 
=RT ln-y Na , the partial enthalpy of Na in the liquid was obtained via the Gibbs- 
Helmholtz equation. The results are shown in fig. 19. Also, h E of the liquid has been 
measured (Kleinstuber [1961]) by direct calorimetry. 

Along the Cd-liquidus in fig. 17 the partial Gibbs energy of Cd in the liquid is equal 
to that of essentially pure solid Cd with which it is in equilibrium: 

g' a = (25) 

Hence, 

g l a -8$=g$ ) ~g$ ( 26 ) 


Weight Percent Sodium 



0 10 20 30 40 50 60 70 80 90 100 

Cd Atomic Percent Sodium is'a 


Fig. 17. Cd-Na phase diagram calculated from optimized thermodynamic parameters (Reprinted from Pelton 
[1988]). 

o Kurnakow and Kusnetzov [1907] 

A Mathewson [1906] 
x Weeks and Davies [1964] 
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Fig. 18. Sodium activity coefficient in liquid Cd-Na alloys at 400°C. Line is calculated from optimized 
thermodynamic parameters (Reprinted from Pelton [1988]). 

□ Hauffe[1940] 

• Lantratov and Mikhailova [1971] 

A Maiorova etal. [1976] 

V Alabyshev and Morachevskii [1957] 
o Bartlett etal. [1970] 


RT\nX' Ci +g™=-Lgl, 


f(Cd) 


(27) 


Therefore, from the experimental liquidus composition X ] cd , and from a knowledge of the 
Gibbs energy of fusion, g™ at the measured liquidus points can be calculated from eq. 
(27). 

Similar equations relating the liquidus compositions along the Cd n Na 2 - and Cd 2 Na- 
liquidus lines to the partial excess Gibbs energies of the liquid and to the Gibbs energies 
of fusion of Cd,,Na 2 and Cd 2 Na can be written based upon the graphical construction 
shown in fig. 14. 

The thermodynamic data for g^ a , h^ a and h E as well as the measured liquidus points 
and the Gibbs energies of fusion of the compounds were optimized simultaneously by a 
least-squares technique to obtain the following optimized expressions (Pelton [1988]): 


h m = X Cd X Na (-12508 + 2031 6 (X Na - X Cd ) 

-8714(X Na - X cd ) 2 )j/mol 

= * Cd X„ a (—15.452 + 15.186(X Na - X Cd ) 

- 10.062(X Na - X Cd ) 2 - 1.122(X Na - X Cd ) 3 ) J/mol K 


(28) 


(29) 


AG°, , v 

/(IjCdu-Vaj) 


= 6816-10.724 7’ J/g-atom 


(30) 
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Fig. 19. Partial excess exthalpy of sodium in liquid Cd-Na alloys. Line is calculated from optimized 
thermodynamic parameters (Reprinted from Pelton [1988]). 

• Lantratov and Mikhailova [1971] 

A Maiorova etal . [1976] 
o Bartlett el al . [1970] 


AG /(icd 2 M.) = 8368 " 12 ' 737 T J/ g' atom (3D 

A G° f(Ci) = 6201 - 10.4344 T J/g - atom (32) 

A G; (Na) - 2598 - 7.0035 T J/g-atom (33) 

The Gibbs energies of fusion of Cd and Na were taken from Chase [1983] and were 
not changed in the optimization. The optimized enthalpies of fusion of 6816 and 8368 
J/g-atom for the two compounds in eqs. (30, 31) were modified from the values of 6987 
and 7878 J/g-atom measured by Roos [1916]. These changes are within the experimental 
error limits. Eq. (28) reproduces the calorimetric data within 200 J/mol' 1 . Eqs. (22, 24) 
can be used to calculate h^. d and y^a- The calculated curves are compared to the 
measured points in figs. 18 and 19. The phase diagram shown in fig. 17 was calculated 
from eqs. (28) to (33). Complete details of the analysis of the Cd-Na system are given 
by Pelton [1988], 

It can thus be seen how one simple set of equations can simultaneously and self- 
consistently describe all the thermodynamic properties and the phase diagram of a binary 
system. The exact optimization procedure will vary from system to system depending on 
the type and accuracy of the available data, the number of phases present, the extent of 
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solid solubility, etc. A large number of optimizations have been published in the Calphad 
Journal since 1977. 

2.10.3. Calculation of metastable phase boundaries 

In the Cd-Na system just discussed, the liquid exhibits positive deviations from ideal 
mixing. That is, g E(1> >0. This fact is reflected in the very flat liquidus in fig. 17 as was 
discussed in § 2.5.2. 

By simply not including any solid phases in the calculation, the metastable liquid 
miscibility gap as well as the spinodal curve (§ 2.3) can be calculated as shown in fig. 
17. These curves are of importance in the formation of metallic glasses by rapid 
quenching (see ch. 19, §2.1). 

Other metastable phase boundaries, such as the extension of a liquidus curve below 
a eutectic, can also be calculated thermodynamically simply by excluding one or more 
phases during the computations. 

2.11. Solution models 

Polynomial expansions, as in eqs (18, 19), give an adequate representation of the 
excess mixing properties for simple substitutional solutions in which deviations from 
regular solution behaviour are not too large. In other cases, more sophisticated models 
are required. 

The Gibbs energy of a regular solution is given by combining eqs. (2) and (4). The 
ideal mixing term in eq. (2) is a consequence of the assumption that A and B atoms form 
a random substitutional solution. The parameter ft in eq (4) can be interpreted as 
resulting from the fact that the energy of A-B bonds in the solution is different from that 
of A-A and B-B bonds. Suppose that A-B bonds are energetically favourable. The 
solution is thereby stabilized, ft < 0 and g® < 0. However, the distribution will then no 
longer be random because A and B atoms will tend to favour each other as nearest 
neighbours, and so the ideal mixing term, RT(X A In X A + X B lnX B ) in eq. (2) is no longer 
correct. For relatively small deviations from ideality, the random mixing approximation 
is often acceptable. However, for larger deviations, the non-randomness becomes 
important. In such cases, a simple polynomial expansion for g E as in eqs. (18,19) is 
insufficient. 

The regular solution model can be extended to account for this non-randomness 
through the quasichemical model for short-range ordering developed by Guggenheim 
[1935] and Fowler and Guggenheim [1939]. Many liquid alloy solutions exhibit short- 
range ordering. The ordering is strongest when one component is relatively electropos- 
itive (on the left side of the periodic table) and the other is relatively electronegative. 
Liquid alloys such as Alk-Au (Hensel [1979]), Alk-Pb (Saboungi et al. [1985]) and 
Alk-Bi (Petric et al. [1988]), where Aik = (Na, K, Rb, Cs) exhibit strong short-range 
ordering, as do liquid semiconductor solutions such as Ga-As and In-Sb. The quasiche- 
mical model has been recently adapted to permit thermodynamic/phase diagram 
optimizations of such systems (Pelton and Blander [1984, 1986, 1988]). 
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Short-range ordering in liquid alloys has also been modeled by treating such solutions 
as substitutional solutions of A atoms, B atoms and A„,B n “complexes”. See for example, 
LUck et al. [1989], For most alloy systems, however, such association models are not 
physically realistic. 

For an interstitial solution the ideal Gibbs energy of mixing is that of a random 
distribution of the solute atoms over the interstitial sites. For example, in an interstitial 
solution of C in y-Fe, X c moles of C atoms are distributed over octahedral sites. The 
molar Gibbs energy of mixing is thus: 


A g = RT 


= RT 


V X Fe + *C ) 


*Mn^ + 


C i„ ^C , ( X F e *C) j n (-^Fe X c) 


( 


( 


X n ln- 




1 - 2X n 


+ *Fe ^ 


1- 


V 


"Fc 

X. 4 

OJ 


'•Fe ) 


+ g 


(34) 


The ideal activities are thus: 


4^ = X c /{\ - 2X C ) 

(35) 

4r = (i - ^c/4) 

(36) 


When modeling an interstitial solution, one should employ these expressions. 

A multicomponent interstitial solution such as M,-M 2 -C-N, where M, and M 2 are 
metals, can be considered to consist of two sublattices: a metallic sublattice on which Mi 
and M 2 are distributed, and an interstitial sublattice on which C, N (and vacant sites) are 
distributed. General sublattice models, of which such solutions are a special case, have 
been discussed by Hillert etal. [1985]. An example of application to the Fe-Cr-V-C 
system is given in § 5. 

Examples of non-stoichiometric compound phases were shown in figs 13 and 16. 
When these exhibit a relatively narrow range of stoichiometry, as is the case for AgMg 3 
in fig. 14, the phase is conveniently described as a dilute solution of defects in the 
stoichiometric compound. For example, consider a compound A,_ y B y . The lattice sites 
normally occupied by A atoms we shall call “A sites”, and those normally occupied by 
B atoms are “B sites”. The dissolution of excess B in the compound can occur by the 
formation of defects. Example of such defects are (i) B atoms occupying A sites; (ii) 
vacant A sites; (iii) B atoms occupying interstitial sites; etc. Generally, one type of defect 
will predominate in any given system when B is in excess, and this is called the majority 
defect for solutions with excess B. When excess A is added to A,_ y B y) then another 
majority defect predominates. It should, of course, be noted that certain compounds, such 
as FeO, or Nb 3 Al near room temperature, do not even contain the stoichiometric 
composition within their range of single-phase stoichiometry. 

Despite the large number of defect types which can occur, a quite general thermo- 
dynamic model can be proposed. Let X x be the mole fraction of the majority defects 
which occur when A is in excess. This is the mole fraction of these defects on the 
sublattice (or interstitial lattice) which they occupy. Similarly, X 2 is the mole fraction of 
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the majority defects which occur when B is in excess. Let g l and g 2 be the energies 
required to form one mole of each type of defect in the limit when X, and X 2 are very 
small. Assume that the concentrations X, and X 2 are small enough that interactions 
between defects are negligible (Henry’s Law) and that the number of lattice sites does 
not change appreciably from that in the defect-free compound. Assume further that the 
defects are randomly distributed. The molar Gibbs energy of the solution relative to the 
hypothetical defect-free compound is then: 

g = "Tj— (Xj In Xj + (l - X, ) ln(l - X, )) 

RT 1 1 (37) 

+ — (X 2 In X 2 + (1 - X 2 ) ln(l - X 2 )) + - g,X, + — g 2 X 2 

P2 Pi Pi 


where 1//3, and l//3 2 are the numbers of moles of lattice sites available to each type of 
defect. For a given deviation from the stoichiometric composition represented by 



A 

A 


(38) 


and by minimizing g with respect to and X 2 it can be shown that: 

^A A ; 


f x ‘ ] 

A 

f 1 



li-x 2 J 


= exp 


RT 


(39) 


If values of the energy parameters g, and g 2 are given, eqs. (38, 39) can be solved for 
any 8 to give X! and X 2 which can then be substituted back into eq. (37) to give g. When 
g, and g 2 are very large, g rises very steeply on either side of its minimum, and the range 
of stoichiometry is very narrow as for the case of the compounds in fig. 14. In the case 
of the compound AgMg 3 in fig. 13, g { >g 2 . That is, it is easier to form defects by adding 
excess Mg than by adding excess Ag. Hence, the Gibbs energy curve rises more steeply 
on the Ag side, and as a result, Mg is more soluble in AgMg 3 than is Ag. 

Defects are discussed in chs. 9, 18 and 20. For an example of an application of the 
defect model to phase diagram calculations, see Pelton [1991]. For a treatment of defect 
models as examples of general sublattice models, see Hillert etal. [1985], 


2.12. Binary phase diagrams involving a gaseous phase 

The effect of total pressure, P, upon the Gibbs energy change for the transformation 
of one mole of pure component A from the a- to the /3-phase is given by: 

Agr^Agr^+j^-u*)^, 


(40) 
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where A ^ ( “ _,8) is the standard (i.e. at P- 1 atm) molar Gibbs energy of transformation 
and where v a A and v a B are the molar volumes of the phases. For solids and liquids, molar 
volumes are sufficiently small that the final term in eq. (40) is negligible unless P is very 
large. If a gaseous phase is involved, however, this is no longer the case. If gaseous A 
is ideal and monatomic, and since if A =RT/P» v\, the molar Gibbs energy of vapori- 
zation is given by: 

Agl^Ag 0 ^ + RT In P. (41) 

where Ag A v) is the standard Gibbs energy of vaporization (when P = 1 atm) which is 
given by: 

A g* v) = A h° A M - TAs° a m (42) 

For example, the enthalpy of vaporization of Zn is Ah^’ = 115300 J/mol at its normal 
boiling point of 1180 K (Barin etal. [1977]). Assuming that A A 0<v> is independent of T, 
we calculate that A.v^ v> = 115300/1180 = 97.71 J/mol K. Hence, A g^ at any T and P is 
given by: 

A g" n = (1 15300 - 97.71 T) + RT In P (43) 

A similar expression can be derived for the other component. Mg. 

Curves of g' and g'' at a constant T and P are shown in the upper panel of fig. 20. 
The common tangent construction generates the equilibrium vapour and liquid com- 
positions. A temperature-composition phase diagram, at constant pressure, can then be 
generated as the curve for g' descends relative to g l as the temperature is raised. 
Alternatively, the isothermal pressure-composition diagram shown in the lower panel of 
fig. 20 is generated as the curve for g v descends relative to g l as the pressure is lowered. 
The diagram at 1250 K in fig. 20 was calculated under the assumption of ideal liquid and 
vapour mixing (g E(1) = g BM - 0). 

3. Ternary phase diagrams 

In this section, an introduction to ternary phase diagrams will be given. A complete 
discussion of the subject is beyond the scope of this chapter. For more detailed treat- 
ments see Prince [1966], West [1965] or Bergeron and Risbud [1984]. 

3.1. The ternary composition triangle 

In a ternary system with components A-B-C the sum of the mole fractions is unity. 
(X A H- X B + X(3) = 1. Hence, there are two independent composition variables. A represen- 
tation of composition, symmetrical with respect to all three components may be obtained 
with the equilateral “composition triangle” as shown in fig. 21. Compositions at the 
comers of the triangle correspond to the pure components. Along the edges of the 
triangle are found compositions corresponding to the three binary subsystems A-B, B-C 
and C-A. Lines of constant mole fraction X A are parallel to the B-C edge, while lines of 
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9.0 az 9 .* OJ 0.8 1.0 


Fig. 20. Pressure-composition phase diagram of the Zn-Mg system at 1250 K calculated for ideal vapour and 
liquid solutions. Upper panel illustrates common tangent construction at a constant pressure and temperature. 


constant X B and X c are parallel to the C-A and A-B edges respectively. For example at point 
a in fig. 21, X A = 0, X a = 0.7 and X c =0.3. At point b, X A = 0.3, X B = 0.2 and X c = 0.5. 

Similar equilateral composition triangles can also be drawn with coordinates in terms 
of weight% of the three components. 

3.2. Ternary space model 

A ternary temperature-composition “phase diagram” at constant total pressure may 
be plotted as a three-dimensional “space model” within a right triangular prism with the 
equilateral composition triangle as base and temperature as vertical axis. Such a space 
model for a simple eutectic ternary system A-B-C is illustrated in fig. 22. On the three 
vertical faces of the prism we find the phase diagrams of the three binary subsystems, 
A-B, B-C and C-A which, in this example, are all simple eutectic binary systems. The 
binary eutectic points are at e 1( e 2 and e 3 . Within the prism we see three liquidus surfaces 
descending from the melting points of pure A, B and C. Compositions on these surfaces 
correspond to compositions of liquid in equilibrium with A-, B- and C-rich solid phases. 

In a ternary system at constant pressure, the Gibbs phase rule, eq. (14), becomes: 

F = 4 - P. (44) 

When the liquid and one solid phase are in equilibrium, P = 2. Hence, F= 2, and the 
system is bivariant. A ternary liquidus is thus a two-dimensional surface. We may choose 
two variables, say T and one composition coordinate of the liquid, but then the other 
liquid composition coordinate and the composition of the solid are fixed. 
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x B -* 

Fig. 21. The equilateral ternary composition triangle. 



Fig. 22. Perspective view of ternary space model of a simple eutectic ternary system. e„ e,, e, are the binary 
eutectics and E is the ternary eutectic. The base of the prism is the equilateral composition triangle. 
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The A- and B-liquidus surfaces in fig. 22 intersect along the line e,E. Liquids with 
Ocompositions along this line are therefore in equilibrium with A-rich and B-rich solid 
phases simultaneously. That is, P = 3 and so F=l. Such “valleys” are thus called 
univariant lines. The three univariant lines meet at the ternary eutectic point E at which 
P= 4 and F=0. This is an invariant point since the temperature and the compositions of 
all four phases in equilibrium are fixed. 

3.3. Polythermal projections of liquidus surfaces 

A two-dimensional representation of the ternary liquidus surface may be obtained as 
an orthogonal projection upon the base composition triangle. Such a polythermal 
projection of the liquidus of the Bi-Sn-Cd system (Bray et al. [1961-62]) is shown in 
fig. 23. This is a simple eutectic ternary system with a space model like that shown in 
fig. 22. The constant temperature lines on fig. 23 are called liquidus isotherms. The 
univariant valleys are shown as the heavier lines. By convention, the large arrows 
indicate the directions of decreasing temperature along these lines. 

Let us consider the sequence of events which occur during the equilibrium cooling 
from the liquid of an alloy of overall composition a in fig. 23 (X m = 0.05, X Sn = 0.45, 
X C i = 0 .50). Point a lies within the field of primary crystallization of Cd. That is, it lies 
within the composition region in fig. 23 in which Cd-rich solid will be the first solid to 
precipitate upon cooling. As the liquid alloy is cooled, the Cd-liquidus surface is reached 
at T ~ 465 K (slightly below the 473 K isotherm). A solid Cd-rich phase begins to 
precipitate at this temperature. Now, in this particular system, Bi and Sn are nearly 
insoluble in solid Cd, so that the solid phase is virtually pure Cd (note that this fact 
cannot be deduced from fig. 23 alone). Therefore, as solidification proceeds, the liquid 
becomes depleted in Cd, but the ratio X Sn /X Bi in the liquid remains constant. Hence, the 
composition path followed by the liquid (its crystallization path) is a straight line passing 
through point a and projecting to the Cd-comer of the triangle. This crystallization path 
is shown on fig. 23 as the line ab. 

In the general case in which a solid solution rather than a pure component or 
stoichiometric compound is precipitating, the crystallization path will not be a straight 
line. However, for equilibrium cooling, a straight line joining a point on the crystal- 
lization path at any T to the overall composition point a will extend through the 
composition, on the solidus surface, of the solid phase in equilibrium with the liquid at 
that temperature. 

When the composition of the liquid has reached point b in fig. 23 at T = 435 K, the 
relative proportions of the solid Cd and liquid phases at equilibrium are given by the 
lever rule applied to the tie-line dab: (moles of liquid)/(moles of Cd) = da/ab, where da 
and ab are the lengths of the line segments. Upon further cooling the liquid composition 
follows the univariant valley from b to E while Cd and Sn-rich solids co-precipitate as 
a binary eutectic mixture. When the liquidus composition attains the ternary eutectic 
composition E at T = 380 K the invariant ternary eutectic reaction occurs: 

liquid -> Sj + s 2 + s 3 , 


(45) 
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Fig. 23. Projection of the liquidus surface of the Bi-Sn-Cd system (after Bray el al. [1961-62]). Small arrows 
show crystallization path of an alloy of overall composition at point a. 

where s„ s 2 and s 3 are the three solid phases and where the compositions of all four 
phases as well as T remain fixed until all liquid is solidified. 

In order to illustrate several of the features of polythermal projections of liquidus 
surfaces, a projection of the liquidus of a hypothetical system A-B-C is shown in fig. 
24. For the sake of simplicity, isotherms are not shown, but only the univariant lines with 
arrows to show the directions of decreasing temperature. The binary subsystems A-B and 
C-A are simple eutectic systems, while the binary subsystem B-C contains one 
congruent binary phase, e and one incongruent binary phase, S, as shown in the insert in 
fig. 24. The letters e and p indicate binary eutectic and peritectic points. The e and S 
phases are called binary compounds since they have compositions within a binary 
subsystem. Two ternary compounds , ry and £, with compositions within the ternary 
triangle as indicated in fig. 24, are also found in this system. All compounds as well as 
pure solid A, B and C (the “a, y3 and y” phases) are assumed to be stoichiometric (i.e. 
there is no solid solubility). The fields of primary crystallization of all the solids are 
indicated in parentheses in fig. 24. The composition of the e phase lies within its field, 
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Fig. 24. Projection of the liquidus surface of a system A-B-C. The binary subsystems A-B and C-A are 
simple eutectic systems. The binary phase diagram B-C is shown in the insert. All solid phases are assumed 
pure stoichiometric components or compounds. Small arrows show crystallization paths of alloys of 
compositions at points a and b. 


since e is a congruent compound, while the composition of the S phase lies outside of its 
field since S is incongruent. Similarly for the ternary compounds, 77 is a congruently 
melting compound while £ is incongruent. For the congruent compound 77, the highest 
temperature on the 77-liquidus occurs at the composition of 77. 

The univariant lines meet at a number of ternary eutectics E, (three arrows conver- 
ging), a ternary peritectic P (one arrow entering, two arrows leaving the point), and 
several ternary quasi-peritectics V, (two arrows entering, one arrow leaving). Two saddle 
points s are also shown. These are points of maximum T along the univariant line but of 
minimum T on the liquidus surface along a section joining the compositions of the two 
solids. For example, is at a maximum along the univariant E,P' 3 , but is a minimum 
point on the liquidus along the straight line £s,77. 

Let us consider the events occurring during the cooling from the liquid of an alloy of 
overall composition a in fig. 24 . The primary crystallization product will be the e phase. 
Since this is a pure stoichiometric solid the crystallization path of the liquid will be along 
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a straight line passing through a and extending to the composition of e as shown on the 
figure. 

Solidification of e continues until the liquid attains a composition on the univariant valley. 
Then the liquid composition follows the valley towards the point P/ in co-existence with e 
and C- At point P/ the invariant ternary quasi-peritectic reaction occurs isothermally: 

liquid + e — » 8 + £. (46) 

Since there are two reactants in a quasi-peritectic reaction, there are two possible 
outcomes: (i) The liquid is completely consumed before the e-phase; in this case, 
solidification will be complete at the point P/ . (ii) e is completely consumed before the 
liquid; in this case, solidification will continue with decreasing T along the univariant 
line P/ E, with co-precipitation of S and £ until, at E, the liquid will solidify eutectically 
(liquid — » 6 +£ +rj). To determine whether condition (i) or (ii) occurs, we use the mass 
balance criterion that, for three-phase equilibrium, the overall composition must always 
lie within the tie-triangle formed by the compositions of the three phases. Now, the 
triangle joining the compositions of S, e, and £ does not contain the point a, but the 
triangle joining the compositions of 6, £, and liquid at P/ does contain the point a. 
Hence, case (ii) occurs. 

An alloy of overall composition b in fig. 24 solidifies with e as primary crystal- 
lization product until the liquid composition contacts the univariant line. Thereafter, co- 
precipitation of e and /3 occurs with the liquid composition following the univariant 
valley until the liquid reaches the peritectic composition P. The invariant ternary 
peritectic reaction then occurs isothermally: 

liquid + e + )3 — > £. (47) 

Since there are three reactants, there are three possible outcomes: (i) Liquid is consumed 
before either e or /8 and solidification terminates at P. (ii) e is consumed first; solidifi- 
cation then continues along the path PP 3 '. (iii) /3 is consumed first and solidification 
continues along the path PP,'. Which outcome occurs depends on whether the overall 
composition b lies within the tie-triangle (i) s/3£, (ii) /3£P or (iii) s£ P. In the example 
shown, case (i) will occur. 

3.4. Ternary isothermal sections 

Isothermal projections of the liquidus surface do not give information on the 
compositions of the solid phases at equilibrium. However, this information can be 
presented at any one temperature on an isothermal section such as that shown for the 
Bi-Sn-Cd system at 423 K in fig. 25. This phase diagram is a constant temperature slice 
through the space model of fig. 22. 

The liquidus lines bordering the one-phase liquid region of fig. 25 are identical to the 
423 K isotherms of the projection in fig. 23. Point c in fig. 25 is point c on the uni- 
variant line in fig. 23. An alloy with overall composition in the one-phase liquid region 
of fig. 25 at 423 K will consist of a single liquid phase. If the overall composition lies 
within one of the two-phase regions, then the compositions of the two phases are given 
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Fig. 25. Isothermal section of Bi-Sn-Cd system at 423 K (after Bray et al. [1961-62]). Extents of solid 
solubility in Bi and Sn have been exaggerated for clarity of presentation. 


by the ends of the tie-line containing the overall composition. For example, a sample 
with overall composition p in fig. 25 will consist of a liquid of composition q on the 
liquidus and a solid Bi-rich alloy of composition r on the solidus. The relative propor- 
tions of the two phases are given by the lever rule: (moles of liquid)/(moles of solid) = 
pr/pq, where pr and pq are the lengths of the line segments. 

In the case of solid Cd, the solid phase is nearly pure Cd, so all tie-lines of the (Cd 
+ liquid) region converge nearly to the corner of the triangle. In the case of Bi- and Sn- 
rich solids, some solid solubility is observed. (The actual extent of this solubility is 
somewhat exaggerated in fig. 25 for the sake of clarity of presentation.) Alloys with 
overall compositions rich enough in Bi or Sn to lie within the single-phase (Sn) or (Bi) 
regions of fig. 25 will consist, at 423 K, of single-phase solid solutions. Alloys with 
overall compositions at 423 K in the two-phase (Cd + Sn) region will consist of two solid 
phases. 

Alloys with overall compositions within the three-phase triangle dcf will, at 423 K, 
consist of three phases: Cd- and Sn-rich solids with compositions at d and f, and liquid 
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of composition c. To understand this better, consider an alloy of composition a in fig. 25, 
which is the same composition as the point a in fig. 23. In § 3.3 we saw that when a 
alloy of this composition is cooled, the liquid follows the path ab on fig. 23 with 
primary precipitation of Cd and then follows the univariant line with co-precipitation of 
Cd and Sn so that at 423 K the liquid will be at the composition point c, and two solid 
phases are in equilibrium with the liquid. 

3.4.1. Topology of ternary isothermal sections 

At constant temperature the Gibbs energy of each phase in a ternary system is 
represented as a function of composition by a surface plotted in a right triangular prism 
with Gibbs energy as vertical axis and the composition triangle as base. Just as the 
compositions of phases at equilibrium in binary systems are determined by the points of 
contact of a common tangent line to their isothermal Gibbs energy curves, so the 
compositions of phases at equilibrium in a ternary system are given by the points of 
contact of a common tangent plane to their isothermal Gibbs energy surfaces. A common 
tangent plane can contact two Gibbs energy surfaces at an infinite number of pairs of 
points, thereby generating an infinite number of tie-lines within a two-phase area on an 
isothermal section. A common tangent plane to three Gibbs energy surfaces contacts each 
surface at a unique point, thereby generating a three-phase tie-triangle. 

Hence, the principal topological units of construction of an isothermal ternary phase 
diagram are three-phase (a + /3 + y) tie-triangles as in fig. 26 with their accompanying 
two-phase and single-phase areas. Each corner of the tie-triangle contacts a single-phase 
region, and from each edge of the triangle there extends a two-phase region. The edge 
of the triangle is a limiting tie-line of the two-phase region. 

For overall compositions within the tie-triangle, the compositions of the three phases 
at equilibrium are fixed at the comers of the triangle. The relative proportions of the 
three phases are given by the lever rule of tie-triangles which can be derived from mass 
balance considerations. At an overall composition q in fig. 26, for example, the relative 
proportion of the y-phase is given by projecting a straight line from the y-comer of the 
triangle (point c) through the overall composition q to the opposite side of the triangle, 
point p. Then: (moles of y)/(total moles) = qp/cp if compositions are expressed in mole 
fractions, or (weight of y)/( total weight) = qp/cp if compositions are in weight percent. 

Isothermal ternary phase diagrams are generally composed of a number of these 
topological units. An example for the Al-Zn-Mg system at 25°C is shown in fig. 27 
(KOster and Dullenkopf [1936]). The (3, y, 8 , 0, -q and £ phases are binary inter- 
metallic compounds with small (~1%) ranges of stoichiometry which can dissolve a 
limited amount (-1-6%) of the third component. The r phase is a ternary phase with a 
single-phase region existing over a fairly extensive oval-shaped central composition 
range. Examination of fig. 27 shows that it consists of the topological units of fig. 26. 

An extension rule, a case of Schreinemakers’s rule (Schreinemakers [1915]) for 
ternary tie-triangles is illustrated in fig. 26. At each comer, the extension of the boundaries of the 
single-phase regions, indicated by the dashed lines, must either both project into the triangle as at 
point a, or must both project outside the triangle as at point b, and furthermore the angle between 
these extensions must be less than 180°. For a proof, see Lipson and Wilson [1940]. 
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Fig. 26. A lie-triangle in a ternary isothermal section illustrating the lever rule and the extension rule. 


Many published phase diagrams violate this rule. For example, it is violated in fig. 27 
at the 5-comer of the (e +5 +t) tie-triangle. 

Another important rule of construction, whose derivation is evident, is that within any 
two-phase region tie-lines must never cross each other. 

3.5. Ternary isopleths (constant composition sections) 

A vertical isopleth, or constant composition section through the space model of the 
Bi-Sn-Cd system is shown in fig. 28. The section follows the line AB in fig. 23. 


Mg 



Al 10 20 30 40 50 60 70 80 90 Zn 

Wt % Zn 


Fig. 27. Ternary isothermal section of the Al-Zn-Mg system at 25°C (after KOster and Dullenkopf [1936]). 



Ch. 6, § 3 


Phase diagrams 


513 



Fig. 28. Isopleth (constant composition section) of the Bi-Sn-Cd system following the line AB of fig. 23. 

The phase fields on fig. 28 indicate which phases are present when an alloy with an 
overall composition on the line AB is equilibrated at any temperature. For example, 
consider the cooling from the liquid state, of an alloy of composition a which is on the 
line AB (see fig. 23). At T = 465 K, precipitation of the solid (Cd) phase begins at point 
a in fig. 28. At T = 435 K (point b in figs. 23 and 28) the solid (Sn) phase begins to 
appear. Finally, at the eutectic temperature T E , the ternary eutectic reaction occurs, 
leaving solid (Cd) + (Bi) + (Sn) at lower temperatures. The intersection of the isopleth 
with the univariant lines on fig. 23 occurs at points f and g which are also indicated in 
fig. 28. The intersection of this isopleth with the isothermal section at 423 K is shown 
in fig. 25. The points s, t, u and v of fig. 25 are also shown on fig. 28. 

It is important to note that on an isopleth, the tie-lines do not, in general, lie in the 
plane of the diagram. Therefore, the diagram gives information only on which phases are 
present, not on their compositions. The boundary lines on an isopleth do not in general 
indicate the phase compositions, but only the temperature at which a phase appears or 
disappears for a given overall composition. The lever rule cannot be applied on an isopleth. 

Certain topological rules apply to isopleths. As a phase boundary line is crossed, one and 
only one phase either appears or disappears. This Law of Adjoining Phase Regions 
(Palatnik and Landau [1964]) is illustrated by fig. 28. The only apparent exception occurs 
for the horizontal invariant line at T E . However, if we consider this line to be a degenerate 
infinitely narrow four-phase region (L + (Cd) + (Bi) + (Sn)), then the law is also obeyed here. 

Three or four boundary lines meet at intersection points. At an intersection point, 
Schreinemakers’ rule applies (Schreinemakers [1915]). This rule states that the 
boundaries of the phase field with the smallest number of phases, when extrapolated, 
must either both fall within the phase field with the greatest number of phases (as at 
point f in fig. 28) or else both fall outside this region (as at point g in fig. 28). 

Apparent exceptions to these rules (such as, for example, five boundaries meeting at 
an intersection point) can occur if the section passes exactly through a node (such as a 
ternary eutectic point) of the space model. However, these apparent exceptions are really 
only limiting cases. See Prince [1963] or Prince [1966]. 
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Fig. 29. Section of the Fe-Cr-V-C system at 1.5 wt.% Cr and 0.1 wt.% V (Lee and Lee [1992]). 

4. Multicomponent phase diagrams 

Only a brief outline of multicomponent phase diagrams can be presented here. For 
more detailed treatments see Palatnik and Landau [1964], Prince [1963], Prince 
[1966] and Hillert [1985]. 

For alloy systems of four or more components, two-dimensional sections are usually 
plotted with one or more compositional variables held constant. Hence, these sections are 
similar to the ternary isopleths discussed in § 3.5. In certain cases, sections at constant 
chemical potential of one or more components (for example, at constant oxygen partial 
pressure) can be useful. These are discussed in § 6. 

Two sections of the Fe-Cr-V-C system (Lee and Lee [1992]) are shown in figs. 29, 
30. The diagram in fig. 29 is a T-composition section at constant Cr and V content, 
while fig. 30 is a section at constant T = 850°C and constant C content of 0.3 wt.%. The 



Fig. 30. Section of the Fe-Cr-V-C system at 850°C and 0.3 wt.% C (Lee and Lee [1992]). 
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interpretation and topological rules of construction of these sections are the same as those 
for ternary isopleths as discussed in §3.5. In fact, the same rules apply to a two- 
dimensional constant-composition section for a system of any number of components. 
The phase fields on the diagram indicate the phases present at equilibrium for an overall 
composition lying on the section. Tie-lines do not, in general, lie in the plane of the 
diagram so the diagram does not give information on the compositions or amounts of the 
phases present. As a phase boundary is crossed, one and only one phase appears or 
disappears (Law of Adjoining Phase Regions). If temperature is an axis, as in fig. 29, 
then horizontal invariants like the line AB in fig. 29 can appear. These can be considered 
as degenerate infinitely narrow phase fields of (C + l) phases, where C is the number of 
components (for isobaric diagrams). For example in fig. 29, on the line AB, five phases 
are present. Three or four phase boundaries meet at intersection points at which 
Schreinemakers’ rule applies. This rule was given in §3.5. It is illustrated by the 
extrapolations in fig. 29 at points a, b and c and in fig. 30 at points b, c, n, i and s. The 
applicability of Schreinemakers’ rule to systems of any number of components was noted 
by Hillert [1985], although no formal proof has been presented. 

4.1. Zero phase fraction lines 

An interesting and useful method of constructing multicomponent phase diagrams through 
the use of zero phase fraction (ZPF) lines has recently been proposed (Gupta etal. [1986]). 
A ZPF line divides a two-dimensional phase diagram into two regions. On one side of 
the line a phase occurs, while on the other side it does not. For example, in fig. 30 the 
ZPF line for the a phase is the line abcdef. The ZPF line for the y phase is ghijkl. For 
the MC phase the ZPF line is mnciopq. The ZPF line for M 7 C 3 is rnbhspket, and for 
M 23 C 6 it is udjosv. These five ZPF lines yield the entire two-dimensional phase diagram. 
The usefulness of this methodology for estimating phase diagrams for multicomponent 
systems from experimental data was discussed by Gupta etal. [1986]. The method also 
holds promise for the thermodynamic calculation of phase diagrams (§ 5). 

4.2. Nomenclature for invariant reactions 

As discussed in §2.9, in a binary isobaric temperature-composition phase diagram 
there are two possible types of invariant reactions: “eutectic type” invariant reactions 
(J3 -» a +y), and “peritectic type” invariant reactions (a +y -» (3). In a ternary system, 
there are “eutectic type” (a — > (3 + y + S), “peritectic type” (a + (3 + y — > S) and “quasi- 
peritectic type” (a +f3 ->y+<5) invariants (§3.3). In a system of C components, the 
number of types of invariant reaction is equal to C. A reaction with one reactant, such 
as a— >/3+y+S+£is clearly a “eutectic type” invariant reaction but in general there is 
no standard terminology. These reactions are conveniently described according to the 
numbers of reactants and products (in the direction which occurs upon cooling). Hence, 
the reaction a +f3 — > y +8 +e is a 2— > 3 reaction; the reaction a — >/3 +y +S is a 1 — >3 
reaction; and so on. The ternary peritectic type 3— > 1 reaction (a +/3 +y -> <5) is an 
invariant reaction in a ternary system, a univariant reaction in a quaternary system, a 
bivariant reaction in a quinary system, etc. 
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5. Thermodynamic calculation of ternary and multicomponent phase 
diagrams 

Among 70 metallic elements are formed 701/3! 67! = 54740 ternary systems and 
916895 quaternary systems. In view of the amount of work involved in measuring even 
one isothermal section of a relatively simple ternary phase diagram, it is very important 
to have means of estimating ternary and higher-order phase diagrams. The most fruitful 
approach to such predictions is via thermodynamic methods. In recent years, large 
advances have been made in this area by the international Calphad group. Many key 
papers have been published in the Calphad Journal. 

As a first step in the thermodynamic approach to calculating a ternary phase diagram 
one critically analyzes the experimental phase diagrams and thermodynamic data for the 
three binary subsystems of the ternary system in order to obtain a set of mathematical 
expressions for the Gibbs energies of the binary phases as was discussed in § 2. 10 and 
§2.11. Next, equations based on solution models are used to estimate the Gibbs energies 
of the ternary phases from the Gibbs energies of the binary phases. The ternary phase 
diagram is then calculated from these estimated ternary Gibbs energies by means of 
common tangent plane or total Gibbs energy minimization algorithms. 

For a phase for which the excess Gibbs energies in the binary systems have been 
expressed by polynomial expansions (§2.10.1) a satisfactory estimation of the Gibbs 
energy of the ternary phase can often be obtained with the following equation proposed 
by Kohler [I960]: 

g E = (1 - X A ) 2 gl /c + (1 - X B fg E /A + (1 - X c ) 2 g E A/s (48) 

In this equation, g E is the excess molar Gibbs energy at a composition point in the 
ternary phase and g B/c , gf /A and g^ B are the excess Gibbs energies in the three binary 
subsystems at the same molar ratios X B /X C , X C /X A and X A /X B as at the ternary point. If 
the ternary solution as well as the three binary solutions are all regular then eq. (48) is 
exact. In the general case, a physical interpretation of eq. (48) is that the contribution to 
g E from, say, pair interactions between A and B particles is constant at a constant ratio 
X A /X B apart from the dilutive effect of the C particles which is accounted for by the term 
(1 - X c ) 2 taken from regular solution theory. Other very similar equations, all based upon 
extension of regular solution theory, are also regularly used. These all give quite similar 
results. For a discussion see Spencer and Barin [1979] or Hillert [1980], 

For more complex solutions involving structural ordering or more than one sublattice, 
appropriate solution models for representing the binary properties have been discussed in 
§2.11. In such cases, eq. (48) or similar equations should not be used for estimating the 
ternary excess Gibbs energies. Rather, equations consistent with the appropriate solution 
model should be used. For the quasichemical model, these have been discussed by 
Pelton and Blander [1986]. For the sublattice model, see Hillert et at. [1985]. 

As an example of the calculation of a ternary phase diagram, the experimental 
isothermal section at 923 K of the Cr-Ni-Fe phase diagram is compared in fig. 3 1 with 
the diagram calculated solely from optimized binary thermodynamic properties (Chart 
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Fe 




Fig. 31. Isothermal section at 923 K of the Cr-Ni-Fe phase diagram from Chart eial. [1979]. Lower diagram 
is experimental; upper diagram is calculated from binary data. 


et al. [1979]). Such estimated phase diagrams are often quite acceptable for many 
purposes. However, the agreement between the experimental and calculated diagrams can 
usually be greatly improved by the inclusion of one or more “ternary terms” with 
adjustable coefficients in the equations for g E . For example, the ternary term aX A X B X c , 
which is zero in all three binary subsystem could be added to eq. (48) and the value of 
the parameter a which gives the best optimized fit to measured ternary phase diagram 
points could be determined. This, of course, requires that ternary measurements be made, 
but only a very few experimental points will usually suffice rather than the large number 
of measurements required for a fully experimental determination. In this way, the coupling of 
the thermodynamic approach with a few well chosen experimental measurements can greatly 
reduce the experimental effort involved in determining multicomponent phase diagrams. 

An example of a coupled thermodynamic/phase diagram evaluation and calculation 
for a multicomponent system is the work of Lee and Lee [1992] on the Fe-Cr-V-C 
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system. The diagrams in figs 29, 30 were calculated thermodynamically by these authors. 
For the solid alloy and carbide phases, interstitial sublattice models were used. For the 
liquid phase, a substitutional model was employed. All available phase diagram and 
thermodynamic data for the binary and ternary subsystems, as well as for the quaternary 
system, were simultaneously optimized in order to obtain the best sets of binary and 
ternary parameters of the model equations for g E for each phase as well as optimized 
equations for the standard Gibbs energies of the compounds. In this way, all the diverse 
data sets were smoothed and made consistent with each other and with thermodynamic 
principles. Any desired type of two-dimensional phase diagram section for the quaternary 
system can be calculated from the database of model parameters. 

6. Phase diagrams with potentials as axes 

So far we have considered mainly isobaric temperature-composition phase diagrams. 
However, there are many other kinds of phase diagrams of metallurgical interest with 
pressure, chemical potentials, volume, etc. as axes. These can be classified into geomet- 
rical types according to their topological rules of construction. 

For instance, binary isothermal P-X diagrams as in fig. 20 are members of the same 
type as binary isobaric T-X diagrams since they are both formed from the same 
topological units of construction. Other useful phase diagrams of this same geometrical 
type are isothermal chemical potential-composition diagrams for ternary systems. An 
example is shown in the lowest panel of fig. 32 (Pelton and Thompson [1975]) for the 
Co-Ni-0 system at T= 1600 K (and at a constant total hydrostatic pressure of 1 atm). 
Here the logarithm of the equilibrium partial pressure of 0 2 is plotted versus the metal 
ratio £ = n Ni /(n c0 + n Ni ), where n, = number of moles of i. There are two phases in this 
system under these conditions, a solid alloy solution stable at lower p 0 , and a solid 
solution of CoO and NiO stable at higher p 0 . For instance, point a gives p 0 for the 
equilibrium between pure Co and pure CoO at 1600 K. Between the two single-phase 
regions is a two-phase (alloy + oxide) region. At any overall composition on the tie-line 
cd between points c and d, two phases will be observed, an alloy of composition d and 
an oxide of composition c. The lever rule applies just as for binary T-X diagrams. 

The usual isothermal section of the ternary Co-Ni-0 system at 1600 K is shown in 
the top panel of fig. 32. There are two single-phase regions with a two-phase region 
between them. The single-phase areas are very narrow since oxygen is only very slightly 
soluble in the solid alloy and since CoO and NiO are very stoichiometric oxides. In the 
central panel of fig. 32 this same diagram is shown but with the composition triangle 
“opened out” by putting the oxygen comer at infinity. This can be done if the vertical 
axis becomes r] =n 0 /(n Co + n Ni ) with the horizontal axis as £ = n N /(n Co + n Nl ). These are 
known as Janecke coordinates. It can be seen in fig. 32 that each tie-line, ef, of the 
isothermal section corresponds to a tie-line, cd of the log diagram. This under- 
scores the fact that every tie-line of a ternary isothermal section corresponds to a 
constant chemical potential of each of the components. 

Another example of a log diagram is shown for the Fe-Cr-0 system at 1573 
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e;= n N/( n co +n Ni ) 


Fig. 32. Corresponding type-2 and type-3 phase diagrams for the Co-Ni-0 system at 1600 K (from Pelton 
and Thompson [1975]). 

K in the lower panel of fig. 33 (Pelton and Schmalzried [1973]). The corresponding 
ternary isothermal section in Janecke coordinates is shown in the upper panel. Each of 
the invariant three-phase tie-triangles in the isothermal section corresponds to an 
invariant line in the log p 0 -£ diagram. For example, the (spinel + (Fe, Cr)0 + alloy) 
triangle with comers at points a, b and c corresponds to the “eutectic-like” invariant with 
the same phase compositions a, b and c at log p Q =-10.7. We can see that within a 
three-phase tie-triangle, p Q is constant. 

An example of yet another kind of phase diagram of this same geometrical type is 
shown in fig. 34. For the quaternary Fe-Cr-0-S0 2 system at T= 1273 K and at constant 
p so - 10“ 7 atm, fig. 34 is a plot of log p 0 versus the molar metal ratio £ (Pelton 
[19^1]). Since log p Q varies as -1/2 log p s when p so and T are constant, fig. 34 is 
also a plot of log p s versus 

It can be seen that the diagrams discussed above are of the same geometrical type as 
binary T-X diagrams since they are all composed of the same topological units of 
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Fig. 34. Calculated type-2 phase diagram of log p^ versus molar metal ratio at T = 1273 K and p S02 = 10“ 7 atm 
for the Fe-Cr-0-S0 2 system (Pelton [1991]). 
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construction as in fig. 15. Their interpretation is thus immediately clear to anyone 
familiar with binary T-X diagrams. Chemical potential-composition diagrams (figs. 
32-34) are useful in the study of high temperature oxidation of alloys, metallurgical 
roasting processes, etc. 

The log p n diagrams in figs. 33, 34 were calculated by the same algorithm which 

'■'2 

produced the binary phase diagram of fig. 17. This algorithm operates by computing 
common tangent lines to the Gibbs energy-composition curves of the phases. The 
diagrams in figs. 33, 34 were calculated from optimized mathematical expressions for the 
Gibbs energy curves of all the phases. With these same optimized equations, logp Q -f 
diagrams at other temperatures can be calculated, as can T-f diagrams at constant p 0 
which are also of the same geometrical type. For details see Pelton etal. [1979]. 

Another important geometrical type of phase diagram is exemplified by P-T phase 
diagrams for one-component systems as shown for H 2 0 in fig. 35. In such diagrams, 
which are discussed in ch. 5, § 3, bivariant single-phase regions are indicated by areas, 
uni variant two-phase regions by lines, and invariant three-phase regions by triple points. 
An important rule of construction is the extension rule which is illustrated by the dashed 
lines in fig. 35. At a triple point, the extension of any two-phase line must pass into the 
single-phase region of the third phase. 

Another kind of phase diagram of the same geometrical type is shown in fig. 36. For 
the Fe-S-0 system at T = 800 K, the axes of the diagram are the equilibrium partial 
pressures of S 2 and 0 2 . Single-phase areas indicate which pure compounds of Fe are 
stable under the given conditions. Two-phase regions are lines. Three phases can co-exist 
only at triple points. The extension rule given above applies at all triple points. Such 
stability diagrams or predominance diagrams are useful in the study of oxidation, 
corrosion, roasting, etc. They have been treated in ch. 5, § 6.2 and have been discussed 
by Kellogg and Basu [1960], Ingraham and Kellogg [1963], Pelton and 
Thompson [1975], Bale etal. [1986] and Bale [1990]. They lend themselves to rapid 
computer calculation by Gibbs energy minimization from thermodynamic data stored in 
computerized data banks (Bale et al. [1986], Bale [1990]). Their usefulness is by no 
means restricted to metal-sulphur-oxygen systems or to systems of three components. 

As another example of this same geometrical type of diagram, a plot of RT lnp 0 



Temperature , “C 


Fig. 35. Type-1 P-T phase diagram of H 2 0. 
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Fig. 36. Type-1 predominance diagram for Fe-S-O at 800 K. 


versus T for the Fe-O system is shown in fig. 37b. Again, one-, two-, and three-phase 
regions are indicated by areas, lines and triple points respectively. In fig. 37a is the 
binary T-composition phase diagram for the Fe-0 system. The correspondence between 
figs 37a and 37b is evident. Each two-phase line of fig. 37b “opens up” to a two-phase 
region of fig. 37a. Each tie-line of a two-phase region in fig. 37a can thus be seen to 
correspond to a constant p Q . Triple points in fig. 37b become horizontal invariant lines 
in fig. 37a. 

Yet another type of phase diagram is shown in fig. 38. This is an isothermal section at 
constant molar metal ratio n c /(n Fe + n Cr ) = 0.21 for the Fe-Cr-S-0 system. This diagram was 
calculated thermodynamically from model parameters (Laplante [1993]). The axes are the 
equilibrium sulfur and oxygen partial pressures. Three or four boundary lines can meet at an 
intersection point. Some of the boundary lines on fig. 38 separate a two-phase region (a + j3) 
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Liquid iron Liquid iron + liquid oxide 



(a) 



R T 1 n P o 2 “► 

(b) 


Fig. 37. Corresponding type-1 and type-2 phase diagrams for the Fe-0 system (after Muan and Osborn [1965]). 



'°9 Po 2 


Fig. 38. Phase diagram of log p S2 versus log p^ at 1273 K and constant molar metal ratio n c /(n Fe + n Cr ) = 0.21 
in the Fe-Cr-S-O system (Laplante [1993]). 
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from another two-phase region (a +y). These lines thus represent the conditions for 
three-phase (a +/3 +y) equilibrium. The Law of Adjoining Phase Regions (§ 3.5) applies 
to fig. 38 if these 3-phase lines are considered as degenerate infinitely narrow phase 
fields. 

6.1. Classification of phase diagrams 

In a system of C components we can define (C + 2) thermodynamic potentials, 4> v 
These are T, P, /*„ p, 2 , .... p- c (where p,j is the chemical potential of component j). For 
each potential we can define a “ corresponding ” extensive variable For the potentials 
T, P and p i the corresponding extensive variables are S, V and nj (entropy, volume and 
moles of component j). When two phases, a and j3, are in equilibrium, <f>“ = <$ for all i. 

If we choose any three potentials, designated <£,, <j> 2 and <j> 2 , and if we hold <j> 4 , <f> 5 , 
..., (f)^ 2 constant, then a plot of <j> { versus <j> 2 will have the geometry of figs. 35, 36. Such 
diagrams were termed type-1 phase diagrams by Pelton and Schmalzried [1973]. A 
general type-1 diagram is shown in fig. 39b. On a type-1 diagram the lines give the 
conditions for two-phase equilibrium, and the triple points are three-phase points. 

If we now replace the <j> 2 axis of the type-1 diagram by the ratio q 2 /q 3 (or equival- 
ently, by q 2 /(q 2 + c b))' then we obtain a “ corresponding ” type-2 phase diagram as 
illustrated in fig. 39a. A corresponding type-2 diagram is also obtained by replacing 0, 
by q,/q 3 as in fig. 39d. Two-phase lines in the type-1 diagram become two-phase regions 
with tie-lines in the corresponding type-2 diagrams. Triple points become invariant lines. 

Consider the binary Fe-0 system in fig. 37. Let (f> l =T, <f> 2 = p 0 , (f> 3 =p f*. # 4 = P. Fig. 



Fig. 39. Schematic representation of the three types of phase diagrams illustrating the general topology of (a) 
4> t vs. qj/q 3 , (b) <f>, vs, 4> ; , (c) q,/q 3 vs. qj/qj, and (d) (j), vs. q,/q 3 , plots. (</>„, <f> 5 , ... are kept constant). 
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37b is a type-1 diagram of <£, versus 4>i with </> 4 constant. Fig. 37a is the corresponding 
type-2 diagram obtained by replacing <f> 2 by the ratio q 2 /(q 2 + q 3 ) = n^iio + n^). 

Figs 20, 32 (lower panel), 33 (lower panel) and 34 are also type-2 diagrams. Type-2 
diagrams are exemplified by binary isobaric T-composition diagrams. Consider the 
Fe-Cr-O system in fig. 33. Let <£,=/u, 0 , <f> 2 =p C r> <£ 4 = T, (f> 5 = P. the lower panel 

in fig. 33 is a type-2 diagram of <f> ] versus q 2 /(q 2 + q 3 ) at constant and (f> 5 . In the 
Fe-Cr-0-S0 2 system in fig. 34 there is one more component and therefore, one more 
potential, = f so . By also holding this potential constant, we obtain the type-2 diagram 
of fig. 34. 

If, as well as replacing <f> 2 in a type-1 diagram by q 2 /q 3 , we also replace <£, by q/q 3 , 
then a corresponding type-3 phase diagram results as shown in fig. 39c. In this diagram, 
triple points have become tie-triangles. Type-3 diagrams are exemplified by isothermal 
isobaric sections of ternary systems as in figs. 25, 27 and 31. The upper panel of fig. 33 
shows the type-3 diagram corresponding to the type-2 diagram in the lower panel. The 
potential <p ] =/a 0 has been replaced by q,/(q 2 + q 3 ) = n 0 /(n Fe + n Cr ). This gives the type-3 
diagram in Janecke coordinates. This is usually transformed to the more usual Gibbs 
triangle representation as illustrated in fig. 32. 

For a more detailed discussion of this classification scheme, see Pelton and 
Schmalzried [1973] and Pelton and Thompson [1975]. 

Type-1, -2, and -3 phase diagrams are all sections at constant potentials ( <f > 4 , <f> 5 , ... </> c+2 ). 
Hence, all tie-lines lie in the plane of the diagram. When sections are taken at constant 
composition, then different geometries result. Fig. 38 is an example of a constant composition 
section in which both axes are potentials. Figs 28 and 29 are constant composition 
sections in which one axis is a potential, T, while the other axis is a composition 
variable. In fig. 30, both axes are composition variables. The geometrical rules of 
construction of these diagrams have already been discussed (§ 3.5, § 4). The difference 
among them is that fig. 30 contains no degenerate phase fields, while in fig. 38 lines can 
be degenerate phase fields, and in figs. 28 and 29 only horizontal lines can be degenerate 
phase fields. 

For more detailed discussions of the classification of phase diagrams, including 
projections and diagrams with more than two dimensions, see Palatnik and Landau 
[1964], Prince [1963] and Hillert [1985], 

As a final note on the topology of phase diagrams, the construction of multicomponent 
constant-composition sections by means of zero phase fraction (ZPF) lines was discussed in 
§4.1 and illustrated by fig. 30. It should be noted that this method applies to any two- 
dimensional phase diagram section and can be used to construct any phase diagram in the 
present article (with the exception of the projections in figs. 23, 24 and 27). When one 
or both axes are potentials, then parts of the ZPF lines for two phases may be coincident. 

7. Experimental techniques of measuring phase diagrams 

It is beyond the scope of the present article to give a complete discussion of 
experimental techniques. Only a brief survey of the major techniques will be presented 
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with a view to providing the reader with some insight into the difficulties involved. More 
detailed discussions are given by Raynor [1970], MacChesney and Rosenberg [1970], 
Buckley [1970], and Hume-Rothery etal. [1952]. 

As has been discussed in § 5, modem techniques of computer coupling of thermo- 
dynamics and phase diagrams can significantly reduce the amount of experimental effort 
required to characterize a phase diagram completely, particularly in the case of multi- 
component systems. 

7.1. Thermal analysis 

Liquidus temperatures are commonly determined by the measurement of cooling 
curves. Consider the binary alloy A-B of composition 1 in fig. 40. A sample of liquid 
alloy, of the order of 50 g, is held in a crucible in a furnace. The furnace temperature is 
then decreased slowly at a uniform rate, usually not exceeding 1°C per minute, while the 
temperature of the alloy is measured by a calibrated recording thermocouple. A graph of 
sample temperature versus time (the cooling curve) is shown in fig. 41a. At the liquidus 
temperature (point a in fig. 40), solidification commences with the evolution of heat. 
This causes a decrease in the cooling rate of the specimen with, ideally, a resultant 
abrupt change of slope of the curve as shown in fig. 41a. When solidification is complete 
at the solidus composition (point b in fig. 40), heat evolution ceases and, ideally, another 
change of slope of the cooling curve is observed. From the “idealized” cooling curve of 
fig. 41a, one can then read the liquidus and solidus temperatures. For an alloy of 
composition 2, the idealized cooling curve is shown in fig. 41b. There is a change of 



Fig. 40. Binary phase diagram to illustrate some experimental techniques; solid circles: single-phase alloy, open 
circles: two-phase alloy. 
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(a) (b) 

Fig. 41. Cooling curves for alloys of compositions 1 and 2 of fig. 40. 


slope at the liquidus, and a plateau at the eutectic temperature since, ideally, the sample 
temperature remains constant until the invariant eutectic solidification reaction is 
complete. 

In a real experiment, however, cooling curves of the type labelled “realized” in fig. 
41 are usually obtained. Some degree of undercooling (or supercooling) is almost always 
observed. The sample must be cooled below the transformation temperature before 
nucleation of the new phase occurs. The temperature then rises again. However, at a 
liquidus the temperature will never rise all the way back up to the liquidus, so that some 
extrapolation technique must be used to estimate the liquidus temperature. At a eutectic, 
the equilibrium eutectic temperature may be regained by the sample after supercooling 
provided that the quantity of material solidifying eutectically is large enough to yield a 
sufficient evolution of heat. Supercooling may be minimized by stirring or by constantly 
jolting the sample to induce nucleation. 

It is important that temperature gradients within the sample be eliminated by stirring 
and by the use of a furnace with a good constant temperature zone. Otherwise, part of 
the sample will start to solidify before the rest and the cooling curve will show a 
rounded rather than an abrupt change of slope. 

At compositions where the liquidus is steep, such as the composition 3 in fig. 40, the 
rate of heat evolution is small. That is, on descending from the liquidus at point f to a 
point g an appreciable distance below the liquidus, only a small amount of heat is 
evolved since, as can be seen from the lever rule, only a small amount of solid is 
precipitated. Hence, it is more difficult to determine the exact temperature of the change 
in slope of the cooling curve, and the technique of thermal analysis is less precise. For 
very steep liquidus lines, a method of segregation and sampling or quenching may be 
preferable, as will be discussed below. 

For liquidus temperatures below about 1000°C, absolute accuracies of the order of 
± 1 °C can be obtained by cooling curve methods under optimal conditions. For temperat- 
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ures of the order of 100°C or lower, accuracies of ±0.25°C may be obtained. 

In principle, solidus temperatures can be determined by the method of cooling curves 
as shown for the idealized curve in fig. 41a. In certain very favourable cases, with very 
slow cooling rates, this may be possible. However, in most cases a curve such as the 
“realized” curve of fig. 41a will be observed, in which determination of the solidus 
temperature is extremely imprecise. The reasons for this are, firstly, that the solid phase 
will contain concentration gradients so that solidification will not be complete at the 
equilibrium solidus temperature; secondly, that the precipitated solid phase will insulate 
the thermocouple from the sample thereby reducing sensitivity; and thirdly, that by the 
time the solidus temperature is approached the sample temperature will have lagged well 
behind the furnace temperature so that the cooling rate will start to accelerate rapidly. 
For these reasons, solidus temperatures are better measured by heating curves which are, 
in most respects, analogous to cooling curves. An important precaution here is to ensure, 
by means of a long anneal, that the solid sample is homogeneous before commencing the 
experiment. In general, it is more difficult to measure solidus temperatures with accuracy 
than it is to measure liquidus temperatures. 

In principle, a peritectic invariant can also be evidenced by a plateau on a cooling 
curve. However, as discussed in §2.5.3, peritectic reactions are frequently greatly 
retarded kinetically so that only a weak short thermal arrest may actually be observed. 

In general, the precision of thermal analysis experiments may be increased by the use 
of Differential Thermal Analysis (DTA) in which two thermocouples, connected in 
opposition, are placed, respectively, in the sample and in a standard specimen which 
undergoes no phase transformation in the temperature range of study. The danger in DTA 
experiments is that, because of the large surface to volume ratio of the small samples 
used, specimen temperatures often do not increase sufficiently after supercooling. 

7.2. Sampling techniques and quenching techniques 

As discussed above, thermal analysis may be inaccurate for determining the position 
of a steep liquidus. In such a case, a segregation and sampling technique may prove best. 
Suppose an alloy of overall composition and temperature in the (liquid + solid) region at 
point g in fig. 40 is held at temperature until equilibrium is established. A specimen of 
the liquid phase is then obtained, perhaps by suction in a ceramic tube. Chemical 
analysis will then give the composition of the liquidus at this temperature. A similar 
technique might be used to measure the compositions of the boundaries of a liquid-liquid 
miscibility gap. Clearly these methods depend for accuracy on a clean separation of the 
phases and on the prevention of oxidation and of volatilization losses while the sampling 
device is inserted into the container. 

The principle of quenching techniques for solidus determinations is illustrated at 
temperature 7, in fig. 40. Samples at each of the four overall compositions shown at 7, 
are held at temperature long enough for equilibrium to be attained. They are then 
quenched rapidly. When examined microscopically, samples from the two-phase zone 
will exhibit regions of rapidly quenched liquid which can be distinguished from the solid 
grains. In this way the solidus composition can be bracketed. Alternatively, one could 
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quench samples of the same composition annealed at different temperatures, thereby 
bracketing the solidus temperature as is also illustrated in fig. 40. 

Because of the slowness of solid state reactions, thermal analysis is rarely a useful 
technique for locating phase boundaries involving two solid phases. However, in such 
cases annealing and quenching followed by microscopic observation to determine 
whether one or two phases are present can often be used to bracket the phase boundary 
as illustrated for the solvus line in fig. 40 at T v 

Another method of determining phase boundaries in the solid state involves the 
annealing of a sample in a two-phase (solid, + solid 2 ) region followed by quenching and 
subsequent quantitative analysis by any of several techniques to determine the com- 
positions of the two phases present. The relevant techniques of quantitative metallo- 
graphy are discussed in ch. 10, § 7, where several examples are quoted of the use of such 
techniques to determine solid solubility limits. 

In all techniques involving quenching, it is essential that the quench be as rapid as 
possible so as to avoid any diffusion, segregation or reaction during cooling. 

7.3. Other techniques 

Suppose that one wishes to determine the compositions (points h and i) of the phase 
boundaries at T i in fig. 40. Samples at a number of compositions at T 3 between points j 
and k are annealed and quenched. The lattice spacings of the a and /3 phases are then 
measured by X-ray techniques. The lattice spacings, when plotted versus composition, 
vary continuously in the single-phase regions, but remain constant in the two-phase 
region. Extrapolation of the single-phase and two-phase portions of the lattice spacing 
versus composition curve to their point of intersection then gives the composition of the 
phase boundary. If too much decomposition occurs upon quenching, then high-temp- 
erature X-ray techniques may be required to perform the measurements at temperature. 

A technique which is similar in principle consists in measuring the electrical 
conductivity of specimens at various compositions at T 3 along the line between points j 
and k. Again, sharp breaks in the plot of conductivity versus composition are noted at 
the phase boundaries. This technique is often quite rapid, and can be carried out at 
elevated temperatures without the necessity of quenching. 

In the interdiffusion technique, polished pellets of compositions j and k are clamped 
together and annealed at T 3 . Following quenching, a composition versus distance scan is 
performed across the specimen by, say, microprobe analysis. A sharp discontinuity in the 
curve is observed at the interface, the compositions at either side being the phase 
boundary compositions h and i. This technique can also often be used to indicate the 
presence and compositions of one or more intermediate phases in one single experiment 
(see for example, Schmalzried [1974]). 

A great many other techniques of phase diagram measurement exist, such as dilatometric 
(Hume-Rothery et al. [1952], Sinha et al. [1967]), hardness (Barreau and Cizeron 
[1979]), and magnetic measurements (ch. 29, §6, also Sucksmith [1939]). The complete 
determination of an alloy phase diagram usually requires a combination of several techniques 
(e.g., a combination of dilatometry and magnetic measurements (Servant et al. [1973])). 
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8. Bibliography 

8.1. Compilations of phase diagrams 

The classic compilation in the field of binary alloy phase diagrams is that of Hansen 
[1958]. This work was continued by Elliott [1965] and Shunk [1969]. These compila- 
tions contain critical commentaries. A non-critical compilation of binary alloy phase 
diagrams was prepared by Moffat [1978-1992]. Hultgren et al. [1973] have critically 
evaluated the phase diagrams and thermodynamic properties of several binary alloy 
systems. An extensive non-critical compilation of binary and ternary phase diagrams of 
metallic systems has been edited by Ageev [1959-1978]. An index to all compilations 
of binary alloy phase diagrams up to 1979 was prepared by Moffat [1979]. A critical 
compilation of binary phase diagrams involving Fe has been published by Ortrud 
Kubaschewski [1982], 

Ternary alloy phase diagrams were compiled by Ageev [1959-1978] and by 
Guertler et al. [1969]. A bibliography of ternary and multicomponent metallic phase 
diagrams for the period 1955-1973 was published by Prince [1978]. VCH publishers 
(NY) are producing a series of volumes of compilations of ternary alloy phase diagrams 
known as ‘Ternary Alloys”. Eight volumes, in alphabetical order, have already appeared. 

Since 1979, the American Society for Metals in collaboration with the National 
Institute of Science and Technology and with national organizations in several countries, 
has undertaken a project whose goal is a complete critical evaluation of all binary and 
ternary alloy phase diagrams. All available literature on phase equilibria, crystal 
structures, and often on thermodynamic properties is cited and critically evaluated in 
great detail by “category editors” who are each responsible for a group of systems. 
Evaluations of important systems usually run to several pages. The evaluations are peer 
reviewed and the majority are published in the Journal of Phase Equilibria , (formerly the 
Bulletin of Alloy Phase Diagrams) (ASM International, Materials Park, Ohio). More than 
2500 binary evaluations have been completed. Condensed versions of approximately 
2800 evaluations have been published in three volumes (Massalski et al. [1990]). When 
a “category” of evaluations (e.g. all binary phase diagrams with Cu) is completed, a 
monograph is published as part of the ASM Monograph Series. 

An extensive bibliography of binary and multicomponent phase diagrams of all types 
of systems (metallic, ceramic, aqueous, organic, etc.) has been compiled by Wisniak 
[1981]. A bibliographical database known as THERMDOC on thermodynamic properties 
and phase diagrams of systems of interest to materials scientists, with monthly updates, 
is available through Thermodata (Domaine Universitaire, Saint-Martin d’H&res, France). 

8.2. Texts and review articles 

A large number of texts and review articles covering all aspects of the theory, 
measurement and applications of phase diagrams are available. Only a selected few are 
listed here. A classical discussion of phase diagrams in metallurgy was given by Rhines 
[1956]. A definitive text on the theory of phase diagrams is that of Palatnik and 
Laudau [1964], Treatments of the geometry of multicomponent phase diagrams are 
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given by Prince [1963], Prince [1966] and Hultgren [1985]. Good discussions of the 
interpretation of binary and ternary diagrams are given by West [1965] and Bergeron 
and Risbud [1984]. A series of five volumes edited by Alper [1970-1978] discusses 
many aspects of the theory, interpretation, measurement and applications of phase 
diagrams in materials science. 
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1. Macroscopic and microscopic theories of diffusion 

In this section we will present the macroscopic and microscopic theories of diffusion. 
The former provides a description of the observed phenomena (which are fluxes), starting 
from the formalism associated with the thermodynamics of irreversible processes; one 
then obtains a formal expression of these fluxes as a function of thermodynamic forces 
and of parameters which are called the phenomenological coefficients. In the latter 
approach the fluxes are calculated by starting from atomic mechanisms. The parameters 
used in this case are the jump frequencies; they have a clear physical meaning, as 
opposed to the phenomenological coefficients which are only coefficients of 
proportionality. This step encompasses two parts: on the one hand the random walk 
modelling which starts with atomic jump frequencies and builds the macroscopic 
diffusion coefficient, and on the other hand the jump theory which defines the jump 
frequencies themselves from the very properties of the system and its defects. For both 
formalisms, however, a knowledge of the underlying atomic mechanisms is required in 
order to describe the diffusion phenomena properly. Thus we begin with a short review 
of the possible mechanisms. Finally we present briefly the modem simulation tools, the 
use of which is steadily increasing in diffusion studies. 

1.1. The mechanisms of diffusion 

In crystalline solids, the atoms occupy well defined equilibrium positions (regard- 
less of thermal vibrations); they move by jumping successively from an equilibrium site 
to another. The different possible mechanisms for dense structures are schematized in 
fig. 1. 


1.1.1. Exchange mechanisms 

In the direct exchange mechanism (fig. 1-1) two neighbouring atoms exchange their 
positions. This mechanism is unlikely for dense structures, for it would involve large 
distortions and would then entail too large activation energies. 

In the cyclic exchange mechanism as proposed by Zener [1951], N atoms exchange 
themselves simultaneously (in fig. 1-2, N = 4); the energy involved is much lower than 
in the direct exchange, but this mechanism remains unlikely, because of the constraint 
imposed by a collective motion. 

At the present time there are no experimental supports for any such mechanisms in 
crystallized metals and alloys. In metallic liquids cooperative motions are more likely 
operating. 


1.1.2. Mechanisms involving point defects 

In thermal equilibrium a crystal always contains point defects. The best known are 
vacancies, divacancies and interstitials. The presence of these defects in the crystals will 
allow the atoms to move without too large lattice distortions. The properties of these 
point defects are described in ch. 18. 
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Fig. 1. Mechanisms of diffusion in crystals, after Adda and Philibert [1966]: (1) direct exchange, (2) cyclic 
exchange, (3) vacancy, (4) interstitial, (5) interstitialcy, (6) crowdion. 


1. 1.2.1. Interstitial mechanisms. In the interstitial mechanism (fig. 1-4) the atoms 
move from interstitial site to interstitial site. Usually small interstitial atoms, like 
hydrogen or carbon in metals, diffuse through the lattice by this mechanism. 

The interstitialcy is somewhat more complex; as sketched in fig. 1-5, the atoms move 
from interstitial to substitutional site and vice versa. At higher temperatures, this 
mechanism contributes to silver diffusion in the silver halides. In metals and alloys with 
a dense structure the interstitial formation energy is so large that the concentration of 
these defects is completely negligible at thermal equilibrium. The situation is quite 
different when the material is out of equilibrium (for instance when it is plastically 
deformed or irradiated); under these conditions one can create Frenkel pairs , namely an 
equal number of vacancies and interstitials, which will both contribute to the diffusion. 
In metals and alloys the self-interstitial atom is not centered on the interstitial site: it has 
a dumbbell split configuration around a stable position. It is generally recognized that the 
self-interstitial is split along a <100> direction in fee and along a <1 10> in bcc materials 
(Schilling [1978]; ch. 18, §3.3.2.2). The case of the mixed dumbbell (one solute + one 
solvent) is not so simple (see for example Lam etal. [1983]). The elementary jumps for 
these split interstitials are shown in fig. 2. At low temperatures, under irradiation, the 
interstitial would have a crowdion configuration (Seeger [1976]; fig. 1-6); at a higher 
temperature this crowdion would convert into a split interstitial. 
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Fig. 2. Elementary jumps of the split interstitials (a) in fee metals and (b) in bee metals. 


1.1.2.2. Vacancy mechanisms. In metals and alloys, near the melting point, the 
vacancy concentration is about 10“ 3 to 10" 4 site fraction. These vacancies allow the atoms 
to move rather easily, and this mechanism is operating in most cases, with jumps to nearest 
neighbour sites (NN), or also to next nearest neighbour ones (NNN) in bcc crystals. 

Besides monovacancies there are vacancy aggregates: divancancies, trivacancies, etc., 
which can contribute to the diffusion (ch. 18, § 2.2.2.1). The ratio divacancies/ 
monovacancies generally increases with temperature, so that the divacancy contribution 
to the diffusion also increases. We will see that numerous anomalies observed at high 
temperature (leading to curvature of the Arrhenius plot) are attributed to the divancan- 
cies. In dilute alloys there is often a binding energy between solutes and vacancies, and 
the resulting solute-vacancy pairs (complexes) also contribute to the diffusion. The 
relaxation mechanism which is a variant of the vacancy mechanism was proposed by 
Nachtrieb and Handler [1954], The underlying idea is that a large relaxation around 
a vacancy distorts its surroundings to such an extent that a liquid-like diffusion mechan- 
ism can take place; this idea has now been abandoned. 

Molecular dynamics calculations by Da Fano and Jacucci [1977] have shown that 
at high temperatures, when the atom jump frequency becomes large, a dynamical 
correlation between successive jumps can occur so that a vacancy can move more than 
one jump distance; these vacancy double jumps are an alternative explanation for the 
observed curvature of the Arrhenius plot. 

1.1.2.3. Mixed mechanisms. For some systems it has been necessary to devise more 
complex mechanisms in order to account for abnormally fast diffusion. The dissociative 
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model by Frank and Turnbull [1956] was the first attempt at explanation. It assumed 
that the fast diffusing solute dissolves both substitutionally and interstitially; the mass 
transport is then due to a mixed vacancy and interstitial mechanism. Miller [1969] has 
improved this mechanism by introducing the idea of vacancy-interstitial pairs. For more 
details see §4.3.2. 

I.I.2.4. Short-lived Frenkel pairs. Numerical simulations have revealed that, at 
least in non compact phases at high temperatures, short-lived Frenkel pairs can form 
homogeneously and give rise to closed rings of replacement of various sizes (4 atoms and 
above). At the end of the sequence the pair recombines (Doan and Adda [1987]). 

1.1.3. Mechanisms involving extended defects 

Linear defects (dislocations) and planar defects (surfaces, interfaces, grain boundaries, 
etc.) are disordered regions in which the atomic migration is easier than in the bulk. 
These preferential paths of diffusion are called short-circuits. The diffusion mechanisms 
are not yet well known but it is a topic where one is expecting rapid theoretical advances 
owing to the increasing power of computers. For more details see § 7. 

1.2. The macroscopic theory of diffusion 

1.2.1. Generalities 

Diffusion is an irreversible phenomenon; its description requires the use of the proper 
formalism, namely thermodynamics of irreversible processes (TIP). 

We refer the reader, for a detailed discussion of the subject, to specialized books and 
articles (Prigogine [1947], Howard and Lidiard [1964], MOnster [1966], DeGroot 
and Mazur [1969]). 

For measuring a flux, it is necessary to define a frame of reference; for the crystal- 
lized solid there are two preferred reference frames: the laboratory reference frame is 
bound to the ends of the sample which are assumed to be not affected by diffusion (we 
will neglect the sample size variation) whereas the lattice reference frame is rigidly 
bound to the atomic planes. It is possible to mark this lattice reference frame with inert 
markers such as very thin refractory wires, oxide particles, scratches on the surface etc.. 
These inert markers neither contribute nor alter the diffusion but “follow” the motion of 
the neighbouring atomic planes. Hereafter we will denote fluxes measured with respect 
to the laboratory frame by J° and fluxes measured with respect to the lattice frame by J. 

The vacancy mechanism most commonly operates in metals and alloys; we will 
present the TIP formalism with this assumption. We assume further that the medium is 
isotropic; no chemical reactions take place; no viscous phenomena and no size variations 
occur; and, last, that mechanical equilibrium is achieved. We will restrict the discussion 
to the case of a binary alloy since only these alloys have been widely studied theoretical- 
ly and experimentally. 

1.2.2. Binary alloys and the vacancy mechanism 

In a binary alloy there are three species: A, B and vacancies V; there will then be 
three fluxes, J A , J B and J v in the lattice reference frame or J A , J B and Jy in the 
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laboratory frame. For a sample subjected to concentration gradients, Vn^ a temperature 
gradient, VT, and an electric field, E, it has been shown (Brebec [1978]) that: 


VT 

h = -D A Vn A + [L M Z\ + L AB Z\)eE - [l m Q' a + L ab Q * b ) — (1) 

VT 

J b ~ —E b Vn B + (L ba Z a + L BB Z B ^eE — {E ba Q a + L BB Q B j (2) 


Jv ~ {^a Js) 


(3) 


v = = — J A ^ B 

n n 


(4) 


J°A = h + n A V 311(1 J °B = h + n B V 


(5) 


We have omitted the vector notation for simplicity but we must keep in mind that J ; , Vn;, 
VT, E and v are vectors. Symbols are defined in what follows. 

D a and D b are the intrinsic diffusion coefficients’, they are given by: 


D a = kT<p\ 


\ n A 


V AB 

n 


D b = kT<p\ 


B J 


-'BB 

V n B 


n A J 


( 6 ) 


where k is the Boltzmann constant and L^, L^, L BA and L BB are the phenomenological 
coefficients which depend on the intensive quantities such as temperature, concentration, 
etc.; further they verify the Onsager reciprocity relation = L^, (here L AB = L BA ); (p is 
the thermodynamic factor of the A-B solution; it is given by: 


Y , ^iogy A _ t , ^iogy B 
d\ogC A d log C B 


(7) 


where y A and y B are the thermodynamic activity coefficients. n A , n B and n v are the 
numbers of A and B atoms and vacancies per unit volume, respectively. 

The number of sites per unit volume is equal to: 

n - n A + n B + n v 

We now define the atomic fractions, taking into account the three species: 


N a = — , N b = ?! and N v = ^ 
n n n 

or, taking into account only the A and B atoms: 

C A = — ^ — and C B = — ^ — 

n A + n B n A+ n B 

Since n v is always small (n v «n A + n B ), the two definitions are practically equivalent. 
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Z A and Z B " are the effective valences for A and B and e the absolute value of the 
charge of an electron. If the material is an insulator or an ionic conductor, these effective 
valences are equal to the ionic valences z A and z B . In a metallic alloy for which the 
electrical conductivity is due to the electronic carriers there is a momentum transfer from 
these carriers (electrons or holes) to the A and B atoms. This is equivalent to a force 
which has to be added to the electrostatic force; as a consequence an effective valence 
can be defined (see § 6). 

Q a ’ and Q b * are energies per mole and are related to the heats of transport q A and 
q B . Physically these heats of transport define the heat flux, J q associated with the matter 
fluxes J A and J B when there is no thermal gradient. Actually it can be shown that: 

* * vr 

Jq = QaJ A B a — ( 8 ) 

which implies: 

Jq = 9 a Ja + q B J B when VT = 0 


In metals and alloys the assumption is often made that the vacancies are in thermal 
equilibrium everywhere in the sample; this implies that the vacancy sources and sinks 
(dislocations, grains boundaries, etc.) are effective enough to fulfil this assumption. When 
this equilibrium condition is well obeyed we have: 

Qa = Qa ~ ^JJfv Qb ~ Qb ~ ^J^fv 


AHpy is the vacancy formation enthalpy in the alloy. 

When the requirement of local equilibrium is not met, no simple relation holds 
between Qf’s and q’’s. 

Finally, v is the lattice velocity measured with respect to the laboratory frame. The 
physical reason for the lattice displacements is related to the fact that vacancies are not 
conservative species (they can be created or destroyed at certain lattice sites). In fig. 3 
we have sketched the process responsible for the inert marker displacement; we see, in 
this simple example, that the lattice moves to the right because the vacancies created on 
the left are eliminated on the right. 

We notice from equations (1M5) that the fluxes measured in the laboratory frame equal to: 


= C J - C J 

^ B J A ^ A J B » 


J°B = ~{C b Ja - C A J B ) 


so that J A +Jg= 0 


1.2.3. Some special cases 

I.2.3.I. Chemical diffusion. In the absence of electric fields and thermal gradients, 
eqs. (1)— (5) become: 

J A —JJfS n A-> Jb — ~JJ^ n B' V = (Pa ~ (9) 
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Fig. 3. Schematic representation of the displacement of inert markers (solid circles: atoms; squares: vacancies; 
dashes: inert markers: (a) initial state; (b) creation of a plane of vacancies; (c, d, e) displacement of the vacancy 
plane towards the right; (f) elimination of the vacancies. Comparison between (a) and (f) shows that the inert 
markers are displaced to the right. 


In the laboratory frame we have: 

J°A = -J°B = DVn A (10) 

where: 

D — N b D a + N a D b (11) 

D is the chemical diffusion coefficient. 

We see that, for binary alloys, the fluxes have the form of Fick’s first law: 

J, = 

In the lattice frame there are two independent fluxes and thus two intrinsic coefficients, 
whereas in the laboratory frame there is only one flux and one chemical diffusion 
coefficient. 

1.23.2. Dilute systems. For dilute alloys n B (or C B ) — > 0 and <p — > 1; on the other 
hand it can be shown (§4.1.2.1) that L BB /n B tends to a finite value, whereas L BA /n A , 
which is of the order of n B , tends towards zero. So: 

D B .n^o =kT^ = D r . (12) 

n B 

This coefficient is the solute diffusion coefficient at infinite dilution. It will be denoted by 
D b , to distinguish it from D B and to recall that diffusion is generally studied with 
radioactive isotopes which are used at great dilution; then we will also replace n B by n B „. 
D a does not become as simple as D B because the cross-term L^/ng does not tend to zero 
with n B (§4. 1.2.1). 
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For these dilute systems the flux of solute is equal to: 

2 ," eE — nB ’^ p 
kT B kT 2 

where: 

U 


J b* = ~D B yn B . + Z* B *eE - Q y T 


(13) 


z; = zi+ 


Z A (the apparent effective valence) 


Qb = Qb + — ^ <2a (th e apparent heat of transport) 


bb 


Because Z B , = Z B and q* B , = ^(same chemical species) we have dropped the asterisk on B 
inZ*, Z B , Q*„ and £>’’• 

Equation (13) has the generalized form of Fick’s first Law: 

/■ = —D Vn,.+ < v > ; n, 


When B atoms are isotopes A* of the element A, eq. (13) becomes: 


h. = -D A yn At + zTeE - 


Qa 


kT n kT 
It can be shown, (Howard and Lidiard [1964]), that: 

± = l + i*M_ 


fo ‘-‘A* A* 

The apparent valency and heat of transport are therefore given by: 

Z A = — r and Q A = -f 

Jo Jo 


(14) 


(15) 


where f 0 is the correlation factor for self-diffusion-, its presence stems from the non- 
ramdom character of the tracer atom displacements by a vacancy mechanism. D A „ is the 
self-diffusion coefficient , given by: 


D A ,=kT ^41 


(16) 


1.2.4. The various diffusion coefficients 

Diffusion coefficients have the dimension Length 2 Time -1 . In the international system 
of units they are expressed in mV 1 . The CGS system (cmV) is still widely used. We 
will show now which experimental situations correspond to these various coefficients. 
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The chemical diffusion coefficient D describe the interdiffusion of A and B (fig. 4a); 
it can be measured from the curve C A (or C B ) versus x; in general it depends on the 
concentration. 

The intrinsic coefficients D A and D B correspond to a similar experiment; but to obtain 
them it is necessary to determine D and v [see eqs. (9) and (11)]. v is obtained from the 
displacement of inert markers (see Kirkendall effect, §5.3. 1.1). These coefficients depend 
also on the concentration. 

The solute diffusion coefficient at infinite dilution D B , corresponds to the experimental 
situation shown in fig. 4b. A thin layer of B* atoms has been deposited on the A surface 
so that C B . ~ 0 and B* diffuses in pure A. 

The self-diffusion coefficient D A „ corresponds to a similar situation when B* is 
replaced by A*. 

Two other diffusion coefficients are defined as shown in fig. 4c; they are the self- 
diffusion coefficients in an homogeneous alloy AB which are denoted by D^f . The B* (or 
A*) concentration is always negligible so that the alloy composition is not modified by 
the diffusing species. These coefficients depend on the concentration. An alternative 
notation often used for dilute alloys is: 

D a ,{C b ) = D A J, D b ,(C b ) = D A J 
where C B is the concentration of B. 

The macroscopic description presented above cannot account for the A* and B* 
diffusion into AB alloys; it would be necessary to derive the flux equations for four 
species A, A*, B, B* (plus vacancies); this is beyond the scope of this review and we 
refer the reader to Howard and Lidiard [1964] for more details. Thus it is possible to 
show that the self-diffusion coefficients in the alloy and the intrinsic diffusion coeffi- 
cients are related by: 

D a = D AA <pr A D b = D A t<pr B (17) 

where <p is the thermodynamic factor and r A and r B are terms which will be made 
explicit in §5.1.2. These relations, (17), were first established by Darken [1948] in a 


B*(orA*) A* or B* 



a be 


Fig. 4. Different types of diffusion experiments: (a) chemical diffusion -» D ; (b) self or solute diffusion in 
pure metals -> D A . or D B .; (c) self-diffusion in homogeneous alloys -> Dfor Iff 
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simplified form for the case when r A = r B = 1. 


1.2.5. Fick’s second Law 

We have seen that the fluxes in a binary alloy have the form: 
7,. = or J t = -£>.Vn ; + n ; < v >, 


By using the conservation equation'. 


dt 


-div7, 


we obtain Fick’s second Law, this partial differential equation can be solved for given 
initial and boundary conditions. D ; and <v>; can then be obtained from a comparison 
between the experimental and the calculated concentration curve C(x). 

When D, and <v> s are constant and the diffusion is along the x direction Fick’s 
second Law has the form: 


dt ' dx 2 


(18) 


or 


dn i 

dt 


= D, 


d 2 n, 

dx 1 


--< v>, 


* h 
dx 


(19) 


The geometry which is most commonly used for measuring D ; is a thin layer 
deposited onto a “semi-infinite sample” (see fig. 4b and 4c); in this case the solution of 
eq. (18) has the well-known form: 


"i (-*.0 


Q 


exp 

V 


..2 \ 


4 D fj 


( 20 ) 


where Q is the quantity of the diffusing species deposited per unit surface, so that D ; is 
obtained from the slope of the straight line: log n ; versus x 2 . 

In the presence of an electric field, the equation to be solved is eq. (19); very often 
the geometry used is a thin layer sandwiched between two semi-infinite samples. The 
solution is then: 


n-Sx,t) 


Q ["(*-< v > f tf 

— i==exp — — — 

k 4£>./ 


( 21 ) 


<v>; is obtained from the displacement of the maximum of the curve n ; (x) with respect 
to the origin (defined by the welding interface). 

For chemical diffusion (see fig. 4a), D is not constant, we have then to solve: 


dn L _ d_ 
dt dx 



( 22 ) 
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Matano [1933] has shown that, when D; depends on x through 
«/ 

jxdn, 

— f r (23) 

2t ( dri'/dx ) 

the x origin must be chosen so that: 

n i,max 

J x d tij = 0 (24) 

o 

This origin defines the Matano plane. In fig. 5 the different terms of eqs. (23) and (24) 
are illustrated. 

Numerous solutions of the diffusion equation can be found in Crank [1956] and 
Carslaw and Jaeger [1959]. We will see that in some cases Fick’s first law is not 
valid; the first restriction is related to the discontinuous nature of crystals (lattice effect) 
and will be discussed in § 1.3.5. The second restriction is met in chemical diffusion 
(spinodal decomposition: Cahn [1967]; ch. 15, § 3.1). In both cases the discrepancy with 
Fick’s law becomes noticeable only for harmonics of concentration with short wave- 
lengths. 


A («,) = 


1.3. The random walk theory of diffusion 

The aim of the random walk theory is to describe the observed macroscopic effects 
from the atomic jumps which are the elementary processes in diffusion. 


1.3.1. Einstein relation and flux expression 

For a random walk motion , Einstein [1905] has shown that the diffusion coefficient 
of species i along the x direction is given by: 



(25) 


where X 2 is the mean square displacement along the x direction for the duration r. If X k 
is the displacement of the k lh atom along the x direction during r, we have: 


X 2 


i N 

-Yx, 


*=1 


(26) 


where N is the number of diffusing atoms of species i. 

In many cases the motion is not random but the expression (25) still holds provided 
that t -» 0. 

According to Le Claire [1958] and Manning [1968], the flux J; measured with 
respect to the lattice reference frame is equal to: 


J, 


_ dn, 

: < v >; n,-Q—L-n, 

OX 


dx 


(27) 
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Fig. 5. Matano method for the calculation of D . The Matano plane is defined by the equality of the two areas 
FO'M and FOM (hatched surfaces). Jj* rfn, is equal to the area HPFO (doubly hatched surface), dn/dx is the 
slope of the tangent to the concentration curve at P. 


where: 


< v >, = lim — 

t — >0 < 7 * 


(28) 


Dj is given by eq. (25) when r — > 0, X 2 is the mean displacement during r for species 
i. 

These relations, (25), (27) and (28), are valid for anisotropic media but to save space 
we have omitted the more precise notation D ix , <v> ix etc... 


1.3 2 . Calculation of X and X 2 in terms of jump frequencies 

It is easy to show that: 

X = (29) 

1=1 
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X 2 = I>, 2 + 2 £ (30) 

(=1 1=1 j=i + 1 

where Xj is the i th displacement along x and n is the mean number of atomic jumps 
during r. The overbar denotes an average over a large number of atoms. 

I.3.2.I. Expression for X 2 . For a truly random walk motion the last term in eq. 
(30), P = 2 YL x i Xj, vanishes. When X differs from zero (chemical diffusion, electro and 
thermal diffusion, etc.) this term P is also different from zero_but is has been shown that 
the X contribution to P is of the order to r 2 whereas the 2) x 2 term, eq. (30), is of the 
order of r; as a consequence the X contribution to P is negligible when r — > 0. 

But even if X = 0, the P term is not necessarily equal to zero, owing to the mechan- 
ism of diffusion. We will see later that for most diffusion mechanisms the successive 
atomic jumps are not independent of each other, and that the motion is not a truly random 
walk. This can be easily understood for the vacancy mechanism: the vacancy concentra- 
tion is so low (~ 10" 4 to the melting point) that two consecutive atomic jumps are likely 
due to the same vacancy and it is obvious that after one jump an atom has a greater than 
random probability of making a reverse jump; there is correlation. This correlation 
between the directions of two successive jumps initiated by the same vacancy reduces the 
efficiency of the walk with respect to a truly random walk. Correlation occurs for all 
defect-assisted diffusion mechanisms except for the purely interstitial and exchange 
mechanisms; it is related to the low concentration of point defects (vacancies, 
divacancies, interstitials, etc.) and decreases when this concentration increases (Wolf 
[1980]). 

How to take this effect into account will be reported in § 1 .3.4 . To summarize, we can 
always calculate X 2 by assuming £ = 0, because when t —> 0, X 2 does not depend on X. 

For a truly random walk motion, P = 0 and we have: 


X 2 ' = rjl> 2 (31) 

k= 1 

where z is the number of jump directions, r k the mean atomic jump frequency for the k 
direction and x k the displacement along x for a k-jump. Hence: 

D random = Z - £ ^k X k' (32) 

k = 1 


For cubic lattices all the frequencies T k are equal, and: 


D„ 


n 2 

6 


(33) 


where T =£ k T k is the total jump frequency and 1 is the jump distance for fee, 

ja\/3" for bcc). 

1 .3.2.2. Expression for X. With the same notation as for X 2 we have: 


* = '’-£!>* =< v>r 

*=1 


( 34 ) 
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For the case where X is not zero, the potential energy of the atoms versus their position 
is schematized in fig. 6 (for simplicity we have shown regular energy barriers which 
correspond to a mean displacement X independent of x). The shape of this energy 
diagram is due to a force F ; acting on the atoms such that (see fig. 6): 


Ex, 

AIT = - LJ - 
2 


The atom jumps are easier towards the right than towards the left (in fig. 6) and if AW 
« kT we have for thermally activated jumps: 


r(->) = r c 


i + - 


2 kT 


r(«-) = r 0 l- 


F i*j 

2 kT 


(35) 


where r o is the jump frequency when F ; = 0; — > denotes jumps towards the right and f— 
jumps towards the left. 

We then obtain, with eqs. (34) and (35): 


< 


_ X ^ Ffit 
V >i t kT 


(36) 



Fig. 6. Schematic representation of the potential energy diagram of the atoms when a constant force is present. 
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This expression is the Nemst-Einstein relation. 

F, has the following forms, according to the nature of the field acting on the atoms: 

F i = Z'eE for an electric field, 

O* d T 

= — — — for a thermal gradient, 

T dx 


dx 


for a concentration gradient, 


(37) 


where Z,' is the effective valence, - h fva , is the heat of transport for an a- 

type jump of the species i, h fva is the vacancy formation enthalpy on a site from which 
an a-type jump is possible, % is the coefficient of activity of species i in the alloy at the 
position x; this last term can be evaluated from a thermodynamical study of the alloy; we 
will see in § 6 how it is possible to measure and calculate Z * and Q\ We observe that 
with the microscopic approach there are as many heats of transport as there are different 
types of jumps, whereas with the macroscopic approach the number of the heats of 
transport is equal to the number of species. 

The expression for X, eq. (36), is not complete because the diffusion mechanism can 
give rise to an additional term; in order to go further it is thus necessary to adopt a 
particular model for diffusion. We will consider the case of a binary alloy and a vacancy 
mechanism. 


1.3.3. Binary alloys and vacancy mechanism 

In the case of a vacancy mechanism there is a coupling between A and B fluxes 
through the vacancy flux. This coupling, known as the vacancy flow effect, contributes to 
<v>j in addition to the force F;. The calculation of this term is rather tedious and for 
more details we refer the reader to Manning [1968]. Two cases have to be considered, 
depending on whether it is a dilute or a concentrated alloy. The diffusion models and 
results (expressions for L^, L AB and L BB ) are given in § 4 for dilute alloys and § 5 for 
concentrated alloys. 


1.3.4. Correlation effects 

For most diffusion mechanisms the successive atomic jumps are not independent; as 
a result, the last term of eq. (30), P = 2 YL x.x^, does not vanish. The correlation factor 
is defined as: 


^random 

and from eq. (30) we obtain: 

^ n - 1 n \ n 

2 X / J *- 2 

^ i=l j=i+ 1 y 1=1 


(38) 


f = 1 + 


(39) 
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Thus the expression for D, eq. (33), becomes: 

n 2 

Acu^f— (40) 

In order to calculate f we have to evaluate P = 2 XX x ; x., which will depend on the 
diffusion mechanism. Bardeen and Herring [1951] were the first to point out that 
point-defect diffusion mechanisms involve a non-random-walk motion for the atoms, and 
they calculated the correlation factor f for a vacancy mechanism. 

The first useful estimation for f with the vacancy mechanism yields f = 1 - 2/z, where 
z stands for the coordination number of the lattice. Since, at each jump, the vacancy has 
the probability 1/z to perform a backward jump, a fraction 2/z of the number of jumps 
performed by a given tracer atom is lost, giving rise to an efficiency factor equal to 
1 - 2/z. This argument cannot be used as such for evaluating the correlation factor for 
solute diffusion, because the exchange frequency with a solute atom w 2 differs from that 
with the solvent w 0 and because the solvent jump frequencies themselves are altered in 
the immediate neighbourhood of the solute (see § 4.1). As a consequence, the walk of the 
defect around the solute must be considered in more detail. Since the pioneering work of 
Bardeen and Herring, numerous studies have been published on this topic; we refer 
the reader to the books or articles by Adda and Philibert [1966], Maning [1968] and 
Le Claire [1970a], 

The principal techniques used for the calculation of f are: 

(i) C omputer simulations; X actua | is obtained by Monte Carlo simulations and com- 
pared to X^dom- For more details see § 1.5.2. 

(ii) The pair association method; this technique is described in § 4; the fluxes are 
calculated from the diffusion model and by comparing with the macroscopic expressions 
we obtain D^, and then f with eq. (38). This technique can only be used for dilute 
alloys. 

(iii) The random walk method ; this is the calculation of f from the expression (39). In 
this type of calculation it is necessary to evaluate the return probabilities of the defect on 
the neighbouring sites of the atom after the first exchange with this atom. To obtain these 
probabilities, several methods have been used: 

- The Bardeen and Herring [1951] technique; 

- the matrix method (Le Claire and Lidiard [1956], Mullen [1961], Howard [1966]); 

- the electrical analogue method (Compaan and Haven [1956, 1958]); 

- the integral methods, which have now superseded the previous ones. The return 
probabilities are evaluated through 3-D integrals which are easily computed in a few 
seconds with a very high accuracy. Tackling with a slightly different problem, the 
ancestor paper introducing such integrals for random walk probabilities (McCrea and 
Whipple [1940]) has been followed much later by others more directly devoted to 
correlation calculations (Montet [1973], Benoist etal. [1977]; Koiwa [1978], Ishioka 
and Koiwa [1980]). 

For self-diffusion, f is independent of temperature in isotropic materials (for vacancy 
mechanism f=0.72 for bcc, 0.78 for fee and hep, 0.5 for diamond lattice; for divancancy 
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mechanism f = 0.475 for fee and hep lattice). For impurity diffusion see § 4. 

In some cases the knowledge of the correlation factor can allow us to choose among 
several of the mechanisms of diffusion; it is then a very useful quantity, but as we will 
see later, experiment does not yield f alone. What is measured is the isotope effect, E, 
from which it is not obvious how to extract f (§ 1. 4.3.3). 


1.3.5. The limitation of Fick’s Law 

We present here a first restriction of Fick’s Law, which is related to the discontinuous 
nature of the lattice (Martin and Benoist [1977]). Let us consider the case of one- 
dimensional diffusion; the rate equations for an atomic plane n are; 

= r (C„ +1 -2C„ +C„_.) (41) 


where F is the atomic jump frequency and Q the concentration for the i th plane. 

We have to compare the solution of this rate equation, which takes into account the 
discontinuous nature of the lattice, with the macroscopic equation: 


— = D 
dt 


d 2 C 

d \ 2 


(42) 


Let us suppose an infinite medium with an initial concentration variation according to a 
sine form: 


C (0) =C 1+ (C 2 -C,)sin^ 
The solution will be: 


C 


(■) " 



when t -» °°, the concentration becomes homogeneous, C -» C,. 
By substituting eq. (43) in eqs. (41) and (42), we obtain: 


a R = 21] 1 - cos 


27ra 


a F 



D 


(43) 


(44) 


where a is the interatomic distance, subscript R stands for the solution of eq. (41) and F 
for the solution of Fick’s Law, eq. (42). 

In expanding cos(27ra/A) and taking into account the fact that D = Fa 2 for this one- 
dimensional diffusion, we obtain: 


a R 






(45) 


We clearly see by comparing eqs. (44) and (45) that the solutions of the rate equations 
and of Fick’s equation are identical only when liraJX. « 1, i.e., for large wavelengths. 
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Since a concentration profile can be expanded in a Fourier series, the short-wavelength 
components will evolve in a different manner than predicted by Fick’s Law. This effect 
will be noticeable only for very short wavelengths (a R and a F differ by 3% for A = 10a 
and by 0.03% for A = 100 a). 

1.4. Jump frequency and diffusion coefficient calculation 

We have shown above, eqs (33) and (40), that the diffusion coefficient is given as a 
function of the jump frequency T of the diffusing species. Its calculation comes therefore 
into the determination of this frequency, which itself can be done in the framework of 
the statistical mechanical theory of fluctuations (Landau and Lifshitz [1984], Flynn 
[1972]). In fact the jump of an atom can be viewed as a particular fluctuation of the 
local energy density during which the system undergoing diffusion passes from a stable 
position to another over a barrier of higher energy, the so-called saddle hypersurface in 
the configurational space spanned by the 3 N position variables.The statistics of the 
fluctuations of the local energy density therefore control the jump frequency. The nature 
of this saddle hypersurface is defined by the nature of the crystalline lattice and by the 
mechanism at work (see § 1.1). Let us particularize for example to the case of a vacancy 
mechanism, the other cases being easily handled in the same framework. 


1.4.1. Vacancy concentration 

In. this case the relevant fluctuation can be decomposed into two steps: the formation 
of the vacancy and the jump of a neighbouring atom into the vacancy. The probability 
to observe a defect on a neighbouring site of the atom under consideration is given by: 

P v = P 0 cxp(-GjkT) 

with G v the free enthalpy of the system containing the vacancy plus N atoms and P 0 a 
normalizing constant. The relative probability with respect to the non defective state, i.e. 
the vacancy concentration is therefore: 

c v = exp(-(G v - G 0 )/kT) (46) 


with G 0 the free enthalpy of the perfect crystal. In the so-called quasi-harmonic approxi- 
mation, which in most cases works fairly well up to near the melting point (Lutsko et 
al. [1988]), these free enthalpies are given by: 

G = W + kT ( ^Ln[^^ + P ea V 


with W the potential energy of the system in the relevant state, the third term correspond 
to the work of the external pressure P exl on the actual volume and the second, the so- 
called vibrational entropy, corresponds to a summation over the 3 (N-l) non-zero normal 
eigenfrequencies t3 a . The enthalpy difference in (46) takes now the form: 


AG, = AH f - TAS F = W- W a 


3(V-I) 

+ kT £ Ln\ 


( 




v rcr 0 , 

V a J 


+ pjy, - v 0 ) 


(47) 


References: p. 651. 



554 


J. L. Bocquet, G. Brebec, Y. Limoge 


Ch. 7, § 1 


in which the eigenfrequencies ©* and ©° pertain to the system with and without a 
vacancy respectively; and V v and V 0 to the volume with and without the defect. 


1.4.2. Vacancy jump 

In order to handle the second step, the vacancy jump, two theories have been put 
forth and later refined, the theory of Rate Processes (Wert and Zener [1949], Vine- 
yard [1957]), and the Dynamical Theory (Rice [1958], Slater [1959], Flynn [1968]). 
As will become clear, these two approaches emphasize different aspects of the jump, and 
are complementary rather than contradictory. 

I.4.2.I. Rate theory of jumps. The probability of finding a vacancy as a first 
neighbour of an atom is a static property and as such the statistical thermodynamical 
treatment given above is rigorous. This is no longer the case for the jump which has a 
strong dynamic character: the jump proceeds as an hamiltonian trajectory in the phase 
space and the successive positions during the jump are strongly correlated. However, it 
is not possible to solve for them down to a calculation of the frequencies, so we need 
approximations. In the rate theory one neglects completely the dynamical aspects: the 
successive positions of the system during the jump are viewed as independent static 
positions with an occupancy given by their equilibrium statistical weight all along the 
jump path, including the saddle position. The dynamical correlations between successive 
positions are lost, and therefore the jumping particle has no “memory”. Moreover the 
saddle hypersurface is supposed to be planar as a consequence of the hypothesis of 
harmonic interatomic interactions even at the saddle position. 

The jump frequency of a vacancy, or the frequency in one direction for an atom (eq. 
32), is defined as the flux J s crossing the saddle hypersurface S, for a unit occupancy of 
the stable position, which in our example includes a vacancy on the proper site: 


r v - Js/Py with /s — J Ps S 


where s is the unstable normal coordinate perpendicular to the saddle hypersurface S, s' 
the corresponding “velocity” and P s as above the statistical weight along S defined by: 


P s = P 0 txp{-(G s )/kT} 


3(Y-1)-1 


G s = W s +kT X Ln 


^ hm s ^ 


ykT j 


+ M 


(48) 


Now we have for the migration frequency: 
k T 


T v = ^ exp{-(G, - G v )/kT) 

3(Y-I)-1 

G s -G v = W s -W v +kT £ Ln 


ranrf] 

1 1 


UrJ 

c 

J 

1 

or 

[kT) 


(49) 


+ P'A v s ~ K) 


Notice that in this expression the eigenfrequencies Q 3 corresponding to motions 
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restricted to the saddle hypersurface do not correspond one-to-one to the frequencies in 
the stable position, . Indeed the new modes of the system close to the saddle point 
have no counterpart in the perfect nor in the defective system in the stable position. Moreover 
the first product contains one fewer frequency than the second, for the reaction coordinate s 
is quenched at the saddle value. A more homogeneous formula is generally written as: 


F v = v 0 exp{-(G s -G v )/kT) = v 0 exp{-(AG„)AT} 


A G m = W s - W v + kT Ln 


3(W-I)-I 3(JV-1) ") 

v o IT w-VEK +/*« pte-K) 

a S a 0 J 


(50) 


which shows clearly that the so-called “attempt frequency”, v 0 , has no physical meaning 
on its own, but only as a couple with the migration entropy. From (33) and (50) one 
recovers the well known expression of the diffusion coefficient in cubic structures: 


D = v 0 af exp 


'AS r + AS,, 




exp - 


A tf. + A H m 
kT 


(51) 


where, by comparison with eq. (50), one defines AS M and AS F , respectively the defect 
migration and formation entropies, AH M and AH F , the corresponding enthalpies, ‘a’ the 
lattice parameter. 

As said above, in this approach the dynamic aspect of the jump is neglected. 
However the system follows during the jump an hamiltonian trajectory in the phase space 
and its successive positions are therefore correlated. These short time correlations have 
two effects, multiple jumps one the one hand (Da Fano and Jacucci [1977], De 
Lorenzi and Ercolessi [1992]) which can be viewed as a new diffusion mechanism, the 
existence of unsuccessful jumps on the other, in which the jumping particle turns back 
just after having passed the saddle point. Following Bennett [1975] these unsuccessful 
events could amount to 10% of the jumps foreseen by the rate theory up to near the 
melting point in a Lennard-Jones crystal, but to a larger value for other kinds of 
interaction (Gillan et al. [1987]). The main origin of this inefficiency lies in the 
anharmonicity of actual interatomic interactions allowing for a curved rather than planar 
saddle hypersurface; according to Flynn [1987], a curved hypersurface can be crossed 
twice. An improvement to the Vineyard approach as been proposed by Toller and col. 
[1985] by considering the full manifold of the newtonian trajectories in the phase space, 
and not simply the positions of the system in the configuration space. Topological 
considerations allow to count now only the successful trajectories as a subset of all 
possible ones, instead of counting only the static state of the system in the saddle 
hypersurface, as in the rate theory approach. Using the first non-harmonic term, of third 
order, for describing the curvature of the saddle hypersurface, a part of the above 
mentioned 10% discrepancy is shown to be recovered, but the Molecular Dynamics 
method is needed to account for the remainder (Flynn [1987]). 

1.4.2 .2. Dynamic theory of jumps. Contrarily to the rate theory, in the dynamic one 
the jump frequency is directly deduced from the atomic dynamics, the phonon contribution to 
the fluctuations of the atomic positions, and not from an occupancy hypothesis about the 
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states in configurational space. In this approach one defines a ID reaction coordinate 
measuring the progress of the jump along the jump direction, according to the scalar product: 
x = (S s 0 - 5 s col ) ■ n 

where 8 s 0 and 8 s co] are the 3D displacements with respect to the stable positions s„ and 
s col , respectively of the jumping atom and of the saddle point, and n the unit 3D vector 
along the jump path. The position s co , is generally defined as the center of gravity of the 
atoms defining the saddle gate. All these coordinates fluctuate as a result of the random 
superposition of phonons. The contribution of a phonon of frequency O , wave vector k 
and branch A to x is given by: 

x{t) = (“L • «)(! ~ ex p(i - k *coi ))exp(i (k. s 0 - crt)) (52) 

where u^ A is the 3D amplitude vector of the phonon. 

Last, it is assumed that the jump necessarily proceeds to completion, once a certain 
critical value 8 of x has been reached. 8 remains in the theory an adjustable parameter, 
which is supposed to depend only on the crystalline structure of the lattice. 

It can be shown that upon superposition of harmonic vibrations of frequencies and 
amplitude x°, the critical value 8 is reached from below at a frequency w given by: 

» - [-*/ SM’' 

The effect of the various phonons in (52) can be evaluated using k A =cr A /v A in a Debye 
model, v A being the sound velocity along the phonon branch A. At high temperature, 
tnn K /kT<\\ denoting by e mX the energy in the mode nr, A, one has: 

LO |2 = 2 ggrA _ 2kT 
1 NMtu 2 NMw 2 


and the summation over m and A gives: 


w 


= (s)^ exp 


15 M 

y kT 2 ( 3 v ,- 2 + v ,- 2 + v - 2 )^ 


(53) 


where v„ v, and v t - reflect the longitudinal and transverse sound velocities, v D is a mean 
Debye frequency and M the mass of the particles. 

As in the rate theory approach, one recovers an Arrhenius-like form of the diffusion 
coefficient with the migration activation energy defined in the second bracket. 

It is also possible to express this result as a function of the elastic constants, since 
v 2 = c/p with p the specific mass. Using a properly weighted mean of the elastic moduli, 
c, and taking XI as the atomic volume, Flynn proposes: 


w 


= {s)' I2 -v d exp 


' cXIS 2 " 

l kT ) 


(530 


Using a value of 8 = .32 for fee metals and 8 = .26 for bcc ones, a quite good agreement 
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is found with experimental values of migration energies (Flynn [1968]). Other values 
are sometimes used (Schultz [1991]). 

The most severe drawback of this approach lies in the implicit assumption that the 
normal modes remain untouched during the jump. Its main interest relies in its ability 
to handle the migration including the effects of the actual crystal dynamics. The 
summation in (52) can now be made without any approximation thanks to the availability 
of complete dispersion relations for various metals and to the development of the 
numerical simulations, allowing for example a deeper understanding of the bcc metals 
(see section 3.2). 


1,4.3. Macroscopic parameters of diffusion 


1.4. 3.1. Variation with temperature. For self-diffusion in isotropic media, f is 
independent of T, so that from eq. (51), D has the well-known Arrhenius form: 


D = D 0 exp 



with D 0 = v 0 a 2 f exp 




and Q = isH F + isH M 


D 0 is the frequency factor and Q the activation energy. 

For impurity diffusion, f depends on T and, strictly speaking, D has no longer the 
Arrhenius form, but if we want still to recast its variation into the form of an Arrhenius 
law, we can define Q as: 


Q = 


dlogD 


hence we obtain: 


Q = £sH f + A H u - C 


and D 0 = v 0 a 2 f exp F * j exp —'j with C = k 

If C depends on T, Q and D 0 will also depend on T but it is experimentally observed 
that C is small and more or less constant so that impurity and self-diffusion behaviours 
are qualitatively similar. 

As a matter of fact, the Arrhenius plot (log D versus 1/T) is often curved; the 
departure from a straight line is more or less substantial (curvature only at high 
temperature, continuous curvature, two straight lines with different slopes). In general, 
the activation energy increases with T. Several explanations are possible: 

(1) The enthalpy and entropy terms depend on T (Gilder and Lazarus [1975], 
Varotsos and Alexopoulos[1986]). 

(2) Diffusion occurs by more than one mechanism. This is the case: 

- for non homogeneous media; e.g. grain boundary + volume diffusion; 

- when several types of jumps occur (Da Fano and Jacucci [1977]); 

- when several defects contribute to the diffusion. Monovacancies are responsible for 
most of the diffusion processes and, at the present time, the curvatures at high tempera- 
ture are generally ascribed to the increasing contribution of the divacancies (Seeger and 
Mehrer [1970]). If several defects contribute to the diffusion we have: 


<?log f 
d{VT) 
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i 


D is the measured diffusion coefficient and D ; the contribution to the diffusion of the i 
th defect. 

(3) There is an intrinsic domain at high temperature and an extrinsic domain at low 
temperature; this is mainly the case for semiconductors and ionic crystals. At high 
temperature ( intrinsic region) the point-defect concentration is only a function of the 
temperature, whereas at low temperature ( extrinsic region) the defect concentration is 
mainly controlled by the impurity content. More complex situations can occur for 
complex mechanisms (Hood [1993]) 

Typically, for metals and alloys, D 0 is in the range of HT 6 - HT 4 m 2 /s and Q in the 
range of 100-600 kJ/mole (~ 1-6 eV), depending on the melting point of the material. 

I.4.3.2. Variation with pressure. According to eqs. (50) and (51) the pressure 
derivative of the activation enthalpy AG M defines an activation volume AV along: 

piogp ^l „ (n-K))+(^-n) = av f +av„ 

l dP J T kT kT 


We have neglected the d log f/dP and all d log vr^/dP terms; the former is strictly zero 
for self-diffusion and the latter are generally small, of the order of 1(T 2 ft (ft is the 
atomic volume), with respect to the volume variation due to defect formation. 
AV = AV F + AV m is the activation volume, where AV F and A V M are the defect formation 
and migration volumes, respectively. In general, AV M is small so that AV F is not very 
different from AV. Typically AV varies from 0.5 to 1.3 ft at least in the case of a 
monovacancy mechanism; in some cases AV is very small or even negative, which can 
be an indication of an interstitial-type mechanism. 

I.4.3.3. Variation with atomic mass. From an experimental point of view, the 
isotope effect E is obtained by measuring simultaneously the diffusion coefficients D a and 
Dp of isotopes a and /3 of the same element with masses m a and ny It can be shown 
that E is given by: 


E = 


dJd b - 1 

/ / \ l/2 

- 1 


= fA K 


(55) 


where f is the correlation factor. It is assumed that only the frequency v of the isotope- 
vacancy exchange is altered by the mass difference according to: 

f Ln(,, > =AK 
- j d Ln (m) 


where AK is the fraction of the kinetic energy in the unstable mode residing in the 
jumping atom. Its value is therefore smaller than 1, of the order of .8 to .9 for self- 
diffusion in simple fee metals, and reflects the collective nature of the saddle position 
crossing during the jump (Le Claire [1966]). Equation (55) holds if, and only if, f has 
the form: 
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u + v 

where u is a term which depends on all the frequencies involved but v. For fee materials 
Barker [1971] has shown that eq. (55) is valid for vacancy, divacancy and impurity- 
vacancy pair mechanisms. For more complicated mechanisms such as the Miller 
mechanism, eq. (55) is no longer valid (see Le Claire [1970a] and Peterson [1975]). 
This is also the case for the the vacancy mechanism in ordered alloys with a B2 
structure. 

Isotope effect measurements can contribute to identification of the diffusion mecha- 
nism through the correlation factor; but we have to know AK. Theoretical values of AK 
can be calculated in the framework of the above mentioned jump theories. Unfortunately 
they are not really sufficiently quantitative for that purpose. An expression has been 
established by Le Claire [1966], which allows AK to be estimated if the defect 
formation volume AV F is known: 

AK ~ (l + ||(l - AV f )|) -1 (56) 

In this expression, £ is the number of neighbouring atoms when the jumping atom is in 
saddle-point position and AV F is expressed as a fraction of the atomic volume. For more 
details about the isotope effect we refer the reader to Le Claire [1970a], Peterson 
[1975] and Flynn [1987]). 

1.5. Numerical simulation approaches 

Thanks to the huge progresses of the power of the modern computers as well as of 
the presently available models of interatomic interactions, the numerical simulation route 
is now routinely used in diffusion studies (Adda and Ciccotti [1985]). The main goal 
of this approach is twofold. On the one hand numerical simulations are providing well- 
controlled experiments and allow a proper check of the validity of the various theoretical 
tools depicted above. Moreover, if realistic interatomic interactions are available, they 
provide a fairly reliable substitute to actual experiments. This is now almost the case for 
simple metals with s and p electrons (see for example Gillan [1989]). On the other 
hand, like numerical methods, they easily allow for a full treatment of the actual 
problem: no approximation is needed, and the full anharmonicity can be introduced, 
which proves to be particularly important in diffusion studies due to the high tempera- 
tures involved and the strongly N-body character of the events. 

The Molecular Dynamics (M.D.) and the Monte Carlo (M.C.) methods are the most 
used simulation tools. As explained in the previous paragraph the main observables of 
the diffusion theory, formation and migration energies for instance or the diffusion 
coefficient itself, appear as thermodynamic ensemble averages in the phase space of the 
system. Both of these methods aim therefore to furnish a full set of atomic configurations 
using a properly choosen bias for selecting the most important parts of the phase space, 
i.e. each configuration will be given a weight according to its Boltzmann factor in the 
proper ensemble. 
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In M.D., by solving the Newton equations of motion the full trajectory of the system 
in the phase space is built, and the proper weighting of the possible configurations 
follows as a consequence of the hamiltonian equations. The ensemble averages can be 
calculated as time averages thanks to the ergodic hypothesis. In M.C., a set of possibly 
uncorrelated configurations is built by randomly moving the particles according to a rule 
designed for achieving the proper importance sampling. The notion of trajectory, as well 
as of time scale, is therefore lost to a large extent. 

1.5.1. Molecular Dynamics method 

For a broad coverage of the field the interested reader can find almost everything in 
the following references: Ciccotti and Hoover [1986], Allen and Tildesley [1987], 
Meyer and Pontikis [1991]. 

In this method the hamiltonian equations of motion are solved by stepwise numerical 
integration for a system of N particles interacting by a properly chosen potential energy 
function U. This function can have any degree of complexity (and realism!) from the 
early empirical sum of interactions between pairs of atoms (Gibson et al. [1960], 
Rahman [1964]), to the most recent quantum-mechanics-based N body potentials where 
the full contribution of the electrons to the cohesive energy of the system is taken into 
account (Car and Parrinello [1985], Laasonen [1994]). Periodic boundary conditions 
are generally used by repeating on all sides of the primitive system replicas of itself. In 
this way the spurious effects of free surfaces are avoided. Even in the largest simulations 
the maximum size is of the order of 10 6 atoms for a maximum duration lower than 10” 9 
seconds of actual time. 

The first M.D. simulations were done at constant volume V and total energy E, in the 
microcanonical ensemble, noted NVE, but more recently new methods appeared which 
allow to produce trajectories in other ensembles: constant enthalpy (Andersen [1980]), 
constant stresses (Parrinello and Rahman [1981]), constant temperature (Nose [1984], 
Hoover [1985]). One must be nevertheless careful when using these new ensembles 
since the dynamics of the fluctuations introduced is generally no longer the actual one. 
If needed, special techniques can be used, tailored for studying rare events or non equi- 
librium systems (Bennett [1975], Ciccotti [1991]). 

Once a well-equilibrated system has been prepared, the thermodynamic average of the 
various physical observables can be calculated according to: 

T 

< f >= lim^^Jf^dr 

o 

The observable f, determined as a function of time along the trajectory, can be an 
energy, enthalpy, temperature, pressure or stress, any correlation function, as well as the 
mean squared atomic displacement, of special interest here. 

In diffusion studies, M.D. has been used either in a direct approach or in an indirect 
one. In the first the mean squared displacement of the atoms is directly computed from 
the record of the successive atomic positions. Albeit conceptually simple, this approach 
is limited by the available computing resources to calculation of diffusion coefficients 
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higher than 10 -11 m 2 /s at most, which limits its application to the studies of liquids 
(Rahman [1964]), or of interstitial diffusion at a quite high temperature (Gillan [1986], 
Gendre et al. [1991]). In the indirect approach the M.D. is used for studying the 
elementary events of the diffusion: the atomic mechanism at work in a given material 
(Bennett [1975], Doan and Adda [1987], Delaye and Limoge [1993a]), and its 
various thermodynamic properties, e.g. formation and migration energies, entropies and 
volumes or associated local modes (Willaime [1990], Delaye [1993]). At a high 
temperature, the jump frequencies of the defects can also be directly calculated, allowing 
for a direct check of the validity of the usual theoretical approaches in the diffusion 
theory. 


1.5.2. Monte Carlo method 

Now the notion of trajectory is lost: a set of successive configurations Hj is generated 
by randomly moving one or several particles of a system. As in M.D., the system 
contains N particles interacting by a properly chosen potential energy function U (the 
limitations over N are of the same order as in M.D.), and periodic boundary conditions 
also are frequently used. The configurations resulting from these random moves will be 
taken as acceptable according to various rules which ensure that the set of configurations 
contains each state according to its thermodynamical weight in the proper ensemble (for 
a complete review of the field see Valleau and Whittington [1977] or Binder ref. 
S, in the ‘Further Reading’ list). Such a set forms a Markov chain. It can be shown that 
it is sufficient that the acceptance rule, or transition probability py between states 11; and 
rij, satisfies the microscopic detailed balance: 

Vj-Pji = * t-Pij 


for the various states II; will be represented in the stationary Markov chain proportionally 
to their proper Boltzmann weight 7T;. Various acceptance rules have been devised, the 
most popular of which is the Metropolis scheme according to which: 


a) 

b) 


Pn 

Pa 


= 1 



Wj - 

kT , 


if W; < W; 
if Wj > W, 


(57) 


if W; and Wj are the potential energies of states 11; and Ilj. 

As a matter of fact the thermal averages are obtained simply as: 


<f>=i£f(n) 

i 

with m the length of the Markov chain. The precise form of the acceptance rule 
influences the rate of convergence towards the limit chain, but does not alter the 
stationary behaviour. In this approach one of the key point is the source of the random 
numbers used i) to generate the successive configurations ii) to decide of the acceptance 
or not in case 57b). The art of building “good” generators of pseudo-random numbers is 
a quite sophisticated one (see for example Knuth [1968]). The best one for the present 
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purpose is probably the so-called “Feedback Shift Register” method (Zierler [1959], 
Lewis and Payne [1973]). 

The same comments apply here as in § 1.5.1 with respect to the extension of the 
method, originally developed for the canonical ensemble, to isoenthalpic, isostress or 
even Grand Canonical ones by using the proper weight. One of the subtleties of the M.C. 
method is that the time variable has disappeared, since successive configurations in the 
chain are not necessarily related by a physically possible path. However, this drawback 
can be removed (Bocquet [1987], Limoge and Bocquet [1988]). 

Except for the dynamic aspects, the use of M.C. is identical to that of M.D.: defect 
structure and properties, thermodynamical averages calculation. Moreover, the M.C. 
approach is particularly well-suited for studying the properties of random walks. Indeed, 
in a random walk model, the full dynamics of the jump is condensed in a set of fre- 
quencies, allowing to calculate by the direct method the diffusion coefficient in a very 
efficient way. This method has proved to be particularly useful in complex systems, like 
concentrated alloys, disordered materials etc., where analytical solutions for random walk 
are not available (Murch and Zhang [1990]). 

2 . Experimental methods 

We shall review the different techniques which allow the diffusion coefficients D to 
be measured; for the heats of transport and effective valence measurements the reader is 
referred to §6. Two kinds of methods are used to measure D: macroscopic methods, 
which are based on Fick’s Law, and microscopic methods. With the former, we compare 
the experimental concentration profiles (or a quantity which depends on it) with the 
appropriate solution of Fick’s Law. The latter takes advantage of the fact that many 
physical phenomena depend on the atomic jumps (for instance, NMR or Mossbauer 
signals) and can be used to measure atomic jump frequencies. For the microscopic 
methods it is, in general, necessary to know the diffusion mechanism precisely in order 
to be able to deduce the jump frequency from the measured signal, whereas the 
macroscopic methods yield D without any assumption on the diffusion mechanism. 
Moreover it is not granted that the jumps detected are actually the ones involved in 
macroscopic diffusion (a drawback of spectroscopic techniques), nor that they are 
involved in the same manner as in actual diffusion (case of relaxation studies). But the 
macroscopic methods entail a macroscopic displacement of the atoms and thus a large 
number of jumps. At low temperatures, for small values of D, it is then necessary to 
perform long anneals. Conversely, because they only involve a small number of jumps, 
the microscopic methods require much shorter durations and they allow the variation of 
D with time to be studied for systems which are not in equilibrium (systems under 
irradiation, after quenching, during plastic deformation, etc.). For a given system the 
combination of both kinds of techniques can help to determine the diffusion mechanism 
(see for instance BRtiGGER etal. [1980]). We will successively discuss these two types 
of techniques. 
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2.1. Macroscopic methods 

Most frequently the quantity which is measured is the concentration C(x) at point x, 
and the resulting concentration profile is compared with the appropriate solution of 
Fick’s Law; but any quantity which depends on the concentration or on the flux can 
allow the determination of the diffusion coefficient. In the first part we focus on methods 
which determine the profile C(x); in the second part we briefly discuss other macroscopic 
techniques. For more details see Adda and Philibert [1966], or Philibert [ref. C)]. 

2.1.1. D from the C(x) curve 

2.1.1.1. C(x) by sample sectioning. Generally the C(x) profile is obtained by 
sectioning the diffusion zone and measuring the quantity of the diffusing species in each 
slice (thickness Ax). 

For sectioning, several techniques can be used: 

Mechanical sectioning with precision lathe (10 pm, 5x KT 16 m 2 /s), microtome (1 pm, 
5x 10" l8 m 2 /s) or grinding machine (1 /Am, 5x 1(T 18 m 2 /s). 

Chemical or electrochemical attack (50 A, 1CT 22 m 2 /s). 

Sputtering by ionic bombardment (10 A, 5xl0 -24 m 2 /s). 

The numbers in parentheses indicate, respectively, the minimum thickness of the slices 
and the minimum diffusion coefficient which can be obtained in practice. 

The slice thickness, Ax, and the values of x can be measured by weighing; when Ax 
is too small, weighing becomes inaccurate and other techniques (optical methods, 
Talystep) have to be used. The techniques most frequently employed for the determina- 
tion of the concentration C(x) are activity counting (for the radioactive species) and mass 
spectrometry. Each of them can, in principle, be utilized with one of the sectioning 
methods described previously. They are very sensitive, especially activity counting which 
allows the detection of atomic fractions as small as KT 10 . Ionic sputtering is associated 
with mass spectrometry in commercial apparatus (ionic analyzers or Sims, i.e. secondary 
ion mass spectrometry, see ch. 10, table 4) and with activity counting in several devices 
(see for instance Gupta [1975]); both allow the determination of diffusion coefficients 
as small 5x KT 24 m 2 /s. 

2.1.1.2. Non-destructive techniques. As a matter of fact all these techniques are 
methods of analysis which could be associated with the sectioning of the sample but they 
also allow the determination of the profiles without sectioning. 

The Castaing microprobe ( electron microprobe analyzer). A thin electron beam 
(<f> ~ 1/Am 2 ; analyzed zone ~ 1 pm 3 ) stimulates the X-fluorescence radiation of the element 
to be studied (ch. 12, §2.2); the profile C(x) can be obtained by analyzing the sample 
along the diffusion direction. This technique is convenient for studying chemical 
diffusion. The sensitivity is of order of KT 3 and it is not possible to measure diffusion 
coefficients smaller than KT 15 m 2 /s. 

Nuclear reactions. The surface of the sample is bombarded with particles (a, protons, 
etc.) which induce a nuclear reaction with the element to be studied; the energy spectrum 
of the out-going particles created by this nuclear reaction allows the determination of the 
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concentration profile C(x). These techniques are convenient for the analysis of light nuclei. 

Back-scattering. As previously, the surface of the sample is bombarded and one 
studies the energy spectrum of the elastically back-scattered particles, from which it is 
possible to obtain the concentration profile. In contrast with nuclear reaction methods, the 
back-scattering method is convenient for the analysis of heavy nuclei. 

For more details about these two last methods we refer the reader to the writings of 
Engelmann [1977], Philibert [ref. C)] and Chu etal. [1978]. 


2.1.2. Other macroscopic methods 

There are numerous macroscopic techniques which allow the determination of 
diffusion coefficients from measurements of properties depending on matter transport; 
one obtains generally as a result the chemical diffusion coefficient. The most important of 
these methods are the following: 

- Measurement of the quantity of matter leaving or crossing a sample. This method is 
much employed for gases and volatile products. 

- Measurement of the growth rate of a new phase. When the growth is controlled by 
diffusion it is possible to calculate D from the growth kinetics. This is fully explained by 
SCHMALZRIED [1974], 

- Measurements of compaction and deformation kinetics. Sintering of powders and creep 
of crystals are in some cases controlled by bulk diffusion; it is then possible to deduce 
D from compaction or deformation kinetics (ch. 31, §2.2). 

- Measurements of the evolution of the concentration modulation by X-rays (or electrical 
resistance). This method was initially developed by Cook and Hilliard [1969] and used 
for amorphous systems by Rosenblum etal. [1980], Greer and Spaepen [1985]. A film 
of periodic composition is deposited by evaporation or sputtering; this film tends to 
homogenize on heating, according to the solution given in § 1.3.5. The kinetics can be 
followed by X-rays and 


D = - 


A d 


8tt 2 dr 


In 




'0 J 


where I is the intensity of the satellite peak in the neighbourhood of the central spot. It 
is also possible to follow this kinetics using the measurement of the electrical resistance 
of the sample; this provides a very convenient measurement tool in complex environ- 
ments, like high pressures or irradiation (Wonnell etal. [1992]). 

This technique allows the determination of very small coefficients of diffusion 
(~ 10 -27 m 2 /s). 

The Gorsky effect, in spite of its being a macroscopic method, will be described in the 
next section, together with relaxation phenomena. 


2.2. Microscopic (or local) methods 

The methods described here pertain to two groups: on the one hand, studies of 
relaxation kinetics in out-of-equilibrium samples, on the other hand various spectroscopic 
methods involving transition matrices disturbed by atomic jumps. 
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2.2.1. Relaxation methods 

The reader can find a very detailed theory of relaxation properties in solids as well 
as experimental results in Nowick and Berry [1972]. 

2.2. 1.1. Thermodynamic aspects of relaxation. The internal energy of a system is 
defined by the state variables, stresses, temperature, fields, etc., and by a set of n internal 
variables, labelled v i( the equilibrium values of which, v[, are fixed by the values of the 
state variables. These internal parameters can be, for example, the order parameters in an 
alloy or the populations of the various energy levels that a system can occupy. If one of 
the state variables changes suddenly, the various internal variables which are coupled 
with it will relax to the new equilibrium values. In the cases of interest here, the 
diffusional mobility D controls the relaxation towards equilibrium. We can then measure 
a relaxation time t, related to D by 

T 

where a is a distance characteristic of the lattice, and k is a constant depending on the 
specific model involved. 

The internal energy varies according to: 

d U = TdS + d U ext - £ U, dv, (58) 

I 

where dU ex , is the energy supplied by the external forces and the dvj stand for the 
variations of the internal variables. U ; is the ordering energy associated with the i th 
internal variable. 

If the deviations from equilibrium, Vj-vf , are not too large, the U ; can be expanded 
as 

tf, = -5>/(v y -v;) (59) 

j 

When the time evolution of the v ; ’s is first-order, one speaks of relaxation phenomena. 
In this case: 


dv^ 

dt 




(60) 


One sees easily that it is always possible to find a set of n normals modes V ; evolving 
in time as: 

v i (t) = v;[v i (t = o)-v*) e x V {-t/T i ) (61) 

In eq. (61), is the relaxation time of the i th normal mode. In many cases the homo- 
geneity of the sample is not perfect and, instead of a single-valued r ; , we observe a 
distribution v(t) of times, corresponding either to the distribution of atomic environ- 
ments or to the various relaxation paths. 
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In diffusion studies of metals and alloys, the most frequently used external influences 
are mechanical stresses, magnetic field or temperature jumps. 

2.2.I.2. Anelasticity. In the case of mechanical stresses one speaks of anelasticity. 
Two solicitation modes are used in these studies. The first one is the mechanical after- 
effect: a static stress (or strain) is applied and the strain (stress) relaxation is followed in 
time. The application for example of a constant stress leads to an instantaneous elastic 
response defining the unrelaxed modulus M 0 . Afterwards the system displays a relaxation 
of the strain which corresponds at infinite time to the relaxed modulus The after- 
effect anelasticity is then defined by three physical quantities: 

- the relaxation intensity: A = (Mo - M 

- the mean relaxation time r ; 

- the width of the relaxation time spectrum /3. 

In many cases the experimental data are well fitted with a Gaussian spectrum 
(Nowick and Berry [1972]): 

tt{t) = (p4tt) ' exp - ( In (t/t)//3) 2 

The second mode is the internal friction mode. In this case, stress and strain are 
periodic with a frequency o according to: 

cr = <t 0 exp iwt, s - s (: exp i(a)t - <p) 

The phase factor <p between stress and strain expresses the energy dissipation due to 
anelasticity. One can show that cp is related to r by: 

tan <p ~ WT _ 2 (62) 

1 + (wt) 

The phase factor displays a Debye resonance versus w, or versus temperature 
variation through the temperature dependence of r ; the maximum value, <p max , is obtained 
for WT = 1. In real experiments the measurements are made either in forced, or in free, 
damped oscillations. One can then measure the energy absorbed per cycle, Sw/w, or the 
magnification factor at the resonance Q (inverse of Full Width at Half Maximum 
(FWHM) of the ej- versus-w curve) as a function of temperature. In the free case one 
measures the logarithmic decrement S =ln [«(t)/«(t + T)], where T is the oscillation 
period. 

All these physical quantities are related by: 

„ 2tt Sw . A 

27rsin<p~ — -25 and 2tgt<p max ~ - — (63) 

Q w (1 + A) 

The study of the value of <p versus <w, at various temperatures, gives the relaxation 
time r versus temperature. We deduce D, the diffusion coefficient, as 
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A great variety of experimental set-ups have been used. The reader will find many 
references in Nowick and Berry [1972]. The most commonly used are the torsion 
pendulum, either in internal friction or in after-effect mode, and the resonant bar at 
higher frequency. The corresponding D’s which can be measured are given in table 1. 

2.2.I.3. Snoek relaxation. In body-centered cubic metals the interstitial defect has 
a tetragonal symmetry, in both octahedral and tetrahedral sites. Owing to this lower 
symmetry it can give rise to an anelasticity effect, the so-called Snoek effect (Snoek 
[1939]). In most cases experimental results are, in bcc metals, in good agreement with 
the octahedral model (see fig. 7 and §4.2.1). Under a uniaxial tensile stress a along the 
Oz axis, there is a splitting of the energy levels of the three kinds of sites S x , S y , S z , in 
favor of S z sites. The ordering energy [eqs. (58) and (59) is: U; = ya, where y is the 
lattice parameter variation along Oz axis due to the redistribution from S x and S y to S z 
sites. The associated internal variable is v = (n z -n/3), n and n z being the total atomic 
fraction and the atomic fraction of solute on S z sites, respectively. Taking T as the total 
solute frequency jump, one easily shows that T =2/(3r), and D is given by 


D = 


36 r 


(64) 


where a is the lattice parameter. (See also ch. 22, § 4.3.) 

2.2.I.4. Zener relaxation. In face-centered cubic metals, an interstitial solute has the 
same symmetry as the lattice. Therefore there is no anelasticity associated with interstitial 
solutes. On the other hand, a pair of substitutional solute atoms B of non-zero size effect 
in a solvent metal A represents a defect of orthorhombic symmetry. Their reorientation 
under stress then gives rise to an anelastic relaxation which can be seen in all lattices of 
higher symmetry. Zener [1943, 1947] was the first to point out the existence of an 
internal friction peak in a 70:30 a-brass, which he further analyzed as the effect of the 
reorientation of solute pairs (now called the Zener effect). Le Claire [1951] has analyzed 
the kinetics of their reorientation and shown how it allows the solute jump frequencies 
to be determined. Nevertheless this model in terms of solute pairs suffers from several 
weaknesses: 

- Contrary to Snoek relaxation, the Zener effect can be observed only in concentrated 
alloys, because of its dependence on the square of the B concentration. The description 
in terns of isolated pairs therefore becomes less satisfactory. 

- Several parameters of the relaxation (the anisotropy, the temperature dependence of D) 
are badly accounted for by the pair model. 

- The solute mobility alone is involved in Le Claire’s analysis of the kinetics. However, 
Nowick [1952] has shown that the mobility of both species is needed to produce a 
relaxation. 

Clearly we need a full description of the ordering under stress to give a good account 
of the Zener effect. Le Claire and Lomer [1954] and Welch and Le Claire [1967] 
have given a solution to this problem in the framework of Cowley’s order parameters (up 
to the second-nearest neighbours for the latter authors). The most elaborate analysis of 
the kinetics for the first model is due to Radelaar [1970]. He simultaneously calculated 
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Fig. 7. Characteristics of octahedral interstitial sites in bcc lattices. There are three kinds of sites S x , S y and S 2 . 
For an S z site the first-neighbour distance in the z direction is a/2 and a// 2 in the xOy plane. 


t r , the relaxation time for ordering, and and D R ?, the tracer diffusion coefficients 
of respectively A* and B* in the alloy: 


r* ~ a 2 g{a)[C A / + C b /D* f ) 


(65) 


where g(a ) is a smooth function of a, the short range order parameter. No equivalent 
analysis exists for Welch and Le Claire’s model. 

One clearly sees that the (approximate) formula (65) does not allow one diffusion 
coefficients alone to be deduced from r R values. The relaxation time appears to be a 
“Zener-averaged” function of the various atomic jump frequencies and not that particular 
arrangement which gives the diffusion coefficients. In most cases for example, r R appears 
to be a thermally activated quantity, the activation energy of which is lower than that of 
either or (Nowtck and Berry [1972]). 

Nevertheless, while the use of Zener relaxation in measuring diffusion coefficients is 
a delicate task, this effect is of paramount interest in studies of the behaviour of point 
defects in alloys in, or out of, equilibrium (Berry and Orehotsky [1968], Balanzat 
and Hillairet [1980]). 

2.2.I.5. Gorsky effect. Any defect B which produces a lattice dilatation is also able 
to give rise to an anelastic relaxation. This is the well known Gorsky effect (Gorsky 
[1935]) the complete theory of which was given by Alefeld etal. [1970]. Indeed, the 
migration of positive (resp. negative) dilatation centres down (resp. up) a macroscopic 
strain gradient produces a relaxation of stresses, which is detectable if the diffusion 
coefficient is high enough (VOlkl [1972]). 

One easily shows that the diffusion coefficient D B , of the B defect is related to the 
relaxation time t r by (Alefeld etal. [1970]): 


D b * 



TT 


( 66 ) 
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where d is the length of the diffusion zone and tp the thermodynamic factor (§ 1.2.2). The 
main interest of the Gorsky relaxation is to give access to D B » without the need of any 
diffusion model. Note that here the length scale is d, the sample size, and not a, the 
atomic size [eqs. (64) or (65)]. We see in table 1 that this method is well suited for high 
diffusion coefficients. 

2.2.I.6. Magnetic relaxation in ferromagnetic alloys. In ferromagnetic alloys the 
local interactions between a magnetic momentum and local order give rise to relaxation 
phenomena similar to those observed under stress. Their origin is to be found in the 
induced anisotropy energy, the theory of which was built up by Neel [1951, 1952, 
1954] and Taniguchi [1955]. We have an ordering energy U; given by [see eqs. (58) 
and (59)]: 

U t =w cos 2 6 (67) 

where 6 is the angle between the local moment and the symmetry axis of the defect 
under consideration. The origin of w lies in the perturbation by the defect of i) exchange 
integrals between magnetic atoms ii) spin-orbit coupling. 

This anisotropy energy gives rise to three kinds of relaxations. 

Table 1 


Diffusion coefficient ranges accessible through different techniques. 


Method 

Relaxation time r 
or Frequency to 

Range of D„. 
accessible (mVs) 

Elastic after-effect 
(Zener or Snoek) 

10 <t < 10 s s 

10 _25 <D b .< 10-' 

Internal friction 
(Zener or Snoek) 

1 Hz«o<10 5 Hz 

io- 20 <d b ,<io-' 5 

After-effect and 
internal friction 
in Gorsky relaxation 

Approximately same 
as above 

10' 12 <£> b .<10^ 

Torque measurement 
(magnetic anisotropy 
method) 

10<t< 10 5 s 

10~ 25 <D b .< 10~ 2 ' 

NMR field gradient 

- 

10' l:l < D„.< 10 8 

Pulsed NMR 

10' 7 <t<0.1 s 

10' 19 <D B .<10 13 

Mossbauer 

- 

io- 15 <d b .<io-" 

Neutron scattering 

- 

10‘ 12 <D b .<10 -9 


The first, analogous to the Snoek relaxation, is due to reorientation of interstitial 
impurities in bcc crystals during a change of field direction. The relationship between 
jump frequency, relaxation time and diffusion coefficient is the same as in the Snoek 
relaxation. 

The second is the analogue of the Gorsky effect. In a domain wall the interaction 
between the magnetostrictive stresses and the strain field of interstitials can be minimized 
by diffusion through the wall. This diffusion gives rise to an after-effect. The relaxation 
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time is a factor (5/a) 2 larger than the preceding one (as in the mechanical case), S being 
the domain wall thickness (KronmOller [1978]). 

The third can be called a magnetic Zener effect and is due to the ordering of 
ferromagnetic alloys in a magnetic field. The theory was built up by Neel [1954] in a 
quasi-chemical model and by Villemain [1970] with inclusion of second-nearest 
neighbour order. The link between relaxation time and diffusion is as difficult to 
establish as in the Zener effect. However, the sensitivity is extremely high and allows 
study of diffusion at exceedingly low defect concentrations ( 1 0“ 8 - 1CT 10 vacancy fraction, 
Chambron and Caplain [1974]). (See also ch. 29, §5.3.3.3). 

2.2. 1.7. Kinetics of short-range ordering. Any physical property sensitive to atomic 
order can be used to follow the kinetics of ordering and therefore to study atomic 
mobility: resistivity (Radelaar [1966], Bartels [1987], Yu and LOcke [1992]), X ray-, 
electron- or neutron diffraction (Penisson and Bourret [1975]). Nevertheless we need 
to relate quantitatively the order parameter and the measured quantity. Further, the link 
between ordering kinetics and diffusion coefficients is as difficult to establish as in the 
Zener effect. 

2.2.2. Spectroscopic methods 

2.2.2.I. Nuclear magnetic resonance. In a static magnetic field H 0 (say 10 3 Gauss) 
a nuclear spin of magnitude I takes a precession motion at the Larmor frequency co 0 . 
Simultaneously the degeneracy of the 21+1 energy levels is raised. A macroscopic 
sample is an assembly of nuclear spins and will then display a magnetic moment along 
H 0 , M z , and a transverse part M x , zero at equilibrium. If we apply a transverse radio- 
frequency magnetic field H x with a pulsation co near co 0 , this field will induce transitions 
between the 21+1 Zeeman levels of each spin. Experiments show, and theory confirms 
in many cases (Abragam [1961]), that the time evolution of the total moment of the 
sample M is given by the Bloch equation-. 

^ = yMAH ~^r~ M; ~ + V[D. V(M - M eq j\ (68) 

where y is the gyromagnetic ratio, M* 4 the equilibrium value of the magnetic moment 
and D the diffusion coefficient of the nuclei. T, is the relaxation time of the longitudinal 
part M 2 and corresponds to an energy transfer between lattice and spins system. T 2 is the 
relaxation time of the transverse part M x . The values of T, and T 2 are fixed by various 
interactions between spins, either direct or indirect via electrons. On each nuclear site 
these interactions create a local field (approx. 1 Gauss) which fluctuates, due to atomic 
vibrations and jumps. It induces transitions between levels and then settles their lifetime. 
However, if the frequency of the atomic displacements becomes of the order of magni- 
tude of the frequency of the precession motion due to this local field, the spins will be 
sensitive only to the time average of it. This average is zero and the lifetime is no longer 
limited by interactions: this is the so-called motional narrowing of absorption lines, 
which explains part of the variation of T, and T 2 with temperature. 
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Equation (68) shows that two techniques can be used to determine diffusion coeffi- 
cients. Firstly, the last term of eq. (68) gives a time evolution of M when the sample is 
put into a field gradient G according to: 


M L {t) = M 0 exp 


--Dy 2 G 2 T 2 t 

nr- n ' 


The measurements of M ± versus time t then gives D without any further hypothesis 
(Abragam [1961]). 

We can also measure either the width of absorption lines in steady-state resonance (co 
near w 0 ), or the decay of M z and M ± parts with time after the perturbation by a “pulse” 
of H ± field. In this last case, the decays fit the laws M Z = M 0 [1 -exp (- t/T,)] or M ± = M 0 
exp (-2t/T 2 ). Now the Bloembergen etal. theory [1948] expresses T, and T 2 in terms 
of Fourier transforms of the time correlation function of dipolar interactions (the main 
interaction in many cases) due to nuclear motions. We then have to postulate a diffusion 
mechanism, to calculate correlation functions and to compare it with experimental T 
values in order to deduce a diffusion coefficient. 

The original work of Bloembergen was done for diffusion in liquids and later 
extended to the case of random walk and defect mechanism in lattices (Torre y [1954]), 
including correlation effects (Wolf [1979]). Self-diffusion in aluminum was measured 
by NMR by Seymour [1953] and by Spokas and Slichter [1959]. 

2.2.2.2. Mossbauer effect. Gamma rays can be emitted or absorbed by excited 
nuclei. According to the Heisenberg principle, and controlled by the half-life time r of 
the nuclei, the width T = Wt of the corresponding lines can be very narrow, of the order 
of 10' 9 eV for example. Owing to the recoil energy of the emitter, the emission line of 
free nuclei is shifted by a much larger amount. This shift then prevents the resonant 
absorption by other nuclei. On the other hand, if the emitter is embedded in a crystal a 
part of the emissions occurs without recoil. This is the Mossbauer effect. In this case 
resonant absorption can occur. However, if one of the emitting or absorbing nuclei is 
moving, either by thermal vibration or diffusion jumps, the line is broadened by self- 
interference effects. This broadening is the main effect which has been used to give 
access to atomic mobility. More precisely, Singwi and SjOlander [1960a] have shown 
that the emission, or absorption, cross-section is given by: 




i(Kr - cot) III 

v ' 2ti " 


\G s (r,t)drdt 


(69) 


where G s (r,t) is the Van Hove autocorrelation function and K the wave vector of the 
y photon of frequency 2i t/co. In a classical system G s gives the probability of finding at 
(r,t) a particle located initially at (0,0). Therefore G s (r,t) contains all the information 
about diffusion processes. Singwi and SjOlander [1960a, b] have given the theory of 
diffusion broadening in the case of liquids and of random jumps on an empty lattice (i.e. 
interstitial case). In the last case the broadening is given by: 

1 o* i 'V 

AT = ^ D( 1 - a) and a = ^ £exp(i^) (70) 
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where b is the jump distance and R„ the N possible jump vectors. Equivalent formulas 
have been given for the vacancy mechanism (Wolf [1983]). This dependence can give 
very valuable informations about the anisotropy of diffusion (Flinn [1980]), as well as 
on the jump vectors (Sepiol and Vogl [1993a]). Nevertheless the constraints of: (i) high 
recoilless fraction (large detectable signal), and (ii) measurable ADT, say between 10"' 
and 10 2 , limit the available tracers to 57 Fe, 119 Sn, 151 Eu and 1<sl Dy (Janot [1976]). 

The other aspects of the Mossbauer spectroscopy, the so-called hyperfine interactions, 
isomeric shift, magnetic dipolar and electric quadrupolar interactions, have also been 
used for studying the various jump frequencies of interstitial iron atoms in Al, Fe, Zr, Nb 
(Yoshida [1989]). 

2.2.2.3. Quasi-elastic neutron scattering. A monoenergetic neutron beam can be 
scattered by nuclei embedded in a solid without any energy transfer, that is, without 
phonon emission or creation. This is the exact parallel, in the case of neutrons, of the 
Mossbauer effect for y photons. More precisely, Van Hove [1954] has shown that eq. 
(69) gives the incoherent scattering differential cross-section for scattering vector K and 
energy transfer to. In this case T has to be taken as zero, and a appears to be the (r,t) 
Fourier transform of G s . Therefore atomic motions, as given by G s (r,t), induce a 
broadening of the elastic peak, the measurement of which versus to gives access to 
atomic mobility. The formula (70) works for describing the K and jump vectors depen- 
dences of the broadening. 

Two experimental techniques can be used (Springer [1972]). For the first, one uses 
small K values, corresponding to large r, where G s (r,t) is well represented by: 

G s (r,t) = (AirDt)^ 1 exp(-r 2 /4Dt) 

The quasi-elastic peak then has a Lorentzian shape with a FWHM of 2 ft K 2 D. The use 
of this method, at low K, is therefore limited by the energy resolution of spectrometers. 

In the second method, one starts from a diffusion model which allows G s to be 
calculated. One then fits the parameters of the model to scattering measurements at 
various K vectors, using the K dependence of the broadening. If one works with fairly 
large K, then small r, the method is very sensitive to the details of the jump mechanism, 
(Petry and Vogl [ref. M)], Vogl et al. [1989]). 

Neutron scattering techniques, owing to an energy resolution of the spectrometers 
much more limited than in the case of Mossbauer spectroscopy (~ 10” 7 with back- 
scattering geometry, against ~ 1CT 9 eV), are best suited for fast diffusion, like that of 
hydrogen in metals (Gissler [1972]), sodium self-diffusion (Arr Salem et al. [1979]) or 
high temperature studies in /3-Ti, a fast diffuser (Petry et al. [1991]). 

3. Self-diffusion in pure metals 

The pure metals are undoubtedly the most studied with regards to their point defects 
and diffusion properties. The traditional distinction was between normal and anomalous 
self-diffusion, the latter taking place in about ten body-centered cubic metals. A detailed 
review on this point of view can be found in Peterson [1978]. However, there has been 
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deep progress in the understanding of this aspect in the last years, and the paradigm has 
now changed to distinguish between diffusion in close-packed phases, i.e. fee and hep 
ones, as opposed to diffusion in bee ones. 

Diffusion parameters for various pure elements have been gathered in table 2. 
According to Le Claire [1976], normal self-diffusion complies with the three 
following empirical rules: 

- the diffusion coefficient obeys the Arrhenius law: D = D 0 exp(- Q/kT); 

- the D 0 values range from 5 x 10" 6 to 5 x KT 1 m 2 /s; 

- the activation energy is related to the melting temperature by the expression: Q = 34T M , 
(Q in calories per mole), or 0.14 T M (Q in kJ/mole), where T M is the melting point of the 
metal (in Kelvin). This behaviour, forming the base of the Van Liempt relation, is well 
obeyed by compact metals (see fig. 8a for fee ones). In bcc structures the dispersion is 
much greater (fig 8b). 

All these properties can be qualitatively understood in the framework of the above 
mentioned theories of diffusion by the vacancy mechanism, keeping in mind that a 
proper formation energy for a vacancy has to be related to the cohesive energy of the 
material and therefore to its melting point. 

The term of anomalous diffusion was formerly reserved for describing ten systems 
which present very low values of the frequency factor D 0 and of the activation energy Q: 
/3-Ti, /3-Zr, /3-Hf, y-U, s-Pu, y-La, <5-Ce, /3-Pr, y-Yb and /3-Gd. All these metals also 
display a more or less important curvature of the Arrhenius plot (fig. 9b). 

However, one often observes a slight positive curvature in the Arrhenius plot even in 
the so-called normal metals (Al, Ag, Au, Cu and Ni); it is frequently restricted to high 
temperatures but sometimes it is present over the whole temperature range. This 
curvature is always upward. 


self-diffusion fee self-diffusion bee 



Fig. 8. Van Liempt relation for metals. Fig 8a) fee metals, fig 8b) bcc metals. The straight line represents the 
Van Liempt relation: g = 0.14T M in kj/mole. bcc structures are widely dispersed around the line, contrarily to 
fee ones. 
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Log D tm/sec) 




Tm/T 


Fig. 9. Diffusion coefficients in an Arrhenius plot normalized to the melting point of the element considered, 
a) in fee metals; the range of diffusion values is quite narrow and the curvatures, if any, are small, b) same 
curves in bcc metals; the diffusion coefficient varies widely from one element to the other according to a 
systematics controlled by the row number in the Mendeleev classification, the curvatures also are frequently 
strong. 


3.1. Self-diffusion in fee and hep metals 

The vacancy assumption for the diffusion in these metals is now well accepted by 
everyone (but see also § 4.2.2). Nevertheless there are still some controversies as regard 
to the origin of the possible curvature of the Arrhenius plots. In order to explain this 
curvature, three hypotheses can be retained among all the possibilities which have been 
discussed in § 1.4.3. 1.: 

- A vacancy mechanism occurs over the whole temperature range but because of a 
strong thermal expansion coefficient for the vacancy, (Gilder and Lazarus [1975]), or 
due to the variation of the elastic constants with the temperature, (Varotsos and 
Alexopoulos [1986]), D 0 and Q increase with temperature. 

- Both vacancies and divacancies contribute to the diffusion, with an increasing 
participation of the latter at high temperatures (Seeger and Mehrer [1970]). 





Table 2 

Self-diffusion parameters for pure elements. 


Element (see com- 

C.S. 

T.(K) 

D 0 (mV)x 10 4 

Q (kj/mole) 

Temp, range 

£> = .14227' m 

DfTJlmV) 

D (ph. tr.) (m 2 s ') 

Reference 

ments at end) 





(K) 

Van Liempt 




Ag 

fee 

1234 

D 01 = 0.046 

Q, = 169.8 

594-994 

175.5 

4.9 xlO" 13 


Rein and Mehrer (1982) 




g 

II 

U) 

£>2 = 218.1 






A1 

fee 

933 

2.25 

144.4 

673-883 

132.7 

1.85 x 10" 12 


Beyeler and Adda (1968) 

Au 

fee 

1336 

0.084 

174.1 

1031-1333 

190 

1.3 x 10“' 2 


Herzig etal. (1978) 

Be 

hex 

1560 

1c 0.52 

157.4 

836-1342 

221.8 

2.79 x 10"'° 


Dupouy et al. (1966) 




//c 0.62 

165 

841-1321 

id 

1.85 x 10 10 



Ca 

bee 

1116 

8.3 

161.2 

773-1073 

158.7 

2.36x10"" 


Pavlinov et al. (1968) 

Cd 

hex 

594 

1c 0.18 

82 

420-587 

84.5 

1.11 x 10"' 2 


Mao (1972) 




lie 0.12 

77.9 

id 

id 

1.69x 10" 12 



Ce y T< 999 

fee 

y/S 999 

0.55 

153.2 

801-965 

152.3* 


5.37 x 10" 13 (999 K) 

Dariel etal. (1971) 

CeS T> 999 

bee 

1071 

0.007 

84.7 

1018-1064 

152.3 

4.9 x 10"" 

2.36 x 10"" (999 K) 

Languille etal. (1973) 

Co 

fee 

1768 

2.54 

304 

944-1743 

251.4 

2.65 x 10" 1 ’ 


Lee etal. (1988) 

Cr 

bcc 

2130 

1280 

441.9 

1073-1446 

302.9 

1.86x 10" 12 


Mundy etal. (1981) 

Cu 

fee 

1357 

D 01 = 0.13 

Q, = 198.5 

1010-1352 

193 

5.97 xlO"' 3 


Bartdorff etal (1978) 




An = 4.6 

£>2 = 238.6 






Er 

hex 

1795 

1c 4.51 

302.6 

1475-1685 

255.2 

7.05 xKT' 3 


Spedding and Shiba (1972) 




lie 3.71 

301.6 

id 


6.2 x 10" 13 



Eu 

bcc 

1099 

1 

144 

771-1074 

156.2 

1.43x 10“" 


Fromont and Marbach (1977) 

Fea T<1183 

bcc 

a/y 1183 

121 

281.6 

1067-1168 

257.2* 


4.45 x 10"' 5 (1183 K) 

Geise and Herzig (1987) 

Fey 1183<7’<1663 

fee 

y/S 1663 

0.49 

284.1 

1444-1634 

257.2* 


1.4X10" 17 (1183 K) 
5.83 xlO"' 4 (1663 K) 

Heuman and Imm (1968) 

FeS T>1663 

bcc 

1809 

2.01 

240.7 

1701-1765 

257.2 

2.25 x 10" 

5.5 x 10"' 2 (1663 K) 

James and Leak (1966) 


Element 

C.S. 

T m (K) 

D 0 (mV 1 ) x 10 4 

Q (kJ/mole) 

Temp, range 
(K) 

Gd p 

bcc 

1585 

0.01 

136.9 

1549-1581 

Hf a T< 2013 

hex 

a/p 2013 

1c 0.28 

348.3 

1538-1883 




lie 0.86 

370.1 

1470-1883 

Hf p T> 2013 

bcc 

2500 

0.0011 

159.2 

2012-2351 

In 

tctr 

430 

_L c 3.7 

78.5 

312-417 




lie 2.7 

78.5 

id 

Ir 

fee 

2716 

0.36 

438.8 

2092-2664 

K 

bcc 

336 

D m = 0.05 

21=37.2 

221-335 




£>02=1 

22=47 


Lap T<1134 

fee 

p/y 1134 

1.5 

188.8 

923-1123 

Lay 7>1134 

bcc 

1193 

0.11 

125.2 

1151-1183 

Li 

bcc 

454 

D o , = 0.19 

21=53 

220454 




£>02 = 95 

22 = 76.2 


Mg 

hex 

922 

1c 1.75 

138.2 

775-906 




lie 1.78 

139 


Mo 

bcc 

2893 

8 

488.2 

1360-2773 

Na 

bcc 

371 

£>o, = 57 

21=35.7 

194-370 




£>02=0-72 

22 =48.1 


Nb 

bcc 

2740 

0.524 

395.6 

1354-2690 

Ni 

fee 

1726 

D 0I =0.92 

21=278 

815-1193 




Do2 = 370 

22 = 357 


Pb 

fee 

601 

0.887 

106.8 

470-573 

Pd 

fee 

1825 

0.205 

266.3 

1323-1773 


2 = .1422T m 
Van Liempt 

D(TJ( mV) 

D (ph. tr.) (mV) 

Reference 

225.4 

3.07 x 10'" 


Fromont and Marbach (1977) 

355.5* 


2.56 xlO' 14 

2.14 x 10' 14 (2013 K) 

Davis and McMullen (1972) 

355.5 

5.19x10“" 

8. 13 xlO' 12 (2013 K) 

Herzig el al. (1982) 

61.1 

id 

1.08 xlO' 13 
7.85 xl0“ 14 


Dickey (1959) 

386.2 

1.3 x 10“ 13 


Arkhipova (1986) 

47.8 

1.32x10“" 


Mundy et al. (1971) 

169.6* 


3 x 10“ 13 (1134 K) 

Dariel et al (1969) 

169.6 

3.62x10'" 

1.88X10'" (1134 K) 

Languille and Calais (1974) 

64.5 

3.13 x 10“" 


Heitjans et al. (1985) 

131.1 

2.59 x 10' 12 
2.37x1 O' 12 


Combronde and Br£bec 
(1971) 

411.4 

1.22 x 10“ 12 


Maier et al. (1979) 

52.7 

1.75 x 10“" 


Mundy (1971) 

389.6 

1.5 x 10“ 12 


Einziger et al. (1978) 

245.4 

9.35 x 10“ 13 


Maier et al. (1976) 

85.4 

4.63 xlO' 14 


Miller (1969) 

259.5 

4.9 x 10“ 13 


Peterson (1964) 



Element 

c.s. 

T_(K) 

D 0 (mV)x 10 4 

Q (kj/mole) 

Temp, range 
(K) 

Q= -14227; 

Van Liempt 

DCTJOnV 1 ) 

D (ph. tr.) (m 2 s ') 

Reference 

Pr/3 

T> 1068 

bcc 

1205 

0.087 

123.1 

1075-1150 

171.3 

4x 10"" 


Dariel etal. (1969) 

Pt 


fee 

2042 

D 01 = 0.06 

D 02 = 0.6 

Ql =259.7 
(22 = 365 

850-1265 

290.3 

1.4 x 10~ 12 


Rein et al. (1978) 

Pu/3 

395 <T <480 

m 

p/y 480 

0.0169 

108 

409-454 

129.8* 


2.98 x 10"' 8 (480 K) 

Wade et al. (1978) 

Pu y 

480<T<588 

ort 

y/S 588 

0.038 

118.4 

484-546 

129.8* 


4.95 x KT 19 (480 K) 
1.15x 10“ 16 (588 K) 

Wade et al. (1978) 

Pu 5 

588<T<730 

fee 

5/5' 730 

0.0517 

126.4 

594-715 

129.8* 


3.05 x 10" 17 (588 K) 
4.66 x 10"' 5 (730 K) 

Wade et al. (1978) 

Pu E 

T> 753 

bcc 

913 

0.003 

65.7 

788-849 

129.8 

5.22 x 10'" 

8.3 x 10"' 2 (753 K) 

Cornet (1971) 

Rb 


bcc 

312 

0.23 

39.3 

280-312 

44.4 

6.05 x 10"' 2 


Holcomb and Norberg (1955) 

Re 


hex 

3453 


511.4 

1520-1560 

491 



Noimann et al. (1964) 

Rh 


fee 

2239 


391 

903-2043 

318.4 



Shalayev etal. (1970) 

Sb 


trig 

904 

Xc 0.1 

He 56 

149.9 

201 

773-903 

128.5 

2.17 x KT 14 
1.36x 10"' 4 


Cordes and Kim (1966) 

Se 


hex 

494 

Xc 100 
// c 0.2 

135.1 

115.8 

425-488 

70.2 

5.18x 10"' 7 
1.1 x 10" 17 


Bratter and Gobrecht (1970) 

Sn 


tetr 

505 

Xc 21 
lie 12.8 

108.4 

108.9 

455-500 

71.8 

1.29x 10" 14 
6.9 x 10"’ 5 


Huang and Huntington 
(1974) 

Ta 


bcc 

3288 

0.21 

423.6 

1261-2993 

467.5 

3.9 x 10" 12 


Werner etal. (1983) 

Te 


trig 

723 

Xc 20 

He 0.6 

166 

147.6 

496-640 

102.8 

2.03 x 10"' 5 

1.3 x 10" 15 


Werner etal. (1983) 

Th a 

T<1636 

fee 

a/p 1636 

395 

299.8 

998-1140 

287.7* 



Schmitz and Fock (1967) 

Tia 

r< 1155 

hex 

a/p 1155 

6.6x1 O' 5 

169.1 

1013-1149 

275.8* 


1.48x 10"' 6 (1155 K) 

Dyment (1980) 




Element 

C.S. 

T m (K) 

D q (mV')x 10 4 

Q (kJ/mole) 

Temp, range 

Q = .\422T m 

D(7’J(m 2 s-‘) 

D (ph. tr.) (m 2 s ') 

Reference 






(K) 

Van Liempt 




Ti/3 r>1155 

bee 

1940 

D(mV') = 3.5x lO^x 
exp(-328/RT)xexp{4. 1 (T m /T) 2 } 

1176-1893 

275.8 

3.11 x 10"" 

5.4 X 10"' 4 (1155 K) 

KOhler and Herzig (1987) 

T1 a T<501 

hex 

a/p 507 

±c 0.4 

94.6 

420-500 

82* 


7.16X 10"' 5 

Shirn (1955) 




lie 0.4 

95.9 




5.2x 1(T 15 (507 K) 


T1 p T> 507 

bcc 

577 

0.42 

80.2 

513-573 

82 

2.3 x 10"' 2 

2.29 x 10" 13 (507 K) 

Chiron and Faivre (1985) 

Ua 7<941 

ort 

a/p 941 

0.002 

167.5 

853-923 

199.8* 


1 x 10" 16 (941 K) 

Adda and Kirianenko (1962) 

U/3 941 <7’<1048 

tetr 

p/y 1048 

0.0135 

175.8 

973-1028 

199.8* 


2.35 x 10"' 6 (941 K) 
2.33 xlO" 15 (1048 K) 

Adda el al. (1959) 

U-y T> 108 

bcc 

1405 

0.0018 

115.1 

1073-1323 

199.8 

9.46 x 10" 12 

3.29 x 10" 13 (1048 K) 

Adda and Kirianenko (1959) 

V 

bcc 

2175 

1.79 

331.9 

1323-1823 

309.3 

3.05 x 10" 12 


Ablitzer et al. (1983) 




26.81 

372.4 

1823-2147 





W 

bcc 

3673 

D 01 = 0.04 

g, = 525.8 

1705-3409 

522.3 

1.7x 10"' 2 


Mundy etal. (1978) 




D 02 = 46 

Q 2 = 665.7 






Y a Tc 1752 

hex 

a/p 1752 

±c 5.2 

280.9 

1173-1573 

256.4 


2.19X 10"' 2 

Gorny and Altovskii (1970) 




lie 0.82 

252.5 




2.43 x 10" 12 (1752 K) 


Yb a T<993 

hex 

a/p 993 

0.034 

146.8 

813-990 

156* 


6.4 x 10" 14 (993 K) 

FROMONT etal. (1974) 

Yb f} T>993 

bcc 

1097 

0.12 

121 

995-1086 

156 

2.08 x 10"' 2 

5.18x 10"' 2 (993 K) 

Fromont etal (1974) 

Zn 

hex 

693 

±c 0.18 

96.3 

513-691 

98.5 

9.92 x 10" 13 


Peterson and Rothman (1967) 




lie 0.13 

91.7 



1.59 x 10"' 2 



Zr a T<1136 

hex 

a/p 1136 

no value 

Curved 

779-1128 

302* 


=5 10" 18 (1136 K) 

Horvath etal. (1984) 




Arrh. plot 




6.14x 10"' 4 (1136 K) 


Zr p T> 1136 

bcc 

2125 

D(m 2 s"‘) = 3x 10‘ 

- 5 x 

1189-2000 

302 

1.37 x 10"" 


Herzig and Eckselp.r (1979) 


exp(-3.01/RT)x 

exp(3.39(T„/T) 2 ) 
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Comments on table 

These self diffusion data have been extracted from the compilation by Mehrer et al. (Ref. B). 


Column 1: 
Column 2: 

Column 3: 

Column 4: 


Column 5: 
Column 6: 
Column 7: 

Column 8: 
Column 9: 


Column 10: 


Symbol of the metal. 

Crystal stucture. bcc = body centered cubic, fee = face centered cubic, hex = hexagonal, m = 
monoclinic, ort = orthorhombic, tetr = tetragonal, trig = trigonal. 

Melting temperature. For the phases which do not melt (for instance Ce y, Fe a etc.) we have 
given the temperature of the phase transition. 

Experimental Dq. The value in mV is multiplied by 10 4 (so that it is in cmV). 

For some of the metals the Arrhenius plot is curved and D has the form: D= D 01 exp (- Qf Rt) + 
D m exp (- Ot/Rt), in these cases D 01 and D 02 are given (they are also multiplied by 10 4 ). 

For Ti and Zr which have strongly curved Arrhenius plots special expressions are given for D (in 
mVwithout any multiplying factor). 

Experimental Q in kj mole -1 . Same remarks as for column 4. 

Temperature range of the experimental determination of D. 

Empirical value of Q according to the Van Liempt relation. For the phases which do not melt this 
value is followed by an *. 

Value of D at the melting point. 

For metals which display several phases the values of D are given at the temperature boundaries 
of the phase. For instance is stable between 941 and 1048 K, D values at these temperatures 
are given in column 9. 

References. 


- A vacancy mechanism occurs and the curvature is due to the dynamical correlation 
between successive jumps (vacancy double jumps) (Da Fano and Jacucci [1977]). 

Experimentally the following data are available: frequency factor D 0 , activation 
energy Q, isotope effect E and activation volume AV. When the Arrhenius plot is curved, 
we notice that D 0 and Q increase with T whereas E decreases; for example, for silver 
self-diffusion, E decreases from 0.72 to 0.58 when T increases from 673 to 954°C. Any 
of the three assumptions can explain these experimental data: the decrease with tempera- 
ture of the isotope effect is obvious for the mixed vacancy-divacancy mechanism since 
the correlation factor for the divacancy mechanism is smaller than for the vacancy 
mechanism. As a result, since the contribution of the divacancies to the diffusion 
increases with T, the apparent correlation factor and then the isotope effect will decrease. 
But this variation of E with T can also be explained with the two other assumptions. 
Likewise the variation of D 0 and Q with T is compatible with all three hypothesis. The 
variations of AV with P and T have not been frequently studied; in the case of silver AV 
increases with T, but remains constant for gold and aluminium. The increase with T has 
been interpreted as resulting from an increase of the divacancy contribution at high 
temperatures (Rein and Mehrer [1982]). 

However, measurements of defect properties after quenching can only be understood 
if vacancies and divacancies are present (PETERSON [1978]); in addition, the analysis of 
tracer and NMR data on self-diffusion in sodium seems also to favour the mixed 
vacancy-divacancy mechanism (BrOnger etal. [1980]). Although these two statements 
are not very general a consensus does exist in favour of the mixed vacancy-divacancy 
mechanism. Thus, in general when the Arrhenius plots are curved the data are fitted by 
assuming a two-defect mechanism; in addition a possible dependence of enthalpies and 
entropies on temperature is sometimes taken into account (see for instance Seeger and 
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Mehrer [1970] or Peterson [1978]). Nevertheless the discussion is still open, since 
divacancies might also be formed during the quench, and the role of divacancies is 
among the “Unsolved Problems” for some experts (Mundy [1992]). 

In hep metals the limited number of available data is compatible with a slight 
decrease of the ratio of the activation energies of the diffusion parallel to perpendicular 
to the c axis with increasing c/a ratio, the activation energies being the same in the ideal 
lattice (Hood [1993]). 

3.2. Diffusion in bcc metals 

Self-diffusion in bcc metals presents three characteristics which do not comply with 
the previous picture. At first there is a much larger scatter of the diffusivity in bcc metals 
than in the compact phases, and some of them display an unusually large absolute value 
of D (fig. 9b); second, they frequently exhibit much larger curvatures than the fee or hep 
systems, much to large to be accounted for by a divacancy contribution; last they show 
a systematic variation of D with the position in the classification which has to be 
explained, e.g. metals of the same column, like Ti, Zr, Hf in the group 4, have for all of 
them a very small activation energy and a large curvature (fig 9b). Many explanations 
have been proposed in order to account for these anomalies: strong contribution of short- 
circuits, presence of extrinsic vacancies due to impurities, interstitial mechanisms, etc. 
All these assumptions have been ruled out by experiments. The very origin of this 
behaviour is now recognized to be linked to the electronic structure of the metal and to 
the structural properties of the bcc lattice. 

At first the diffusion mechanism is now proved by quasi elastic neutron scattering 
experiments, to be the vacancy one with nearest-neighbour jumps, either in sodium (Ait 
Salem etal. [1979]) or in /3-Ti (Petry etal. [1991]). A small fraction of N.N.N. jumps 
could also contribute, the fraction being independent of temperature. The same mechan- 
ism very likely is also at work in other bcc metals. 

The key point now is the recognition that the bcc structure is intrinsically soft with 
respect to some specific shear deformations; moreover this intrinsic softness can be 
enhanced (as in /3-Ti) or lowered (as in Cr) according to specific features of the 
electronic structure controlled by the number of d electrons (Ho etal. [1983, 1984]). This 
softness is the very origin of the numerous martensitic phase transformations observed 
between bcc and hep or G5 phases, under ambient or high pressure in several of the 
metals displaying a range of stability in the bcc structure. It is also manifested by the 
presence in the phonon dispersion curves of a whole branch of soft phonons at large 
wave vector, from the longitudinal q = 2/3[lll] to the q = 1/2[1 10] phonons. These 
phonons are precisely the ones which control most efficiently both the jump of the 
vacancy and the martensitic bcc to hep phase transformation (1/2 [110]) or to vr phase 
(2/3 [111]). Being of low frequency, they contribute to large fluctuations of the reaction 
coordinate and therefore give rise to a small migration enthalpy as well as to high 
diffusion coefficients (see § 1.4.2.2 and eq. (52-53)) (Herzig and KOhler [1987], Petry 
etal. [1991]). Using experimental dispersion curves, in the framework of the dynamical 
theory, it is possible to calculate migration enthalpies in good agreement with the 
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experimental values (Schober etal. [1992]). In this respect the 1/2[110] phonon is twice 
as efficient as the 2/3[l 11] one to promote the jump (Willaime [1991]). 

Moreover, using inelastic neutron diffraction methods, the 1/2[110] phonon has been 
shown to be strongly anharmonic and to soften as temperature decreases in the “most 
curved” metals (Ti, Zr and Hf) (Petry and col. [1991]). In this approach the curvature 
of the Arrhenius plots also can be qualitatively explained, as well as the decrease of the 
isotopic effect with decreasing temperature (from 0.285 at 916°C to 0.411 at 1727°C in 
Zr), in contrast with the data of isotope effects in self-diffusion in other structures. 

In this picture the whole of the effect appears to be due to the migration term, being 
small and T-dependent. However we can also expect that these soft phonons will be 
linked with large relaxations around the vacancy, corresponding to specific features also 
for the formation contribution in bcc metals. Indeed it is recognized (Schultz [1991], 
Schober etal. [1992]) that in this respect Cr displays an anomalously large formation 
enthalpy and Ti an anomalously small one. In Cr the 1/2[1 10] phonon softens with 
increasing temperature. Since the diffusion activation enthalpy appears to be a constant 
in the whole temperature range, the formation enthalpy should then increase with T 
according to the preceding analysis (Schober et al. [1992]). The analysis of the 
electronic structure of bcc metals indeed allows for a systematic variation of the vacancy 
properties with the number of d electrons: due to the presence of a quasi-band gap in the 
band structure for a number of electrons of 4, and a maximum around 2, the above 
mentioned variations of formation terms can be understood (Willaime and Nastar 
[1994]). 

Negative activation volumes have been found for S-Ce and e-Pu, pointing possibly to 
an interstitial diffusion mechanism resulting from specific electronic structure effects 
(Cornet [1971]). 

In alkali metals the migration enthalpy is very low, of the order of one tenth of the 
formation part (Schultz [1991]). The calculated vacancy formation enthalpy also forms 
a very important part of the experimental activation enthalpy, or is even greater than it. 
An interpretation in term of a Zener ring mechanism (see §1.1.1), has been recently 
proposed (Seeger [1993]). 

3.3« Prediction of the self-diffusion coefficients 

There are three possible ways to predict the diffusion coefficients: 

- by theoretical calculations; 

- by simulation (see § 1.5.) 

- by empirical laws. 

3.3.1. Theoretical calculations of D 

Using one of the theories given in paragraph 1.4 and 1.5, the calculation of the 
enthalpies and entropies of formation and migration of the defect involved in the 
diffusion mechanism allows the determination of the diffusion coefficient. The techniques 
used in this type of calculation are beyond the scope of this review and we refer the 
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reader to the general references at the end of this chapter and to specialized treatises, for 
instance Gerl and Lannoo [1978] (see also ch. 18 by Wollenberger). 


3.3.2. Empirical relations 

Empirical relations are numerous, and we only present the most important; 

- The Zener formula (Zener [1951]). This has been established for interstitial 
solutions and therefore deals only with migration. The idea is that the migration free 
enthalpy is due to the elastic work required to strain the lattice so that the interstitial can 
jump. The relation has been empirically extended to self-diffusion. This expression 
relates the entropy of diffusion AS to the activation energy Q via Young’s modulus (or 
shear modulus): 


A S = 


A/3Q 

T m 


where A is a constant which depends on the lattice (A =0.55 for fee and 1 for bcc); 
/3 =-d (p/p 0 )/d (T/T m ), where p is Young’s modulus (or shear modulus) and p 0 the 
value of /u, at 0 K; T M is the melting temperature. The review by Lazarus [1960] shows 
that there is a pretty good agreement between experimental and calculated values of AS. 

- The Varotsos formula (Varotsos [1978], Varotsos and Alexopoulos [1986]). 
This is based on the idea that the free enthalpy of diffusion has the form AG = CBfl, 
where C is a constant which depends on the lattice, B is the bulk modulus (the inverse 
of the compressibility x) and fl the atomic volume. Thus for cubic materials: 


D = afv exp 


CflfT 

kT , 




The agreement with experimental data seems fairly good. 

- Other empirical relations. These include the Van Liempt relation-. Q = 32 T M (at 
present one prefers Q = 34 T M ); the Nachtrieb relation : Q=16.5 L M (at present one 
prefers Q=15.2L M ), L M is the latent heat of melting; finally the Keyes relation-. 
AV = 4^Q, where A V is the activation volume. 


4. Self- and solute-diffusion in dilute alloys 

This section recalls the expressions of the tracer diffusion coefficients, correlation 
factors, and phenomenological coefficients L y ’s as functions of the atomic jump 
frequencies in the frame of standard models which are today widely accepted as good 
descriptions of impurity effect in diffusion studies. The two methods which have been 
currently used in the past to establish the expression of the Ly’s are also briefly 
reviewed. Finally, it is recalled how to determine the atomic jump frequencies starting 
from the experimental determination of various macroscopic quantities, together with the 
difficulties usually encountered. 

The first part of this section deals with the substitutional alloys for which the vacancy 
mechanism is expected to be dominant. A short second part deals with the interstitial 
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dumbbell mechanism in substitutional alloys, since this case is encountered in irradiation 
experiments. The third part deals with those alloys which do not meet the requirements 
of a “normal” diffusion behaviour and in which the solute diffusivity is often much 
larger than the solvent diffusivity. 

4.1. Vacancy diffusion in dilute A-B alloys 

4.1.1. Standard models for bcc and fee alloys 

In the fee lattice, the difference between the first and second neighbour distances is 
large enough to allow us to ignore the interaction between a solute atom and a vacancy 
beyond the nearest-neighbour distance. The same dissociative jump frequency w 3 is 
therefore attributed to the three possible dissociative jumps (fig. 10) which separate a 
vacancy from a neighbouring solute atom; w 4 is the frequency of the reverse jump. w 2 
stands for the solute-vacancy exchange and w, for the vacancy jump around the solute 
atom which does not break the solute-vacancy complex. w 0 is a jump not affected by the 
solute atom. Detailed balancing implies that: 

wjw 3 = exp(-E B /kT) 

where E B is the binding energy of the vacancy-solute pair (£3 is negative for an 
attractive binding). This is the so-called “five-frequency model”. 

All the physical quantities which will be compared to experimental diffusion data in 
dilute alloys are functions of only three independent ratios of these five jump fre- 
quencies, namely w 2 /w„ w 3 /w, and w 4 /w 0 . 

In the bcc lattice, conversely, the second-neighbour distance is close to the first- 
neighbour distance and the solute-vacancy interaction energy is not negligible at the 
second-neighbour distance. Four distinct dissociative frequencies are defined for a 
vacancy escaping from the first-neighbour shell (w 3 , w' and w") and from the second- 
neighbour shell (w 5 ). The frequencies of the reverse jumps are w 4 , w 4 , w" and w 6 , 
respectively (fig. 11). The solute-vacancy exchange frequency is w 2 . If we denote the 
interaction energies at the first- and second-neighbour distances by £3, and E B2 , 
respectively, detailed balancing requires that: 

w;/w 3 = w"/w" = exp(-E B1 /kT) 

w 6 /w 5 = exp(-E B2 /kT) 

w 6 w 4 /w 5 w 3 = w' 4 /w 3 

The calculation of tracer diffusion coefficients has never been performed with the 
whole set of frequencies. Simplifying assumptions have always been made to reduce the 
large number of unknown parameters. 

-MODEL I assumes that w' = w" = w 6 = w 0 . These equalities imply in turns w' = w" and 
w 3 w 5 - w' w 4 . All the physical quantities which will be compared to experimental data 
can be expressed as function of w 3 /w' and w 2 /w' only. 

— MODEL II restricts the interaction to first neighbour distances and assumes that 
w 3 = w' - w" and w 5 = w 6 = w 0 . These equalities imply w 4 = w' = w " . The physical 
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Fig. 10. Standard five-frequency model for solute diffusion in fee lattices by a vacancy mechanism. The 
encircled figures denote more and more distant shells of neighbours around the solute atom (solid circle). 


quantities which are to be compared with the experimental data are function of w 2 /w 3 and 
w 4 /w 0 only. 

4.1.2. Kinetic expressions of the phenomenological coefficients L^, L^, L BA 
and L bb 

The purpose of the calculation is to express these coefficients as functions of the 
jump frequencies, the solute and vacancy concentrations, and the various interaction 
energies between the species. Two methods have been used so far. 

4.I.2.I. Kinetic theory. In this theory, also-called pair association method, the 
stationary fluxes J A , J B and J v are calculated in the presence of a constant electric field 
E, which biases the jump frequencies of the vacancy. The bias can take two distinct 
values, e A and e B , according to the chemical nature of the atom which exchanges with 
the vacancy. Hence: 

wt = w 2 (l ± fffl). wf = w,(l ± e A ) for / * 2 

where the superscript ± stands for a jump fequency in the direction of the electric field 
(+) or in the reverse direction (-). It can be shown that e A and e B are proportional to the 
thermodynamic forces Z A eE and Z B ' eE, respectively, which act upon the species A and 
B. The final kinetic expressions of the fluxes are then compared with the 
phenomenological expressions in order to deduce the Ly’s. 

For an fee lattice, the calculation has been carried out at first order in C B and to an 
increasing degree of accuracy by including more and more distant shells from the solute 
(Howard and Lidiard [1963], Manning [1968], Bocquet [1974]). For a bcc lattice 
the calculation has been published in the frame of the two approximations quoted above 
(Serruys and Brebec [1982b]). For both structures, the common form of the results is 
the following: 
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Fig. 11. Standard model for solute diffusion in bcc lattices by a vacancy mechai ism. 




_ _ nC B P B , (0) 

" " BA ~ kT 


_ nC B P B , ( 0 ) 

BB kT 

where n is the number of lattice sites per unit volume; D A , (0) and D B , (0) are the 
solvent and solute tracer diffusion coefficients in pure A (C B = 0); G is the vacancy wind 
term L AB /L BB which accounts for the coupling between J A and ,f B through the vacancy 
flux J v . Tables 3 and 4 summarize the expressions of D A . (0), D B , (0), b A and G for both 
structures. A comprehensive series of papers by Franklin and Lidiard [1983, 1984], 
and Lidiard [1985, 1986] gives a full account of a synthetic reformulation for this 
method. 

The function F, always smaller than unity, is a correction to the escape frequency w 3 
or w 3 / which accounts for that fraction of the vacancies which finally returns in the 
neighbourhood of a tracer atom: the same function appears in the expression of the 
correlation factor and in the phenomenological coefficients for all the models where the 
solute vacancy interaction is restricted to a first neighbour distance (fee model and bcc 
model II). More functions appear in the other case (bcc model I). The accuracy in the 
calculation of these functions increases with the size of the matrix used for the random 
walk calculation of the defect. The first evaluations (Manning [1964]) have been 
recently revised by integral methods (Koiwa and Ishioka [1983]). In the same way, the 
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Table 3 

Theoretical expressions of various quantities entering the phenomenological coefficients in an fee lattice 

(f 0 = 0.78 145) 


= 2* 2 C v n' 0 / o , A,.(0) - 2* 2 C V ^ 


U = w 2 /w l , V = W 3 /Wi, w = wjw a ; 

D A .(C B ) = D A .(0)(l + b 1 C B ); 
f B = (2 + 7Fv)/(2 + 2u + 7Fv) ; 


=-34 + 16-/ + - 4^ + 14X 2 ; 

/o /o V v 

(3v - 2) + (7 - 7F)v(l/w - 1) 

1 + 3.5Fv 


b A = -19 + w(4/v + 14) - 


14(1 - F)(l - w)[3v - 2 + (1 + u + 3.5v)(l/w - 1)] + (w/v)(3v - 2) 2 


1 + u + 3.5Fv 


7F = 7 - 


10w 4 + 180.3 122vu 3 + 924.3 303w 2 + 1338.0577w 
2w 4 + 40.1478w 3 + 253.3 w 2 + 595.9725 w + 435.2839 


C v is the vacancy concentration in pure A; s is the jump distance. 


expression of the linear enhancement factor for self-diffusion b, contains coefficients X,, 
X 2 and X 3 for the fee lattice and X,, X 2 , X 3 and X 4 for the bcc one: these coefficients are 
functions of the partial correlation factors for the different solvent jump types in the 
vicinity of an impurity; they reduce identically to f 0 when all the jumps frequencies are 
equal, that is, for the case of self-diffusion. They have been numerically tabulated for the 
fee lattice (Howard and Manning [1967]) as well as for the bcc lattice (Le Claire 
[1970b], Jones and Le Claire [1972]). Defining a larger number of solvent jump types, 
revised and more accurate values have been obtained recently (Ishioka and Koiwa 
[1984]). 

4.I.2.2. Linear response method. In the linear response method, a time-dependent 
(but spatially uniform) external field E(t) is applied to the alloy and instantaneous values 
of the fluxes J A , J B and J v are calculated. It is shown that the calculation of the Ly’s 
reduces to the solution, by a Green’s function method, of closely related random-walk 
problems in the unperturbed (E = 0) state of the system. This general formalism has been 
adapted for the first time to mass transport in solids (Allnatt [1965]): all the possible 
trajectories of the vacancy around the tracer atom are automatically taken into account 
and not only those contained in a few coordination shells, as was done in the pair 
association method. 

The formalism has been illustrated by an application to various cubic structures 
(Allnatt [1981], Okamura and Allnatt [1983a]) and has confirmed (and 
generalised) the results previously obtained by the kinetic method, namely the general 
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Table 4 

Theoretical expressions of various quantities entering the phenomenological coefficients in a bcc lattice 

(f 0 = 0.727 14) 



DA o) = y* 2 C v w 0 / 0 

DA 0) = \ 4 A /b = 7 

3 vv 3 2 vv 2 + 7Fvv 3 

O A .(C B ) = D A .(0)(l+t>,C B ) 

Quantity 


Expression 


Model I 

Model It 

u 


tV 4 /)V 0 

V 

wy'w] 

wy'tV] 


6X, u + 8X, 

6X, + 8X, 


38+ 1 2 

38+ 1 2 M 


fo 

fo 


6X } + 18X 4 

6X } + 18X 4 


fo 

fo 

F 2 

(u - 2) 1 + 2F 4 (m - 2)(m - 1) 



+ 3F 3 (3« + 3.096) 


F, 

(«-l) 2 



u + 0.8082 


f 4 

u +0.1713 



u + 0.8082 


G 

Ju-2) +F 4 («-1) 

O m -7(1 -F)(u - 1) 


7F A, 

7F« 


F, +2F.v 

7 + 6« 2 2 3 

-15+ 14m 1-(1-F)f— f 


2v + 7F 

l « JJ 



„m 2 -7(1-F)(m-1) 2 



(2v +7F) m 

7F 

2m 2 +5.175u +2.466 

3m 3 + 33.43m 2 + 97.38m +66.06 


u +■ 0.8082 

m 3 +8.68m 2 + 18.35m +9.433 


forms for the phenomenological coefficients, and the number of distinct functions F to 
be used (Allnatt and Okamura [1984]). Finally, the equivalence between the kinetic 
and linear response methods has been demonstrated by Lidiard [1987], and Allnatt 
and Lldiard [1987a]: the former theory focusses on the jumps of a given chemical 
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species when paired to the defect which causes its migration and is well suited to dilute 
alloys where such pairs can be easily defined; the latter follows the path of a given 
species by separating it into a direct part when in contact with a defect, and a correlated 
part where the immobile species waits for the return of the defect. It is more general and 
can be applied to concentrated alloys (see below § 5). 

4.1.3. Experimentally accessible quantities 

We restrict ourselves to the experiments which are commonly used to deduce the 
vacancy jump frequencies at the root of the models for bcc and fee lattices. 

The measurements performed on pure solvent A consist in determining: 

- the solvent and solute tracer diffusivities D A . (0) and D B * (0); 

- the isotope effect for solute diffusion, f B AK B . The AK B factor must be evaluated in 
some way to extract f B . Several theories have tried to determine AK B as a function of the 
ratio m B /mo where m B and m 0 are the masses of the solute and of the solvent respectively 
(Achar [1970], Feit [1972]): but they apparently do not fit with the experiments 
performed in lithium (Mundy and McFall [1973]). 

The measurements of alloying effects are performed on dilute A-B alloys and 
comparison is made with the same quantities determined in pure A, in order to extract 
the slope of the linear resulting variation. These measurements usually determine: 

- The linear enhancement factor b, for solvent tracer diffusion D A . (C B ), defined by 

^(C s ) = D A .(0)(l + b 1 C fl ). 

Tables 3 and 4 give the expressions for the enhancement factor b, which contain the 
coefficients X 1; X 2 and X 3 for the fee lattice and X[, X 2 , X 3 and X 4 already defined above. 

The solute diffusion coefficient D B , also varies linearly with the solute concentra- 
tion, according to: 

D B .{c B ) = D b , (0)(l + B y C B \ 

The expression of B[ has been calculated only in the frame of simplified models which 
do not take into account the solvent partial correlation factors in the presence of solute 
pairs. But it introduces additional frequencies of the vacancy in the vicinity of two solute 
atoms (which were not necessary for b,) as well as the binding energy between solute 
atoms. A thorough overview has been presented recently on this point (Le Claire 
[1993]). It is experimentally observed that b t and B, often have the same sign and are 
roughly of equal magnitude whenever the diffusion mechanism is the same for A* and B* 
in the alloy (it is not true in Pb-based alloys, § 4.2.2). This means physically that the 
preponderant effect of the solute is to increase (or decrease if b { , is negative) the total 
vacancy concentration, which affects solvent and solute diffusivity roughly to the same 
extent. 

- The linear enhancement factors b M and b T for the shift of inert markers and solvent 
tracer markers in an electric field. If we denote the rates of these shifts by V M and V T , 
b M and b T are defined according to: 
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MQ = V W (0)(1 + b w C fl ), V At (C B ) = V A .(0)(1 + b r C B ) 


b M and b T have been calculated as functions of the vacancy jump frequencies (Doan 
[1972]; Bocquet [1973]; Doan and Bocquet [1975]; Limoge [1976a]) and are given 
by: 


bj. = b A + l + f 0 G^f^^ 
7 " ° Z; D a ,(0) 


b - b +f Ml 

M A ° D a ,( 0) 


^(1 + G)+G 


- The vacancy wind term G = L AB /L BB can be measured from the solute enrichment or 
depletion in the neighbourhood of a sink (Anthony [1971, 1975]) or by combining 
tracer diffusion experiments with Kirkendall shift measurements in differential couples 
A + A-B (Heumann [1979]; Hoshino et al. [1981a]; Hagenschulte and Heumann 
[1989]). 


4.1.4. Determination of vacancy jump frequencies 

Jump frequencies depend on the interatomic potential which should, in principle, be 
deduced from ab-initio calculations. Unfortunately an accurate knowledge of these 
potentials is far from being currently acquired, except for particular systems, and one 
usually proceeds differently. Jump frequencies are instead fitted to the experimental 
results. 

As already mentioned, diffusion data yield only three jump frequency ratios for an fee 
lattice and only two for a bcc one; thus only three independent measurements are 
required in the former case and two in the latter. Any additional result is highly desirable 
and is used to check the consistency of the experiments. If this consistency cannot be 
maintained in view of a new result, this may mean that one (or more) experimental 
results are not worthy of confidence or that the model does not correctly represent the 
experimental system. 

All the dilute alloys of fee structure, for which we know the jump frequency ratios, 
are displayed in table 5. Whenever the number of experiments is equal to three, one 
reference only is quoted. When the experimental data are redundant, several references 
are given. The error bars on the final values of these ratios are large: at least 50% for the 
best cases, up to an order of magnitude for the worst. We have to keep in mind that any 
ratio v/hich departs too much from unity (say less than 10" 2 or larger than 10 2 ) may be 
an indication that the weak perturbation assumption at the root of the model is violated 
in the alloy under consideration. A similar table of jump frequency ratios has been 
published elsewhere (Herzig etal. [1982]). For bcc alloys, similar tables can be found 
in fairly recent reviews (Le Claire [1978], Agarwala [1984]). 

The search for the frequency ratios is not always straightforward, as can be seen from 
the following examples: 

- Al-Cu: the value of the self-diffusion coefficient is still today highly controversial. At 
585 K it is measured or evaluated to be 1.66 10“ 13 m 2 /s (Fradin and Rowland [1967]), 
3.03 10 -13 m 2 /s (Seeger etal. [1971]), 3.66 10 -13 m 2 /s (Beyeler and Adda [1968]), 3.73 
10~ 13 m 2 /s (Lundy and Murdock [1962]) and 4.51 10“ 13 m 2 /s (Peterson and Rothman 
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Table 5 


Jump frequency ratios for dilute fee alloys. 


Alloy 

n K> 


A 

b, b. 

r G 

Ref. 

Wj/vv, 

Wj/W, 

w 4 /w 0 

Ag-Cd 

1060 

3.8 

0.41 

4 


c 

2.6 

0.3 

0.85 


1133 

3.28 

0.71 

9.2 


b 

0.49 

0.07 

0.52 


1153 

3.18 


6.5 

12 

a 

0.5 

0.07 

0.46 


1197 

2.96 

0.62 

13.7 


b 

1.7 

0.8 

1.7 

Ag-In 

1064 

5.7 

0.35 

17.5 


c 

4.7 

0.7 

1.9 

Ag-Sn 

1043 

5.8 

0.46 

15.6 


c 

1.8 

0.2 

1.1 

Ag-Zn 

1010 

4.1 

0.52 

12.6 


d 

1.53 

0.27 

1.15 


1153 

3.9 

0.57 

12.7 


d 

1.54 

0.39 

1.30 


1153 

3.9 


12.7 

6 

a 

1.20 

0.26 

1.12 

Au-In 

1075 

8.6 

0.26 

71 


e 

212 

45 

5.5 


1175 

7.5 

0.26 

49 


e 

40 

7.3 

4.2 

Au-Sn 

1059 

16.4 

0.16 

130 


e 

NO SOLUTION 



16.4 

0.16 

73 


f 

1.5 

1.2 

6.3 


1129 

12.93 


73 

-0.5 

n 

31.2 

4.2 

7.1 

Au-Zn 

1058 

6.2 

0.15 

24 


e 

942 

85 

2.9 


1117 

5.7 

0.15 

23 


e 

973 

85 

2.6 

Cu-Au 

1133 

1.15 

0.9 

8.1 


g 

0.2 

0.1 

0.6 

Cu-Cd 

1076 

10.2 


35 

-0.7 

h 

0.1 

1 

3 


1076 

10.2 

0.22 

35 


h 

7.6 

0.6 

2.8 

Cu-Co 

1133 

0.81 

0.85 

0 


g 

2 

4.2 

1.2 


1133 

0.81 

0.88 

0 


g 

0.3 

0.4 

0.76 

Cu-Fe 

1293 

1.1 

0.8 

-5 


i 

0.4 

0.09 

0.3 

Cu-In 

1005 

13.3 


42 

-0.71 

j 

18 

0.5 

3 


1089 

11.4 


43 

-0.57 

j 

11 

1 

4 


1089 

12 

0.07 

43 


e 

33 

0.8 

3.2 

Cu-Mn 

1199 

4.2 

0.36 

5 


c 

3.4 

0.35 

0.95 

Cu-Ni 

1273 

0.36 


-5 

0.07 

k 

0.2 

1 

1 


1273 

0.36 


-5.3 

0.12 

1 

0.27 

0.42 

0.53 

Cu-Sb 

1005 

24.1 


79 

-1.2 

j 

15 

0.40 

5 

Cu-Sn 

1014 

15.5 


40 

-1.06 

j 

13 

0.2 

2 


1014 

17 

0.15 

40 


e 

7.5 

0.14 

1.7 


1089 

13.6 


48 

-0.84 

j 

7 

0.33 

3 


1089 

14.1 

0.15 

48 


e 

11 

0.5 

3.3 

Cu-Zn 

1168 

3.56 

0.47 

7.3 


m 

2.5 

0.5 

1.2 


1168 

3.3 


8 

-0.22 

k 

3 

0.5 

1 


1220 

3.4 

0.47 

8.8 


m 

3.6 

0.9 

1.5 


* Doan and bocquet [1975]; b Bharati and Sinha [1977]; c Herzig etal. [1982]; d Rothman and Peterson 
[1967]; ° Hilgedieck [1981]; 1 Reinhold etal. [1980]; 8 Eckseler and Herzig [1978]; h Hoshino etal. 
[1981b]; 1 Bocquet [1972]; J Hoshino etal. [1982]; k Hirano [1981]; 1 DamkOhler and Heumann [1982]; 
m Peterson and Rothman [1971]; " Hagenschulte and Heumann [1989], 
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[1970]). Using Anthony’s result, which establishes that no detectable solute redistribu- 
tion occurs in the neighbourhood of a vacancy sink, very different values of G = L^/L^ 
are deduced according to the value which is retained for the self-diffusion coefficient. It 
is easy to check that one obtains G= -0.4; - 0.01; + 0.203; + 0.226, and + 0.43, respective- 
ly. The jump frequency ratios which stem from such scattered values of G are highly 
different of course; in addition they do not fit with the measurement of inert marker 
shifts in dilute alloys (Limoge [1976a]). 

Finally, according to Seeger etal. [1971], 40% of the total diffusivity at 858 K is 
due to divacancies. This fact cannot be ignored any longer, and a revised version of the 
atomic model should be presented to take properly into account the contribution of the 
divacancies to diffusion and electromigration. 

- Au-Sn: the extracted value for b, is sometimes very sensitive to the way chosen for the 
fitting whenever D A ,(C B ) exhibits a pronounced curvature. A rough fitting extracts a 
value which is not compatible with the other data and does not allow to deduce the jump 
frequency ratios (Herzig and Heumann [1972]); a more careful fitting gives reasonable 
values (Reinhold etal. [1980]). It must be noted however that the direct measurement 
of the vacancy flow factor G at a slightly different temperature on dilute couples yields 
noticeably different values (Hagenschulte and Heumann [1989]): the departure from 
the previous ones cannot be accounted for by the small temperature difference, or would 
imply unusually high activation energies for these frequency ratios. 

Although the partial correlation factors are not analytically known, it is possible to 
check the internal consistency of the experimentally determined quantities in the frame 
of a given diffusion mechanism. For instance, once the ratio D B ,/D A , is known, a 
constraint on the possible values for u,v and w is imposed, which in turn, restrains the 
possible range for other quantities like b[ or G. For instance, b, is kept to a minimum if 
the vacancy spends most of its time in exchanging with the solute (u = tv 2 / w, — > =») and 
keeping the exchanges with the solvent to the lowest possible value which is compatible 
with the solute diffusion (v = w = 0). Assuming that X 3 = f 0 and using the tabulated value 
X,(u-> oo, v = w = 0) = 0.4682 yields (Miller [1969]): 

.mm = _ 18 + 194 5^k 

d a , 

Lf the experimental value for this term is noticeably smaller, it means that the vacancy 
mechanism alone cannot account for the diffusional behaviour of the system and that, 
probably, other diffusion mechanisms must be looked for. A similar limitation has been 
established for the bcc structure, although no simple analytical formula is available (Le 
Claire [1983]). In the same spirit, it has been shown that the vacancy flow term G in 
bcc alloys ranges from -2 to a maximum value which depends on the same ratio 
D b ,/D a , and on the model (I or II) to be chosen (Iuima etal. [1985]). 

- Pb-Cd: self-diffusion in lead meets the usual requierements of normal diffusion. On the 
other hand, the solute diffusivity is roughly 20 times larger than the solvent diffusivity: 
this fact alone is not an indisputable proof that another mechanism is operating. Miller 
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[1969] pointed out that the linear enhancement factor b, exhibited a value which was 
noticeably smaller than bj™. This is the reason why he proposed a new mechanism with 
interstitial-vacancy pairs (§ 4.2.2). 

Like the fee alloys, there are several bcc systems in which the factor is too small 
to be compatible with the high value of the solute-to-solvent diffusivity ratio, namely Zr- 
based alloys (Co, Cr, Fe), Ti-Co, Nb-Fe and U-Co. The isotope effect measurements, 
when available in these systems (Ablitzer [1977]; Ablitzer and Vignes [1978]), are 
not compatible with the frequency ratios in the frame of a pure vacancy mechanism: 
another mechanism resting on a dissociative model similar to Miller’s one for Cd in Pb 
is commonly thought to come into play. 

4.1.5. Determination of the solute-vacancy binding energy 

The only relevant quantity for determining the binding energy E B of the 
solute-vacancy complex is the ratio w 4 /w 3 , which cannot be deduced from the knowledge 
of w 2 /w,, Wj/w! and w 4 /w 0 . 

Dirkes and Heumann [1982] worked out a simple procedure for simulating the 
vacancy trajectory around the solute and proposed to extract from this trajectory the 
desired quantity. It is true that the only knowledge of the ratios w 2 Av 3 , w 3 /wj and w 4 /w 0 
is sufficient to determine, at each step of a Monte Carlo simulation, the direction of the 
most probable next jump. But these authors used an incorrect definition of the vacancy 
concentration on a first neighbour site of the solute. This concentration is not related to 
the number of times that the vacancy was located on a first-neighbour site of the solute, 
but rather to the time the vacancy actually spent on this site. 

This definition needs the knowledge of the mean residence time of the vacancy on 
each site (that is, the inverse of the total escape frequency from this site). It is easily 
checked that the fraction of the total time which has been spent on a first-neighbour site 
involves one more independent frequency ratio w,/w 0 (Bocquet [1983a]). Moreover, the 
assumption w 2 + 4w 1 + 7w 3 = 12w 0 which is invoked here and there in the diffusion 
literature for the fee alloys has no physical justification and is totally arbitrary. 

Diffusion experiments by themselves are not sufficient to determine this binding 
energy. Experiments of another kind must be added: for instance a direct determination 
of the total vacancy concentration in a dilute alloy, by comparing the macroscopic 
thermal expansion and the increase in lattice parameter as already done for Al-Ag and 
Al-Mg (Beaman etal. [1964]; Beaman and Balluffi [1965]). 

4.2. Dumb-bell interstitial diffusion in dilute A-B alloys 

The self-interstitial atom in a compact structure is too large to content itself with an 
octahedral or tetrahedral position as smaller solute atoms do; it minimizes the distortion 
of the surrounding lattice by sharing a lattice site with a neighbouring atom and making 
up a dumb-bell-shaped defect denoted by 1^ aligned along <100> (<110>) direction in 
a fee (bcc) structure. The migration mechanism involves a translation to a first neighbour 
site combined to a rotation of its dissociation axis (see chap. 18). The diffusion coeffi- 
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cient of a substitutional solute atom has been calculated with this mechanism at work for 
bee and fee lattices, under the assumption that it can be incorporated into the defect 
under the form of a mixed dumb-bell Iab which does not possess necessarily the same 
symmetry (Bocquet [1983b, 1991]); the phenomenological coefficients have been 
calculated for the fee lattice by the kinetic method (Allnatt etal. [1983]) as well as by 
the linear response one (Okamura and Allnatt [1986], Chaturvedi and Allnatt 
[1992], Singh and Chaturvedi [1993]). But these models cannot be checked experi- 
mentally as thoroughly as in the vacancy case, since the frequencies cannot be deter- 
mined by a clever combination of diffusion experiments; the interstitial defects are 
necessarily produced by irradiating the solid, and their contribution to diffusion is 
intricately linked with that of thermal and irradiation-produced vacancies. 

4,3. A-B alloys with a high solute diffusivity 

4,3.1. Purely interstitial solutes 

Light elements like H, C, N, O are known to dissolve interstitially in many bee and 
fee metals. No theoretical criterion has yet been found to predict with confidence the 
localization of the interstitial atom in the host lattice. In many bee metals C, O and N are 
believed to be located on octahedral sites; but dual-occupancy models 
(octahedral + tetrahedral position) have been invoked to account for the upward curvature 
of their Arrhenius plot at high temperatures (Farraro and McLellan [1979]). For the 
case of hydrogen, a simple empirical rule has been proposed (Somenkov and Shil’Stein 
[1979]): H dissolves in the tetrahedral position in all the host metals which have an 
atomic radius larger than 0.137 nm (Sc, Ti, Y, Zr, Nb, La, Hf, Ta, W) and in the 
octahedral position for the others (Cr, Mn, Ni, Pd). Vanadium is the link between the 
two groups and is believed to have a dual occupancy. In Fe, H is expected to be located 
in octahedral sites although no clear experimental proof has ever been given. The 
insertion into the host lattice is accompanied by a (generally) large distortion of the 
surroundings, which can give rise to Snoek-type or Gorsky-type relaxations (§ 2.2). 

Although in an interstitial location, the solute atom is believed to interact with 
vacancies of the host; the diffusivity and the phenomenological coefficients have been 
calculated with the linear response method (Okamura and Allnatt [1983b]). 

The diffusivity of such interstitials in metals has been measured over orders of 
magnitude by complementary techniques (relaxation methods, tracers, out-gassing, etc...). 
The Arrhenius plot is straight or exhibits a small curvature at high temperatures. This 
curvature has been tentatively explained by different models (Farraro and McLellan 
[1979]), either a single mechanism with a temperature-dependent activation energy or 
several mechanisms (or defects) acting in parallel. 

For very light interstitials like hydrogen and its isotopes, or the positive muon /z + , 
quantum effects play a significant role at low temperatures. Several regimes are expected 
to be observed in the following order with increasing temperature (Stoneham [1979]; 
Kehr [1978]): 

(i) coherent tunneling, the interstitial propagates through the lattice like a free electron; 


References: p. 651. 



594 


J. L. Bocquet, G. Brebec, Y. Limoge 


Ch. 7, §4 


(ii) incoherent (or phonon-assisted) tunneling, the ground state levels of an occupied and 
an unoccupied interstitial site have different energies; the tunneling process requires the 
assistance of phonons which help to equalize the levels of neighbouring sites; 

(iii) classical regime, the jumping atom receives from the lattice the amount of energy 
which is required to overcome the potential barrier of the saddlepoint configuration; 

(iv) high-temperature regime, the residence time on a site is comparable to the time of 
flight between two neighbouring sites. 

The second and third regimes have been observed in many systems. Whether coherent 
tunneling can actually be observed in real systems or not is still controversial (Stoneham 
[1979]; Graf etal [1980]). 

Let us mention the reversed isotope effect which is observed in fee metals at low 
temperatures: tritium is found to diffuse faster than deuterium, which diffuses faster than 
hydrogen. Several models have been proposed to account for this anomaly (Teichler 
[1979]; Kaur and Prakash [1982]). See also ch. 18, § 33.2.1 for the interaction of self- 
interstitials with solute atoms. 

43.2. Complex diffusion mechanisms 

The most widely studied case is that of dilute Pb-based alloys. 

In lead, several solute atoms (Cu, Ag, Au, Pd, Ni, Zr) diffuse from 10 3 to 10 6 times 
faster than the solvent tracer. Other elements (Na, Bi, Sn, Tl) diffuse roughly at the same 
rate. A third group (Cd, Hg) diffuses at rates between the two extremes. It is well 
established that these properties are in no way related to any short-circuit diffusion path 
and that they reflect a bulk property. We already mentioned in §4.1.4 why a pure 
vacancy mechanism should be rejected for cadmium diffusion in lead. 

The high value of the diffusivities led many investigators in the past to think in terms 
of an interstitial-like diffusion mechanism; it can be shown however, by particular 
examples, that a purely interstitial mechanism would not yield a value of the linear 
enhancement factor b t consistent with experiment. This is why many authors proposed 
more complex mechanisms involving interstitial-vacancy complexes, interstitial clusters, 
and today the consensus is roughly as follows: 

- very fast diffusers dissolve partly as substitutionals and partly as interstitials in lead. 
The total diffusivity is therefore the sum of both contributions; pairs made up of an 
interstitial solute and a host vacancy are expected to play a dominant role; the 
phenomenological coefficients have been calculated for this mechanism (Huntley 
[1974], Okamura and Allnatt [1984]); 

- multidefects (interstitial solute atoms sharing one substitutional lattice site) are 
necessary to account for the diversity of experimental results, especially for the signs and 
the orders of magnitude of the linear enhancement coefficients and B, (Warburton 
[1975], Kusunoki et al. [1981]), as well as for the low value of the isotope effect 
measurements; 

- solute atoms which diffuse roughly as fast as the solvent dissolve presumably as 
substitutionals (except Sn: Decker etal. [1977]); 

A general and detailed atomic model including all these defects is still lacking, apart 
from an attempt by Vanfleet [1980], The reader is referred to an extensive review by 
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Warburton and Turnbull [1975]. 

Lead is not a unique case however, since similar problems arise in other polyvalent 
metals like Sn, In or T1 (Warburton and Turnbull [1975]; Le Claire [1978]), in the 
a-phase of Zr, Ti and Hf (Hood [1993], Nakajima and Koiwa [1993], KOppers et al. 
[1993]), in bee metals like Nb (Ablitzer [1977]; Serruys and Brebec [1982a]), and for 
rare-gas diffusion (He) in fee metals like Au, Ni, Al (Wilson and Bisson [1973]; 
Melius and Wilson [1980]; Schilling [1981]). The interaction energy between the 
smaller solutes and the intrinsic point defects of the host, namely the vacancy one, is 
believed to be high (above 1 eV); this feature, when combined with a very low solubility 
in the host, can lead to behaviours, which have puzzled the experimentalists for long. 
The general interpretation (KOppers et al. [1993]) distinguishes three different tempera- 
ture ranges: in the first (high-temperature) one, the native intrinsic vacancies are more 
numerous than those trapped by the impurity atoms, and the self-diffusion is normal; at 
intermediate temperatures (second range), the extrinsic vacancies trapped by the impurity 
atoms become dominant, and the apparent activation energy for self-diffusion is markedly 
decreased; at the lower temperatures (third range) where the impurity atoms precipitate 
into clusters, the number of trapping sites is reduced to such an extent that the intrinsic 
defects play again the dominant role. It ensues an unusual downward curvature of the 
Arrhenius plot over the low and intermediate temperature ranges. Depending on the ratio 
of the melting temperature to the a-/3 transformation temperature, the interaction 
energies between impurity and vacancies and between impurities themselves, not all the 
three regimes are automatically observed. In a-Zr, which has been for long the arche- 
type, the (practically unavoidable) Fe impurity has been found to give rise to the regimes 
2 and 3 with the downward curvature observed for self- as well as solute-diffusion; the 
determining experiments have been carried out only recently since ultra-high purity Zr 
was not available before (Hood [1993]). For a-Hf, only regimes 1 and 2 are observed, 
but the impurity which is responsible of the upward curvature is not yet identified 
(KOppers etal. [1993]). At last for a-Ti, the impurity is believed to be oxygen which is 
easily incorporated into this highly reactive metal (Nakajima and Koiwa [1993]). 

5. Diffusion in concentrated alloys 

We shall restrict ourselves to binary alloys. The first two sections are devoted to the 
diffusion of A* and B* tracer atoms in homogeneous disordered and ordered alloys. The 
third section will deal with chemical diffusion, that is, diffusion in the presence of 
chemical gradients. 

5.1. Diffusion of A* and B* tracers in homogeneous disordered alloys 

5.1.1. Experimental results 

Diffusion measurements in concentrated binary alloys are legion, but only few alloys 
have been investigated throughout the whole composition range: Ag-Au (Mallard etal. 
[1963]), Au-Ni (Kurtz et al. [1955]; Reynolds et al. [1957]), Co-Ni (Million and 
Kucera [1969, 1971], Hirano etal. [1962]); Cu-Ni (Monma etal. [1964]), Fe-Ni 
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(Caplain and Chambron [1977], Million et al. [1981]), Fe-Pd (Fillon and Calais 
[1977]), Ge-Si (McVay and Ducharme [1974]), Nb-Ti (Gibbs et al. [1963]; Pontau 
and Lazarus [1979]), Pb-Tl (Resing and Nachtrieb [1961]). For Fe-Ni, the diffusion 
has been studied both through a magnetic relaxation method which yields apparent values 
for the formation and migration energies of the vacancy and by tracers. 

Two general trends can be outlined: 

- The same kind of empirical correlation as for self-diffusion in pure metals are observed 
between the preexponential factors D 0 and the activation energy Q, or between Q and the 
melting temperature T m of the alloy. 

- The diffusion coefficients and for a given temperature and composition do 
not differ by more than one order of magnitude. When they do, it might be an indication 
that the diffusion mechanism for the two tracers is not the same (Ge-Si or Pb-Tl). Some 
cases still offer matter for controversy, like Ge-Si alloys (Pike etal. [1974]). For brevity, 
D A , B and will be denoted by D A , and D B , in what follows. 


5.1.2. Manning’s random alloy model 

In this model, the simplest which can be thought of, the alloy is assumed to be 
random and the vacancy exchanges at rate w A with A atoms, and w B with B atoms, 
whatever the detailed atomic configuration of the local surroundings (fig. 12). The most 
important finding lies in the fact that the vacancy no longer follows a random walk; its 
successive jumps are correlated and a vacancy correlation factor f v smaller than unity 
shows up in the final expressions (Manning [1968], [1971]): 

^A*(B*) = ^ C v f A { B ) W A(B) A = fyW 

where f v = (C A w A f A + C B w B f B )/f 0 and f 0 = M(/(M 0 + 2) is the correlation factor for self- 
diffusion, w = C A w A + C B w B , and finally, f A(B) = M 0 f v w/(M„f v w + 2w A(B) ) for A(B). 

Consistent expressions of the phenomenological coefficients Ly have been established 
in this frame: 
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where n is the average number of sites per unit volume, and D’ is the average 
C a D a . + C b D b „ At last it can be easily shown that the vacancy wind corrections showing 
up in the expressions of the intrinsic diffusivities [see eqs. (17)] are given by: 
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Fig. 12. Manning’s random alloy model. 
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The Ly’s are not independent since they are functions of D A , and D B , only; they obey the 
relationship: 
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The same expressions have been later recovered following two different routes: 

i) in a formal derivation resting on two macroscopic assumptions related to the 
invariance of the functional relationship between mobility and flux between the pure 
substance and the average alloy (Lidiard [1986]); 

ii) in a mean-field treatment of the diffusion problem, resting on the adoption of a 
preliminary consistency equation over the diffusivities, namely: 

Qa®a* + C b D b * = f qC v D v 

the right-hand side of the above equality being nothing but the tracer self-diffusivity in 
the average alloy (Bocquet [1987]). 

Manning’s approximation appeared fascinating and very appealing since the only 
independent quantities are the easily accessible tracer diffusivities. It has been the object 
of very numerous Monte Carlo simulations, which can take into account the detailed 
occupancy of the sites surrounding the vacancy and can check the accuracy of the 
approximation. These simulations essentially show that the approximation is indeed 
quantitatively excellent over the whole concentration range, as long as the disparity 
between the jump frequencies is not too large, say 10 _3 < W A /W B < 10 3 (Bocquet [1973], 
De Bruin et al [1975], [1977], Allnatt and Allnatt [1984]). An analytical more 
sophisticated method for the self-consistent decoupling of the kinetic equations has been 
worked out and yields the same conclusion (Holdsworth and Elliott [1986], 
Allnatt [1991]). Even in dilute alloys, the approximation turns out to be satisfactory 
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for all quantities but the linear enhancement factor b t (Allnatt and Lidlard [1987b]). 

In the same spirit, the same kind of approximation has been worked out for the 
dumbbell interstitial mechanism in random two-frequency alloys on fee and bee lattices. 
Although no simple analytical expressions can be established for the tracer diffusivities 
(Bocquet [1986]), a similar functional dependence of the Ly’s versus the D^’s as above 
can be proposed after replacing f 0 by the product f^o (Bocquet [1987]), where /x 0 is the 
ratio of the tracer average squared jump length to that of the defect. fi 0 = 1/2 for fee 
structures and 7/15 for bcc ones (Bocquet [1983b, 1991]). The numerical simulations 
show a good agreement only in special cases for the fee lattice, and a disagreement for 
all the cases investigated in the bcc lattice (Bocquet [1990b]): the reason for these 
discrepancies has not been elucidated so far, in spite of a recent treatment involving the 
more sophisticated linear response method (Chaturvedi and Allnatt [1994]). 

5.1.3. Atomic models for diffusion in non-random disordered alloy 

The attempts to improve the alloy model beyond the random approximation and to 
include the effect of short-range ordering on diffusion have historically followed two 
different routes. 

The first one consisted in extending the dilute alloy models by including more and 
more solute clusters of increasing size together with the corresponding modifications of 
the solute and solvent jump frequencies in their neighbourhood. This route turned out to 
be not well fitted to this purpose, due to the rapidly increasing number of unknown 
parameters which yielded intractable results, together with the intrinsic impossibility to 
deal with cluster overlap (Bocquet [1973]); only rough approximations can be proposed 
by selecting a few solute clusters which are believed to have a dominant influence 
(Faupel and Hehenkamp [1987]). But this choice is totally arbitrary and physically 
unjustified; as a consequence, this route has now been abandoned. 

The second route, at the expense of some loss of accuracy, approximates the effect 
of the local surroundings on the height of the potential barrier by using a small number 
of pair interaction energies for the stable (Ey) and the saddle-point ( E '. ) configurations. 
The merit of such a description lies in the fact that it connects simply and consistently 
the thermodynamics (reflected in the Ey’s) and the kinetic behaviour of the alloy 
(reflected in the E'’s). The model was used first to account for the kinetics of short- 
range ordering in Ag-Au alloys (Radelaar [1968, 1970]) and Fe-Ni alloys (Caplain 
and Chambron [1977]). Later it was improved to take into account correlation effects 
in short-range ordered alloys (Stolwuk [1981], Allnatt and Allnatt [1992]): the 
analytical formula obtained for the tracer diffusivities and the associated correlation 
factors are in fair agreement with Monte-Carlo simulations over a reasonably large range 
of the thermodynamic parameter mastering the order, namely [2 EAB-fE^ + E^l/kT. 
The agreement deteriorates to some extent for the lower temperatures where systematic 
departures show up. 

Independently from the search for better expressions of the Di.’s, a systematic 
investigation of the phenomenological coefficients Ly’s has been carried out numerically 
by simulating non-random alloys using such pair energies; and the most intriguing result 
of the last ten years is that the functional dependence of the Ly’s upon the Dj.’s 
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established by Manning for random alloys is still preserved in non-random ones with a 
fairly good quantitative agreement (Murch [1982a, 1982b, 1982c], Zhang et al. 
[1989a], Allnatt and Allnatt [1991]), except at the lower temperatures or dilute 
concentrations; the latter restrictions are not a surprise, since they correspond to those 
actual situations where the departure from randomness is expected to be the largest. The 
basic reason for such an agreement is still not understood. Following previous tentative 
papers (Heumann [1979]; Dayananda [1981]), an active research effort has recently 
been undertaken to establish more general relationships between the L^’s and the various 
diffusivities (tracer, chemical) (Allnatt and Lidiard [1987c], Lidlard et al. [1990], 
Qin and Murch [1993a]). 

Before closing this section, the main limitations of such models in the present state 
of the art must be recalled: 

- they do not calculate D A , and D B , but only the activation energies for diffusion Q A , 
and Q b „ with the correlation effects included in the best case. The preexponential factors 
D oa and D ob are not known and are arbitrary assumed to remain constant, since no model 
is available which would account for their variations throughout the whole composition 
range. 

- they use pair energies and assume implicitly that the energy of the alloy can be 
summed in this way, which is not always true (namely, transition metals). Even if 
effective pair energies can be defined, the electronic theory of alloys must be used to 
predict the variations of these pair energies as function of the composition on physically 
grounded arguments for each specific alloy (Ducastelle [1978]). 

- finally, they cannot have any predictive power: while pair energies in the stable 
position can be deduced from thermodynamic measurements, saddle-point pair energies 
conversely can only be deduced from experiments involving diffusion jumps, that is, 
from the diffusion experiments themselves. 

5.2. Diffusion of A* and B* tracers in ordered binary alloys 

In the last ten years, intermetallics have been the object of intensive study for their 
attractive practical properties: some of them are indeed characterized by a high melting 
temperature, high elastic limit (see ch. 24), high resistance against corrosion and (or) 
creep (Liu etal. [1992]). Before reviewing in more detail the different ordered structures, 
some preliminary and general ideas should be recalled here. 

The progress in the understanding of phase stability from ab initio calculations based 
on the local density functional approximation (LDF) has allowed research people to 
address very basic points, namely, the physical reasons leading a given alloy to adopt a 
well-defined structure or symmetry. Such calculations are able to explain the reason why 
Ti Al 3 is tetragonal (D0 22 ), while Ti 3 Al is hexagonal (D0 19 ) and Ti Al is cubic (Ll 0 ); 
or why Ni 3 Al (Ll 2 ) exists whereas there is no corresponding close-packed phase for Ni 
Al 3 (Pettifor [1992]). However, the problem of the point defects has not yet been 
addressed. 

The existence of the so-called constitutional (or structural) defects is probably 
connected to the preceding point but has not yet received an unambiguous experimental 
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confirmation as well as a firmly grounded theoretical explanation. Starting with the 
simple case of the B2 structure as an illustration, the stoichiometric A-B alloy is 
perfectly ordered at 0 K and the N A (N B ) atoms occupy the a (/3)-sites. When the 
temperature is raised, several kinds of defect are believed to appear: 

- antistructure or substitutional defects : A atoms can occupy /3-sites and are denoted A p , 
their number is N^, B atoms can occupy a-sites (B a , NgJ; 

- vacancies denoted by V 0 on a-sites and on /3-sites. Depending on the atomic 
interactions, the alloy will choose preferentially one type of defect or the other (or some 
combination of the two). Up to this point, these defects have been introduced as a pure 
manifestation of thermal excitation in a stoichiometric alloy. 

However, for a non-stoichiometric alloy, one must think of the way to accommodate 
the departure from stoichiometry. The same defects (antistructure atoms or vacancies) 
have been also invoked; but in this case they are expected to be much more numerous 
than in the thermal case, since their concentrations will be of the order of the 
stoichiometry offset (up to several percent) and to survive even at O K unlike thermal 
ones. The difficult point in looking at actual systems at finite temperatures is to decide 
which part of the observed vacancies or antisite defects has a thermal origin and which 
part has a structural one. The undisputable fingerprint of structural defects (their non-null 
concentration at 0 K) is unfortunately very difficult to use practically: in many systems 
indeed, high concentrations of vacancies (at room temperature and above) have un- 
doubtedly been evidenced by a careful comparison between density and lattice parameter 
measurements: but their apparent migration energy has often be found to be large, and 
one cannot safely state that equilibrium properties rather than quenched-in defects ones 
are measured. Phenomenological models like bond-breaking pictures (Neumann [1980], 
Kim [1991]) or the Miedema “macroscopic atom” model (De Boer etal. [1988]) using 
rough expressions for configurational entropies cannot claim to be anything but guiding 
approximations to decide which type of defect is most likely to appear. A rapidly 
growing number of model defect calculations using semi-empirical potentials is presently 
observed (Cleri and Rosato [1993], Rey-Losada etal. [1993]) but the approximations 
involved are probably still too crude to solve this question. The problem requires 
undoubtedly accurate ab initio calculations of ground-state energies, together with a 
minimisation procedure which would allow charge transfers (Koch and Koenig [1986]), 
local relaxations as well as the settlement of an arbitrary vacancy concentration: such 
calculations would tell us whether the ternary (A,B,V) is most stable in the investigated 
lattice structure at low temperatures or whether a phase separation between ordered 
phases of other symmetries (and, or) concentrations occurs. If the existence of these 
structural vacancies can be theoretically proven, one must remember however that their 
properties are in no way different from those of the so-called thermal ones although they 
have received a different name. Indeed, the total vacancy concentration at finite 
temperatures minimizes the free-energy of the alloy: but in the present case, the existence 
of two sublattices and of suitable atomic interactions implies that the result of the 
calculation is more sensitive to a small variation of the composition, than to a tempera- 
ture change, unlike the case of the disordered alloy at the same concentration. 

Tracer diffusion measurements are still performed and are still highly desirable, as a 
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first insight into the transport mechanisms. Correlation factors have been calculated in 
various structures and for various jump mechanisms (Bakker [1979], Arita et al. 
[1989], Weiler et al. [1984], Szabo et al. [1991]). While isotope effects were measured 
with the hope of determining the jump mechanism, it was shown later that, for B2 
structures, such a measurement does not yield the correlation factor (Zhang et al. 
[1989b]); this is rather unfortunate since these (very difficult) experiments have been 
performed only on alloys with this symmetry (Peterson and Rothman [1971], 
Hilgedieck and Herzig [1983]). 

Spectroscopic methods like nuclear magnetic resonance (NMR), quasi-elastic Moss- 
bauer line broadening (QEMLB) and quasi-elastic neutron scattering (QENS) appear 
today as the best candidates to clarify the atomic diffusion mechanisms in ordered alloys; 
NMR techniques measure the frequency (ies) of the diffusing species (Tarczon et al. 
[1988]), while QEMLB and QENS give besides access to the individual jump vectors 
(see § 2.2.2 and Vogl et al. [1992]). Although some intermediate modelling is still 
necessary for the final interpretation, they yield the most confident information gained so 
far. The most important result obtained up to now is that diffusion in ordered structures 
seems to proceed simply via nearest-neighbour jumps of a vacancy defect. Finally, the 
ability of the positron annihilation (PA) technique to measure vacancy concentration with 
confidence is also being currently improved (Balogh et al. [1992]). 

The preceding point helps to solve old ill-formulated problems about the migration 
mechanisms in ordered alloys. The 6-jump cycle was initially designed for transporting 
atoms without altering the long-range order (McCombee and Elcock [1958], Elcock 
[1959], Huntington etal. [1961]): this condition is unnecessarily stringent since local 
and thermally activated fluctuations of the long-range order (LRO) must necessarily 
occur in a real system, the only requirement being the conservation of the average LRO 
through detailed balancing: this remark has been the starting point of a new formalism 
(Path Probability Method or PPM) for the evolution of cooperative systems (Kikuchi 
[1966]; Sato [1984]). The 6-jump cycle is thus not necessary. Moreover, it is also very 
improbable: many computer simulations show that such cycles never go to completion 
and are destroyed while underway by strongly correlated backward jumps (Arnhold 
[1981]). In the same way, the triple defect has been introduced only for thermostatistical 
reasons (large difference between vacancy formation energies on both lattices): but it was 
implicitly thought that it should migrate as a whole, that is, without dissociating. This 
unnecessary constraint has led previous investigators to imagine a mechanism of highly 
concerted vacancy jumps (Stolwuk et al. [1980], Van Omnen and De Miranda 
[1981]), which has never been clearly evidenced neither experimentally nor theoretically. 

At last, a growing body of practical knowledge has been gained through the use of 
macroscopic measurements like chemical diffusivity (Dayananda [1992]), kinetics of 
long range order recovery after irradiation or plastic deformation (Cahn [1992]), internal 
friction (Ghilarducci and Ahlers [1983]), degradation of superconducting temperature 
in A 15 compounds (Barker [1993]): these experiments yield effective quantities which 
are of importance for mastering the practical properties of these materials. But a detailed 
atomistic model is still lacking which would link these effective energies to the usual 
parameters deduced from tracer diffusion experiments. 
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For sake of space, the reader will be referred to a recent compilation of experimental 
results (Wever [1992]). 

5.2.1. Ordered alloys with B2 structure 

The B2 structure has been more extensively studied than the others: it is made of two 
interpenetrating simple cubic lattices, a and /3. Each a-site is surrounded by eight first- 
neighbour /3-sites and conversely. The existing alloys belong to two distinct groups: 

(i) In the first group (AgCd, AgMg, AgZn, AuCd, AuZn, BeCu, BeNi, CuZn, NiZn) 
the defects are mainly antistructure defects on both sublattices (A^ and BJ the departure 
from stoichiometry is compensated by A p defects for A-rich alloys and B a defects for B- 
rich alloys. The apparent formation energy Ep of thermal vacancies can be different on 
the two sublattices. 

(ii) In the second group (CoAl, FeAl, NiAl, PdAl, CoGa, NiGa, Pdln), for which a 
will denote the sublattice of the transition metal A, maintenance of equal a and /3 site 
numbers allows formation of paired defects only (A p +B a or V a + V^). If costs more 
energy than A p + V a , then V a + V p converts into the triple defect A p + 2V a . Symmetrically, 
if B a costs more than 2V a (mainly due to size effects), then B a + A p converts also into 
the same triple defect. The departure from stoichiometry is therefore compensated in two 
different ways: for an A-rich alloy the major defect is A p \ for a B-rich alloy, the major 
defect is V„. In the latter case, very high structural vacancy concentrations on one 
sublattice are expected and (indeed) experimentally observed (up to 10% in CoGa on the 
gallium-rich side). All the theoretical calculations performed so far (e.g., Edelin [1979]) 
are based on a zeroth-order treatment (Bragg and Williams [1934]); not withstanding 
their crudeness, they account qualitatively well for all the presently known experimental 
situations, provided reasonable values of the adjustable pair energies Ey are chosen. 

A first and simple explanation has been proposed to account for the fact that a 
particular alloy belongs to the first or to the second group (Neumann [1980]). Using a 
crude bond-breaking picture, this author shows that the number of substitutional defects 
is dominant whenever the mixing enthalpy AH f is (algebraically) higher than -0.3 
eV/atom; the number of triple defects is dominant otherwise. It is very gratifying to 
ascertain that this correlation is very well obeyed. The existence of structural defects 
(namely in CoGa) has been however questioned recently on the basis of a similar model 
(Kim [1991]): but the controversy rests entirely on the relative values of the bond 
energies, which are nothing but phenomenological parameters and which cannot be 
extracted from experimental quantities by undisputable procedures. 

In a growing number of experimental systems, a combination of lattice parameter and 
sample length measurements (Simmons and Balluffi’s technique; ch. 18, §2.2.2.2) 
yields the total vacancy concentration increase between a reference state at room 
temperature and the high temperature state: (CoGa: Van Omnen and De Miranda 
[1981]; AlFe: Ho and Dodd [1978], Paris and Lesbats [1978]; GaNi: Ho etal. [1977], 
CoSc and InPd: Waegemaekers [1990]). The concentration of vacancies for the 
reference state is determined by a density measurement at room temperature. PA 
techniques have also been used, which confirm the previous determinations. But the 
concentration of anti-site defects is usually not directly reachable through spectroscopic 
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methods; only an indirect determination of their number is possible if such defects can 
be associated with some macroscopically measurable quantity. As an example, from the 
measurement of the quenched-in magnetisation of a Co-Ga alloy, the number of antisite 
atoms Co Ga , which are the only Co atoms to be surrounded by like neighbours and, as 
such, are assumed to be the only ones to bear a magnetic moment, is indeed found equal 
to half of the number of vacancies. This beautiful result points strongly in favor of the 
very existence of the triple defect in this alloy (Lo Cascio [1992]). 

Other experimental techniques are necessary in order to gain a sharper insight into the 
defect populations on each sublattice. First results have been obtained through positron 
annihilation in CuZn (Chabik and Rozenfeld [1981]) or direct observation in a field 
ion microscope in AlFe (Paris and Lesbats [1975]); but extracting meaningful values 
from the raw data requires a delicate analysis of positron trapping at vacancies for the 
first technique, and a careful analysis of image contrast for the second. 

5.2.I.I. Experimental results. Most of the experiments measured the tracer 
diffusion coefficients D A , and D B , as a function of temperature and composition. The 
reader is referred to a recent compilation for the detailed results and references (Wever 
[1992]]. Without entering into details, the following trends can be outlined: 

- At constant composition, the activation energy for diffusion is higher in the ordered 
than in the disordered phase (when it exists). There is a break of the Arrhenius plot at 
the critical temperature T c of ordering, and a large fraction of the increase in activation 
energy is due to correlation effects. In the ordered phase, the Arrhenius plot is often 
more or less curved (Kuper etal. [1956]). Simple models show that the migration and 
formation energies (E M , Ep) of the vacancy and, therefore, the total activation energy Q, 
exhibit a quadratic dependence upon the long-range order parameter S (Girifalco [1964]): 

E M =E° M (l + a ltI S 1 ) E^E^l + a.S 1 ) and Q = &([ + a D S 2 ). 

The experiments are not entirely conclusive however: 

- In CuZn, the diffusion coefficients of Cu* and Zn* tracers (Kuper etal. [1956]) have 
been plotted logarithmically as function of (l+a D S 2 )/T (Girifalco [1964]). The 
Arrhenius plot is a straight line only if the theoretical values S BW of the long-range order 
parameter (BW stands for Bragg and Williams) are arbitrarily replaced by the experimen- 
tal values S exp which have been determined by X-ray measurements. It has been checked 
however that S oxp is not well accounted for by a Bragg-Williams approximation and that 
a more sophisticated treatment including short-range order (SRO) must be used instead 
(Cowley [1950]). An interesting observation is that Sc ow i ey is equal to S BW at the same 
temperature: therefore the quadratic dependence of Q upon S e 2 xp can be interpreted as a 
linear dependence of Q on S BW as well. The last difficulty lies in the fact that, as already 
mentioned above, most of the change in the activation energy comes from the tempera- 
ture dependence of the correlation factor, which is not included in Girifalco’s analysis. 

- In AlFe alloys, the migration energy of the vacancies which have been retained by 
quenching varies roughly as S 2 (Riviere and Grilhe [1974]). But it is clear from the 
data that the results, within the error bars, can as well be accounted for by a linear law. 

- In CoFe alloys, the observation of a Portevin-Le Chatelier effect is related to vacancy 
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migration and the effective migration energy varies quadratically over a large range of 
S extending from 0.1 to 0.9 (Dinhut et al. [1976]). 

- At constant temperature, the diffusion coefficients vary with composition and exhibit 
a minimum at stoichiometry (or in the close neighbourhood of stoichiometry). This 
minimum is more or less pronounced (V-shaped curve for AgMg or AINi) and corre- 
sponds to a maximum of the activation energy. The existence of this maximum is 
understandable, since the formation and migration energies of the vacancy are both 
increasing functions of the long-range order parameter which goes through a maximum 
at stoichiometry. D A , and D B , differ by no more than a factor of two or three for the 
alloys in which the defects are predominantly of substitutional type (AgMg, AuCd, 
AuZn). 

- For alloys belonging to group ii), a marked asymmetry between hypo-and-hyper 
stoichiometric compositions is exhibited: very high vacancy contents show up which 
correspond to an excess of B component (Ga in NiGa and CoGa; Al in FeAl or CoAl). 
The difference between D A , and D B , is more pronounced than above for the alloys 
(between one and two orders of magnitude).The apparent vacancy formation energy is 
usually low (typically 0.4 eV per vacancy), and a minimum shows up at stoichiometry. 
An effective migration energy can also be determined by following the kinetics of 
thermal equilibration through the macroscopic length of the sample: the previous analysis 
of NiGa and CoGa in terms of two diffusion mechanisms (nearest-neighbour plus next- 
nearest-neighbour jumps: Van Omnen and De Miranda [1981]) has been recently 
revisited: with the only assumption that the departure from the equilibrium value of the 
vacancy concentration follows a first order kinetics, it turns out that a simple vacancy 
mechanism with NN jumps only can account fairly well for the observed kinetics 
(Waegemaekers [1990]). A puzzling result however is that the sum of the effective 
formation and migration enthalpies is approximately equal to the activation energies for 
tracer diffusion in NiGa, but significantly lower in the case of CoGa. 

5.2.1.2. Atomic mechanisms for diffusion in ordered B 2 alloys. Several atomic 
mechanisms have been proposed: nearest-neighbour (NN) or next-nearest-neighbour 
(NNN) jumps. The triple-defect (TD) has been unnecessarily assumed to migrate as a 
whole and the migration of the divacancy 2V a was supposed to occur through a 
correlated sequence of NN vacancy jumps with species A and NNN vacancy jumps with 
B. The direct determination of jump vectors has been performed only very recently on 
FeAl alloys. The most probable path for Fe diffusion consists of sequences of two 
consecutive NN jumps, implying a transitory residence on a /3-site and resulting in the 
net displacements along <110>, <100> and <11 1> depicted on figure 13a (Sepiol and 
Vogl [1993b]). 

5.2.2. Ordered alloys with Ll 2 structure 

The Ll 2 structure of the A 3 B compound is such that the B component occupies one 
of the four sc lattices which make up the host fee lattice: each B atom has twelve 
nearest-neighbour A atoms, whereas each A atom has four unlike neighbours and eight 
like ones. Due to this last property, it is commonly believed that A should diffuse 
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Fig. 13. Observed jump mechanisms for ordered alloys by QEMLB: (a) B2 structure with a -> b -> a jump 
sequences; (b) D0 3 structure with /3<->/3 and y S jumps; (c) B8 structure with (oi) (dti) 

jumps. 


markedly faster than B species: it has been experimentally checked only recently on 
Ni 3 Ge where Ni (as well as Fe or Co tracer) diffusivity is indeed found to be one order 
of magnitude larger than Ge diffusivity (Yasuda etal. [1993]). Direct measurements of 
vacancy concentrations in Ni 3 Al suggest that mainly antistructure atoms accommodate the 
departure from stoichiometry (Aoki and Izumi [1975]): model calculations with the 
embedded atom method (EAM) agree with this picture and predict low vacancy concen- 
trations on both sublattices, with a marked preference for the sublattice of the major 
component (Foiles and Daw [1987]; Xie and Farkas [1994]); the same results are 
suggested by EAM calculations for Cu 3 Au (Johnson and Brown [1992]). It is worth 
noticing that Ni 3 Al is the only alloy in which the vibrational entropy has been measured 
in the ordered and disordered phase (Anthony etal. [1993]): the reduction in entropy 
when passing to the ordered phase is equal to 0.3 k B per atom. In Co 3 Ti alloys, on the 
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Ti-poor side, the diffusivity of Co tracer increases with approaching stoichiometry and 
the isotope effect, which can be shown to equal f AK in Ll 2 structures (Ito etal. [1990]), 
is small (Itoh etal. [1989]). 

5.2.3. Ordered alloys with Ll 0 structure 

The Ll 0 compound AB is such that the (001) planes of the host fee lattice are 
alternately filled with A and B atoms. In TiAl alloys, the diffusion of Ti tracer complies 
the empirical rules of normal diffusion in compact structures (Kroll et al. [1993]) and 
no structural vacancies are expected from PA measurements on either side of the 
stoichiometric composition (Shirai etal. [1992]). 

5.2.4. Ordered alloys with D0 3 structure 

The D0 3 structure for this A 3 B compound can be viewed as the occupancy by B 
atoms (Al, Si, Sn, Sb) of a fee lattice (named /3), the parameter of which is twice that of 
the host bcc lattice; the others sites belong to three other fee lattices with the same lattice 
parameter (a, y, 8) which are occupied by A atoms (Fe, Ni, Cu, Ag). A a and A s have 4 
Ay +4B^ as first neighbours, while \ and B^ have 4A a +4A S (fig. 13b). As a conse- 
quence, B atoms have only unlike nearest neighbours. The major component has 
generally the larger diffusivity which increases with increasing the concentration of the 
minor component: Cu 3 Sn (Prinz and Wever [1980], Arita et al. [1991]); Cu 3 Sb 
(Heumann et al. [1970]), Ni 3 Sb (Heumann and Stuer [1966]). QEMLB in 
stoichiometric Fe 3 Si (Sepiol and Vogl [1993a]) and QENS in Ni 3 _^Sb 1+s (Sepiol etal. 
[1994]) indicate that the transition metal (Fe, Ni) atoms diffuse by NN jumps between 
a, y and 8 sublattices; the departure from stoichiometry for Fe 3+£ Si 1 ^ e is accommodated 
by antisite Fe^ which are shown to participate also strongly to diffusion. PA measure- 
ments in Fe 3+£ .A1,_ C cannot separate V Fe from V A1 and gives an apparent vacancy 
formation energy of 1.2 eV (Schaefer et al. [1990]): structural vacancies are not 
expected from the data. 

5.2.5. Ordered alloys with B8 structure 

The B8 structure for this AB compound is made of a compressed hep lattice for the 
B component (In, Sn, Sb, As, Ge) with a c/a ratio of the order of 1.3; the A component 
(Ni) occupies either the octahedral interstices (oi) or the doubly tetrahedral ones (dti). 
Antistructure atoms Ni ta are however believed in Niln. The large number of (oi) + (dti) 
sites allows the compounds to accommodate a significant positive departure of Ni atoms 
from stoichiometry, while still maintaining high concentrations of vacancies on the (oi) 
sites as large as several percent, even for Ni-rich alloys. The Ni* diffusivity is roughly 
10 2 times that of Sb* (Hahnel etal. [1986]) or Sn* (Schmidt etal. [1992a, 1992b]). 
The determination of Ni jump vectors in NiSb compounds shows that Ni atoms jumps 
essentially from (oi) to (dti) sites, the vacancies on (oi) sites being crucial for allowing 
easy (dti) to (oi) backward jumps (fig 13c). Direct (oi-oi) or (dti— dti) jumps are excluded 
(Vogl etal. [1993]). 
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5.2.6. Ordered alloys with B3 2 structure 

The B3 2 structure for this AB compound is made of two interpenetrating diamond 
lattices. Only two ordered alloys have been investigated so far, namely /3-Li-Al and jS-Li- 
In. Structural vacancies V Li and antisite Li^ (or Li,„) are believed to be the dominant 
defects, both defects coexisting at stoichiometry with noticeable concentrations. Li 
diffusion studied by NMR relaxation exhibits an activation energy of the order of one 
tenth of an eV and a diffusion coefficient in the range KT S -1(T 7 cmV at room tempera- 
ture. A significant interaction is found between the immobile Li A1 or Li h antisite atom 
and the vacancy on the Li sublattice (attraction for the first, repulsion for the second). 
(Tarczon etal. [1988], Tokuhiro etal. [1989]). 

5.2.7. Ordered alloys with A15 structure 

The A15 structure for this A 3 B compound is made of a bcc lattice for B atoms (Ga, 
Sn, Au, Si), together with a split interstitial A-A (A = Nb, V, Cr) dissociated along 
<100>, <010> and <001> directions in the faces (001), (100) and (010) of the elementary 
cubic cell, respectively. When bringing together the cubic cells, the split interstitials 
make up linear chains along the corresponding directions. The only alloy in which both 
diffusivities have been measured is V 3 Ga: the activation energy of the transition element 
is high (4.3 eV), and Ga, which is found to diffuse in grain-boundaries with an unex- 
pectedly high activation energy, is probably the slowest component in bulk diffusion 
(Barker [1984]). Superconductivity occurs along the chains of the transition metal; the 
thermal disorder, which is believed to be mainly antistructural by analogy with Nb 3 Sn 
(Welch et al. [1984]), can be retained by quenching from higher temperatures: it 
degrades the superconducting transition temperature T c in a reversible way, since a 
subsequent annealing restores the original value. A simple model relates the drop of T c 
to the amount of antistructural defects (the vacancies, which are necessary for atomic 
transport, are neglected) (Fahnle [1982]]. An apparent formation energy of 0.65 eV for 
antisite defects is deduced from the variation of T c with the quenching temperature (Van 
Winkel etal. [1984]). The healing kinetics of T c , attributed to vacancy bulk migration, 
is dominated by the slowest bulk diffusivity of Ga atoms: it has been measured at 
different temperatures with an apparent migration energy of 2.2 eV; however one is left 
with the contradiction that Ga is the slowest component with the lower activation energy 
(Van Winkel and Barker [1985]). Further studies on these compounds are currently 
in progress (Lo Cascio et al. [1992]). 

5.3. Chemical diffusion 

When diffusion takes place in a region of the sample where the chemical gradients 
cannot be ignored, the diffusion coefficients of the various components are no longer 
constant, as in homogeneous alloys, but depend on space and time through the composi- 
tion. 

In what follows, we examine the case of chemical diffusion and the Kirkendall effect 
in binary alloys. The reader is referred to more extensive reviews for the case of multi- 
phase and multi-component systems (Adda and Philibert [1966], Kirkaldy and 
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Young [1987]). The interdiffusion of two elements having different partial molar 
volumes implies a volume change of the sample which must be taken into account for an 
accurate measurement of chemical diffusivities (Balluffi [I960]). The change of the 
average atomic volume in neighbouring parts of the sample induces however the birth 
and the development of stresses, which are usually partially released by some amount of 
plastic deformation. The inclusion of such effects in the analysis of Kirkendall effects 
started only recently and is currently under progress (Stephenson [1988]; Szabo etal. 
[1993]); they will be ignored in what follows. 

5.3.1. Chemical diffusion in binary systems and Kirkendall effect 

5.3.1.1. Description and interpretation of a typical experiment. The simplest 
diffusion experiment to carry out consists in clamping together two pieces of pure metals 
A and B, to anneal this couple long enough and to determine, at the end of the run, the 
concentration profile all along the sample. What is observed is a spreading of the initially 
step-like profile together with a shift of the initial welding interface (defined by inert 
markers such as oxide particles or tungsten wires) with respect to the ends of the couple 
which have not been affected by the diffusion (fig. 14). This shift results from the 
Kirkendall effect and finds its origin in the fact that the diffusivities D A and D B are not 
equal. Indeed, if D A is larger than D B , species A penetrates into B at a faster rate than B 
into A: as a consequence, the B-rich part of the sample must increase its volume to 
accommodate the net positive inward flux of matter. This increase will be achieved at the 
expense of the A-rich part by shifting the interface towards A. This observation was 
reported for the first time by Smigelkas and Kirkendall [1947] on copper-zinc alloys: 
the zinc is the faster diffuser and the welding interface (called Kirkendall plane) shifts 
towards the zinc-rich side of the couple. This experiment was a milestone in the history 
of solid-state diffusion: it definitely ruled out the assumption of a direct exchange A B 
mechanism which was formerly proposed and which would have implied equal diffusivi- 
ties for both species. 

It must be noted that a Kirkendall effect has also been observed in fluids: it is 
expected indeed to be very general, since the first convincing interpretation of the 
phenomenon is not based on any detailed mechanism for matter transport (Darken 
[1948]). 

The simultaneous measurements of the displacement rate v of the Kirkendall plane 
and of the chemical diffusivity D in that plane yield the intrinsic diffusion coefficients 
D a and D b for the composition of the Kirkendall plane. In order to know D A and D d at 
several concentrations, one should prepare the corresponding number of differential 
couples, which are made of two alloys with different compositions. In fact it can be 
shown that a single experiment is needed, provided that a complete set of inert markers 
has been inserted on both sides of the welding interface (Cornet and Calais [1972]). 

In what follows we suppose that the observed effect is unidirectional, and that only 
one space coordinate x is needed, in conjunction with the time variable t, to describe the 
evolution of the system. The transformation x/ {t -»A in Fick’s second Law shows that 
the solution C(x,t) can be expressed as a one- variable function C(A). We know from 
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Fig. 14. Kirkendall effect experiment with a diffusion couple made of two pure metals A and B. 

experiment that the Kirkendall plane has a constant concentration during the diffusion 
anneal, and accordingly that it is characterized by a constant value of A. As a conse- 
quence, the Kirkendall shift Ax varies as \ft~ \ no exception to this simple law has ever 
been reported. 

A similar behaviour has also been observed for any inert marker which is not located 
in the Kirkendall plane at t = 0; after a time lag, the duration of which depends on the 
distance from the Kirkendall plane, the inert marker starts moving with the same time 
law (Levasseur and Philibert [1967]; Monty [1972]). 

Up to now no atomic mechanism for matter transport has been mentioned; but if we 
know it, something more can be said about the Kirkendall plane. 

We suppose in the following that the vacancy mechanism is operating. In all the 
experiments performed so far, the inert markers are invariably made of materials which 
have a high melting temperature. The formation and migration energies of the vacancy 
in such materials are significantly larger than in the surrounding matrix. As a conse- 
quence, the markers are impermeable to the vacancy flux. Under this condition, it can be 
shown that such a marker shifts along with the lattice planes (Krivoglaz [1969]), 
whatever the type of its interface with the matrix (coherent or incoherent). Thus the 
measurement of the Kirkendall shift is nothing but the measurement of the lattice plane 
shift. 

The above formalism can be easily enlarged to account for the case in which the 
average atomic volume varies with the concentration of the alloy (Balluffi [I960]). 

5.3.I.2. Vacancy wind effect — Manning’s approximation. In the original formula- 
tion of the Kirkendall effect, the flux J A of species A stems only from the chemical 
potential gradient V/r A of species A (Darken [1948]). 

At infinite dilution, the solid solution becomes ideal ( <p = 1) and the intrinsic diffusion 
coefficient D A must tend towards the tracer diffusion coefficient D A , . Hence: 

D a = D At ■ <p, D B = D B , • <p. 

These relationships are known as Darken’s equations-, we know however, from the 
thermodynamics of irreversible processes, that the off-diagonal term cannot be neglected. 
More general expressions can be established [see eqs. (6)]: 
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There is no simple way to relate theoretically the L^’s to experimentally accessible 
quantities such as tracer (or intrinsic) diffusion coefficients. This has been done only in 
the particular case of a simplified random-alloy model (Manning [1968]) for which 
<p = 1 . These expressions are arbitrary assumed to hold even for a non-random alloy 
where the thermodynamic factor <p is no longer unity. Hence the final expressions for the 
intrinsic diffusivities are still given by eqs. (17) with the random values of the vacancy 
wind corrections r A and r B recalled in §5.1.2. Hence: 


D — (C a D b < + C b D a .} 


1 + 2 


CaCb{Pa* Db*) 
MqD{ C a D b* +c b d a ,) 


The last term in the brackets is called a vacancy wind term since it reflects the coupling 
between the transport of species A and B through the vacancy flux. We note that 
Manning’s equations predict a chemical diffusion coefficient D always larger than that 
given by Darken’s equations. The match of both sets of equations with experimental 
results will be reviewed in the following section. 

Before closing this section, a last remark should be made concerning the structure of 
Darken’s or Manning’s expressions: in both sets of equations the thermodynamic factor 
<p enters in a multiplicative way. In some cases the variations of <p with the respect to 
concentration or temperature may outweigh the variations of other factors. This situation 
can be met accidentally as in Au-80 at % Ni (Reynolds et al. [1975]) but is also 
expected to happen in well-defined situations: for any alloy which tends to unmix at low 
temperatures, <p goes through zero at the top of the coexistence curve at some critical 
temperature T c . It is easy to show that the maximum of the coexistence curve is such that 
the second derivative of the molar free energy, d 2 f/dC B 2 , vanishes. A short derivation 
yields: 

d 2 f kT L | dlogO kT 
C A Cg v dlog C B j C A C B 


where y A is the activity coefficient of species A. 

A convincing illustration of a vanishing D has been reported for Nb-34 at % H 
(VOlkl and Alefeld [1978]). At critical temperature T c , the Arrhenius plot of D bends 
downwards and D falls several orders of magnitude, whereas the Arrhenius plot of the 
hydrogen tracer diffusion exhibits a normal behaviour. This phenomenon is called critical 
slowing down ; the top of the coexistence curve is the very point where the alloy hesitates 
between two conflicting forms of behaviour: 

- high-temperature behaviour where all the concentration fluctuations flatten out (D >0); 

- low-temperature behaviour where the concentration fluctuations of large wave-lengths 
are amplified (D<0) in order to allow the system to decompose into two phases of 
different compositions (spinodal decomposition). 
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5.3.I.3. Experimental check of vacancy wind effect. Let us recall first that accurate 
measurements are difficult: in many cases the Kirkendall shift is of the same order of 
magnitude as the diameter of the inert markers; cavities are often observed on the side 
of the faster diffusing species, indicating a local vacancy supersaturation; the thermody- 
namic factor is not known better than within 5-10 percent (Eldridge and Komarek 
[1964]). The departure of the actual experimental conditions from the theoretical 
assumptions (vacancies everywhere at thermal equilibrium, purely unidirectional fluxes, 
etc.) probably induce further errors of unknown magnitude. 

Only a few systems have been explicitly studied to compare Manning’s and Darken’s 
formulations, namely: AgAu (Meyer [1969], Dallwitz [1972], Monty [1972], AgCd 
(Butrymowicz and Manning [1978], Iorio etal. [1973], AINi (Shanar and Seigle 
[1978], AuCu (Heumann and Rottwinkel [1978], CuZn (Schmatz etal. [1966], TiVa 
(Carlson [1976]). Without entering into great detail, two general trends can be extracted 
from these studies: 

- In most cases, Manning’s vacancy wind correction to Darken’s expressions for D A 
and D b improves the agreement of the experimentally measured values of the Kirkendall 
shift Ax and of the ratio D A /D B with the corresponding calculated quantities. “Calculated” 
means that D A and D B are evaluated by plugging the experimental values of D A „ D B , and 
tp into Manning’s or Darken’s equations. 

- However, whereas the ratio D A /D B is fairly well accounted for, the individual values 
of D a and D B are often larger than the calculated ones (by a factor of two in the case of 
AuCu!) and the experimental Kirkendall shift has also a tendency to be larger than the 
theoretical one. (Except for AINi, where D meas is smaller than D a<Mr for both models.) 

The reason for the discrepancy is not yet clearly understood. As pointed out by 
Carlson [1978], Manning’s correction to Darken’s expressions holds only for a random 
alloy, a condition which is never fulfilled in real systems. But, as outlined above, 
Manning’s approximation is quantitatively reasonable even in the non-random case; the 
problem of the experimental accuracy should be clarified first. 

5.3.2. Ternary alloys 

The expressions of the three matter fluxes J„ J 2 , J 3 in the lattice reference frame 
introduce nine independent phenomenological coefficients (or intrinsic diffusion 
coefficients if the chemical potentials gradients are expressed as concentration gradients). 
Neglecting the vacancy concentration C v against the matter concentrations Cj, C 2 and C 3 
and eliminating one of the concentrations (say C 3 ) yields flux expressions with only six 
independent new coefficients. Expressing at last, the three fluxes in the laboratory 
reference frame, together with the condition J,°+J 2 +J 3 °=0 we are finally left with only 
four independent chemical diffusion coefficients D 3 ,, D 12 , D 21 , D 22 , the superscript ‘3’ 
recalling that C 3 is the dependent concentration and is evaluated through C 3 = 1 - C, - C 2 
and the tilde (~) recalling that interdiffusion coefficients are determined (Bocquet 
[1990a]). A beautiful analytical approach has been worked out on simplified systems, 
where the above diffusion coefficients are assumed to be concentration independent, a 
condition which holds in practice whenever the terminal concentrations of the diffusion 
couples are close to one another (differential couples). This analysis enlightens all the 
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characteristic features to be encountered in the practical studies of ternaries, namely, the 
existence of maxima in the concentration-penetration curves, the possible occurrence of 
zero-flux planes, together with the general properties of diffusion paths (Thompson and 
Morral [1986]). The extension to concentration dependent diffusivities can be made 
straightforwardly with the help of numerical methods. 

6. Electro- and thermomigration 

At temperatures where diffusion is noticeable, atoms of a pure metal, or of an alloy, 
are caused to drift by a gradient of electric potential or temperature. We saw (§4.1.2) 
that this phenomenon, also called the Soret effect in the case of thermal gradients, has 
been used to study phenomenological coefficients. It has also been used practically to 
purify some refractory metals. Last, but not least, it is a way to study the electronic 
structure of point defects (vacancies, impurity atoms) at high temperatures and its 
variation during a jump. Careful reviews of all aspects of electromigration can be found 
in Verbruggen [1988] and Ho and Kwok [1989]. 

6.1. Thermodynamic aspects 

Starting with the equations (l)-(5) in § 1.2.2., if J„ and J q are the electron and the 
heat flux, respectively, we define (Doan [1971]) the valency and the heat of transport 
by: 

( j \ (j\ 

z A = -f- and q\=\^- (71) 

A Jj b =E=0 a Jj b -vt= 0 

The effective valence Z A and the reduced heat of transport Q A ' introduced in § 1.2.2. 
are then given by: 

Z A = Z A ~ z\ and Q* A = q\ - A H FV (72) 

and the equivalent relations for the B component. 

The form of Q A ' is due to the effect of the temperature gradient on the vacancies. It 
is derived under the hypothesis of a local equilibrium concentration of vacancies. It has 
therefore no counterpart in the electric field case. Any deviation from this equilibrium 
(see § 8) invalidates the comparison between microscopic evaluations of q* and experi- 
mental Q*. 

In self-diffusion, B stands for an isotope of A, so eqs. ( 1 )— (5) give, in the case of 
electromigration: 

j A . = -D A yn At + z;^n A ^ 

where f 0 is the self-diffusion correlation factor. The thermomigration case is given by an 
analogous equation, Q A * and -VT/T replacing Z A and E. 
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Such self-diffusion experiments then give access to the true values Z A and Q A ’ . 
For solute diffusion, one calculates easily (dropping the Vn B , term): 


^ B — 


eE 
k T 


L BB 




eE 
k T 


Measurements can then give access only to the apparent effective valence Z B ' (or heat 
of transport Q B *)- This value differs from the true one, Z B , by the vacancy wind term 
z; L AB /Lg B (Manning [1968]). The ratio L /y! /L BB varies approximately from +2 to -2 
and can then give a very large correction to Z B , especially in polyvalent solvents. 
Equations (1)— (5) are written in the lattice frame, and so are defined the Z B * andQ* B " 
values. But if the fluxes are, for some reason, measured in another reference frame, they 
give access to other values of coupling coefficients. For example in the laboratory frame, 
one obtains: 


— n B^B* 


e£ 

kT 


d b . 


\ 

y 


where the bracketed term defines the apparent effective valence in the fixed frame. 


6.2. Microscopic analysis 

Atoms in a metal under a gradient of potential or temperature are submitted to a force 
which has a double origin. On one hand, one finds a static part called direct in the 
electric case, or intrinsic in the thermal one. The direct force is due to the unscreened 
action of the electric field on the true ionic charge [eq. (72), term z A ] and the intrinsic 
contribution corresponds to the enthalpy transfer due to an atomic jump (Wirtz [1943], 
Brinkman [1954], Le Claire [1954]). In this approximation the heat of transportq A 
[eq. (72)] is nothing else than a part of the migration enthalpy (Huntington [1968]). On 
the other hand electrons and phonons in metals are highly mobile carriers, either thermal 
or electrical. Therefore their scattering at atoms which are neighbours of a vacancy gives 
rise to a second contribution: the electron or phonon breeze. 

In the case of electromigration Fiks [1959] and Huntington and GrOne [1961] 
have given a model of this scattering part, treating electrons as semiclassical particles. 
Bosvieux and Friedel [1962] have used the free-electron model in the Bom approxima- 
tion to give a quantum-mechanical expression of the z* term. More rigorous treatments 
of this term have been developed later, either in the framework of the linear response 
theory, or of the muffin-tin approach (Kumar and Sorbello [1975], Turban et al. 
[1976], Schaich [1976], Rimbey and Sorbello [1980], Gupta [1982], Van Ek and 
Lodder [1991]). Controversies are still running on the existence either of a screening 
effect in z*, which could partially or exactly cancel the direct force (Turban et al. 
[1976], Lodder [1991]), or other contributions behind the carrier scattering (Gupta 
[1986]). However all these treatments give essentially the same basic results, their main 
interest being to define more precisely the range of validity for the preceding models. 
The results are the following: 


References: p. 651. 



614 


J. L. Bocquet, G. Brebec, Y. Limoge 


Ch. 7, §6 


(i) For a free electron gas the scattering part of the effective valence is given by: 



2 


100 


A P r e + a p? 

Po 



(73) 


where ApJ‘‘‘ Wta and Ap- K ‘ blB are the residual resistivities (expressed in p,ftcm per at%) of 
atoms of species i (i = B or A) in saddle or stable position (their sum, Ap^ 1 ' + Ap- Iable , 
is denoted by A Pem in table 8, below); p 0 is the matrix resistivity and f 0 is a correction 
term due to the neighbouring vacancy (zeroed for an interstitial solute). We find that in 
normal metals, owing to the order of magnitude of Ar and p 0 , the (possible) direct term 
is completely negligible. 

(ii) In polyvalent metals, or transition metals, with a hole conductivity, one has to 
take into account the details of the Fermi surface and of the scattering atom, electron 
velocities, wave function character, anisotropic scattering. Schematically two opposite 
contributions like eq. (73) are found, one for electrons and one for holes, which yields 
a partial compensation between them. The link with the residual resistivities is lost. In 
that case, the effective valence is much lower, and the calculations are quite involved 
(Fiks [1973], Huntington and Ho [1963], Limoge [1976b], Gupta [1982], Van Ek 
and Lodder [1991]). 

The situation is more troublesome in thermomigration. Fiks [1961], Gerl [1967] and 
Sorbello [1972] have calculated the phonon scattering contribution. The result, as given 
by Gerl, is a positive term, of the order of 100 kJ/mole (or lower after Crolet [1971]) 
and linear in temperature, contrary to Schottky’s calculation [1965]. The electron term 
is more firmly established and according to Gerl [1967]: 


* r/* 

q* x 2 


and so gives a negative contribution in normal metals. The final Q* is then the result of 
the compensation between four terms, and theoretical calculations are very questionable 
(Doan etal. [1976]). Some years ago, it was proposed to use directly the thermodynamic 
definition of q* eq. (71) to calculate it (Gillan [1977]); but this way has not been much 
followed till now to give quantitative results. 


6.3. Experimental methods 

In electro- or thermotransport, three techniques have been used. In the first, one 
measures the total atomic flux J a + J b = - J v . This is done by measuring the displacement 
of inert markers with respect to the ends of the sample. This method can be used only 
for self-diffusion but is able to yield a good accuracy if vacancy elimination conditions 
are well controlled (Gerl [1968]; Limoge [1976a]). 

In the second method one establishes a steady state between the external force, either 
E or VT, and the induced concentration gradient. Measurement of the contration profile 
gives access to effective valence, or heat of transport, in the laboratory frame (fig. 15a). 
The accuracy is generally not very high and the method is restricted to solute diffusion. 
Moreover the assumptions concerning the equilibrium vacancy concentration must be 
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carefully checked. 

In the third method one uses a thin deposit of tracer between two bulk samples of 
solvent. This deposit will spread (§ 1.2.5.), as a Gaussian in electromigration, and 
simultaneously displace (fig. 15b) due to the external force. This displacement with 
respect to the welding interface gives the coefficient Z**, or Q**. The accuracy is very 
high and the method is as suitable for self-diffusion as for solute diffusion (Gilder and 
Lazarus [1966], Doan [1971]), although its use in thermomigration needs some care 
(Crolet [1971]). 

6.4. Experimental results and discussion 

The reader can find an exhaustive review of experimental results on electromigration 
in Pratt and Sellors’ monograph [1973]. For thermomigration he is referred to 
Orlani’s article [1969], see also Wever [1983]. 

Let us first discuss thermomigration results. 

6.4.1. Thermomigration 

In table 6, the heat of transport qj for interstitial solutes are displayed: this case does 
not raise of course the delicate problem of the vacancy local equilibrium! It can be 
noticed first that q i has generally the same sign for all solutes in a given solvent. There 
is also some correlation between Zj and q^, but opposite to the one predicted by Gerl’s 
model. According to Nakajima etal. [1987] there is a good correlation between theqg 
and the migration enthalpies of the three isotopes of Hydrogen in V, Nb and Ta. In table 
7, we display the heat of transport in self-diffusion in common metals. The strong 
scattering of the experimental values can be seen at once, either for a given 



a) 


LeFore 


pur© A sotvenf 

i \ 



b) 


Fig. 15. Experimental methods in electro- and thermomigration, (a) Steady state method: initially the sample 
has a homogeneous solute concentration; during the current flows a steady-state gradient of concentration is 
established, the force due to the current flow being equilibrated by the force due to the gradient, (b) The tracer, 
initially deposited as a thin layer, is spread as a Gaussian in electromigration and also displaced as a whole 
with respect to the welding interface. 
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Table 6 

Effective valences and heats of transport of interstitial impurities. 


Solvent 

Solute 

A 

q„ (kJ/mole) 

Ti 

H 

-1 • 

+ 21.7 b 


C 

>0 a 

- 


0 

<0* 

- 

V 

H 

1.5“ 

1.4 j 


0 

1 to 1.5 e 

17 to 29 ' 


N 

- 

17 to 29 ' 


C 

- 

-42 1 

Fe„ 

H 

0.25 a 

-33 to -23 b 


D 

0.4 * 

-33 to -23 b 


C 

4.3 * 

-71 to - 100 b 


N 

5.7 a 

-75 b 

Ni 

H 

0.5 a 

-6.3 to- 0.8 b 


D 

0.7 a 

-6.3 to -0.8 b 


C 

- 

- 

Y 

H 

- 0.3 to - 0.9 a 

- 


N 

-0.9 to -2.8 a 

- 


0 

-1.2 to -2.6 a 

- 

Zfy 

C 

>0* 

- 


N 

- 

>0 b 


0 

<0 a 

- 

Nb 

H 

2.5“ 

12 ' 


C 

0.6* 

54 b 


0 

6.5 to -2 a 

-67 ' 

Pd 

H 

>0* 

- 

Ta 

H 

0.5“ 

28.5 ‘ 


0 

0 to 2 * 

-20 to -80 8 


N 

- 

-10 to -40 8 


* Pratt and Sellors [1973]; b Oriani [1969]; ° Mareche el al. [1979]; 
d Erckmann and Wipf [1976]; e Mathuni el al. [1976]; r Peterson 
and Smith. [1982]; 6 Mathuni ei al. [1979]; h Carlson and Schmidt 
[1981]; 1 Uz and Carlson [1986]; ' Nakajima el al. [1987]. 

element or for similar elements. This underlines the experimental difficulties and also a 
possible departure from equilibrium of the vacancy distribution (§§ 1.2.2, 6.1 and 8.1). 
Transition metals display large values. This has been explained by Huntington 
[1966] as the result of additive contributions of electrons and holes, contributions which 
are of opposite sign in electromigration, leading to small Z*. 

6.4.2. Electromigration 

In table 6 are also given the Zj values for interstitial solutes. As in thermomigration, 
most interstitial solutes migrate in the same direction in a given solvent. The hole 
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Table 7 


Thermomigration — effective heats of transport 
in self-diffusion, after Oriani [1969], 


Metal 

Q\ (kJ/mole) * 

Na 

-6.3 

Al 

-6.3 to -8.4; + 46 

Cu 

- 22.6; 0; + 16.7 

Ag 

0 

Au 

-27; 0 

Pb 

+ 8.8 

Zn 

-0.8; 0; +9.6 to 14.6 

F M 

FeJ 

<0; 0; +38 to 314 

Co 

+ 221 to + 1380 

Ni 

<0 

Pt 

+ 38 to + 56 

Ti 

<0; +773 

Zr 

-29 to -502 


a For some elements there are several ex- 
perimental values from different authors, 
separated by commas. 


contribution is clearly seen in transition metals with hole conductivity. In table 8 are 
displayed Z B of various solutes in copper, silver and aluminium. We have also shown 
the residual resistivities Ap M given by resistivity measurements in dilute alloys and Ap EM 
deduced from electromigration studies using relation (73) (Limoge [1976b]). Unlike 
thermomigration, we see that our predictive understanding of the electron breeze term is 
fairly good in these quasi free-electron metals, provided experimental resistivities are 
used. The solute valence effect, varying as z B (z B -z A ), is for example well reproduced in 
copper and silver. The case of aluminium is less satisfactory, probably owing to (i) a 
badly accounted-for vacancy wind effect and (ii) fairly strong band-structure effects in 
this polyvalent metal. For the same reason the solvent and the various solutes have low 
Z* in lead, smaller than in A1 (Rockosch and Herzig [1983]). Transition metal solutes 
give rise to large valences due to the formation of a virtual bound level. 

6.5. Electromigration in short-circuits 

Migration under external forces, mainly an electric field, takes place also in diffusion 
short-circuits, such as surfaces and grain boundaries (GB) (Adam [1971]). A first 
manifestation of this phenomenon is the induced migration of GB under an electric field. 

This result is now well established both at high temperatures, T/T m > 0.7 (Lormand 
[1970]) and at lower temperatures, T/T m ~0.3 (Haessner et al. [1974]). The interpreta- 
tion however is not clear; namely, it is not obvious how to deduce the migration of an 
atomic configuration, such as a GB, from the sum of the forces exerted on the constitu- 
ent atoms. A second manifestation, of great technological impact, is the large matter 
transport along short circuits in the samples which have a high ratio (surface + GB 
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Table 8 

Valence effect in solute electromigration in normal solvents 
(after Limoge [1976b]). 


Solvent 

Solute 

( a ) 

APem 

b (u.ficm/at%) 

c (u.H cm/at%) 

Copper 

Cu 

-8 

0.98 

0.33 

(1300 K) 

Ag 

-6 

0.62 

0.35 


Cd 

-9 

1.14 

1.31 


In 

- 16 

2.36 

3.95 


Sn 

-30 

5.13 

8.3 


Sb 

-40 

6.64 

10.9 

Silver 

Ag 

-7.5 

0.43 

0.38 

(1150 K) 

Zn 

- 18.7 

2.1 

2.9 


Cd 

-30 

3.8 

2.2 


In 

-43.5 

5.7 

6.1 


Sn 

-69 

9.9 

11.6 


Sb 

- 103 

15 

15 

Aluminium 

A1 

- 13.7 

0.73 

<0.9 

(900 K) 

Cu 

-6.2 

0.26 

1.5 


Ag 

- 17.3 

1.01 

2.1 


Cd 

- 16.9 

1.02 

1.5 


Au 

- 19.4 

1.21 

>2.2 


Fe 

- 148 

9.9 

11.6 


* Z a is the true effective valence. 

b The resistivity sum A p m is deduced from Z B by eq. (73). 
0 A p M is the resistivity sum as directly measured. 


area)/(bulk). This is the case for the very thin stripes of evaporated aluminium used as 
electrical connections in solid-state electronic devices, run through by current density as 
high as 10 6 Amp/cm 2 . The local divergences of atomic fluxes (triple junctions, hot points) 
tend to develop vacancy supersaturations and stresses, leading to the formation of voids 
and hillocks. Rapid breaking or short-circuits intervene, even at low temperatures 
(D’Heurle [1971]). Experiments done under well-controlled conditions, for solute 
diffusion in silver bicrystals (Martin [1972]) or in thin aluminium films (D’Heurle and 
Gangulee [1972]), do not show any striking difference between volume and grain 
boundary valences. Nevertheless, a theory of the GB electromigration force remains to 
be built. The addition of some solutes (copper, chromium, magnesium) that segregate 
and/or precipitate at grain boundaries, can enhance the life time by orders of magnitude 
(D’Heurle and Gangulee [1972]). The precise role of these solute is not well under- 
stood (Lloyd [1990], Small and Smith[1992]). 

6.6. Electromigration as a purification process 

Reviews of this topic have been done by Peterson [1977] and Fort [1987]. The 
basis of the method is very simple: if a solute impurity displays a non-zero effective 
apparent valence Z ' B ‘ , it will segregate to one end of a sample, of length 1, during an 
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electromigration experiment (see fig. 15a). There remains then a depleted, purified, zone 
elsewhere. But as the time needed is proportional to 41 2 /(Zg D b ), one easily sees that this 
method is especially efficient for interstitial solutes, or in the liquid state. In fact it has 
been used mainly for interstitial gaseous impurities in refractory metals, but also for 
transition metal solutes in Zr (Zee [1989]) or rare earth (Fort [1987]). 

7. Diffusion along short-circuits 

Short-circuits consist of all the regions of the lattice which have lost their perfectly 
ordered structure: dislocations, grain boundaries and interfaces, free surfaces. They have 
in common the following properties: 

- The diffusivity is much higher than in the bulk and is detectable in a temperature range 
where bulk diffusion is negligible. 

- The disordered regions interact chemically with the point defects, the diffusing species 
and with the components of the alloy: the concentrations in the short-circuits are different 
from those in the bulk. 

- They can be modified by the diffusion process itself, which can lead to changes in the 
ledge and kink densities on a surface, diffusion-induced migration of a grain boundary, 
etc. 

- Their detailed atomic structure is often unknown; when an approximate knowledge is 
available (as in the case of low-index surfaces), the structure always appears very 
complex. Extensive simulation work in the last ten years have tried to correlate the 
macroscopic properties of the boundary (energy per unit area, cleavage fracture energy) 
to basic microscopic properties (compacity and orientation of the crystalline planes 
brought into contact) through the use of various semi-empirical potentials: the densest 
planes seem generally to give rise to low energy grain-boundaries with high cleavage 
fracture energy (see Wolf [1990a, 1990b, 1991] and references therein). However, no 
relationship with the behaviour at higher temperatures is available, where point defect 
generation and possible reconstruction are expected. 

- The properties of point defects at surfaces and grain boundaries (formation and 
migration energies, interaction with the substrate or with other defects) are not yet firmly 
established. 

We recall first the phenomenological approach which has been fruitfully used to 
interpret grain-boundary diffusion experiments, as well as some recent progress in this 
area. We next treat the atomistic approach to grain-boundary diffusion and will mention 
the use of molecular dynamics calculations. The case of surface diffusion will be treated 
separately. 

7.1. Phenomenological approach 

The basic idea of the continuous models consists of modeling the (one-) two- 
dimensional short-circuit as a (pipe) slab, along which the diffusion coefficient D' is 
much larger than that in the bulk D. 

The diffusion equations are then written in both media with suitable matching 
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conditions at the interfaces. For the grain boundary depicted in fig. 16, the two following 
equations are written: 

— - DAc |;c| > a 
dt 


for the balance equation in the bulk; 2a is the thickness of the boundary, and 



dy 1 


D dc 

+ 1 

a dx 


|*| < a, e -4 0 + 


for the balance equation in the grain boundary; the first term is the usual flux divergence 
term along the y direction; the second term accounts for the lateral exchanges between 
the slab and the bulk; the concentration inside the boundary is assumed independent of x. 

The matching conditions at the interface x = ± a depend on the problem under 
consideration: 

- for self-diffusion, c' =c, 

- for solute diffusion c' = kc, where k is the grain-boundary segregation factor and under 
the assumption that c' remains much smaller than the solute concentration inside the 
boundary at saturation. For the case of a grain boundary in a concentrated alloy or the 
case of an interface in a two-phase system, the reader is referred to Bernardini and 
Martin [1976], (See also ch. 13 concerning equilibrium grain-boundary segregation, 
especially §4). 

The solution has been calculated only under simplifying assumptions pertaining to the 
geometry of the short-circuit or the type of the source. Only one isolated short-circuit is 
considered; it is assumed to be perpendicular to the surface where the source is 
deposited. 

- Whenever the source is of finite thickness, its concentration is uniform along the plane 
y = 0; the surface diffusion coefficient of the deposited species is taken to be infinitely 



Fig. 16. Equiconcentration profile in the continuous model of grain-boundary diffusion. The slab thickness is 
2a; y = 0 is the plane of the tracer deposit. 
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fast to prevent any depletion of the tracer in the area where the short-circuit emerges 
from the bulk. 


7.1.1. Semi-infinite bicrystal 

The problem of an infinite source (constant surface concentration) has been solved in 
an approximate way by Fisher [1951] and in exact form by Whipple [1954]. The 
problem of the finite source has been solved by Suzuoka [1961a, b, 1964], 

The theoretical quantity which is used to analyze the experiments is not the concen- 
tration C(x,t) but its integral C along a plane at depth y from the surface: 

—a -a «> 

C(y, t) = J C(x, y, t)dx + J C'(y, t)dx + J C(x, y, t)dx 

°o +a a 

It is ascertained that: 

- The grain-boundary diffusion coefficient D' cannot be directly determined, because it 
shows up in all the expressions in the form 2akD'. A separate measurement of k and an 
evaluation of 2a is needed to go further. 

- The overall shape of the solution is practically independent of the initial condition 
(infinite source or thin layer) provided that the quantity b = (D7D)[ka/(Dt) 1/2 ] is large 
enough (in practice, larger than 5). In that case, log C varies as y 615 (Le Claire [1963]). 
A more detailed discussion of the validity of the above solution can be found elsewhere 
(Martin and Perraillon [1979]). 


7.1.2. Semi-infinite crystal with an isolated dislocation 

A revised version of the calculation has been proposed (Le Claire and Rabinovitch 
[1981]). It is shown that log C varies linearly with y for distances which are large 
compared to the penetration depth into the bulk [y >4(Dt) 1/2 ]: 


<?log C 
dy 


= -v 




where A is a slowly varying function of the time and a the radius of the pipe. The slope 
of the straight line is thus nearly independent of time in the case of diffusion along an 
isolated dislocation pipe: this is in contrast with the case where the dislocations are 
closely arranged into walls or boundaries and in which the slope varies as r 1/4 (Le 
Claire [1963]). The calculation of correlation effects in dislocation pipe diffusion 
requires an atomistic modelling of the dislocation core: the two attempts made so far on 
simple structural models show that the usual form of the correlation factor can be used 
even in the case where bulk and pipe diffusivities are widely different (Robinson and 
Peterson [1972], Qin and Murch [1993b, 1993c]). Molecular Dynamics (MD) 
simulations of vacancy and interstitial diffusion along a dissociated edge dislocation in 
copper show that the mobility of the interstitial defect is much larger than that of the 
vacancy; but that their respective contribution to mass transport are comparable; at last, 
the existence of the stacking-fault ribbon extends the dimensionality of their migration 
path to 2-D, slowing down their mobility accordingly (Huang etal. [1991]). 
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7.13. Short-circuit networks 

In actual crystals, short-circuits are present in high concentration and their orienta- 
tions with respect to the diffusion direction are more or less random. They make up 
some kind of connected network along which diffusion is much faster than in the bulk. 
Three diffusion regimes can be distinguished, according to the bulk penetration depth 
(Dt) 1/2 being smaller than, equal to or larger than a characteristic length 1 of the network: 
1 is the average diameter of the grains in the case of a grain-boundary network and the 
average distance between two pinning points in the case of a dislocation network 
(Harrison [1961]): 

(i) When bulk diffusion is totally negligible and when the penetration depth along the 
network is larger than 1, the concentration profile is expected to be similar to a bulk 
diffusion profile with D' instead of D. This is called Harrison’s C regime. 

(ii) When bulk diffusion is not negligible but (Dt) l/2 remains much smaller than 1, the 
short-circuits do not interact with each other: no significant amount of the diffusing 
species which has diffused through and out of a first short-circuit ever reaches another 
short-circuit. It can be shown that an approximate value of 2akD' (or ka 2 D') can be 
deduced from plotting log C as a function of y (Levine and MacCallum [I960]): this 
is called Harrison’s B regime. 

(iii) Whenever the bulk diffusion depth is larger than 1, the diffusion fields of 
neighbouring short-circuits overlap and none of the solutions quoted above can be used. 
This is Harrison’s A regime. A simple expression of the effective diffusivity D eff can be 
proposed, taking into account the fraction f of the lattice sites which belong to the short- 
circuits (Hart [1957]): 

D e(( =fD’ + (l-f)D 

A detailed mathematical analysis of the penetration profiles versus dislocation density 
shows that the effective diffusion coefficient D ef( is reasonably given by Hart’s formula, 
as soon as the bulk penetration distance (Dt) 1/2 is larger than 10 1; this limit, which is 
grounded on a firmer basis, is one order of magnitude lower than that determined by 
Harrison (Le Claire and Rabinovitch [1983]). The same analysis shows further that 
the influence of existing dislocation densities upon the determination of bulk diffusivities 
in pure metals performed so far should be negligible (Le Claire and Rabinovitch 
[1982]). 

Harrison’s classification has been later extended to the case where the grain bound- 
aries are moving at rate V (Cahn and Balluffi [1979]); Harrisson’s A regime is 
encountered whenever (Dt) 1/2 or Vt is larger than 1; Harrison’s B regime is split into 
distinct regimes according to the velocity of the grain boundary; Harrison’s C regime 
remains untouched. 

Let us mention that a continuous approach has been proposed for Harrison’s A 
regime (Aifantis [1979]; Hill [1979]). A diffusion field is associated with each family 
of high-diffusivity paths. The total solution results from the superposition of these 
diffusional fields, which are connected with each other and with the bulk through quasi- 
chemical reactions. Interesting new features have been predicted, in particular a non- 
Fickean character of the diffusion in simple cases. 
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7.1.4. Experimental results 

The reader is referred to the compilation of experiments by Martin and Perraillon 
[1979]. It is observed that: 

- For self-diffusion, the apparent activation energy in a grain boundary is roughly 
0.4-0.6 times the activation energy for bulk diffusion. 

- For solute diffusion, the apparent activation energy includes the interaction energy of 
the solute with the boundary. 

- For diffusion along the interface separating two phases of different chemical composi- 
tions, the results are still too scarce and somewhat controversial. The first experiments 
in Ag-Fe (Bondy etal. [1971]; Job etal. [1974]) or Ag-Cu (Perinet [1975]) showed 
unusually large activation energies; recent experiments in a/y interfaces of stainless 
steels (Juve-Duc etal. [1980]), however, exhibit activation energies which agree fairly 
well with the activation energy for diffusion along grain boundaries of the y-phase. 

7.2. New advances in grain-boundary diffusion 

7.2.1. Impurity effects 

This topic is treated in chapter 13, §5.2. 

7.2.2. Diffusion-induced grain-boundary migration (DIGM) 

The diffusion of two chemically different species along a grain boundary may under 
certain conditions induce a lateral displacement of this boundary (DIGM). In the same 
way, a thin liquid film (during sintering for instance) often migrates towards one grain 
at the cost of the other (LFM). Contrarily to the initial observations, the condition of a 
vanishingly small lattice diffusion is not a prerequisite; and the displacement is observed 
in a fairly large temperature range and for an increasing number of alloy systems. This 
lateral movement (perpendicular to the grain-boundary plane) is not necessarily uniform 
along the boundaiy and as a consequence the latter is very often distorted. The swept 
area which is left in its wake has a different chemical composition from that of the bulk 
(fig. 17) and may correspond to a better mixing of the alloy or to phase separation. The 
driving force of this evolution is still highly controversed. A first series of models 
attributes its origin to the free energy decrease which accompanies the change in 
chemical composition of the swept area (Fournelle [1991]). In a second series of 
models, the driving force stems from the release of elastic energy: the solute diffusing in 
the grain-boundary leaks out of the latter and changes the composition of the nearby 
zone, building up a coherency strain with respect to the undiffused bulk (a situation 
which prevails only if the bulk diffusivity of the solute is not too large, that is, if the 
solute does not migrate as fast as an interstitial); the elastic constants are generally 
anisotropic and the amount of elastic energy will necessarily be different in the two 
adjacent grains. The grain with the higher elastic energy will shrink and dissolve at the 
benefit of the other by the sweeping movement of the boundary or of the liquid film 
(Baik and Yoon [1990]). In both cases, the free energy loss over-compensates the 
energy increase due to the increase of the grain boundary surface. The only mechanism 
proposed so far invokes the climb of grain-boundary dislocations (Balluffi and Cahn 
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Fig. 17. Lateral displacement of a grain boundary due to a Kirkendall effect along the boundary. The hatched 
regions have a composition different from that of the surrounding matrix. The dashed line is the initial position 
of the boundary. 


[1981]); it embodies no driving force in itself but offers only a means to move laterally 
the boundary. It holds however only for DIGM and not for LFM. Beautiful experiments 
on carefully oriented Cu bicrystals (symmetrical and asymmetrical tilt boundaries) 
immersed in Zn vapor suggest that the coherency strain model, together with the climb 
of dislocations in the core of the grain boundary, accounts only roughly for the experi- 
mental results concerning the low misorientations (King and Dixit [1990]); but the 
results depend heavily on the detailed structure of the boundary which varies while 
changing its orientation during the experiments. On the other hand, the calculated elastic 
effects are often found to be much too low to be consistent with the heavy curvatures of 
the boundaries sustained in many experiments (Liu etal. [1989], Kuo and Fournelle 
[1991]); this observation points back to the relevance of the chemical effects. 

7.3. Atomistic approach to diffusion in short-circuits 
7.3.1. Atomic model for grain-boundary diffusion 

The continuous approach has proved its efficiency for interpreting the experimental 
results which have been collected up to now. However, it raises several questions: 

- What is the grain boundary thickness? How can it be defined in a precise way? 

- What is a diffusion coefficient inside a grain-boundary? 

- Is the assumption of local equilibrium between the bulk and the grain boundary 
justified? 

- What does the solution looks like for very short times, i.e. , times smaller than a jump 
period in the bulk? 

Benoist and Martin [1975a, b]) were able to answer these questions with the 
following simple model. The grain boundary is modelled as a (100) plane of a simple 
cubic array, in which the atom jump frequency is T' and is supposed to be larger than 
the jump frequency T of the atom in the rest of the lattice. Tj and f 0 stand for the atom 
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jump frequencies from the bulk into the grain-boundary and conversely. The starting 
transport equation is written as follows: 

where C(r,t) stands for the tracer concentration on site r at time t; r for the jump 
frequency from site r' to site r; X/ is extended to sites r' which are first neighbours of 
site r. The solution is calculated with a boundary condition corresponding to the instan- 
taneous source of the continuous approach. The main results can be summarized as 
follows: 

- In the limit of large bulk penetration (more precisely, a large number of jumps in the 
bulk, i.e. t» 1), the solution is equivalent to Suzuoka’s solution (see §7.1.1). 

The expression for the parameter /3 is: 

d' ka r r; 1 
p ~ d ( Dtf 2 r r 0 2 (n ) ,/2 ' 

Since the bulk diffusion coefficient is Fb 2 (b is the lattice parameter), the comparison of 
the two solutions yields D' = F'b 2 ; the segregation factor k is equal to r/r o and the grain- 
boundary thickness is b. 

In the case where the grain boundary is modelled as p parallel planes, it is found that 
its thickness is pb. It must be noticed that this thickness is not altered even if the bonds 
between the sites in the bulk and the sites in the boundary are stretched perpendicularly 
to the boundary plane. The “thickness” of the grain-boundary is not related to the actual 
atomic relaxations at the grain -boundary but only to the number of high-diffusivity paths 
which are available for the tracer. 

- In the limit of a small penetration depth into the bulk, the identification with the 
continuous solution is impossible. At very short times (Ft < 0.1) the exact solution tends 
towards a Gaussian with F'b 2 as diffusion coefficient. 

This model has been modified to account for more realistic grain-boundary structures, 
but still disregard the correlation effects. We refer the reader to the original papers 
(Coste et al. [1976]). 

For long, the sophistication of the modelling has been several steps forward with 
respect to the available experimental information. Only recently, an impressive series of 
grain-boundary Ag diffusivity measurements, using a clever accumulation method of 
improved accuracy, has been undertaken in Au bicrystals of well-controlled tilt angle 
(Ma and Balluffi [1993a]); the diffusion coefficients (and the activation energies as 
well) do not exhibit any cusp at those particular orientations which correspond to 
coincidence site lattice boundaries (CSLB) of short-period and low-2. This was taken as 
an indication that the core of the boundary is made up of several structural units derived 
from relatively short-period delimiting boundaries which are nearby in the series; in this 
picture, the change in tilt angle is reflected in a continuous change in the mixture of 
these structural units. An atomistic modelling resting on the embedded atom method 
(EAM) suggests that vacancy, direct interstitial and intersticialcy mechanisms are 
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probable candidates for matter transport along the boundary. The change in activation 
energy experimentally observed is accounted for by additional jumps of higher energies 
(Ma and Balluffi [1993b]). At last, the magnitude of the correlation factor for the 
intersticialcy mechanism is found to be roughly equal to that of the vacancy one. Thus, 
a relatively large correlation factor is no longer the indisputable fingerprint of a vacancy 
mechanism at work, contrarily to previous findings (Robinson and Peterson [1972]). 
This last result, together with that concerning the diffusion in a dissociated dislocation, 
suggests that the vacancy mechanism is not necessarily the dominant mass transport 
mechanism, as thought before from preliminary simulation work (Balluffi etal. [1981]; 
Kwok etal. [1981]; Ciccotti etal. [1983]). It is worth mentioning however that the 
activation volume for self-diffusion in a tilt boundary of Ag bicrystals is consistent with 
the vacancy mechanism (Martin etal. [1967]). 

7.4. Surface diffusion 

Although free surfaces can actually play the role of short-circuits for bulk diffusion 
(inner surfaces of cavities, surfaces along a crack), they have been mostly studied for 
their own sakes. 

We shall not repeat hereafter the continuous approach which has been already used 
for interface or grain-boundary diffusion; grain 2 in fig. 16 has only to be replaced by 
vacuum and the exchanges between the surface and the vacuum suppressed. As in the 
case of a grain boundary, the characteristic quantity which appears in equations is SD s , 
where S is the “thickness” of the surface layer and D s the surface diffusion coefficient. 
We will focus in the following on the atomistic point of view. 

7.4.1. Atomic structure and point defects 

A surface is essentially made up of terraces which are portions of low-index surfaces; 
these terraces are separated by ledges of atomic height, along which kinks are present 
(TLK model: fig. 18). Ledges and kinks have a double origin: 

- A geometrical one, to provide the misorientation of the actual surface with respect 
to the dense planes of the terraces (© and a angles in fig. 18). 

- A thermally activated one for entropy purposes. 

Such a description is thought to hold in a range of low temperatures where the 
formation free energy of ledges is large enough to keep their thermal density at a low 
level and where reconstruction or faceting are not observed (in practice between 0 K and 
0-5TJ. 

As predicted by Burton etal. [1951] a dramatic change in the surface topology 
occurs at some transition temperature T r> at which the formation free energy of the 
ledges vanishes (or becomes very small): as a consequence the surface becomes 
delocalized (ch. 8, §5.1). This transition (called roughness transition) is due to a large 
number of steps of increasing height which make the edges of the terraces indistinguish- 
able. This has been clearly illustrated by Monte Carlo simulations on (100) surfaces of 
a simple cubic lattice (Leamy and Gilmer [1974]; Van der Eerden et al. [1978]) 
Figure 17 of ch. 8 shows examples of Leamy and Gilmer’s computations. T„ is roughly 
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Fig. 18. Terrace-Ledge-Kink (TLK) model for low-index surfaces. The formation of adatoms (the extra atoms 
bulging out from the plane of a low-index surface) and advacancies (the anti-defects to adatoms) is represented. 


given by 

T R = 0.5£/k, 

where e is the strength of the first-neighbour bond. This transition has indeed been 
observed on several metals using He scattering spectroscopy (for a recent overview, see 
Lapujoulade [1994]). In what follows, we restrict ourselves to surfaces maintained 
below T r . 

Point defects are also present, namely adatoms and advacancies (see fig. 18); they can 
be created pairwise at a site of a terrace or separately at a ledge or a kink. The latter 
case is energetically favoured with respect to the others and is thought to be dominant. 
Multi-defects can also form by clustering adatoms or advacancies. 

Theoretical calculations of point-defect properties on low-index surfaces have so far 
been performed first with very crude potentials (Wynblatt and Gjostein [1968]; 
Perraillon etal. [1972]; Flahive and Graham [1980a]), and later, refined with atomic 
potentials derived from the embedded atom method (EAM) (Thompson and Hutting- 
ton [1982], Desjonqueres and Spanjaard [1982], Lru et al. [1991], Liu and Adams 
[1992], Sanders and De Pristo [1992]). It is worth noticing that their results do not 
differ very much, even quantitatively: this is undoubtedly an indication that the formation 
energies of point defects depend only on very fundamental and simple properties of the 
surfaces (like the number of lateral neighbours or the packing): 

- The formation and migration energies for adatoms and advacancies are found to be 
highly sensitive to surface orientation. 

- The formation energies for both kinds of defect are comparable, except for the (100) 
surface of an fee lattice, where the formation energy of the advacancy is significantly 
smaller than the corresponding energy for the adatom. Therefore, both defects are 
expected to contribute significantly to matter transport. They will be created in roughly 
equal amounts, either separately at kinks or pairwise at terrace sites. 

- The migration energies have been mainly calculated for adatoms on fee and bcc 
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surfaces, and for the vacancy on Cu (Perraillon et al. [1972]) and Ni (Liu and Adams 
[1992]) surfaces; the advacancy is in most cases the slower-diffusing defect. 

For fee lattices, the migration energies of adatoms increase roughly with increasing 
surface roughness: E m ( 1 1 1 ) < E m (1 13) ~ E m (331) < E m (001) <E m (210). For bcc lattices, 
the migration energies are roughly in the following order: E m (110) — E m (211) — E m 
(321)<E m (310)<E ra (001)<E m (111). It is worth noticing however that, due to the 
presence of the defect concentration term, the surface self-diffusivities are not necessarily 
in the same order: a compensation effect occurs, which pairs a low migration to a large 
defect formation energy (on the (111) surface of fee lattice, namely). As a result, the 
surface diffusivity of Ni is expected to be noticeably larger on (113) and (133) surfaces 
than on any other (Liu and Adams [1992]). 

A further difficulty stems from the fact that diffusion is expected to be highly 
anisotropic on non-perfect surfaces: the migration energy along dense rows or in deep 
channels is usually smaller than the migration energy across these rows or channels. This 
may obscure the ordering of low-index surfaces with respect to their migrational 
properties. 

Diffusion is thought to take place through individual jumps only at very low 
temperature and to exhibit a marked anisotropy due to atomic roughness (T<0.15T m ). At 
higher temperatures, several new mechanisms have been proposed: jumps to more distant 
neighbours, contribution of multidefects performing collective jumps caused by a strong 
forward dynamical correlation. Exchange mechanisms involving two or more atoms are 
believed to play a significant role since they imply a smaller distortion of the surround- 
ing than the hopping of a single atom: after having been observed and simultaneously 
calculated for the change of channel of the diffusing adatom (Bassett and Webber 
[1978], Halicioglu and Pound [1979]), they have been invoked for the crossing of 
steps on (111) Al surfaces (Stumpf and Scheffler [1994]), and even recently for the 
mere migration on (100) Cu (Hansen et al. [1993], Black and Tian [1993]) or the 
dimer migration on (100), (110) and (111) Ir (Shiang and Tsong [1994]). Similar 
mechanisms have also been proposed for bulk or surface diffusion of semi-conductors 
(Pandey [1986], Feibelman [1990], Kaxiras and Erlebacher [1994]). All these 
mechanisms had been previously observed in molecular dynamics calculations on fee 
Lennard-Jones crystals (Tully etal. [1979]; De Lorenzi etal. [1982]). At last, at still 
higher temperatures, a delocalization of the adatom is predicted, which spends most of 
its time in flight rather than on equilibrium sites. The theory of atomic jump at a surface 
rests on the same model as that for the bulk, namely the reaction rate theory, which 
considers the saddle point configuration as a possible equilibrium fluctuation; but the 
dynamical corrections (multiple crossings of the saddle surface, dynamical forward 
correlation leading to multiple jumps) have been treated slightly differently, starting from 
the flux-flux correlation function formalism used in the theory of chemical reactions 
(Chandler [1978, 1986, 1988], Voter and Doll [1985]). Only recently, a more 
phenomenological theory has been developed, which covers all the diffusive regimes 
from the lower temperatures (individual jumps) to the higher ones ((2-D flight of a 
nearly free adatom over the surface): the particle is described by a continuous equation 
of motion, including an effective friction term which accounts for the interaction with the 



Ch. 7, §7 


Diffusion in metals and alloys 


629 


vibrating substrate (Ala-Nissila and Ying [1992]). Quantum effects are easily taken 
into account and reproduce the diffusion by tunneling expected for very light atoms (H) 
on metal surfaces (Haug and Metiu [1991], Zhang etal. [1990]). 

The next step in the analysis is to deduce a macroscopic surface diffusion coefficient 
D s as a function of the individual atomic jump frequencies (that is, including the defect 
concentrations) which have been measured or calculated. Following Choi and Shewmon 
[1962], one is intuitively led to write it as: 


D s = 



where p is the total number of jump types, 17 and d; their frequency and length. 
However, this expression holds only under restrictive conditions: 

- All the diffusion mechanisms must contribute independently to matter transport. At 
each step, the diffusing atom should be allowed to make a choice between all the p 
available jump types which are at its disposal. 

- All the sites of the surface should be equivalent. The defects should be in equilibrium 
everywhere and their concentrations should be uniform all over the surface, with no 
preferential occupancy or trapping sites. This requirement can only be met for close- 
packed perfect surfaces with no ledges or kinks, e.g., a (111) surface in the fee lattice. 

Real surfaces are not perfect: ledges and kinks are thought to trap the defects. 
Moreover the jump frequency for the motion along a ledge is different from the 
frequency for jumping over the ledge. If ledges and kinks could be uniformly distributed 
over the surface, the equivalence of the surface sites would be maintained and the same 
expression of D s could still be used. 

As a matter of fact, we know that the misorientation of a real surface from a perfect 
one is provided by one (or more) periodic array(s) of ledges and kinks. This periodicity 
(as opposed to uniformity) contradicts the assumption of equivalence between sites, and 
a new analysis has to be carried out. This has been done only for (310), (hlO) and (hll) 
surfaces (h is any positive integer) of the fee lattice (Cousty etal. [1981]; Cousty 
[1981]), thanks to the atomistic approach which has been already worked out for grain- 
boundary diffusion (Benoist and Martin [1975a, b]): the method consists of defining 
a new unit supercell containing all the different types of sites and making up such a 
basic pattern that it can be used to generate the surface sites by translations in two 
directions. Effective jump frequencies across this cell, in the direction of the ledges and 
perpendicularly to them, can be determined by matching the solution of the discrete 
approach to Suzukoa’s solution with the same boundary conditions. The exchanges of 
matter between bulk and surface are taken into account; but, in its present form, this 
model requires the knowledge of the atom jump frequencies out of (and into) all the 
different types of surfaces sites, which is far beyond the scarce experimental information 
presently available. Careful tracer measurements have been performed on such Cu 
surfaces, yielding the diffusion coefficients parallel D w and perpendicular D ± to the steps. 
The main result is that D ± is found not to depend on the step density; conversely, D ;/ 
increases linearly with it, and is thought to decrease with the kink density along the steps. 
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7.4.2. Experimental results 

7.4.2.I. Microscopic data. The Field Ion Microscope (FIM) technique (ch. 10, 
§5.2.1.) has provided an irreplaceable insight into the migration mechanisms and 
migration energies of adatoms deposited on low-index surfaces. Table 9 sums up the 
experimental values (rounded to the nearest tenth of an eV for simplicity) which have 
been obtained on W (Cowan and Tsong [1975], Graham and Ehrlich [1974, 1975], 
Flahive and Graham [1980b]), Ni (Tung and Graham [1980]), Rh (Ayrault and 
Ehrlich [1974]) and Pt (Bassett and Webber [1978]). Solute adatoms diffusing on 
surfaces have been reviewed (Ehrlich and Stolt [1980]), and the modification of self- 
diffusion on surfaces to which impurities have segregated is treated in ch. 13, § 5.2. An 
interesting and recently published overview must be quoted (Ehrlich [1994]). Calcu- 
lated values have not been included since they are intrinsically short-lived and submitted 
to the fluctuations of the continuous theoretical improvements appearing on the scientific 
market. 

The anisotropy of the adatom jump frequency, which is theoretically expected from 
the geometrical structure of the surface, is often observed. But it depends on the 
chemical nature of the diffusing adatom: on the (110) surface of Pt, Au adatoms diffuse 
only along channels parallel to <110> whereas Pt and Ir adatoms diffuse two- 
dimensionally with no noticeable anisotropy (Bassett and Webber [1978]). 

All the calculations performed so far indicate that diffusion should be very easy on 
(111) surfaces of fee metals; this is experimentally observed for Rh but not for Ni, and 
this difference is not yet understood. 

Recent FIM experiments have measured the trapping energy of a self-adatom to a 
foreign one buried in the first surface layer (Kellog [1994]); a complex exchange 
mechanism has also been observed for Re deposited on an (100) Ir surface (Chen and 
Tsong [1994]); the trapping energy, when measured, is large and comparable to (or even 
higher than) the migration energy on the surface. 

Remarkable results have been obtained by the promising technique of He scattering 
spectroscopy, since not only the frequencies but also the jump vectors are measured. The 
diffusion anisotropy (and, thus, the crystalline character) is maintained on (110) surfaces 
of Pb close to the melting point: jumps along close-packed rows are more frequent and 
often multiple, when compared to transverse ones. The resulting diffusion coefficient is 
larger than that in the bulk liquid phase (Frenken et al. [1990]); this result is not in 
agreement with recent simulations on metallic Cu aggregates suggesting that partial 
surface melting might occur at high temperatures (Nielsen etal. [1994]). The diffusion 
of isolated Na atoms on (100) Cu surfaces proceeds via a significant fraction of multiple 
jumps between 200 K and 300 K (Ellis and Toennies [1993]); but the extraction of a 
migration energy requires a careful separation of the vibrational and of the diffusional 
component of the observed spectra (Chen and Ying [1993]). 

We must remember however that such data, although of importance, cannot be used 
to deduce straightforwardly an absolute value of the surface diffusion coefficient D s or 
any information about its possible anisotropy, for two reasons: 
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Table 9 


Experimental values of migration energies of self-and-solute adatoms on various low-index planes 
obtained by FIM technique (in eV). 


Diffusing 

adatom 


(// and ± 

Studied surface 

stand for parallel and perpendicular to dense rows) 



W(110) 

W(211)„ 

W(321)„ 




W 

0.9 

0.75 

0.85 




Ta 

0.75 

0.5 

0.7 




Re 

1. 

0.85 

0.9 




Ir 

0.75 

0.6 





Pt 

0.65 






Mo 


0.55 






Rh (100) 

Rh (HO)// 

Rh (110) ± 

Rh (111) 

Rh (113),, 

Rh (133),/ 

Rh 

0.9 

0.6 

0.9 

0.15 

0.55 

0.65 



Pt(110) // 

Pt(110) x 


Pt (113),, 

Pt (133),/ 

Pt 


0.85 

0.8 


0.7 

0.85 

Au 


0.65 



0.55 


It 


0.8 

0.8 


0.75 



Ni (100) 

N> (HO)// 

Ni (110) x 

Ni (111) 

Ni (113),/ 

Ni (133),, 

Ni 

0.65 

0.25 

0.3 

0.35 

0.3 

0.45 


- The surface diffusion coefficient D s incorporates the concentration of defects, which 
cannot be reached by the FIM technique since the diffusing atom is deposited from a 
vapour onto the surface at a temperature where no matter exchange between the bulk and 
the surface is allowed: the adatom is therefore in high supersaturation and its formation 
energy cannot be measured with this technique. On the other hand, the formation energy 
of advacancies has been tentatively measured above room temperature by positron 
annihilation on copper and silver. The values which are reported are close to 1 eV within 
experimental uncertainty, that is, only 20% lower than the corresponding energy in the 
bulk (Lynn and Welch [1980]). But an appropriate model for the state of a positron at 
a metallic surface is not presently available and the validity of this technique for probing 
the advacancies is still questioned (KOgel [1992], Steindl etal. [1992]). 

- The surface diffusion coefficient D s is usually measured at a range of much higher 
temperatures where other diffusion mechanisms may come into play. 

7.4.2 2. Macroscopic data. Mass transfer experiments consist in measuring the rate 
at which a solid changes its shape (at constant volume) in order to minimize its surface 
free energy. Several techniques can be used: thermal grooving of a grain boundary 
(Mullins and Shewmon [1959]), blunting of a sharp tip observed by conventional 
transmission electron microscopy (Nichols and Mullins [1965a]) or scanning tunneling 
microscopy (Drechsler etal. [1989]), decaying of an isolated (or of a periodic array of) 
scratch (es) (King and Mullins [1962]; Nichols and Mullins [1965b], Jaunet etal. 
[1982]). The possible contributions of bulk diffusion or the evaporation-condensation 
mechanism must be subtracted to deduce the part due to surface diffusion only. This 
technique does not yield the surface diffusion coefficient D s but the product y s D s (where 
y s is the surface tension) or, more precisely, some average of this product over the 
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orientation of all the facets making up the macroscopic profile. 

A second technique involves the use of a radioactive tracer and consists in measuring 
the concentration profile of the diffusing species on surfaces of well-defined orientation: 
it has been used for pure copper (Cousty etal. [1981], Ghaleb [1983]). This technique 
does not yields D s but the product <5D S where 8 is some “thickness” of the surface layer 
in the continuous approach. For both techniques two crucial points must be checked 
throughout the diffusion run: 

- The absence of any impurity or any two-dimensional superstructure of impurities, both 
of which might significantly alter the diffusion rate (Bonzel [1976]). 

- The absence of any reconstruction of the surface: this point can only be checked for 
the radiotracer technique, because mass transfer experiments are performed on surfaces, 
the profile of which evolves in time. 

Three points must be noted: (i) The apparent activation energy for self-diffusion is 
systematically and significantly larger than the migration energy of adatoms which is 
measured with the FIM technique. The difference is attributed to the energy which is 
required to form the defects contributing to matter transport. This means physically that 
the density of defect sources and sinks (steps, kinks) is probably large enough to insure 
the equilibrium defect concentration throughout the experiment at such temperatures, (ii) 
The self-diffusion Arrhenius plot is often curved (Rhead [1975]). If this curvature is not 
an artefact of the experimental techniques, several explanations can be proposed: 
contribution of several kinds of defects (advacancies and adatoms, clusters of adatoms, 
etc.), contribution of multiple jumps, formation of thermal kinks (Neuman and Hirsch- 
wald [1972]), local melting of the surface (Rhead [1975]). (iii) Whether the crystallo- 
graphic structure of the surface induces a marked anisotropy of the surface diffusion 
coefficient or not is still a matter of controversy: at 0.6 T m on (110) surfaces of pure 
nickel, the scratch-decaying technique shows a rather large anisotropy (between one and 
two orders of magnitude: Bonzel and Latta [1978], Jaunet etal. [1982]), whereas the 
tracer technique for copper self-diffusion (Cousty [1981]) or for silver diffusion on 
copper (Roulet [1973]) exhibits only small differences (at most a factor of 4). 

Another route has been followed with diffusion studies at higher coverages ranging 
from several tenths of a monoatomic layer to several layers (thick deposites) (Butz and 
Wagner [1979]): these experiments yield a chemical diffusion coefficient, implying the 
intervention of significant adsorbate-adsorbate interactions. Extensive numerical 
simulations have been performed to explain how to determine the pronounced maximum 
of the diffusion at compositions corresponding to ordered structures (Bowker and King 
[1978a, b], Uebing and Gomer [1991], Tringides and Gomer [1992]). 

Several points remain somewhat obscure today: 

- in the presence of various contaminants (Bi, S, Cl) the surface self-diffusivity can 
be increased by orders of magnitude and reach much higher values than those typical of 
bulk liquid state, as high as 1CT 4 m 2 /s (Rhead [1975]). As a rule, chemical interactions 
of non-metallic character play an important role and give rise to very high surface 
diffusivities on ionic crystals like alkali-halides for instance (Yang and Flynn [1989]). 

- surface electromigration of metallic adatoms on semi-conductor surfaces differs 
markedly from the bulk case; the electrostatic field is 10 3 times larger, whereas the 
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current density is 10 3 times smaller. As a result, the electrostatic driving force on the 
solute adatom is much larger than the wind force from the charge carriers, and the 
metallic ions move in most cases towards the cathode. However, the reversal of the 
migration direction for A1 on (1 11) Si as a function of the deposited layer thickness is 
not understood (Yasunaga [1991]). 

- the connection between diffusion and the possible existence of precursor effects in 
wetting is not understood (Adda etal. [1994]). 

8. Diffusion under non-equilibrium defect concentrations 

Up to now we have discussed diffusion problems involving point defects in thermal 
equilibrium. In particular, we focused mainly on vacancies; but in some conditions, often 
of a great technological importance, a high supersaturation of point defects, interstitials 
and vacancies, can be sustained in steady state. With respect to diffusion, an acceleration 
of kinetics is the main phenomenon to be observed. Interstitials however have in most 
cases a high formation enthalpy, and therefore a zero equilibrium concentration. In the 
case where interstitials are created, apart from an acceleration, new phenomena which are 
unknown at equilibrium can appear, as we shall see in § 8.3.2. 

If point defects are created in a material exceeding their thermal equilibrium 
concentration, a supersaturation will build up, which results from a competition between 
creation and elimination, and enhances the diffusion. The new diffusion coefficient can 
often be written as : 

D = k D C + k D C. (74) 

where lq, and k v are coefficients depending on the various jump frequencies of the 
defects, D, and D v are their diffusion coefficients and Q and C v their total concentrations. 
The problem of enhanced diffusion is then to calculate the actual C, and C v according to 
the experimental conditions of creation and elimination. 

Many situations are now known in materials science where this situation prevails. 
Without claiming to be exhaustive, we mention the following cases: (i) If vacancy sinks 
are not very efficient in a sample submitted either to a quench or to a temperature 
gradient, we can observe a vacancy supersaturation, (ii) Such a supersaturation can also 
be created in an alloy by vacancy injection from the surface by a Kirkendall mechanism 
due to preferential depletion of one of the components, by dissolution or oxidation 
(Burton [1982], Stolwuk et al. [1994]). (iii) Point defects are also created during 
plastic deformation, (iv) Under irradiation by energetic particles, a high level of 
supersaturation can be sustained. 

In all these cases the point defect supersaturation is able to accelerate the diffusion 
and to induce various phase transformations. Let us look first at those cases which 
involve vacancies only. 

8.1. Quenched-in vacancies 

Vacancy sinks include free surfaces, dislocations and grain boundaries. Vacancies can 
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also be lost for diffusion by agglomeration as dislocation loops, stacking fault tetrahedra 
or voids. In some cases (very low dislocation density or surface oxidation for example), 
the sinks become ineffective, and a supersaturation builds up in the volume which in turn 
enhances diffusion beyond the thermal equilibrium value. A very important example of 
the role of quenched-in vacancies is given by the kinetics of age-hardening in alloys 
displaying precipitation-hardening. We know that GP zone formation is far too rapid to be 
accounted for by thermal diffusion only: the role of quenched-in vacancies was stressed 
early (Guinier [1959]) and later the importance of vacancy-solute complexes (Girifalco 
and Herman [1965]) was recognized in the so-called “vacancy pump” model. 

Another very interesting application is the enhancement after a quench of the ordering 
kinetics in alloys. This phenomenon is at the root of a method for studying defect 
properties in metals by relaxation measurements (§2.2: see also Robrock [1981]). 

The quenched-in vacancies could also be at work in samples undergoing diffusion 
under strong thermal gradients (Matlock and Stark [1971]). These authors measured 
the heat of transport of aluminium and found values of 46 kJ/mole in a single 
crystal and -8.4 kJ/mole in a polycrystalline sample, pointing to the importance of the 
vacancy formation enthalpy in eq. (72). The same conclusion was drawn from measure- 
ments of solute diffusion in a temperature gradient in aluminium or silver (Mckee and 
Stark [1975]), Shih and Stark [1978]). In all these cases, grain boundaries are 
apparently the only efficient vacancy sinks. The polycrystalline sample is then at 
equilibrium but not the single crystal. In this last case the hot end imposes its vacancy 
concentration to the cold one. Therefore the diffusion coefficient is fixed by (i) the hot- 
end vacancy concentration, (ii) the local vacancy mobility, and is then strongly enhanced 
in the cold part of the sample. The same effect has been recently observed by Hehen- 
kamp [1993] in silver using radiotracer measurements and the positron annihilation 
method. The level of supersaturation observed is of the order of 50 to 100. One can 
wonder wether at these levels, nucleation of cavities or vacancy clusters should not 
occur, since they have already been observed in KirkendalPs or electromigration 
experiments at much lower supersaturations in the same material (Monty [1972]). 
Moreover carefully controlled experiments failed to detect such an effect in aluminium, 
either by measuring the local silver diffusion coefficient at different places along the 
gradient (Brebec [1977]), or by measuring the actual vacancy sink activity also all along 
the gradient by a method using the deplacement of inert markers (Limoge [1976a]). 
Indeed the establishment of a strong enough temperature gradient in a metallic sample is 
a difficult task, and artefacts are not always avoided, giving rise to an actual gradient 
much less than expected. 

8.2. Cold-work-induced defects 

It is now firmly established that during plastic deformation, point defects, probably 
mainly vacancies, are created by dislocation interactions (Wintenberger [1959], 
Friedel [1964], Gonzales etal. [1975a, b]). Two main origins have been proposed. The 
first one correspond to the annihilation of sufficiently elongated dipoles of edge 
dislocations which “evaporate” as defects, and the second to non conservative motion of 
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jogs. The first process is believed to occur mainly in the walls of the dislocation cell 
structure observed during fatigue experiments or in persistent slip bands (P.S.B.). If we 
neglect the thermal elimination of defects, a typical concentration could amount to 1CT 3 
at. (Essman and Mughrabi [1979]). However, the very high dislocation density in that 
case probably prevents such a high supersaturation level (Ruoff and Balluffi [1963]). 
In the second case the production rate could amount to 10“ 6 at. in typical low cycle 
fatigue experiments, and elimination occurs by diffusion to the walls of the cell or by 
sweeping by the moving dislocations (Tsou and Quesnel [1983]). The supersaturation 
can be quite large at not too high temperatures. Whatever the production mechanism, 
these excess vacancies have been shown to produce cavity nucleation and growth during 
fatigue tests in various alloys (Arnaud etal. [1985]). It is then clear that diffusion will 
be also accelerated, but that any attempt to determine this enhancement by classical 
macroscopic methods (§2.1) is hopeless. Artefacts due to surface roughness induced by 
the slip bands (Ruoff [1967]) or pipe diffusion in dislocation will always screen the 
actual effect. However, this enhancement can be rendered visible by a local method 
sensitive to a small number of jumps, such as the Zener effect (Neumann etal. [1961]) 
or GP zone formation kinetics (Kelly and Chiou [1958]). Indeed an acceleration of 
diffusion has been observed by N.M.R. (see § 2.2.2. 1.) in a deformed NaCl crystal 
(Detemple etal. [1991]). The same phenomenon is believed to be at the origin of the 
dynamic boron segregation at grain boundaries in microalloyed steels: the excess 
vacancies created during rolling (deformation rates of 1 - 10/sec.) drag the boron atoms 
to boundaries by a flux coupling mechanism (Militzer etal. [1994]). 

83. Irradiation-induced defects 

The knowledge of the various effects of the irradiation of solids by energetic 
particles, electrons, neutrons, ions, or photons, is of paramount importance in several 
domains of materials science: nuclear industry, microelectronics or surface treatment, 
among others. The topic has been reviewed several times, but not exclusively, by Adda 
etal. [1975], Sizman [1978], Rothman [1981], Brebec [1990], Wollenberger etal. 
[1992], Martin and Barbu [1993], The domain encompasses three main topics: 
radiation-enhanced diffusion, segregation and precipitation and phase changes, all of them 
being generally more or less present simultaneously in any radiation environment. 

8.3.1. Irradiation-enhanced diffusion 

Fig. 19 shows the result of a diffusion measurement by a tracer method in nickel 
under self-ion irradiation at an energy of 300 KeV. Three parts can be seen in this graph: 
thermal diffusion at high temperature; between 1000 K and 700 K, a radiation-enhanced 
domain corresponding to a thermally activated regime with a lower activation energy; 
and below 700 K, an athermal part. The efficiency of this last mode is quite high, the 
resulting squared displacement amounting to 125 A 2 /dpa. (MOller etal. [1988]). Clearly 
the origins of the enhancement must be multiple in order to explain this behaviour. 
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Fig. 19. Self-diffusion coefficient in nickel under self-ion irradiation at 1.2 10" 2 dpa/s, full symbols, or 1.2 KT 4 
dpa/s, empty dots, dashed line thermal self-diffusion. 


g D(m/sec) 



8.3.1.1, Defect creation. Under irradiation by energetic particles, the atoms of an 
alloy suffer elastic and inelastic collisions with the projectiles. Except for very high 
densities of energy transfer, of the order of several KeV/Angstrom (Barbu etal. [1991]), 
the electronic excitations are not expected to produce defects. On the contrary the part of 
the energy which is transfered elastically to a target atom (the primary knocked atom or 
P.K.A. ) will displace it, if the transfer is higher than a threshold E d of the order of 20 
to 50 eV in metals. A Frenkel pair is then created, a lattice vacancy on the initial site 
and an interstitial on the arrest position. If the energy received by the P.K.A. is high 
enough, it will in turn act as a projectile and initiate a cascade of displacements, also 
called a displacement spike, in the target. The interstitials being created generally at the 
end of a replacement collision sequence (R.C.S.) will be found at the periphery of the 
cascade and the vacancies form a dense core at the center. The higher the collisionnal 
cross section between the moving atoms and the atoms at rest, the more frequent the 
collisions and the denser the cascade. However a new picture has appeared recently 
according to which the cascade core is in fact in a molten state, the so-called thermal 
spike, since the mean kinetic energy of the atoms in the cascade core during 1CT 11 sec can 
amount approximately to 1 eV. This picture is mainly based on Molecular Dynamics 
simulation results (Diaz de la Rubia etal. [1987]). In this picture the vacancy creation 
is the result of the ultra fast quench of the molten core, the interstitials are created either 
by the few R.C.S. escaping from the melt or by a new mechanism of interstitial loops 
punching from the melt (Diaz de la Rubia and Guinan [1992]). 

The number of defects created is generally given in the literature with respect to the 
formula N d = KT D /2E D (Torrens and Robinson [1972]) where T D is the elastic energy 
given to the lattice and K an efficiency factor near 0.8. However as soon as the energy 
of the P.K.A. is higher than a few keV, the vacancy rich core contains too many defects, 
and collapses more or less into clusters, even at liquid He temperature. The number of 
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detectable defects is therefore reduced to roughly one third of the above mentioned N d 
(Averback etal. [1978]). At higher temperatures the defects start to diffuse thermally, 
and their very inhomogeneous distribution triggers an efficient elimination, either by 
vacancy-interstitial recombination or by clustering. Finally the fraction of defects able to 
produce radiation enhanced diffusion is further reduced down to a few percents of N d in 
the case of dense cascades. The efficiency of the radiations for producing the so-called 
freely migrating defects is therefore decreasing from 1 MeV electrons, which are 
producing only isolated Frenkel pairs with an efficiency of 1, to the heavy ions and even 
more neutrons which give rise to an efficiency going down to a few 1(T 3 (Wiedersich 
[1990]). (See also ch. 18, §4.) 

8.3.I.2. Collisional diffusion. This effect is also frequently called Ion-Beam Mixing, 
and has been recently reviewed (Averback and Seidman [1987], Rehn and Okamoto 
[1989], Cheng [1990]). Indeed, inside a collision cascade the atoms, as a result of the 
collisions or of the molten state of the matter, will experience an enhanced diffusion not 
solely due to the presence of point defects. Four origins have been proposed for this new 
mobility: i) the direct displacement of the knocked atoms, ii) the displacement under 
subthreshold collisions of the defects already present, iii) the activated jumps of the same 
defects in the intense thermal field of the spike, iv) the diffusion in the molten core. The 
first term has been repeatedly shown to give rise to too low a mobility, some A 2 /sec at 
most under heaviest ion irradiations, for explaining the kinetics of ion-beam mixing 
(Limoge etal. [1977], Seran and Limoge [1981], Barcz etal. [1984]), despite careful 
theoretical modeling (Littmark and Hoffer [1980]). Nevertheless this negative result 
has been recently questioned, at least in low Z matrices (Koponen [1991]). In the second 
approach (Seran and Limoge [1981]), the vacancy defects are expected to jump under 
subtreshold collisions along dense rows ([110] in fee metals), i. e. involving an energy 
lower than E d . Taking into account the actual vacancy concentration in the cascade the 
above mentioned order of magnitude (fig. 19) is easily explained without any further 
assumption. The third approach also furnishes the proper order of magnitude provided the 
migration enthalpy is reduced to roughly one third of the normal value (Kim et al. 
[1988]). The differences between these last two approaches is probably rather small, and 
they can be viewed as different points of view on the same phenomenon, since each of 
them rely on a highly idealized description of the state of the matter inside the core, 
discrete energy transfers in the first case, and equilibrium thermal effects in the second. 
In the fourth model, atoms are diffusing in the liquid core of the cascade (Johnson etal. 
[1985]). Assuming even in the liquid state a thermally activated diffusion scaling with 
the cohesive energy of the solid, and taking into account the thermodynamical factor in 
the liquid (see eq. (7)), a qualitative agreement with experimental results can be obtained. 

Nevertheless the present authors have the feeling that several well established results 
(correlation between mixing efficiency and characteristics of diffusion by a vacancy 
mechanism in the solid, no effects of the solute atomic mass on the mixing (Kim et al. 
[1988])), are not well accounted for in this approach. On the one hand the actual mixing 
is probably the result of the superposition of at least the first three effects; on the other 
hand we are still lacking of a proper model for the physical structure of the cascade core, for 
which neither the liquid droplet nor the heavily damaged solid are perfectly adapted concepts. 
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8.3.I.3. Diffusion by thermally activated jumps. This mode of diffusion enhance- 
ment, usually called radiation-enhanced diffusion (R.E.D.), can be observed in a medium 
temperature range, fig. 19, where it is controlled by the thermally activated jumps of the 
freely migrating defects created by the irradiation. According to the § 8.3. 1.2. the denser 
the cascade, the higher the plateau due to ion-beam mixing, and therefore the narrower 
the domain of R.E.D. The contribution of the free defects to diffusion is controlled by 
the equation (74). Two methods have been used for calculating the defect concentrations 
C v and Cj. The first is the Monte Carlo simulation method (Doran [1970], Lanore 
[1974]). We have no space to discuss it here and refer the reader to the original articles. 
The other one, a quasi-chemical approach, was initially proposed by Lomer [1954] and 
progressively refined since. The ingredients of Lomer’s model are the following: 

- production rate G of spatially uncorrelated point defects (the so called freely migrating 
ones) 

- motion by random walk with coefficients D; and D v 

- annealing by mutual recombination at a rate K,, at fixed sinks (supposed to be 
uniformly distributed) at rates IQ and K v , or at surfaces, generally treated as a boundary 
condition 

- only pure metals where considered in the initial formulation, but now the extension at 
least to dilute alloys has been done, in the limit of a solution remaining homogeneous. 

Since interstitials are present the set of equation (l)-(3) (§ 1.2.2.) has to be com- 
pleted. The necessary coefficients have been calculated by Barbu [1980] and Allnatt 
etal. [1983] for fee dilute solutions (see also §4.2 and §5.1.2 for concentrated alloys). 
It can be shown using a proper thermodynamic model of the solution that the four fluxes 
can be written: 


HJ B = -D b ,VC, - D bv VC v - [m v bb + m' bb )vc b 
flJ v = -D vb VC b - D w VC v 
tlJ, = -D ib VC b - D„VC , 

J A = —J B + J j — J L 


These equations define i) in the absence of solute concentration gradients the 
diffusion coefficient of the defects D w and D n , written above D v and D t for simplicity, 
ii) in the absence of defect concentration gradients the diffusion coefficient of B, 
Mg g + M B b, which can be put easily in the form (74). If the solute concentration remains 
homogeneous, the defect concentrations are then solutions of the following equations: 


-^ = G- Div(0/„) - K r C t C v - K V (C V - C v °), 
^- = G-Div{ClJ I )-K r C i C v -K i C i 


(75b) 


where C° is the concentration of thermal vacancies. 

These equations have generally to be solved numerically. Nevertheless, far from the 
surface, after a very complex transient regime, the duration of which is of the order of 
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1/K, with K the lower of IQ, and IQ, one obtains under the hypothesis of the interstitials 
being the more mobile defects, a steady-state regime characterized by: 

- DiQ=D v (C v — C°) when elimination at sinks prevails 

- Q = C v - C“ when mutual recombinations prevail 

- C v ~ (G/D v ) l/2 at low temperatures, i.e., for dominant mutual recombination 

- C v ~ (G/D v ) L at high temperatures, i.e., for dominant sink elimination, where L is the 
mean distance between sinks. At very high temperatures, T/T m >0.5, the defect mobility 
is sufficient to prevent any noticeable defect supersaturation, and the enhancement is 
negligible. In table 10 are given the main characteristics of D KC [see eq. (74)] in Lomer’s 
model. To analyze the experiments it must be kept in mind that in most cases they are 
done near the surface: a correction is then necessary (Ermert etal. [1968]). 

In dilute solid solutions we can observe rather severe effects on defect mobility 
whenever i) a strong defect-solute attractive interaction exists, ii) the pair is immobile (in 
the case where the pair cannot migrate without dissociating). These two conditions are 
not linked to one another for the vacancy, but are for the dumbbell interstitial in fee 
structures, except may be for very small solutes. In this case the so-called caging effect 
induces a strong decrease of the mobility of the interstitial defect in the alloy, as long as 
the concentration is not higher than the percolation limit in the given structure. Beyond 
this limit the defect can find diffusion paths which do not break the pair (Bocquet 
[1986]). 

The enhancement being noticeable only at low temperatures, that is at low mobility, 
D acc will be lower than 1(T 18 m 2 /s, and the experiments are very difficult. This fact, as 
well as the badly known actual level of freely migrating defects, can explain the fairly 
general discrepancy which has been observed for long between the tracer experiments 
and the predictions of Lomer's model. The measured values were generally too high, 
either in self or solute diffusion (Adda etal. [1975], Brebec [1990]). However, Lomer’s 
model also rests on numerous approximations, for example in the calculations of the 
various rate terms, K, IQ or IQ,, particularly in concentrated alloys [eq. (74)]. 

Relaxation methods, however, are well suited to this case, owing to their high 
sensitivity, and their ability to follow all along the kinetics during the complex transient 


Table 10 

Characteristics of in Lomer’s model [eq. (74)]; after Adda etal. [1975] 


Regime of elimination 

Activation energy of D^ c 


Dose-rate dependence 
(G=dose rate) 


Term due to 
interstitials 

Term due to 

vacancies 

Total 


Recombination only 
in the transient regime 



complex 

G m 

Elimination on sinks 

0 

0 

0 

G 

Elimination both by 
recombination and on sinks 

X 

IK 


G \a 


ff m and are the migration enthalpy of, respectively, the interstitial and the vacancy. 
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regime preceding the stationary state. The results of Halbwachs [1977], Halbwachs 
and Hillairet [1978] and of Halbwachs etal. [1978a, b] on Ag-Zn alloys by Zener 
relaxation display a good agreement with the predictions of Lomer’s model, if one 
assumes that, in these alloys, the vacancies are less mobile than interstitials. The use of 
electron irradiations avoided the ambiguity of the actual level of freely migrating defect 
production. This result, confirmed by electron-microscopy studies (Regnier and 
Halbwachs [1980]), has given the first evidence of the large pairing effect on the 
interstitial mobility in solid solutions. 

The tracer experiment which has probably for the first time evidenced the R.E.D. in 
self-diffusion is the one depicted in fig. 19. The authors have been able to adjust in a 
coherent manner on the experimental results the various parameters entering the model; 
in particular they invoke a temperature dependent sink density and an efficiency for the 
production of freely migrating defects amounting to 1.5% only of the Kinchin and Pease 
value, in agreement with the recent simulation results on defect production in cascades. 

8.3.2. Irradiation-induced segregation and precipitation 

Irradiation-induced segregation, leading eventually to precipitation in undersaturated 
alloys, is now a well established phenomenon in a large number of systems (for a quite 
recent review of experimental results see Russell [1985], also English etal. [1990]). 
We display in table 11 the characteristics of such precipitation in a few binary alloys. 
This effect has to be clearly distinguished from a simple radiation-enhanced precipitation 
in an oversaturated alloy. 

At a given defect creation rate G, the segregation or the precipitation of a non- 
equilibrium phase appear in a well defined temperature interval (see figs. 20 and 21). A 
new variable, or more precisely a new control parameter, has to be added to the classical 
phase diagram: the defect creation rate (or irradiation flux), in addition to temperature, 
pressure and composition (Adda et al. [1975]). 

Two ways have been explored to explain these results. The first one is a constraint- 
equilibrium one: the stored energy due to point defects might displace the free enthalpy 
curves, to such an extent that it renders stable under irradiation a phase which is 
normally unstable. Careful calculations of this effect have shown that the order of 
magnitude of the possible displacement is too low to explain the great majority of the 
results (Bocquet and Martin [1979]). In the second approach, initially proposed by 
Anthony [1972] for vacancies, the elimination of irradiation-created point defects by 
diffusion to sinks, like surfaces or dislocations, results in defect fluxes which induce, 
through the flux coupling terms, local solute supersaturations. These supersaturations can 
grow beyond the solubility limit, resulting in a precipitation. Indeed both terms D BV and 
D B1 (eq. 75a)), if positive, can give rise to such a segregation. 

Many authors have developed this idea for dilute alloys and proposed more or less 
approximate expressions for the coupling terms due to interstitials (Okamoto and 
Wiedersich [1974], Johnson and Lam [1976], Barbu [1978, 1980]). 

As shown in table 11, two forms of segregation or precipitation have been observed, 
and can be explained in the present framework. The first one is heterogeneous, and 
occurs on sinks, either pre-existing to, or created by, the irradiation. The most elaborate 
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• ■ precipitation 



Fig. 20. “Phase diagram”, in a flux-temperature section, for the system Ni-Si irradiated by 1 MeV electrons 
(after Barbu and Martin [1977]). Solid line: precipitation borderline for a concentration of 6 at% Si, dashed 
line idem for 2 at% Si. 


numerical solutions of the above set of equations give a fairly good account of experi- 
mental results. In particular, the role of sinks, dislocation loops or surfaces is well 
understood. Nevertheless in this approach the position and the slope of the low-tempera- 
ture borderline remains to be explained (Barbu [1978]). In all theses models the solute 
supersaturation results from a balance between the interstitials, which always carry the 
solute down the gradient and the vacancies, which can act in both directions (Barbu 
[1980]). At higher temperatures the phenomenon disappears owing to the lowering of the 
defect supersaturation. 

A second kind of precipitation, the homogeneous precipitation, was discovered later 
(table 11), where precipitates are not associated with any pre-existing defect sink. By 
studying the stability of the set of equations (75) with respect to concentration fluctu- 
ations, Cauvin and Martin ([1981], [1982]) have been able to show that, due to the 
recombination term, the homogeneous solution can become unstable with respect to small 
concentration fluctuations, giving rise to solute precipitation. Before reaching this 
instability, the system may become metastable with respect to the growth of large enough 
precipitates. The analysis of the nucleation problem taking into account the 
supersaturation of defects, allows to calculate a solubility limit under irradiation. Models 
have been proposed for incoherent precipitates of oversized solutes (Maydet and 
Russell [1977]), or coherent ones, wether over- or under-sized (Cauvin and Martin 
[1981], [1982]), the latter providing a good agreement with results obtained in Al-Zn 
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Fig. 21. Solvus line in the Al-Zn system under 1 MeV electron irradiation (after Cauvin and Martin [1981]). 
Open half-circles: no precipitation; solid half-circles: precipitation at low, or high, flux; dashed line: solvus line 
without irradiation. 


Table 11 


Binary alloys where radiation-induced precipitation has been found. 


Alloy 

Projectile 

Precipitate 

Morphology 

Ni-Be 

Ni + ions 

[3-NiBe 

at interstitial dislocation loops 

Ni-Si 

neutrons 

y'-Ni 3 Si 

at interstitial dislocation loops 


Ni + ions 

y'-Ni 3 Si 

at interstitial dislocation loops 


electrons 

-/-Ni 3 Si 

at interstitial dislocation loops 


HP ions 

y'-Ni 3 Si 

homogeneous, coherent, in regions of 
non-uniform defect production 

Ni-Ge 

electrons 

y'-NijGe 

at cavities or dislocations lines 

Al-Zn 

neutrons 

/3-Zn 

homogeneous precipitation 


electrons 

GP zones +/8-Zn 

homogeneous precipitation 

Al-Ag 

electrons 

{100} silver-rich 
platelets 

homogeneous precipitation 

Pd-W 

HP, N + ions 

bcc W 

at dislocation loops 


electrons 

Pda W 

homogeneous 

W-Re 

neutrons 

AT-WRe 3 

homogeneous 

Cu-Be 

electrons 

G.P. zones + y 

homogeneous 

Mg-Cd 

electrons 

Mg 3 Cd 

? 
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alloys under electron irradiations. The origin of this mode of precipitation is to be found 
in the enhanced recombination probability for the defects in solute rich zones in case of 
attractive solute-defect interaction. 

The theoretical situation is less favourable for concentrated alloys since the available 
models both for the thermodynamics and for the phenomenological coefficients are much 
less safe (see § 5.1.2). They are generally based on the random alloy model of Manning 
[1971] and discard the specific trapping effects of solutes on the interstitials. As a 
consequence they do not introduce properly the coupling terms (Wiedersich et al. 
[1979]), The more elaborate treatments still suffer from restrictive assumptions 
(Bocquet [1987], Lidiard etal. [1990]). The interest of treating the thermodynamics of 
the alloy and the dynamics at the same level of approximation, has been evidenced by 
Grandjean et al. [1994], who where able to reproduce a whole segregation profile in 
NiCu alloys. 

8.3 3. Irradiation-induced phase transformations 

In the two preceding paragraphs we have sketched specific models for irradiation 
enhanced diffusion and segregation/precipitation phenomena. More generally an alloy 
under irradiation can be described as a dissipative dynamical system which can display 
a very rich behaviour in response to an irradiation: the system will develop an evolving 
microstructure with voids, dislocations loops, precipitates, displaying, or not, steady 
states. The nature and the relative stability of these states can be studied thanks to a 
whole bunch of methods like deterministic approaches, Langevin equations, Master 
equation, Monte Carlo simulation, ... which allow to draw dynamical phase diagrams. 
These topics however are too far from the point of view of the diffusion and the 
interested reader can found in the specific section of the bibliography the relevant 
references. 

Irradiation-induced segregation and phase transformations are further discussed in 
ch. 18, §4.7. 

9. Diffusion in amorphous metallic alloys 

The study of diffusion properties in amorphous metallic alloys (A.M.A.), has been 
quite active in the past ten years both because these materials have been used as models 
of disorder for more complex glasses, like oxide ones, but also because they pose an 
interesting question from the point of view of solid-state physics: what level of structural 
disorder is sufficient and/or necessary for invalidating the notion of point defect (Limoge 
etal. [1982])? The reader is referred to recent reviews (Akthar etal. [1982], Adda et 
al. [1987], Mehrer and DOrnbr [1989] and Limoge [1992b]), and to the general 
references on metallic glasses given at the end. The topic is still highly controversial on 
some points, so the present authors will try, as everybody engaged in the hottest debates, 
to separate as clearly as possible the established facts from more subjective interpreta- 
tions. 
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9.1. A primer of metallic glasses 

Whatever the preparation mode, vapor condensation, ultrafast quench, it is now 
recognized that after a proper annealing a unique metastable equilibrium structure is 
obtained. We have given in fig. 22 a schematic picture of the evolution of the viscosity 
and self-diffusion in a supercooled liquid during a quench. Two parts are clearly 
distinguishable. First a high-temperature one, above the so-called glass transition T g , 
where the system flows. The diffusion mechanism is of a collective type and, as far as 
it can be checked, the Stokes-Einstein relationship is obeyed. In this part the well-known 
Williams-Landel-Ferry [1955] expression works as a mere fit at least as well as any 
other expression; in particular it describes rather well the near divergence of the viscosity 
at a finite temperature T 0 , which gives rise to the phenomenon of the glass transition. 
Around T g a rather abrupt change is observed and a new regime sets in, which has all the 
characteristics of a mobility in solids. In the following, we will be interested in this latter 
part, that is, sufficiently below T . 

As a consequence of these very rapid quenches the glassy alloys are metastable, and 
as compared to silicate glasses, more “meta” than “stable”. As soon as an enhanced 
temperature allows a sufficient mobility they evolve in a twofold manner. On the one 
hand they relax towards the (hypothetical) equilibrium liquid structure, probably 
becoming locally more ordered, and therefore decreasing the mobility. On the other hand 
if sufficiently large fluctuations of topological and chemical order can form, they will 
crystallize; the crystallization is controlled by diffusion. 

The study of diffusion is thus a quite difficult task. First the allowed (mobility x 
time) window is very limited by the onset of crystallization: most of the measurements 
are for example done in a temperature range of less than 100 K, and over two decades 
of D at most, the total penetration being typically less than 100 nm in tracer experiments. 
Needless to say, the D values obtained are at the lower limit of the available techniques, 
imperatively restricting the temperature range where diffusion can be studied. As a 
second drawback, during this short time the structure itself will evolve: a proper 
preliminary anneal is generally needed for obtaining a reasonably stabilized structure. 
This minimum requirement as not been always met in the first studies. Finally, a 
characteristic feature of the glasses is the wide distribution of physical properties 
prevailing in non translationally invariant systems. As probed by local methods (see 
§ 2.2) activation energy spectra are frequently found with halfwidth of the order of tenths 
of an eV. 

Glassy alloys have now been discovered in a great number of systems. With respect 
to diffusion two families only have been studied: the M-Me group where M is a late 
transition metal or a noble one (or a mixing of them), and Me a metalloid in a concen- 
tration between 15% and 25% at.; and the M-M group, alloying an early transition metal 
(and big) with a late (and small) one in a broader composition range, from 20% to 80% 
at. approximately. The level of local order is thought to be much more developed in the 
first class than in the second. As a consequence the properties of the two groups are 
possibly different. (See also ch. 19, §4). 
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Fig. 22 . Viscosity (-17) and diffusion (D) evolutions during two rapid quenches of a liquid. Above T e , in the 
liquid range, 7) and D obey the Stokes-Einstein relation. Below T t , depending on the quench rate, the 
isoconfigurationnal viscosity evolves according to the “slow” or the “fast” curve. The Stokes-Einstein 
relationship is no longer obeyed, the diffusion being generally much underestimated. 

9.1.1. Experimental portrait of the diffusion behaviour 

I) At first, a thermally activated equilibrium diffusion can be defined in all these 
materials, after a proper annealing. One of the most intriguing characteristics of the 
diffusion in A.M.A. is its “normal” behaviour: diffusion is arrhenian versus T (but on a 
quite limited temperature range), and not dispersive (penetration plots are gaussian and 
D does not depend on time). Apparently D is controlled by a single activation energy Q, 
or by a very narrow distribution (but see § 9.3), in contradiction with local measurements 
(see above, § 2.2). 

In table 12 a non exhaustive set of tracer determinations of self-and-solute diffusion 
measurements in various alloys have been gathered. They have been choosen according 
to the level of confidence the present authors can reasonably have in them. A few of 
them displaying quite unrealistic diffusion parameters have however been kept in order 
to give a clue to the possible uncertainty remaining in the other ones. 

II) In the first class the best measurements have converged toward i) a Q value of the 
order of 0.7 to 0.8 of an equivalent solute solvent couple in the crystalline state, ii) the 
D 0 are within ± 2 orders of magnitude of the corresponding terms. Nevertheless in the 
first row the D 0 value of the P 31 tracer (5.10 -15 m 2 /sec!) is a reminiscence of the stone 
age in the studies of glassy metals during which the D 0 where supposed to be able to 
cover 38 (!) orders of magnitude (Limoge el al. [1982]). The same comment applies 
probably also to P diffusion in the second row; in both cases the value of the P diffusion 
coefficient is nevertheless in the same range as the one of the other tracers. 

III) In the second class the diffusion of the late T.M. (Fe, Co, Ni, Cu), small atoms, 
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occurs with a Q nearly equal to the one prevailing in the a- Zr, but not in the a-Ti 
matrix, and a D 0 of the same order, albeit a bit smaller. A marked correlation has been 
found (Hahn and Averback [1988]) between the value of D and the size of the solute, 
reminiscent of the one observed in the crystalline a-Zr or a-Ti matrices (Hood [1978]). 
The diffusivity of small solutes is orders of magnitude larger than the diffusivity of big 
ones. With regard to the mobility of the early T.M. (big atoms) the situation is quite 
confusing: as probably the mobility is related to the size of the tracer, the results for Au, 
Ag, Zr and Hf in the various Zr-rich alloys are not consistent, contrarily to the Ti-based 
alloys, where the recent results are more in line with the behaviour of the first group 
(row 10). More generally neither for the small nor for the big solutes is the consistency 
between nearby alloys in the same laboratory (rows 11 and 12) or for similar systems 
in different laboratories (rows 7, 8 and 9) satisfactory. The possibility to deduce from 
these results safe values for the activation energies, and even more for the D 0 , is not 
obvious. 

Among the experiments which cast a specific light on the possible atomic mechan- 
isms the following results have been obtained. 

IV) The isotopic effect has been measured for Co diffusion in a CoFeNbB alloy; it 
decreases during the relaxation, from 0.5 to 0.1 in a well-relaxed glass (Ratzke etal. 
[1992]). 

V) The activation volume has been determined in a FeNiPb glass for chemical 
diffusion yielding a value of 1 Cl (Limoge [1987], [1990]), in a CoFeNbB alloy for the 
Co tracer, yielding a result of -0.06 fl (Ratzke and Faupel [1992]), and last in a series 
of NiZr alloys in which the activation volume for the Co tracer varies rather strongly 
with the concentration from 0.8 to 1.6 ft (HOfler etal. [1993]). 

VI) Under irradiation, diffusion is enhanced. This has been shown in the first group, 
using either electron irradiation, that is producing only isolated Frenkel pairs and 
excluding cascade mixing, (Barbu and Limoge [1983]), or heavy ions (Tyagi et al. 
[1991a]), and also in the second group using electrons (Limoge [1987]) or heavy ions too 
(Averback and Hahn [1988]). When measured, the flux dependence is sublinear, of the 
order of 1/2, pointing in crystals to a recombination regime (see §8.3. 1.3). Irradiations 
at low temperature (30 K) followed by isochronal annealings produce stages similar to 
the ones in crystalline metals (Audouard and Jousset [1979]). 

VII) Positron annihilation spectroscopy, possibly due to the competition between 
vacancy trapping and a high level of volume trapping, does not provide a clear answer, 
but the results are not incompatible with the existence of vacancy defects in both kind of 
alloys (Trifthauser and KOgel [1987]). 

VIU) As sketched on the figure 22, the Stokes-Einstein relationship is not obeyed 
below T s . On the contrary, the viscosity deduced from creep measurements evolves as t' 1 
whatever the duration of the experiment (Limoge et al. [1882], Limoge and Brebec 
[1988]), at least in the first group of alloys: with regard to the deformation there is no 
“equilibrium” structure on any accessible time scale. But the activation energies of 
diffusion and viscosity are generally very similar. 

IX) Hydrogen diffusion has been reviewed by Kircheim [1988]. It has been much 
studied in PdSi and NiTi alloys by various methods. The main characteristic is that D 
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Table 12 

Diffusion parameters in various metallic glasses. 


Alloy 

Tracer 

D 0 m 2 /sec 

&v 

Q*** ( eV ) 

Reference 

Fe 40 Ni 40 P 14 B 6 

Fe 39 

l.OxlO" 3 

2.0 

2.9 

a 


P 32 

5.5 xlO" 13 

.81 


a 


Fe 56 

2.7 xlO" 2 

2.4 

2.9 

b 

Fe 40 Ni 40 B 2 o 

P 32 

l.OxlO 34 

3.1 


b 


Ni 63 

4.0 x lO^ 1 

2.14 


c 


Au 

1.9x 10" 4 

2.09 


d 

F&80 ®20 

Fe 59 

4.6 xlO" 3 

2.1 


e 

Pd 77 Cu 6 Si 17 

Au 

1.2xl0" 3 

1.78 


d 


Fe 59 

3.1 xlO -7 

1.5 


e 

Fe 91 Zr 9 

Zr 95 

2.1 x 10" 3 

2.5 


e 


Co 57 

8.0 x 10" 7 

1.52 


f 

COg^Zrn 

Au 195 

7.9 xlO -1 

2.84 



CothTS^ 

B" 

1.77 xlO" 7 

1.63 


s 


Co 60 

3.7 xlO" 7 

1.42 

1.52 (a Zr) 

h 


Ni 63 

1.7 xlO" 7 

1.47 

.8 (a Zr) 

h 

NisoZrso 

Cu 

1.2 x 10" 6 

1.69 


i 


Au 

4.8 x 10" 6 

2.09 


i 


Hf 

8 xlO" 17 

.75 


j 


Ag 

1.2 xlO" 14 

.82 


k 


Au 

1.3 xlO" 7 

1.55 


k 


B 

7.4 x 10" 4 

2.05 


1 


Be 

1.7xl0" 3 

2.2 


1 


Fe 

2.5 xlO" 3 

2.33 

1.2 (a-Ti) 

I 


Si 

5.8 x 10"* 

2.35 


1 

Fe^ZrTj 

Fe 59 

2.6x10* 

2.6 


e 


Fe 59 

6.0 xlO" 1 

2.3 

<1 

e 

Fe2 4 Zr 7 6 

Zr 93 

7.0 xlO 6 

3.2 

3.1 

e 


* Valenta etal. [1981]; b Horvath etal. [1985]; c Tyagi etal. [1991b]; d Akthar etal. [1982]; ' Horvath 
et al. [1988]; f DOrner and Mehrer [19911; 5 La Via etal. [1992]; h Hoshino et al. [1988]; 1 Hahn and 
Averback [1988]; j Wu [1991]; k Stelter and Lazarus [1987]; 1 Sharma etal. [1993], 


increases with the H concentration with a concomitant decrease of both activation energy 
and D 0 term. The diffusion in a Pd 81 Si 19 alloy can be lower at low concentration than in 
the crystalline phase, but higher at high concentration (Lee and Stevenson [1985]). 
These results can be understood by assuming a distribution of site energies for H, the 
lowest being filled first and acting like traps which decrease D. A gaussian distribution 
is usually assumed (Kirchheim et al. [1982]), although in-elastic and quasi-elastic 
neutron scattering are more in agreement with bimodal distributions (Rush etal. [1989]). 
This bimodal distribution has been seen by H permeation studies in a NiTi system (Kim 
and Steveson[1988]). 


References: p. 651. 




648 


J. L Bocquet, G. Brebec, Y. Limoge 


Ch. 7, § 9 


9.1.2. Mechanism proposals 

We enter here a more subjective part. Three possibilities are presently explored, 
namely the so-called collective mechanism, the point defect route and the free volume 
approach. Lacking space, we will not present here the free volume approach (Cohen and 
Turnbull [1961], Spaepen [1981]) since in its present state, it is basically an inconsist- 
ent vacancy model (Limoge [1992a)]), which moreover contradicts point VTEL) above 
(among others). 

Five reasons are generally invoked to support the proposal of a collective mechanism: 
i) the difficulty to figure out a defect in the absence of a lattice, ii) the extreme values 
of the D 0 ’s, iii) the arrhenian behaviour, iv) the small value of the isotope effect, v) the 
slightly negative value observed for the activation volume in one alloy. The D 0 ’s have 
been shown particularly to be correlated with the Q’s, with a correlation coefficient quite 
different from the one prevailing in crystals, obtained through Zener’s model (§ 3.3.3). 
This unusual coefficient has been taken as the indication of a new mechanism at work 
(Sharma et al. [1989]). The points i) ii) iii) iv) will be developed in the next two 
paragraphs. We have no explanation for the experimental contradictions on point v), 
except that diffusion under pressure is an extremely difficult task in itself, and systematic 
errors (surface oxidation, thermal gradients, ...) are not easy to avoid, particularly in the 
glassy systems for the reasons given above. Moreover negative activation volumes are 
difficult to understand in compact phases. We nevertheless have the feeling that the 
strongest motivation for that proposal is simply that the glassy state can be obtained in 
a continuous evolution from the liquid state, making the transposition very natural, 
despite the break in the D versus 1/T plot in fig. 22. No proposal has been made for 
describing the diffusion event at an atomic level. 

The defect proposal is based on the following ideas: i) a sufficient amount of local 
order in amorphous metallic alloys for defining a defect, ii) a close analogy for D 0 and 
Q between crystalline and credible results in many glasses, for similar compositions, iii) 
the existence of irradiation effects, iv) the activation volume measurements, v) from point 
VIII) above different defects are involved in diffusion and creep, vi) the defect viewed 
as an energy density fluctuation which must exist in a glass as in any other thermody- 
namic system. A vacancy defect has been proposed for the first group of alloys and 
possibly for the large atoms in the second, and an interstitial defect for the small solutes 
in the second group. 

We have no room here to discuss these proposals in detail and the interested reader 
can find quite extensive developments in the reviews quoted at the beginning, or in the 
general references given at the end. We would like to emphasize that almost all of these 
arguments are mere analogies. In order to get firmer conclusions we need to develop a 
better understanding of the atomic mechanism itself, and of its statistical properties. This 
is the purpose of the following two paragraphs, chiefly in the case of the vacancy 
proposal for which the most developed studies have been done. 

92 . Simulation approach of the self-diffusion process 

The direct simulation of the diffusion, generally by Molecular Dynamics, is a delicate 
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task since the lowest accessible values of D are of the order of 1CT 11 m 2 /s given the 
present-day limitations of the computing possibilities, to be compared to the 1CT 20 m 2 /s 
which is the typical goal. The direct simulations are therefore limited to the liquid range, 
giving few informations on the solid one. The other way is to devise a (and of course if 
possible all) probable atomic mechanism(s), involving a defect or not, and to study its 
properties, coming back to macroscopic diffusion using the proper statistical theory. 

In the first approach it has been shown several times recently that when the diffusion 
becomes of the order of 1CT 11 m 2 /s, the diffusion in the liquid turned progressively from 
a collective behaviour to a jump one, involving three to five atoms (Miyagawa et al. 
[1988], Wahnstrom [1991]). In the absence of any activation energy determination for 
these jumps, it is not possible to determine wether they are still active at the much lower 
temperatures which are of interest here, and which role they could play in diffusion. It 
is also not possible to build a proper statistical theory for them. 

Several works have attempted to characterize point defects in simple models of 
glasses, using mostly Lennard-Jones interactions (Bennett etal. [1979], Doyama etal. 
[1981], Laakonen and Nieminen [1988, 1990]). These studies generally denied any 
interest in the notions of interstitial or vacancy, since the latter disappeared quite rapidly 
after their introduction into a model glass at a non-zero temperature. However, given the 
small size of the systems studied in simulation, and the possibility that a glass contains 
sources and sinks for the various possible defects, this elimination is possibly normal if 
the temperature is high enough to allow the defect to jump (Limoge and Brebec [1988]). 
This is indeed what has been observed in a careful statistical study of the properties of 
vacancies in a Lennard-Jones glass: it has been shown that it is possible to define a 
vacancy defect in this simple model glass (Delaye and Limoge [1992, 1993a, 1993b]). 
These vacancies are associated with a high level of local order, of a spherical nature in 
this case. They can jump as soon as the temperature is high enough, and these jumps are 
frequently collective like those observed in crystalline metals at high temperature, 
involving from three to five atoms. The least ordered regions in the glass act as defect 
sources and sinks, and this characteristic feature persists over duration quite long with 
respect to the duration of a jump sequence. The thermodynamical properties of the 
vacancy (formation and migration energies, entropies and volumes) were shown to be in 
quite good agreement with the knowledge gained in actual glasses. We have shown in 
figure 23 an example of these thermodynamic properties. 

Using the results of the theory of the random walk on a random lattice (see § 9.4) 
Limoge [1992b)] and Limoge etal. [1993] have been able to build a model for the 
vacancy-mediated diffusion in amorphous metals in reasonable agreement with the 
experimental results. 

The goal now is to check wether the other mechanisms which can be imagined, can 
be characterized and inserted in a statistical model in a similar way, to compare them 
with the experiments. 

9.3. Random walk on a random array 

Due to the lack of translational symmetry, in an amorphous solid the local properties 
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HydroiUtlc pftnuft (kbir) 

a. Formation enthalpies, in eV, versus formation volumes, % of an atomic volume. 

Rapidly quenched system; □ at 2.5 kbar. 

Slowly quenched system; © at 0. kbar; • at 0.8 kbar; E0 at 2.5 kbar. 

b. Same formation enthalpies as in figure 8a but versus local pressure: 

Rapidly quenched system: 0 at 2.5 kbar. 

Slowly quenched system: #810.8 kbar 


are distributed. In our case the activation energies determined by local probes show a 
more or less broad spectrum (Balanzat [1980], Rettenmeyer etal. [1986]), correspon- 
ding to a very large spreading of the jump frequencies. The site and the saddle point 
energies display such a distribution. However they have very different properties and 
effects upon diffusion, at least in a 3-D space: the saddle disorder tends to accelerate 
diffusion but the site one slows down a tracer particle. It has only recently be realized 
that the opposite effects of the two kinds of disorder should produce qualitatively new 
kinds of behaviour. A theory of the interstitial diffusion at low concentration, combining 
an analytical approach and Monte Carlo simulations, for the random walk on an energeti- 
cally random lattice has been built (Limoge and Bocquet [1988, 1989, 1990, 1993]. The 
main results are the following: 

- with respect to long range diffusion, the two kinds of disorder do not add but more or 
less compensate each other. The diffusion coefficient of a tracer particle can be calculated 
in a mean field approximation as: 


D“ = exp 


-K £ c 




(76) 


for gaussian distributions of site and saddle point energies, described by their mean 
value, and e^, and their variances, er s and £r c ; f is a slowly varying function of )3cr c 
as well as of the nature of the underlying lattice, the high temperature limit of which is 
unity. 

- for values of the cr’s compatible with the experimental orders of magnitude, as deduced 
from the relaxation measurements, the non gaussian regime cannot be detected by 
macroscopic diffusion measurements since the dispersive regime lasts at most a few 
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jumps, but is accessible to local probes. Once more the two disorders do not add, but the 
saddle one appears to be dominant, with regard to the dispersive behaviour. 

It is clear from the equation (76) that the residual term (exp (jS 2 (f cr^ — of)/2) can be 
without proper judgement incorporated into an apparent D 0 , thus appearing very much 
different from the true pre-exponential factor which is related to an activation entropy (in 
the above model D 0 equals 1); depending on the nature of the dominant disorder, very 
large or very low apparent D 0 are obtained. Using the experimental orders of magnitude, 
the expected deviations can amount to very large values, say of the order of lO* 3 , even 
for undetectable residual curvatures of the Arrhenius plots. Finally, it is interesting to 
note that in a non perfectly compensated case, one can easily demonstrate that the result 
of this effect is a Zener-like correlation between the apparent preexponential term and the 
apparent activation energy , the order of magnitude of which is exactly what is found in 
the experimental results (Limoge [1992b]). 

All the features of diffusion in amorphous metals can therefore be taken into account 
at the present day in the framework of the standard defect-mediated models. Of course, 
this cannot exclude that other mechanisms could compete and be even more efficient, for 
example the collective relaxation events mentioned above. The proper treatment of these 
other possibilities, collective or not, is a matter for years to come. 

Note added in proof: A very recent work (Oligschleger and Schober [1995]) 
based on M. D. simulations in model glasses reported on the existence of collective 
relaxation events of low energy, which could partly answer our questions, if transposable 
to diffusion. 
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1. Introduction 

In this chapter, we give a general view of the formation of the solid from its melt. 
This process is generally driven by the extraction of heat from the melt and the first 
section deals with heat flow during conventional casting, directional solidification, and 
rapid solidification processing. Next, the fundamentals of the freezing process are treated 
under the headings: i) Thermodynamics of solidification, ii) Nucleation, iii) Interface 
attachment kinetics, iv) Solute distribution for planar and nearly planar solid-liquid (S-L) 
interfaces, v) Cellular and dendritic growth and vi) Polyphase solidification. Subsequent- 
ly, fluid flow and associated phenomena are discussed. The last portion of the chapter 
deals with the application of these fundamentals to conventional and continuous casting, 
welding processes, manipulation of structure and new and emerging solidification 
processes. Rapid solidification is not treated separately, but is included in the headings 
above in an attempt to provide a general understanding of the solidification process as 
the solidification rate is increased. 

2. Heat flow in solidification 

When hot metal is poured into a mould, the rate at which it can lose heat is control- 
led by a number of thermal resistances. Figure 1 shows schematically the thermal 
conditions for a simple geometry of solidifying metal. In different parts of the metal- 
mould system heat transfer may occur by conduction, convection or radiation. The formal 
treatment of this problem involves considerable complexity as a consequence of the 
continuous generation of latent heat at the moving S-L interface, the nature of the S-L 
interface geometry which can be cellular or dendritic for alloys, and the variation of the 
physical properties of the metal-mould system with temperature. The major impediments 
to the removal of the latent heat are the solidifying metal itself, the metal-mould 
interface, and the mould. For these, the solidification process is primarily controlled by 
heat diffusion and Newtonian heat transfer across the mould-metal interface. Many 
numerical software packages are now available to solve the heat flow problem and are 
becoming more widely used to treat the complex shapes involved in industrial foundry 
applications. 

In the following sections we describe heat transfer inside the solid/liquid metal 
system, heat transfer to the mould, examples of heat flow analysis in 1-D and more 
complex geometries, as well as software developments and the use of controlled 
solidification geometries for research purposes. 

2.1. Heat transfer within the solid/liquid metal system 

If the system under consideration involves an interface between solid and liquid that 
has a relatively smooth shape, as in the case of solidification of pure substances or dilute 
alloys, it is convenient to treat the phases as two different media. For pure conduction 
heat diffusion equations are applied separately to the solid and liquid. 
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Fig. 1. Thermal conditions for solidification of a simple geometry of a pure superheated liquid metal. In the 
figure, K corresponds to heat transfer by conduction, N to Newtonian heat transfer across the mould-metal 
interface, C to convective heat transfer, and R to heat transfer by radiation. 


div[K s gradT s (x,t )] = C p s H&A, (1) 

at 

div[K L grad T l {x, f)] = C p L , (2) 

(ft 

and the heat flux and temperatures are matched at the S-L interface using 

K S G S - K l G l = LV, (3) 

T l =T s = T, (4) 


where K s = solid thermal conductivity, K L = liquid thermal conductivity, G s - normal 
component of the thermal gradient in solid, G L = normal component of the thermal 
gradient in the liquid, V= normal velocity of the S-L interface, - interface temperature 
which may depend on curvature and V (see § 5), T L = liquid temperature, T s = solid 
temperature, C p L = volumetric liquid specific heat, C p s = volumetric solid specific heat, 
and L — volumetric latent heat. 

Convection within the melt can also be important and influences solidification at both 
the macroscopic and microscopic levels. At the macroscopic level it can change the 
shape of the isotherms and reduce the thermal gradients within the liquid region. Also the 
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local solidification conditions, macrosegregation, and microstructure can be affected by 
convection. In particular the orientation of columnar dendritic structure, the occurrence 
of the columnar-to-equiaxed (CET) transition and nucleation initiated by dendrite arm 
detachment are all influenced by convection (see § 9). 

When solidification of alloys that exhibit a large solidification range are treated, a 
mushy zone (see § 7) is usually present. In this case the solid and liquid phases are often 
treated as a single domain (Rappaz and Stefanescu [1988] and Rappaz [1989]). The 
heat diffusion equation to be solved is 

div[K{T) grad T(x, f)] + 6 = C P {T) , (5) 

at 

where K(T) is the thermal conductivity, C p (7) is the volumetric specific heat and Q. is the 
heat source term associated with the phase change. 




( 6 ) 


with f s (x,t) being the solid fraction. To solve eq. (5) a relationship for f s (x,t) must be 
known. 

The simplest and most widely used method assumes that/ s depends only on T. Then 
eqs. (5) and (6) can be combined as 


div^K(T) grad T(x, f)] 


C P (T)-L^ 
pv / dT 


ST(x,t) 

dt 


(7) 


This equation can be rewritten according to two different numerical techniques. When the 
specific heat method is considered the equation is 


di^K{T)gradT{x,t)] = C P (T)^± 

at 

where C P is an altered specific heat 


c;(t) = 


( df A 

C r (t)-L=^- 

l dT ) 


( 8 ) 

(9) 


that includes the latent heat. When the enthalpy method is used, instead of treating the 
temperature as a variable, the volumetric enthalpy H is adjusted and equation (7) 
becomes 


div[K(T) grad T(x, r)l = (10 ) 

dt 

where 

h(t) = Jc P (r)dr + l[ i - f s (r)]. a i) 

Rappaz [1989] discussed the advantages and disadvantages of using the equivalent 
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specific heat method (eq. (8)) and the latent heat method (eq. (10)). In standard macro- 
scopic modeling of solidification the relationship / s (7), C p e (7), or H(T) can either be 
deduced from DTA-type measurements or from a simple solute model as that of Scheil 
[1942] to be discussed in §6. 

More complex methods, where / s is not simple a function of T, must be considered 
if the details of nucleation and growth or solid diffusion (Brody and Flemings [1966]) 
are to be coupled to the macroscopic heat flow (Rappaz [1989]). For example, for 
columnar dendritic growth, / s depends on the local isotherm velocity and temperature 
gradient, as well as the temperature. 

2 2. Heat transfer at the metal-mould interface 

The heat flow from the solidifying metal is often limited by the metal-mould thermal 
resistance. This resistance is quantified by the value of the heat transfer coefficient, h { , 
defined by 

q = (T iS - T m J, (12) 

corresponding to a Newtonian heat transfer model where q is the heat flux across the 
interface, T iS is the metal temperature and ^LM the mould temperature, both at the metal- 
mould interface. When the melt first enters into contact with the mould wall, the mould 
surface is at a low temperature and the liquid is at the melting point plus the superheat. 
The thermal contact is not perfect and the h t value depends on the complex nature of the 
contact between metal and mould as shown in fig. 2a. Also important are the thermal 
resistance imposed by any coating present on the mould surface (Biloni [1977]) and the 
“air gap” that often develops between the mould surface and the solidifying metal due to 
metal shrinkage (Das and Paul [1993]). Consequently, the physical nature of the thermal 
contact can change with time and from point to point and may also depend on the 
wetting capacity of the melt, existence of oxides, grease, etc. 

Ho and Pehlke [1984], [1985] and Campbell [1991a], [1991b] give a clear picture 
of the heat flow at the metal-mould interface including the origin, development, and 
nature of the so called “ air gap”. The following facts must be considered: 

1) When the metal enters the mould, good contact exists between the molten metal and 
the mould surface as Prates and Biloni [1972] and Morales et al. [1979] proved 
through the analysis of the casting surface structure. Contact occurs at the peaks of the 
mold surface roughness where large supercooling creates predendritic nuclei (Biloni and 
Chalmers [1965]). The application of pressure enhances the contact and the h { value can 
be increased dramatically (Campbell [1991a]). 2) After the creation of a solidified layer 
with sufficient strength, the casting and mould both deform due to thermal contraction 
and the contact is reduced to isolated points at greater separations than that determined 
by the surface roughness. The interface gap starts to open and the conduction across the 
interface decreases drastically. Consequently, the h { value falls by more than one order 
of magnitude. When radiation is neglected, the important mechanism becomes the 
conduction of heat through the gas phase in the gap. In this case h t = Kfe, where e is the 
equivalent thickness averaged over the metal-mould interface and K- t an effective thermal 
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(i) 


Fig. 2. Nature of the thermal contact between the metal and the mould and equivalent Newtonian model of the 
metal-mould interface, (a) The complex nature of the contact and different types of heat transfer occurring at 
the interface are shown schematically. At point A good local contact assures a higher heat conduction. As a 
consequence, ft, will locally be higher than at the rest of the metal-mould interface, (b) The equivalent 
Newtonian model is based on an effective value of the gap, e, to yield an average value of hi. 
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conductivity of the gas. Then, h, corresponds to an average value represented by the 
equivalent model of fig. 2b but local values can be considerably different. The important 
aspects for modelling are the identity of the gas in the gap and the gap thickness. 

Ho and Pehlke [1984] and Campbell [1991a], [1991b] discuss the nature of the gas 
in the gap. For iron and steel castings in sand moulds, the gas present is likely to be 
hydrogen. This is significant, because of the high thermal conductivity of hydrogen, 
which is of the order of seven times greater than for air. For metallic moulds the lower 
H content in the gap will result in a lower thermal conductivity, but the h, value may still 
be twice that of air (Campbell [1991b]). These conclusions must be considered seriously 
when h, values are estimated for heat transfer calculations. 

The width of the gap is treated as a thermal expansion effect of the casting and the 
mould. If the mould expansion is considered homogeneous, transient heat flow con- 
sideration yields (Campbell [1991a)]) that e/D is proportional to 

a c (r m -r) + a M (r Mi -r 0 ), (13) 

where e = gap size, D = casting diameter, T m = freezing point, = temperature of the 
mould interface, T n = original temperature of the mould, a c = casting thermal diffusivity, 
a M = mould thermal diffusivity. 

However, in general, there will be powerful geometrical effects and the gap thickness can 
change differently in various parts of the mould. Therefore, the situation in shaped casting is 
complicated as Campbell [1991b] affirms and has yet to be tackled successfully by 
theoretical models. Indeed Ho and Pelke [1984] and [1985] demonstrate the difference in h, 
value obtained for chilling surfaces located at the top or bottom of a cylindrical A1 casting. 

Mehrabian [1982] reported the measurement of h, in splat cooling, in pressurized 
aluminium against a steel mould and in liquid die casting against a steel mould. He 
estimates that an upper limit exists for practically achievable heat transfer between liquid 
and substrates of about h,= 10 s — 10 6 J/m 2 Ks. Table 1 gives the order of magnitude of 
for different conditions of a metal in contact with a mould. 

Careful measurements and analysis are necessary to obtain accurate heat transfer 
coefficients. Using thermocouple measurements and numerical solution of the inverse 
heat conduction problem. Ho and Pehlke [1985] have obtained h, values that show the 
onset of gap formation, and its time evolution. 

More recently Hao et al. [1987] performed experiments with ductile iron and 
discussed the effect on h, of the expansion of graphite precipitated during the solidificat- 
ion period. Sharma and Krishman [1991] discussed the effect of the microgeometry of 
moulds considering several combinations of V grooves upon the mould or chill surface. 
Das and Paul [1993] determined k, in castings and quenching using a solution technique 
for inverse problems based on the Boundary Element Method (BEM). 

23. Heat flow in one dimensional solidification geometries 

Two examples of the analysis of one dimensional heat flow during solidification are 
given here. The first is often applicable in ordinary casting processes, while the second 
applies to rapid solidification. 
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2.3.1. Freezing at mould wall 

The pioneering work by Pires et al. [1974] analytically treated the case where the 
effects of a finite heat transfer coefficient at the metal-mould interface and conduction in 
the both metal and mould are important. Later, Garcia and Prates [1978] and Garcia 
etal. [1979] obtained similar results. Clyne and Garcia [1980] reviewed the analytical 
solutions, known now as the “Virtual Adjunct Method” (VAM), and described various 
limiting cases. The basic assumptions are: i) Conductive heat flow is unidirectional with 
semi-infinite metal and mould regions, ii) The Newtonian interface resistance is 
represented by a heat transfer coefficient, h„ which remains constant throughout the 
process. The important case of variable h, is not treatable by exact analytical methods, 
iii) The metal solidifies with a planar S-L interface that remains at the equilibrium 
melting point, iv) The metal solidifies with zero superheat in the liquid, v) Convection 
currents and radiation losses are assumed to be small, vi) The thermal properties of the 
metal and mould do not change with temperature. The analytical solution for the 
solidification time, t s , as a function of the distance solidified, X, has the form: 

I S (X) = AX 2 + FX (14) 

where 


A = 



(15) 


L Ps 

fh{T a -T 0 ) 


(16) 


with <j) evaluated numerically from the equation 

)[ M +crf<f>] = -~. (17) 

Here, a s is the thermal diffusivity of the solid metal, M = (K S C^ //f M Cjf) 1/2 = mould 
constant, subscripts or superscripts S and M refer to solidified metal and mould, 



Table 1 

Order of magnitude of heat-transfer coefficient, h*, for different processes. Mehrabian [1982]. 


Process 

hi (J/m 2 Ks) 

Massive mould, polished 

4x 10 3 

Massive mould, coated 

7.5 x 10 2 

Cooled mould, polished 

5x 10 3 

Cooled mould, coated 

10 3 

Pressure-Cast 

3x 10 3 -3 x 10 4 

Die-cast 

5x 10 4 

Drop-smash 

10 4 -10 5 

Splat-cooling 

10 5 -10 6 



Ch. 8, §2 


Solidification 


677 


respectively, C p is the volumetric specific heat, and L + is the dimensionless latent heat 
given by U C s (T m -T 0 ). The two terms in eq. (14) describe respectively: (i) the time 
necessary to solidify a metal of specified thickness if h, were infinite, that is, if the 
thermal contact between metal and mould were perfect and (ii) the time necessary to 
solidify a metal of specified thickness if the thermal conductivity of the mould and metal 
were large and °°, that is, the second term only considers the effect of the Newtonian 
thermal resistance at the metal-mould interface. Pires et al. [1974] and Garcia and 
Prates [1978] successfully checked eq. (14) for the particular case of efficient refriger- 
ation of the chill mould in unidirectional solidification of Sn, Pb, Zn and Al. In this case, 
Mb 0 giving a more simplified form of the general solution. Garcia et al. [1979] 
extended the experiments to moulds where M*0. These authors calculated the h, value 
from the experimental curves, X=j{t s), through eq. (16). 

Garcia and Clyne [1983] consider that in the case of Al-Cu alloys, having an 
appreciable temperature range of solidification, this method can be used without major 
modification. An analytical treatment that takes account of the mushy zone has been 
developed by Lipton etal. [1982], In addition, the VAM method has been extended to 
freezing processes involved in certain types of splat cooling (Clyne and Garcia [1981]). 
When the effects of superheat are considered, numerical methods are necessary, as shown 
for example by Hills etal. [1975]. 

2.3.2. Rapid freezing in contact with a cold substrate with initial melt super- 
cooling 

Rapid cooling of a melt often causes the liquid phase to be cooled below the melting 
point. The interplay of liquid volume to be frozen, melt supercooling and external heat 
transfer to a cold substrate controls the solidification speed as in splat cooling. Theoret- 
ical details of this process have been examined numerically by Clyne [1984]. A major 
complication occurs for heat flow analysis when high solidification velocities are 
involved even for pure materials. The temperature of the S-L interface T„ cannot be 
treated as a constant, equal to the melting point, T m , but rather it is a function of the 
interface velocity. As a result, the heat flow analysis depends on the details of this 
function, which are even more complicated for dendritic growth and for alloys (see § 5 
and 7). Clyne [1984] treats the case of a pure metal freezing with a smooth (non- 
dendritic) S-L interface governed by a kinetic law for the interface velocity given by 
V=(j.(T m -T i ) where / 1 is the linear interface attachment coefficient taken as 4 cm s“‘ K _l 
(see § 5). 

Calculations show the importance of the initial supercooling AT on the development 
of high solidification velocities. Large values of AT can develop if nucleation on the 
substrate is difficult. Figure 3 (from Clyne [1984]) shows temperature-time plots at two 
positions inside a 50 ^tm thick layer of an Al melt cooling in contact with a substrate 
with h,= 10 6 Wm" 2 K7 1 . For example, at a position 5 fim from the substrate, the 
temperature in the liquid drops until nucleation occurs near the substrate at a dimension- 
less supercooling Ad = A2/tL/C p L )H0.4, which he assumes to be predicted from homo- 
geneous nucleation theory (see § 4). The temperature at this position then rises rapidly as 
the S-L interface proceeds from the substrate towards the 5 jum position. After the 
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Fig. 3. Calculated temperature-time histories for two positions within a liquid layer 5 and 50 /U.m from a 
chilling substrate. Nucleation occurs at the substrate surface at time, t N , at an undercooling of -0.4 IV C^. The 
recalescence after the passing of the liquid-solid interface is evident at both positions. Clyne [1984], 
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interface passes the 5 /u,m position, the temperature falls slowly. A plot for the tempera- 
ture at the 50 fim position shows a smaller initial drop in temperature followed by a 
gradual rise as the interface approaches. The supercooling of the interface when it passes 
the 5 and 50 fim position is approximately 25 and 5 K respectively which correspond to 
interface velocities of 100 cm s’ 1 and 20 cm s’ 1 . Thus, the initial supercooling produces 
a much higher solidification rate close to the chill than would be possible without initial 
supercooling. 

2.4. Heat flow in more complex solidification geometries 

In general the analysis given above is useful for one-dimensional heat flow. In more 
complicated geometries there are several aspects that lead to difficulties, including the 
nonlinearity of the heat transfer problem due to the latent heat of fusion, the geometric 
complexity of shaped castings, the disparities in thermal properties between the metal and 
mould. Also the treatment of temperature dependent properties and heat transfer 
coefficient. In this framework, the techniques of numerical modeling are necessary. 

From the pioneering work of Henzel and Keverian [1965], applying successfully 
the Transient Heat Program (THP) to heavy steel cast production, an explosive growth 
of computer modeling techniques have arisen, especially in the last 15 years (Berry and 
Pehlke [1988]). As a result macroscopic modeling of solidification processes are well 
developed and different processes can be treated. We shall present here the application 
of these methods in two cases: controlled directional solidification and rapid solidification 
of atomized metal droplets into powder. In § 10 we discuss the application of numerical 
modeling of heat flow to welding and continuous casting processes. 

2.4.1. Heat flow in controlled directional solidification of metals 

Although a number of variations in the construction of DS equipment has been 
described in the literature, in many cases the process used is the Bridgman technique 
where a cylindrical crucible is moved through at a fixed temperature gradient, G L , with 
a constant translation velocity V. It is often assumed that the interface will remain 
stationary with respect to the furnace during most of the growth period and that the 
growth velocity of the interface, V, is equal to that of the crucible or the moving furnace 
(VO- However, Clyne [1980a], [1980b] combined experimental investigation of 
commercial purity A1 with mathematical modeling to determine the relationship between 
the interface and the traverse speed. He used a finite difference model to investigate a 
number of facets of the process. It was calculated that V can differ from V by 50% or 
more over a significant distance in some cases. The difference between V and V was 
found to increase as the thermal diffusivity of the metal increases. The model was used 
to examine the conditions under which the departure from ideal behavior would be 
significant and some practical steps were suggested to eliminate this problem. 

2.4.2. Powder solidification 

Levi and Mehrabian [1982] examined theoretically the heat flow during rapid 
cooling of metal droplets. Relationships were established between atomization paramet- 
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ers, growth kinetics, and interface velocity. They developed a numerical solution based 
on the enthalpy method for simulating the solidification process from a single nucleation 
event occurring at the powder surface and their results are compared with the trends 
predicted from a Newtonian cooling model. They also discuss the implications of single 
vs. multiple nucleation events. Their results stressed the importance of the initial 
supercooling, AT, when nucleation occurs, on the development of high solidification 
velocities. Figure 4 adapted by Boettinger and Perepezko [1985] from Levi and 
Mehrabian [1982] shows the interface temperature and interface velocity as solidificat- 
ion proceeds from one side of the droplet to the other, increasing the fraction solid. The 
curves shows the case of an initial supercooling of A0 =0.5 (-182 K for Al) for various 
values of h,. The velocity starts at a high value (>3 m/s) and slows as the interface 
moves across the droplet This decrease in velocity is due to the evolution of the latent 
heat at the S-L interface and the resultant reduction in the interface supercooling. The 
effect of changing the heat transfer coefficient by two orders of magnitude is primarily 
to alter the velocity after the fraction solid exceeds the dimensionless initial supercooling 
(0.5 in this case). Growth at small fraction solid is controlled primarily by heat flow inside 
the powder particle, while growth at large fraction solid is controlled by external heat flow. 
If no initial supercooling were present, the growth velocities across the entire particle would 
be near those seen at large fraction solid (fig. 4), which are typically less than 10 cm/s. 

2.5. Software packages 

Different numerical methods have been used to treat solidification. Rappaz [1989] 
discusses five main computational techniques: i) The finite difference method (FDM) 
with or without the alternative implicit direction (ADI) time stepping scheme, ii) The 
finite element method (FEM), iii) The boundary element method (BEM), iv) The direct 
finite difference method (DFDM), v) The control volume element method (VEM). He 
discussed the basic advantages and/or inconveniences of these methods using schematic 
2-dimensional enmeshments that are associated with the five main computational 
techniques. Ohnaka [1991] analyzed solidification for a thermal conduction model and 
reviewed critically these computational techniques. Berry and Pehlke [1988] give a 
comprehensive view of the steps to be taken when solidification modeling is used, 
stressing the fact that the thermophysical properties and details about mould material are 
often poorly known. Indeed, conditions such as moisture, property dependence on 
temperature, etc., would require an almost limitless data base. Software packages permit, 
through suitable interactions, the generation of maps displaying the variation of specific 
criteria functions that affect casting soundness, such as local temperature gradient, 
freezing time, front speed or cooling rate. 

Dantzig and Wiese [1986] and Wiese and Dantzig [1988] have focused on a 
technique to reduce the computation time involved in FEM methods for sand castings. 
Considering that the number of nodes located within the mold is far greater than those 
within the casting, the authors replace the sand mold by a set of boundary conditions 
applied at each element on the surface of the casting. This method was initially proposed 
by Niyama [1977] and later by Wei and Berry [1980] and is known as the Q-Dot 
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Fig. 4. Calculated interface temperature (Levi and Mehrabian [1982]) for the solidification of a powder 
particle initially undercooled by 1/2 L/C^. The temperature rises and the velocity falls as growth proceeds from 
the point of nucleation on the powder surface across the powder particle. The effect of various values of the 
heat transfer coefficient h x is also shown. The velocity scale on the right was added by Boettinger and 
Perepezko [1985]. 


method. More recently Dantzig and Lu [1985] and Dantzig and Wiese [1985] 
developed the Boundary Curvature Method (BCM). In both techniques the heat flow 
from the surface of the casting is treated using a library of special functions, related to 
the local geometry, which contain the information about heat flow from that shape into 
a mould material. The BCM method seems to adapt better to arbitrary shapes in three 
dimensions than the Q-Dot method. Dantzig and Wiese [1986] present an example of 
a complex casting (a cylinder block section) stressing the fact that this problem would 
have required much greater computation time without the BCM. 

2.6. Experimental methods involving controlled solidification 

The difficulties associated with predicting external heat transfer in casting has lead to 
the development of two research techniques of controlled solidification: unidirectional 
solidification and solidification with prescribed bulk supercooling. Much of the under- 
standing of solidification laws comes from unidirectional solidification experiments based 
on the simple principle that the extraction of latent heat must be achieved without 
allowing the melt to supercool sufficiently to permit the nucleation of crystals ahead of 
the solidification front. In practice this requires a heat sink that removes heat from the 
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solid and a heat source that supplies heat to the melt. The extensive use of such 
techniques by Chalmers and his school (Chalmers [1964], [1971]) produced the basis 
of modem understanding in solidification. The basic heat flow objectives are to obtain a 
unidirectional thermal gradient across the interface and to move it so that the interface 
moves at a controlled rate. For a planar S-L interface the gradients are related by eq. (3). 
Based on this idea different techniques have also been developed to obtain single crystals 
employed for research purposes. Flemings [1974] gives details of the different techni- 
ques used. Heat flow in controlled directional solidification (DS) is treated in §2.4.1. 

Another directional controlled process corresponds to the extraction of heat via a 
botton chill. Growth occurs in a direction parallel and opposite to the heat flux direction. 
In this situation a better control of microstructure and properties is obtained in com- 
parison with conventional casting. However the microstructure is not uniform as in the 
Bridgman method, because V and G decrease with the distance from the chill. It is 
possible to improve the microstructure uniformly by programmed furnace temperature 
and withdrawal rates. 

The above examples of controlled solidification do not involve bulk liquid super- 
cooling. However, when a crystal is nucleated at a specified temperature and grows 
freely into the liquid, the bulk supercooling A7 7 plays a major role in determining the 
structure observed during the solidification process. This type of study has been 
performed with both low and high supercooling and important structural information has 
been obtained in organic material analogues (Glicksman [1981]) and metallic alloys 
(Flemings and Shiohara [1984], Willnecker etal. [1989], [1990]). More details will 
be given in § 11. 

3. Thermodynamics of solidification 

3.1. Hierarchy of equilibrium 

The process of solidification cannot occur at equilibrium. However it is clear that 
different degrees of departure from full equilibrium occur and constitute a hierarchy 
which is followed with increasing solidification rate. This hierarchy is shown in Table 2 
(Boettinger and Perepezko [1985]). 

The conditions required for global equilibrium, (i), are usually obtained only after 
long term annealing. Chemical potentials and temperature are uniform throughout the 
system. Under such conditions no changes occur with time. Global equilibrium is 
invoked for descriptions of solidification that apply the lever rule at each temperature 
during cooling to give the fraction of the system that are liquid and solid as well as the 
compositions of the (uniform) liquid and solid phases. This situation is only realized 
during solidification taking place over geological times. 

During most solidification processes, gradients of temperature and composition must 
exist within the phases. However one can often accurately describe the overall kinetics 
using diffusion equations to describe the changes in temperature and composition within 
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Table 2 

Hierarchy of Equilibrium. 


i. Full Diffusional (Global) Equilibrium 

a. No chemical potential gradients (composition of phases are uniform) 

b. No temperature gradients 

c. Lever rule applicable 

ii. Local Interfacial Equilibrium 

a. Chemical potential for each component continuous across the interface 

b. Phase diagram gives compositions and temperatures only at Solid-Liquid interface 

c. Correction made for interface curvature (Gibbs-Thomson Effect) 

iii. Metastable Local Interfacial Equilibrium 

a. Important when stable phase cannot nucleate or grow fast enough 

b. Metastable phase diagram (a true thermodynamic phase diagram missing the stable phase or phases) 
gives the interface conditions 

iv. Interfacial Non-Equilibrium 

a. Phase diagram fails to give temperature and compositions at interface 

b. Chemical potentials are not equal at interface 

c. Free energy functions of phases still lead to criteria for the “impossible" (Baker and Cahn [1971]} 


each phase and using the equilibrium phase diagram to give the possible temperatures 
and compositions for boundaries between the phases, e.g., at the solidification interface. 
The Gibbs-Thomson effect is included to determine shifts in equilibrium due to the 
curvature of the liquid-solid interface. This condition is called the local equilibrium 
condition, (ii) in table 2. 

For a dilute alloy the liquidus and solidus of the phase diagram can often be 
represented as straight lines (fig. 5). The local equilibrium condition for a curved 
interface is given in this case by 

T, = T m + m L cl-TjK m (18) 

and 

c s * = k a c' L , G9) 

where T t and T m are the interface temperature and pure solvent melting temperature, m h 
is the liquidus slope, C L " and C s * are the compositions at the interface of the liquid and 
solid, T is the ratio of the liquid-solid surface energy to the latent heat per unit volume, 
K m is the mean curvature of the interface (defined as positive when the center of 
curvature is in the solid), and k 0 is the equilibrium partition coefficient. 

Local equilibrium is never strictly valid, but it is based on the notion that interfaces 
will equilibrate much more quickly than will bulk phases. The conditions described in (ii) 
of Table 2 are widely used to model the majority of solidification processes that occur in 
castings. For example, under the assumptions of fast diffusion in the liquid phase, neglig- 
ible diffusion in the solid phase, and local equilibrium at the interface, the Scheil Equat- 
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Fig. 5. Solidus-liquidus relationships for dilute binary alloys. For a liquid composition of C 0 the equilibrium 
solid composition is k„C 0 . For a solid of composition, C„, the equilibrium liquid composition is C,/k 0 . 


ion (see § 7.3) gives a reasonable first approximation to the “nonequilibrium” dendritic 
coring or microsegregation in conventional castings. Clearly phase diagrams constitute an 
essential part of the data base for the modeling and analysis of solidification problems. 

Metastable equilibrium, (iii) in Table 2, can also be used locally at interfaces and is 
important in ordinary metallurgical practice. For example, one can understand the 
microstructural change of cast iron from the stable gray form (austenite and graphite) to 
the metastable white form (austenite and cementite) with increasing solidification rate 
(and interface supercooling) using information from the stable and the metastable phase 
diagrams combined with a kinetic analysis (Jones and Kurz [1980]). The eutectic 
temperature and composition for white cast iron are well defined thermodynamic 
quantities just as they are for gray cast iron. Metastable equilibrium is represented by a 
common tangent construction to the molar free energy vs. composition curves for the 
liquid, austenite, and cementite phases and thus minimizes the free energy as long as 
graphite is absent. When solidification is complete, a two phase mixture of austenite and 
cementite can exist in a global metastable equilibrium. The concept of local metastable 
equilibrium is , especially important during rapid solidification (Perepezko and 
Boettinger [1983], Perepezko [1988]) because some equilibrium phases, especially 
those with complex crystal structures, have sluggish nucleation and/or growth kinetics 
and are absent in rapidly solidified microstructures. 

An example of a metastable phase diagram superimposed on a stable phase diagram 
is given in fig. 6 for the Al-Fe system. If Al 3 Fe is absent, phase boundaries involving a 
metastable phase, Al 6 Fe, which is isomorphous with Al 6 Mn, are obtained. In particular 
a metastable eutectic, L A1 + Al 6 Fe occurs. Transitions of microstructures involving 
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Fig. 6. Calculated Al-rich portion of the stable Al-Fe phase diagram is shown by solid lines. If Al 3 Fe is absent, 
a metastable phase diagram (dot-dashed lines) involves a eutectic L— >Al+Al 6 Fe. The T 0 for the solidification 
of AI solid solution is shown dashed. The solvus curves are omitted for clarity. Murray [1983a], 


Al 3 Fe to those involving Al 6 Fe have been observed with increasing solidification speed 
by Adam and Hogan [1972] and by Hughes and Jones [1976], The competitive growth 
kinetics of the two can also be analyzed using the stable and metastable phase diagrams. 

For local equilibrium, whether stable or metastable, the chemical potentials of the 
components for the liquid and solid are equal across the interface. In Table 2, however, 
another situation is described in (iv), and relates to a situation where chemical potentials 
can not be approximated as being equal across an interface growing at a high rate and 
large supercooling. These rapid growth rates can trap the solute into the freezing solid at 
levels exceeding the equilibrium value for the corresponding liquid composition present 
at the interface. Thus the chemical potential of the solute increases upon being incor- 
porated in the freezing solid in a process called solute trapping. This increase in chemical 
potential of the solute across the interface must be balanced by a decrease in chemical 
potential of the solvent in order for crystallization to occur; i.e., to yield a net decrease 
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in free energy (Baker and Cahn [1971]). The free energy change during solidification, 
AG, is given by 

AG = [(/i A - ML A )(l - C s ’) - (/!» - /x l b )C’], (20) 

where p.$ and pi are the chemical potentials for species A and B in the solid, andyu A 
and p ® are the chemical potentials in the liquid. These potentials are functions of the 
temperature and solid or liquid composition ( C s * or Cj ) at the interface during solidif- 
ication. Despite the loss of interface equilibrium during rapid solidification, the free 
energy functions of the solid and liquid phases and their associated chemical potentials 
can be used to define the possible range of compositions that can exist at the interface 
at various temperatures. This restriction is obtained by the requirement that AG be 
negative. Figure 7 shows the region of allowable solid compositions at the interface for 
a fixed liquid composition, C L *, at the interface as a function of interface temperature 
(Boettinger [1982]). Such allowable regions can be calculated from a thermodynamic 
model of the system of interest. 

3.2. T 0 curves 

For any selected pair of liquid and solid compositions, a thermodynamic temperature 
can be described that is the highest temperature where crystallization can occur as shown 
in fig. 7. However one often considers a limiting case, called partitionless solidification, 
which is favored at very high solidification rate, where the composition of the solid 
formed at the interface, C s ' , equals the composition of the liquid at the interface, C L * . 
The T 0 temperature is the highest temperature where this can occur (Aptekar and 
Kamenetskaya [1962]), (Biloni and Chalmers [1965]). This is the temperature where 
the molar free energies of the liquid and solid phases are equal for the composition of 
interest; i.e., the temperature where AG = 0 for C s " = C L ’ in Equation (20). As illustrated 
in fig. 7, a T 0 curve represents only part of the thermodynamic information available, 
when solidification occurs without local equilibrium. 

T 0 curves exist for the liquid with stable or metastable phases, and lie between the 
liquidus and solidus for those phases. In fact for dilute alloys the slope of the T 0 curve 
is m L [(In k 0 )/ (Icq - 1)]. Figure 8 shows schematically, possible T 0 curves for three eutectic 
phase diagrams (Boettinger [1982]). An important use of these curves is to determine 
whether a bound exists for the extension of solubility by rapid melt quenching. If the T 0 
curves plunge to very low temperatures as in fig. 8a, single phase a or crystals with 
composition beyond their respective T 0 curves cannot be formed from the melt. In fact, 
for phases with a retrograde solidus, the T 0 curve plunges to absolute zero at a com- 
position no greater than the liquidus composition at the retrograde temperature, thus 
placing a bound on solubility extension (Cahn et al. [1980]). Experiments on laser- 
melted doped Si alloys seem to confirm this bound (White et al. [1983]). Eutectic 
systems with plunging T 0 curves are good candidates for easy metallic glass formation. 
An alloy in the center of such a phase diagram can only crystallize into a mixture of 
solid phases with different compositions regardless of the departure from equilibrium. 
The diffusional kinetics of this separation from the liquid phase frequently depresses the 
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Fig. 7. The shaded regions indicate thermodynamically allowed solid compositions that may be formed from 
liquid of composition at various temperatures. The T 0 curve gives the highest temperature at which partitionless 
solidification (C[= Cj can occur. In (b) the T 0 temperature plunges and partitionless solidification is impossible 
for liquid of composition C[. Boettinger [1982], 


solidification temperature to near the glass transition, T g , where an increased liquid 
viscosity effectively halts crystallization. 

In contrast, alloys with T 0 curves which are only slightly depressed below the stable 
liquidus curves, as in fig. 8b, c, make good candidates for solubility extension and 
unlikely ones for glass formation. In fig. 8b the crystal structures of a and ft are different 
and the T 0 curve cross, whereas in fig. 8c the crystal structures are the same and the T 0 
curve is continuous across the diagram. At temperatures and liquid compositions below 
the T 0 curves, partitionless solidification is thermodynamically possible. Ni-Cr and 
Ag-Cu are examples of the behavior in fig. 8b and c. 

4. Nucleation 

4.1. Nucleation in pure liquids 

Nucleation during solidification can be defined as the formation of a small crystal 
from the melt that is capable of continued growth. From a thermodynamic point of view 
the establishment of a S-L interface is not very easy. Although the solid phase has a 
lower free energy than the liquid phase below T m , a small solid particle is not necessarily 
stable because of the free energy associated with the S-L interface. The change in free 
energy corresponding to the liquid-solid transition must therefore include not only the 
change in free energy between the two phases but also the free energy of the S-L 
interface. From a kinetic point of view it is possible to arrive at the same result on the 
basis that the atoms at the surface of a very small crystal have a higher energy than the 
surface atoms of a larger crystal (Chalmers [1964]). Therefore, the equilibrium 
temperature at which atoms arrive and leave at the same rate is lower for a very small 
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Fig. 8. Schematic representation of T 0 curves for liquid to crystal transformations in three types of eutectic 
systems. Boettinger [1982]. 


crystal than for a larger one. Consequently for each temperature below T m , a solid 
particle can be in equilibrium with the liquid when its radius of curvature has a particular 
value, known as the critical radius. Because at higher supercooling there is more bulk 
free energy to compensate for the surface free energy, the critical radius decreases with 
increasing supercooling. 

On the other hand, at any supercooling, there exists within the melt a statistical 
distribution of atom clusters or embryos of different sizes having the character of the 
solid phase. The probability of finding an embryo of a given size increases as the 
temperature decreases. Nucleation occurs when the supercooling is such that there are 
sufficient embryos with a radius larger than the critical radius (Hollomon and Turn- 
bull [1953]). 

4.1.1. Calculation of the critical radius and energy barrier 

The change in the free energy per unit volume, AG, to form a solid embryo of 
spherical shape of radius, r, from liquid of a pure material involves the variation of the 
volume free energy and the surface free energy associated with the S-L interface and is 
given by 

AG = AG V + AG ; = - ^ ttt 3 ^ + 47ry SL r 2 , (21) 

where A G v is the change in free energy on solidification associated with the volume and 
AGi is the free energy associated with the interface, y SL is the S-L interfacial free 
energy, L is the latent heat per unit volume and A T is the supercooling. The critical 
radius, r, occurs when AG has a maximum given by the condition, d(AG)/dr=0, as 
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Figure 9, due to Kurz and Fisher [1989], gives a comprehensive picture of the 
variation of the free energy of an embryo as a function of its radius and AT: (a) At 
temperatures T greater than T m both A G v and AG { increase with r. Therefore the sum AG, 
increases monotonically with r. (b) At the melting point, AG V = 0 but AG; still increases 
monotonically. (c) Below the equilibrium temperature the sign of A G v is negative 
because the liquid is metastable while the behavior of AG, is the same as in (a) and (b). 
At large values of r, the cubic dependence of A G v dominates over AG, and AG passes 
through a maximum at the critical radius, r. When a thermal fluctuation causes an 
embryo to become larger than r, growth will occur as a result of the decrease in the 
total free energy. Nucleation in a homogeneous melt is called homogeneous nucleation 
and from eq. (21) the critical energy of activation for an embryo of radius r is given by 


3 L 2 AT 2 


(23) 


The unlikelihood that statistical fluctuations in the melt can create crystals with a 
large radius is the reason why nucleation is so difficult at small values of the super- 
cooling. Thus, homogeneous nucleation is only possible for high supercooling (on the 
order of 0.25 T m ) according to the Hollomon and Turnbull [1953] theory. However 
small contamination particles in the melt, oxides on the melt surface or contact with the 
walls of a mould may catalyze nucleation at a much smaller supercooling and with fewer 
atoms required to form the critical nucleus. This is known as heterogeneous nucleation. 

In fig. 10, homogeneous and heterogeneous nucleation are compared for a flat 
catalytic surface and isotropic surface energies. For this simple case, the embryo is a 
spherical cap that makes an angle 6 with the substrate given by 

7cl -Tcs = 7 sl cos(? . (24) 


where y cL is the catalyst-liquid interfacial free energy and y cS the catalyst-solid inter- 
facial free energy. At a supercooling, AT, the critical radius of the spherical cap is again 
given by eq. (22), but the number of atoms in the critical nucleus is smaller than that for 
homogeneous nucleation as a consequence of the catalytic substrate. Indeed the thermo- 
dynamic barrier to nucleation AG* is reduced by a factor f(0) to 

AG* ——rr f(0) (25) 

3 If AT 2 w 

where 

f(e ) = ( 2 + cos ^ 1 - cose ) 2 , (26) 

If nucleation occurs in a scratch or a cavity of the catalytic substrate, the number of 
atoms in a critical nucleus and the value of AG* can be reduced even more. For a planar 
catalytic surface, the reduction in the free energy barrier compared to that for homo- 
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b) r ► 

Fig. 9. Volume, surface and total values of the free energy of a crystal cluster as a function of radius, r, at three 
temperatures: (a) T>T m , (b) T=T m , and (c) T<T m . Kurz and Fisher [1989]. 


geneous nucleation depends on the contact angle. Any value of 0 between 0° and 180° 
corresponds to a stable angle. When 0 = 180°, the solid does not interact with the 
substrate, J{6) - 1 and the homogeneous nucleation result is obtained. When 0=0°, the 
solid “wets” the substrate, J{8)-0, and AG' = 0. As a result, solidification can begin 
immediately when the liquid cools to the freezing point. From the classical heterogeneous 
nucleation point of view, a good nucleant corresponds to a small contact angle between 
the nucleating particle and the growing solid. According to eq. (24) this implies that y cS 
must be much lower than y cL . However, in general, the values of y cS and y cL are not 
known and, therefore it is rather difficult to predict the potential catalytic effectiveness 
of a nucleant. Tiller [1970] pointed out that there is no clear insight into what deter- 
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Fig. 10. Schematic comparison of (a) homogeneous and (b) heterogeneous nucleation of a crystal in a 
supercooled liquid. The interface energies are assumed to be isotropic and in (b) the catalytic surface is 
assumed to be flat. 


mines 8 and how it varies with (i) lattice disregistry between substrate and the stable 
phase, (ii) topography of the catalytic substrate surface, (iii) chemical nature of the 
catalytic surface and, (iv) absorbed films on the catalytic substrate surface. 

4.1.2. Nucleation rate 

The rate of homogeneous nucleation, /, is the number of embryos formed with a size 
that just exceeds the critical value per unit time per unit volume of liquid. Similarly, the 
heterogeneous nucleation rate is considered per unit area of active catalytic site. To 
determine the rate of nucleation, it is necessary to find expressions for the number of 
embryos that have critical size and the rate at which atoms or molecules attach to the 
critical nucleus. 

By considering the entropy of mixing between a small number, N„, of crystalline 
clusters, each of which contains n atoms, and N L atoms of the liquid, an expression for 
the equilibrium number of clusters with n atoms can be obtained as, 
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— = expl 


AG„ 

k B Tj 


(27) 


where k B is Boltzmann’s constant, A G n is the value of AG, obtained from eq. (21) for a 
cluster of radius, r, containing n atoms. In particular, the number, N", of clusters of 
critical radius, r, is given by 


El 

E. 


TT = ex P| 


k B Tj 


(28) 


where AG„* corresponds to the critical size cluster. 

If one can assume that an equilibrium number of critical nuclei can be maintained in 
the melt during the nucleation process, the homogeneous nucleation rate (#nuclei/time/ 
volume) is then given by 


I = 


‘ Nr 


(29) 


where K, is a constant involving the product of the number of atoms per unit volume and 
the number of atoms on a nucleus surface, and where v is the rate at which atoms can 
attach to the critical embryos. This is called the steady state nucleation rate. The value 
for v is usually thought to scale with DJa 0 2 , where D L is the diffusion coefficient in the 
liquid and a 0 is the atomic jump distance. For metals, this attachment rate is fairly 
independent of temperature and so 


/ 




(30) 


K 2 typically has a value of 10 42 /m 3 s. For nonmetallic melts, where the diffusion coef- 
ficient in the liquid can depend strongly on temperature, 


/ 


/ 

= K a exp 

\ 


AG;+AG d 

k B T 


\ 

) 


(31) 


where K 4 includes the pre-exponential factor for diffusion, and AG d is the activation 
energy for diffusion. For heterogeneous nucleation, similar expressions can be developed 
but is described per unit area of catalytic surface. 

An evaluation of eq. (30) shows that as the supercooling is increased, I increases very 
rapidly at a critical supercooling in the range of 0.2 T m to 0.4 T m . Changes in the pre- 
exponential term in eq. (30) by orders of magnitude do not appreciably affect the 
calculated supercooling for sensible nucleation rates. This rapid rise in nucleation rate 
with temperature effectively defines a nucleation temperature. 

During rapid cooling of the melt especially to large supercoolings in glass forming 
alloys, atomic transport may be too slow to maintain an equilibrium number of clusters. 
This requires the examination of transient nucleation theory and effectively introduces a 



Ch. 8, §4 


Solidification 


693 


delay time into nucleation kinetics that can be important during glass formation or during 
devitrification as described by Thompson etal. [1983], 

One of the major assumptions of the classical nucleation theory is that the free energy 
per unit volume and free energy per unit surface area are independent of the size of the 
embryo. Since the interface between solid and liquid is usually considered to be diffuse 
on the level of a few atomic dimensions (see §5), embryo that are a few atomic 
dimensions in radius cannot be described classically. This leads to a radius (or temperat- 
ure) dependence of the surface energy as shown by Larson and Garside [1986] and 
Spaepen [1994], Perepezko [1988] has pointed out that if 0 approaches zero for a 
heterogeneous nucleation process, the thickness of the spherical cap can approach atomic 
dimensions, even when the cap radius is much larger, a fact that would also necessitate 
a nonclassical approach to heterogeneous nucleation. 

4.2. Effect of melt subdivision 

When a volume of liquid metal is converted to an array of liquid droplets, large 
supercoolings prior to solidification are often obtained in many of the droplets. This fact 
leads to a method for the study of nucleation and to understand the supercooling often 
obtained in metal droplets created by atomization. For the study of nucleation this 
method was pioneered by Turnbull and Cech [1950] and continued most notably by 
Perepezko and Anderson [1980]. An example of the effect of supercooling on 
microstructure development is given for atomized Al-8%Fe alloys by Boettinger et al, 
[1986], 

If the nucleating sites contained within a given liquid volume are distributed 
randomly, the arrangement of nucleants among the droplets may be described by a 
Poisson distribution. For this case the nucleant free droplet fraction, X, is represented by 
X - exp(-mv) where m is the average number of nucleants per volume in the melt and v 
is the droplet volume. Based on experience with droplet emulsion samples (Perepezko 
and Anderson [1980]), supercooling effects become measurable for size refinement 
below about 100 fim diameter and can become appreciable for powder sizes less than 
about 10 fim. This suggests that typical values for nucleant densities within the volume 
of a melt must be in the range from about 10 6 -10 9 cm' 3 . The relatively sharp selection 
of a given X value (e.g., X=0.9) with the droplet volume indicates the important role of 
size refinement in achieving large supercooling. Similar relationships can be developed 
for surface nucleant distributions. 

4.3. Experiments on nucleation in pure metals 

Perepezko and Anderson [1980] have summarized the principal techniques for 
nucleation experiments conducted at slow cooling rates as shown in fig. 11. The most 
common corresponds to the dispersion of a pure metal into droplets within a suitable 
medium. For metals that melt below 500°C, organic fluids with added surfactants are 
used to form the droplet dispersion. In addition to the isolation of nucleants discussed 
above, the surfactant probably plays a role in rendering some nucleates inactive. For 
systems with high melting points, molten salts and glasses have been employed. In both 
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Fig. 11. Sample configuration for different supercooling methods, (after Perepezko and Anderson [1980]). 

cases, independence and separation of droplets are maintained by a thin inert coating 
which must be non-catalytic to nucleation. Such dispersions of droplets can be thermally 
cycled in a DTA or DSC to determine the supercooling of the majority of droplets prior 
to nucleation. Perepezko [1984] summarizes the maximum supercoolings obtained by 
his coworkers and by previous work. Maximum supercoolings in the range of 0.3-0.4 T m 
are typically obtained. Often maximum supercoolings are used to compute the liquid- 
solid surface energy using the homogeneous nucleation temperature. Such procedures can 
provide only a lower bound on the value of the surface energy, unless it is known that 
the nucleation is indeed homogeneous. It may be that heterogeneities still limit the 
observed maximum supercoolings in most metals. 

In practice the predictive capability of nucleation theory is limited by the unavailab- 
ility of data for liquid-solid surface energy, which appears in the nucleation rate 
expression as -y SL 3 , and by a lack of knowledge about the catalytic sites present in liquid 
metals and alloys. Improvements in the independent experimental determination of y SL 
for metals would be invaluable in allowing a clearer evaluation of theoretical interface 
models and more reliable nucleation and growth rate calculations. While the measure- 
ments of surface energy using techniques such as grain boundary grove experiments (for 
example Gunduz and Hunt [1985] and Hardy et al. [1991]) is preferable, the 
difficulty of these measurements has led to the development of theoretical models. 
Spaepen [1975] and Spaepen and Meyer [1976] estimate the surface energy based on 
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the configurational entropy of a structural transition that enforces polyhedral atomic 
packing in the interfacial region. Their result is equivalent to the expression 


7sl = 


<*{T/T m )L 

r v ^ 




(32) 


where N a is Avogadro’s number, V m is the molar volume and a is a numerical factor 
related to the atomic packing (0.866 for fee and hep and 0.71 for bcc metals). Kim etal. 
[1988a], [1988b] have used this model to calculate homogeneous nucleation rates for the 
fee and bcc phases for all compositions in Fe-Ni alloys. Due primarily to the higher a 
values for fee as described above, nucleation of fee phase is predicted to dominate in 
these alloys even for compositions where bcc has a higher liquidus. Indeed this is 
confirmed in their own experiments in 3-30 size powders as well as in the earlier 
work of Cech [1956]. 


4.4. Alloy nucleation 

For a binary alloy, A G v in eq. (21) depends not only on the temperature but also on 
the composition of the liquid and of the solid nuclei. Thus for a given liquid com- 
position, critical values of nucleus composition as well as size are required to determine 
AG*. If the surface energy and/(0) are constants independent of cluster composition, the 
smallest value of r (hence easiest nucleation) is obtained if the composition of the 
critical cluster maximizes A G v . For alloy nucleation the appropriate expression for A G v 
is obtained by dividing the expression given in eq. (20) by the molar volume of the solid. 
It is apparent from eq. (20) that AG V would be maximized for a composition of the solid 
where fi* ~ fit- t^s ~ Ml I i- e -> by a parallel tangent construction as shown in fig. 12. 
This maximum driving force condition has been proposed (Hillert [1953], Thompson 
and Spaepen [1983]) to find the favoured nucleus composition for a given temperature and 
liquid composition. In order to use this condition, one must have a thermodynamic model for 
the alloy of interest; i.e., the free energy functions for the liquid and solid phases must be 
known. For simple analysis, regular solution models are often employed for the liquid and 
solid phases. More precise models that fit the measured phase diagram and other thermody- 
namic data are often available in the literature. In contrast, by including a simple model of the 
composition dependence of the surface energy, Ishihara el al. [1986] have shown that the 
critical nucleus composition can approach the bulk liquid composition at large supercoolings. 

Experience with alloy supercooling indicates that the composition dependence of the 
nucleation temperature, T N , reflects the composition dependence of liquidus temperature 
T l . For example in the Pb-Sb system, the supercooling results shown in fig. 13 reveal 
that T s follows a similar trend to T L even for different T N levels resulting from catalytic 
sites of different potency, i.e., different surface coatings (Richmond etal. [1983]). The 
maximum A G v condition to determine nucleus composition has been used to successfully 
predict the composition dependence of measured values of 7V, in various alloy systems 
(Thompson and Spaepen [1983]). 
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Fig. 12. Schematic free energy versus composition curves for liquid and solid at three temperatures: (a) above 
the liquidus for composition x L , (b) at the liquidus, and (c) below the liquidus at an arbitrary nucleation 
temperature. The composition of a nucleus, x N , that maximizes the free energy change at the temperature given 
in (c) is given by the parallel tangent construction. Thompson and Spaepen [1983]). 
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Atomic Percent Antimony 

Fig. 13. Summary of nucleation temperatures for Pb-Sb alloys which generally follow the liquidus slope 
(Richmond et al. [1983]). Supercooling trends at different levels are produced by different droplet surface 
coating treatments. 


4.5. Experiments on heterogeneous nucleation 

While it is clear that most nucleation processes are heterogenous, and the formalism 
of embryo/ substrate interaction is useful, rarely have the heterogeneities been identified 
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with any certainty. The most common way to control the catalytic substrate is to use 
binary alloys, typically of the simple eutectic type, and to determine the nucleation 
temperature of each solid phase in the presence of the other. These experiments can be 
performed using entrained droplets (Southin and Chadwick [1978], with analysis by 
Cantor and Doherty [1979], Moore etal. [1990], Kim and Cantor [1991]) or the 
droplet emulsion technique used extensively by Perepezko and coworkers. A typical 
thermal cycle for a collection of droplets employed for this purpose is shown in fig. 14. 
A composition on one side of the eutectic is first melted to determine the characteristic 
double peaked endotherm corresponding to eutectic (a +/3) and primary phase (/3) 
melting. The sample is then cooled to form solid at T N and then reheated. After eutectic 
melting, heating is halted and the sample is equilibrated in the (liquid +/?) two phase 
field. During subsequent cooling, the nucleation peak observed at ^hel is then the 
nucleation temperature of a on /3. In Perepezko’s work great care was taken to confirm 
that /3 was indeed the catalytic surface and that a formed rather than a metastable phase. 
A summary of such measurements is given in Table 3 where AT het is taken as the 
difference between the eutectic temperature and T|iei- 

One simple idea put forward originally by Sundquist and Mondolfo [1961] was 
that of a nonreciprocal potency; i.e., that if a is an effective nucleant for /3, then /3 was 
an ineffective nucleant for a. Writing two expressions as in eq. (24), one for the contact 
angle, 0 a/3 , of a on a /? substrate and one for the contact angle, 9^, of /3 on an a 
substrate and eliminating y ap , it is easy to show that 

1 + cosfl^ _ (33) 

1 + cos 9 pa y aL ’ 

Thus if yp L >y aL , 6 a p <6pa, and /3 is a more effective substrate for the nucleation of a 
than a is for /?. For example, values of liquid solid surface energy for both Pb and Sn 
phases in contact with eutectic liquid have been measured by Gunduz and Hunt [1985] 
using the grain boundary groove technique. They find that 'y SnL >'y PbL (132 and 56 
erg/ cm 2 , respectively). Thus the contact angle for nucleation of Pb on a Sn substrate is 
smaller than the contact angle for Sn on a Pb substrate. Thus both factors in the product, 
y 3 s J(0) in eq. (25), contribute to a lower activation energy for nucleation for Pb on Sn. 
This is consistent with the results in Table 3 for Pb-Sn. 

Recently Hoffmeyer and Perepezko [1988] have intentionally added heterogeneous 
sites to pure Sn. Using the droplet emulsion technique and by carefully changing the 

Table 3 


Heterogeneous Nucleation in the Presence of the Primary Phase (Perepezko [1994]) 


System 

Pb-Sn 

Pb-Cd 

Pb-Sb 

Pb-Ag 

Bi-Cd 

Bi-Ag 

Substrate 

Pb 

Pb 

Pb 

Pb 

Bi 

Bi 

AT^rC) 

80 

69 

43 

27 

61 

28 

Substrate 

Sn 

Cd 

Sb 

Ag 

Cd 

Ag 

A r to (°c) 

22 

39 

23 

40 

94 

160 
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NUCLEATION CATALYSIS THERMAL SCHEDULE 



Fig. 14. Example of the interrupted thermal cycle using the droplet emulsion technique that can be used to 
measure the heterogeneous nucleation temperature, of a phase on a /3 substrate. Perepezko [1992], 

droplet coatings to prove that spurious nucleation by the coating was unimportant, they 
measured the nucleation temperature of Sn in the presence of various stable oxides, 
sulphides, and tellurides. The supercooling response of each class was identical even 
though the lattice disregistry within each class varied. This result indicates that a common 
surface reaction product may form in each class and catalyze the nucleation process. 
More details about heterogeneous nucleation and grain refining will be given in §11. 

4.6. Formation of metastable phases by supercooling 

One of the most dramatic effects of large supercoolings prior to solidification is the 
possibility of forming metastable phases. An elegant yet simple example occurs for pure 
Bi (Yoon et al. [1986]). A dispersion of Bi droplets was cooled from above the Bi 
melting temperature of 271°C to approximately 50°C where nucleation took place. Upon 
reheating the dispersion, melting of a metastable phase occurred at 174°C. If one 
examines the pressure-temperature diagram for Bi and extrapolates the melting curve for 
the high pressure Bi(II) phase to atmospheric pressure, one obtains a metastable melting 
point for Bi(II) very close to 174°C. In addition performing the supercooling experiment 
with an increase in ambient pressure modified the melting point of the metastable phase 
in a manner consistent with it being Bi(II). Thus the formation of metastable BI(II) 
occured rather than the stable Bi(I) phase at large supercooling. 

The bulk free energy change for solidification, A G v (eq. 21) is always largest for the 
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stable phase. However in the context of the heterogeneous nucleation theory described 
above, a metastable phase may make a smaller contact angle with a particular catalytic 
site than does the stable phase. Thus the barrier for nucleation of a metastable phase may 
be smaller than the barrier for the stable phase. Of course one must always supercool 
below the melting point of the metastable phase in order for A G v for the metastable 
phase to be negative. Similarly metastable phases have been formed in alloy systems. In 
fact in the Pb-Sn system, by avoiding the nucleation of the stable Sn phase, the 
metastable Pb liquidus and solidus curves have been measured more than 80K below the 
Pb-Sn eutectic temperature as shown in fig. 15 (Fecht and Perepezko [1989]). When 
nucleation did occur in this supercooled state, a metastable phase was formed. 

4.7. Grain size predictions in castings 

Perhaps one of the most elusive problems in the prediction of cast microstructure 
involves the grain size. Thevos et al. [1989] and Stefanescu etal. [1990] have found 
it necessary to postulate respectively the existence of a distribution of catalytic sites or 
a cooling rate dependence for the number of sites to predict accurately the grain size of 
castings. This subject will be discussed in more detail in §9 and 11. 

5. Interface kinetics 

As mentioned in § 3, local equilibrium is often a good approximation for interface 
conditions during growth of metals and alloys under casting conditions. Here we quantify 
the degree of nonequilibrium (interface supercooling) required to move an interface 
between a crystal and a melt at a given velocity. First we describe pure materials and 
then describe alloy effects focussing on the nonequilibrium incorporation of solute into 
a growing crystal at high solidification velocity. 

5.1. Pure materials 

The nature of the S-L interface and the rate at which atoms attempt to join the 
crystal can have a decisive influence on the kinetics and morphology of crystal growth. 
For solidification of a pure material, the parameter which governs the atomic or 
molecular attachment kinetics is the interface supercooling, A T k , which is the difference 
between the thermodynamic melting point and the interface temperature. The dependence 
of A T k on growth velocity is the subject of this section. The discussion of bulk super- 
cooling and supersaturation and their effect on transport of heat and solute will be 
addressed in later sections on dendritic and polyphase growth. 

An interface can advance by two basic processes depending on the nature of the S-L 
interface, (i) Non-uniform (or lateral growth) advances the interface by lateral motion of 
steps that are typically interplanar distances in height. An atom or molecule can attach 
itself to the solid only at the edge of a step and as a result the crystal only grows by the 
passage of steps. The relationship between the lateral spreading rate and the effective 
growth rate normal to the interface is very sensitive to the number and formation 
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x Sn ► 

Fig. 15. The stable Pb-Sn phase diagram (solid line), including measured and calculated metastable extensions 
(dashed line) of liquidus and solidus curves. Fecht and Perepezko [1989]. 


mechanism of new steps, (ii) Uniform or continuous growth advances the interface 
without needing steps, that is, growth can equally well proceed from any point. For a 
given material and supercooling, it is important to determine which type of growth 
occurs. The supercooling required for lateral growth at a given interface velocity, is 
typically much larger than that for continuous growth. Moreover, an interface that 
advances by continuous growth can propagate with a smoothly curved interface on a 
microscopic scale while lateral growth leads to facets. Whereas growth from the vapor 
or growth from supersaturated aqueous solutions is easily observed and usually occurs by 
lateral growth, such atomic scale observations are not usually possible for melt growth. 
Thus the nature of the S-L interface for metals is the subject of various models. In fact 
there is strong evidence that most metals freeze by continuous growth. 
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5.1.1. Interface structure 

There are two approaches involved in the description of the transition in order from 
a liquid to a crystal across an interface. In the first, atoms are considered to belong to 
either the crystal or the liquid and the interface is considered to be sharp. The geometry 
of the surface that separates the two types of atoms may be smooth or meandering on an 
atomic scale. The former is called a facetted interface while the later is called a rough 
interface. In either case the atomic position of atoms in the crystal at the interface are 
considered to be in perfect crystallographic positions. The second approach includes the 
additional possibility of a gradual transition in atomic position from the randomness 
associated with a liquid to the perfect registry of the crystal. This later is called a diffuse 
interface. Indeed if the thickness of the transition layer is of the same order as the 
roughness, the distinction between rough and diffuse is lost. A facetted interface provides 
the most difficult situation for growth while a diffuse/ rough interface moves most easily. 
First we describe sharp interface structure models and later describe models based on 
diffuse interfaces. 

Jackson [1958] has considered a sharp interface model and estimates the conditions 
when a facetted or a rough interface will occur between liquid and solid. Using a near- 
neighbor bond model and assuming that a random arrangement of atoms are added to an 
atomically planar crystal surface, he obtained an expression for the change in free energy 
as a function of the fraction, x, of the N possible sites occupied by “solid atoms” as 

= a‘x(l - x) + x In x + (1 - x) ln(l - x), (34) 


where 


a 



(35) 


R is the gas constant, L m the molar latent heat and £ is a factor depending on the 
crystallography of the interface. This factor is always less than 1 and is usually greater 
than 0.5 and is largest for close-packed planes. This theory has been successfully used 
to classify and categorize growth morphologies (Jackson [1971]). Figure 16 shows plots 
of eq. (34) for different values of a*. When a* <2, the minimum value of AG occurs at 
x- 1/2; i.e., when half the sites are full. This represents a rough interface. Solidification 
will then occur by continuous growth because there are so many sites for easy attach- 
ment. In these circumstances, from a macroscopic point of view the S-L interface is, in 
general, non-faceted and may exhibit curvature on a scale much larger than atomic 
dimensions. When a* > 2, minima in x occur at small and large values of x indicating a 
interfacial layer with only a few filled (or empty) sites. This represents a smooth 
(facetted) interface. Solidification must then occur by layer or lateral growth. Planes that 
are not close-packed have smaller values of £ and thus for some materials, can exhibit 
roughness while close-packed planes may be facetted. Planes that are rough will grow 
faster than the close-packed planes leading to a crystal growth shape composed only of 
slowly growing close-packed interfaces. 
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OCCUPIED FRACTION OF SURFACE 
SUES X 

Fig. 16. Change in free energy of a monolayer at the liquid-solid interface as a function of the fraction, x, of 
sites that are occupied. The value of a' depends most strongly on the entropy of fusion and to a lesser extent 
on the crystallographic orientation of the face. Jackson [1958], 


Another approach to interface roughness comes from the consideration of how thermal 
vibrations affect the surface energy of a step on an otherwise facetted interface (Chernov 
[1984]). It is found that the step energy vanishes when LyRT m falls below a critical value 
of order unity. When the step energy goes to zero there is no barrier to surface roughen- 
ing. This analysis gives the same qualitative result as Jackson’s approach. Various 
statistical multilevel models of interface structure and Monte Carlo simulations (Temkin 
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[1964, 1969], Leamy and Jackson [1971], Jackson [1974]) also indicate the importance 
of the ratio L^/RT^ presented in eq. (35). A common feature of all these models is that 
the roughness of the interface increases with decreasing L^RT^ Figure 17 shows 
simulations of an interface at several values of L m /RT m (Leamy and Gilmer [1974]). 

Molecular dynamics simulations have also been used to model interface structure. 
Because the position of each atom is computed as a function of time, the approach 
allows an interface to be diffuse. Indeed simulations show that the transition between 
liquid and solid for a material with a Lennard-Jones interatomic potential takes place 
over several atomic layers (Broughton et al. [1981]). Such potentials are thought to 
approximate nondirectional metallic-like bonding. Figure 18 shows the calculated 
structure of successive (111) layers between the liquid and crystal. In another technique, 
density functional theory, superposition of ordering waves are employed to represent the 
local atomic density (Oxtoby and Haymet [1982]). This method also shows the 
interface to be several atom layers thick. The expansion relating the free energy to the 
local density uses order parameters that describe the amplitude of the ordering waves 
through the interfacial region. This is in fact a generalization of the gradient energy 
approach of Cahn [1960] except that liquid structure factor data are used to determine 
the interface thickness and gradient energy coefficient. 

5.1.2. Continuous growth 

The growth of a rough, sharp interface is called continuous or normal growth because 
the interface can propagate normal to itself in a continuous manner due to the large 
number of sites for easy atom attachment. To obtain the velocity-supercooling function 
for continuous growth of single-component melts, the growth velocity is typically 
expressed as a product of a factor involving the thermodynamic driving force for 
solidification and a kinetic prefactor involving the interface mobility: 

v(T ; ) = V c (7:)[l-exp(AG/^)], (36) 

where T { is the interface temperature and A G is the Gibbs free energy change per mole 
of material solidified (defined to be negative for solidification). The bracketed term in eq. 
(36) represents a difference between the “forward flux” (liquid — » solid) and the 
“backward flux”. The kinetic prefactor, V,.(T), is the rate of the forward flux alone, and 
corresponds to the hypothetical maximum growth velocity at infinite driving force. Near 
equilibrium, the exponential can be expanded, resulting in a linear relation between 


velocity and supercooling: 


V(T)=V c (T m )^^, 

(37) 

that is often written as 


V = nAT k , 

(38) 


where fj, is called the linear interface kinetic coefficient. 

In conventional modeling of interface kinetics (Wilson [1900], Frenkel [1932], 
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Fig. 17. Surface configuration showing increasing roughness with decreasing values of L^RT m . After Leamy 
and Gilmer [1974], 

Turnbull [1962], Jackson [1975]) it is assumed that the rate of the forward reaction, 
i.e., the rate at which atoms can jump across the interface to join the solid, is similar to 
the rate at which atoms can diffuse in the melt. Consequently, the kinetic prefactor is 
assumed to scale with the diffusivity in the liquid: 

V c = f, Dja 0 , (39) 

where a 0 is an interatomic spacing and f, is a geometrical factor of order unity. Since the 
shear viscosity, h s , of the melt is usually more readily measured, this scaling is often 
rewritten in terms of h s using the Stokes-Einstein relation, resulting in: 

V c = f 2 kj/h,, (40) 

where f 2 is another geometrical factor of order unity. Because of the temperature 
dependence of D L (or h s ), V will first increase linearly, then go through a maximum and 
finally decrease as the supercooling increases. This relation has extensive experimental 


References: p. 830. 


706 


H. Biloni and W.J. Boellinger 


Ch. 8, §5 


(111) face 


•J* -tfi Y& ■«* 

j -J 4- Jlr f * 
> ^ Jjr j 

* ~r «* # + * 

4 + * * * 4 

<t j 4 *| ^ ^ *? 

■S f J 

Layer 5 


«* £ ^ ^ ^ 

■^ •*• ** -*. ••* /* 

^ ** ^ ^ ' y ^ 

> ^ ^ ** <t •* jp 

? $ f ? * '* -* 

or * u* £ ^ # ** 

Layer 6 



Fig. 18. Trajectories of the molecules in layers parallel to a (111) interface going from solid (layer 5) into the 
liquid (layer 8) that were obtained by molecular dynamics simulations by Broughton et al. [1981], 

support for the crystallization of oxide glasses and other covalent materials (Jackson et 
al. [1967]). However a prefactor that scales with viscosity has never been verified for 
monatomic melts such as liquid metals (Broughton etal. [1982]). 

Turnbull and Bagley [1975] pointed out that for simple molecular melts in which 
the intermolecular potential is largely directionally independent, crystallization events 
may be limited only by the impingement rate of atoms with the crystal surface and 
therefore can be much more rapid than diffusive events. According to their collision- 
limited growth model, 

V c = f 3 V s , (41) 

where V s is the velocity of sound and f 3 is another numerical factor of order unity. The 
important consequence is that V s is about three orders of magnitude greater than D L /a 0 
for typical metallic melts, resulting in a correspondingly more mobile crystal/ melt 
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interface. In addition no maximum is expected in the velocity-supercooling curve. The 
collision-limited growth model has been confirmed by the analysis of the velocities of 
rapidly growing dendrites growing into pure Ni melts (Coriell and Turnbull [1982]), 
by molecular dynamics calculations on Lennard-Jones systems (Broughton et al. 
[1982]) and by pulsed laser melting experiments on Cu and Au (McDonald et al. 
[1989]). In the molecular dynamics simulation of growth, Broughton et al. [1982] 
approximate their results by eq. (36) with V c given by ( 3k B T a /m v ) ,/ 2 where m w is the 
atomic weight. This speed is the average thermal velocity and corresponds to the velocity 
at which atoms can strike the lattice sites. For Ni at its melting point, this velocity is 
8.6 x 10 4 cm/s which is only slightly less than the speed of sound for liquid Ni estimated 
by Coriell and Turnbull [1982], For Ni at small supercoolings, this value of V c yields 
a kinetic coefficient, ft, of 200cm/sK corresponding to negligible interface supercoolings 
under ordinary solidification conditions. In addition. Rod way and Hunt [1991] using 
the Seebeck effect to measure the velocity-interface supercooling relation for Pb have 
obtained a value of 28 cm/sK for /x that agrees well with that predicted by Broughton 
etal. [1982] using the average thermal speed for this lower melting point material. Both 
values are orders of magnitude greater than would be predicted for interface kinetics 
governed by diffusive jumps. 

5.1.3. Growth of a diffuse interface 

Another approach to modelling continuous growth comes from the consideration of 
a diffuse interface. Mikheev and Chernov [1991] have estimated the kinetic coefficient 
for Pb using this approach. For a gradual transition in the density of atomic planes, the 
model predicts that the kinetic coefficient is proportional to the thickness of the transition 
width. Thus a diffuse interface propagates faster at a given level of supercooling than a 
sharp interface. Spatial and temporal frequency data obtained from bulk liquid structure 
factor measurements, obtained with neutron scattering experiments on simple monatomic 
liquids, are employed to estimate the transition width and rate at which atoms can 
readjust into correct atomic positions. The estimate of the linear kinetic coefficient of 28 
cm/sK for Pb is in excellent agreement with the data of Rodway and Hunt [1991]. 

An earlier model for a diffuse interface (Cahn [1960], Cahn et al. [1964]) also 
shows the interface mobility to increase with interface thickness. This concept was also 
incorporated into models for lateral growth (see item 5.1.4.) involving diffuseness of the 
step edge. In all cases, the diffuseness increases the mobility of the interface over what 
would be expected for a sharp interface. 

5.1.4. Two dimensional nucleation controlled growth 

If the interface is atomically smooth and free of any defects, the growth rate is limited by 
the nucleation of surface clusters. These clusters must form on the interface in order to create 
the necessary surface steps for lateral growth. The lateral spreading rate is assumed to occur 
quite rapidly at a speed determined by the continuous growth law described above. The 
classical theory of two-dimensional nucleation was developed by Volmer and Marder 
[1931]. The growth law (for the formation of cylindrical surface clusters) has the form: 
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V 


~ exp 


-TrilhT m 

Lk B TAT k 


(42) 


where y e is the ledge energy per unit area and h is the step height. In the classical theory 
the constant of proportionality scales with the diffusion coefficient but it could scale with 
the speed of sound as does the prefactor for continuous growth. According to eq. (42) the 
growth rate is effectively zero at small supercooling and increases sharply at some 
critical supercooling. Hillig [1966] has found that the “constant” of proportionally may 
in fact depend on A T k . When the number of nuclei is extremely high, the growth is better 
described by the continuous mechanism. 


5.1.5. Growth by screw dislocations 

If one or more screw dislocations emerge at the S-L interface it is not necessary to 
nucleate new layers to provide the sites for lateral attachment. The step generated by 
each dislocation moves one plane each time it sweeps around the dislocation (Frank 
[1949]). It was shown by Hillig and Turnbull [1956] that the distance between 
neighboring turns of the spiral is inversely proportional to A T k , and therefore the total 
length of step is directly proportional to A T k . For small supercooling, the rate of growth, 
therefore, will be 

V ~ (A T k )\ (43) 

because the rate of growth per unit length of step should also be proportional to AT k 
(Chalmers [1964]). Figure 19 schematically shows the growth laws for continuous, 
2D-nucleation, and screw dislocation-assisted growth laws. 

Another source of steps at the S-L interface is the reentrant angle resulting from the 
emergence of twin planes at the S-L interface. This mechanism is found to be important 
for Si and Ge. See Flemings [1974], 


5.1.6. Transition between continuous growth and facetted growth 

The model of Cahn [1960], Cahn et al. [1964] predicts a smooth transition from 
lateral growth at low supercooling to continuous growth at high supercooling. The 
transition begins at a critical supercooling, A T k , and ends at vAT k . The critical value 
depends on the surface energy and the degree of diffuseness. For a material with a very 
diffuse interface, AT k may be so small that lateral growth is impossible to observe. An 
experiment showing the transition predicted by the theory has been performed by 
Peteves and Abbaschian [1986] on Ga. The transition to continuous growth occurs at 
a supercooling of about 4K and a growth rate of about 5 mm/s for the (111) face. 

With increasing supercooling other models can also predict a transition to continuous 
growth. Chernov [1984] considers the nucleation of a disk on an otherwise facetted 
interface. If L n /RT m > 2 the edge energy is nonzero and the surface is facetted and the 
growth will be lateral. At some value of increased supercooling, the driving force is 
comparable to the work of creating a new disk and the moving interface becomes rough. 
This kinetic roughening then permits growth to proceed in a continuous manner. 
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SUPERCOOLING, AT k 

Fig. 19. Growth rate versus interface supercooling according to the three classical laws of interface kinetics. 

52. Binary alloys 

Baker and Cahn [1971] described the general formalism for the interface conditions 
for solidification of a binary alloy in terms of two response functions. One choice for 
these functions describes the interface temperature, T p and the composition of the solid 
at the interface, C s *. Neglecting orientation effects, these response functions can be 
written as follows: 


T t = 7(v,C*)-T m rA: m 

(44) 

and 


C s * = C' h k(v,C' L ), 

(45) 


where V is the local interface velocity. The functions T(V, C L *) and k(V, C L ’) must be 
determined by a detailed kinetic model for the interface. At zero velocity they are very 
simply related to the phase diagram: 7(0, C L ') is the equation for the phase diagram 
liquidus and k(0, C L ’) is the equation for the equilibrium partition coefficient k$, which 
can depend on composition. The dependence of k on curvature is thought to be negligible 
(Flemings [1974]). The possible forms for the functions T and k are constrained by the 
condition that AG < 0 as described in fig. 7 above. The kinetic partition coefficient can 
also depend on the crystallographic orientation of the growing interface. If a crystal 
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grows with a S-L interface having regions that are curved and facetted, the incorporation 
of solute into the crystal behind the facet can be quite different from the rest of the 
crystal. Brice [1973] calls this the facet effect. This effect will be neglected in the 
remainder of this chapter. 

Several models for the dependence of the partition coefficient on velocity, eq. (45), 
have been formulated for continuous growth. The model formulated by Baker [1970] is 
quite general. Other theories predict that the partition coefficient changes monotonically 
from its equilibrium value to unity as the growth velocity increases. In these models the 
interface partition coefficient is significantly changed from the equilibrium value, k 0 , only 
when a dimensionless growth velocity, V/V D approaches one. Here V D is the diffusive 
speed for atom exchange between the crystal and the liquid. V D is a ratio of a diffusion 
coefficient, D„ for that exchange to the interatomic distance, Oq. The value of this 
diffusion coefficient should be bounded by those of the liquid and the solid, but 
experimentally appears to be closer to that of the liquid. Using a value for a liquid 
diffusion coefficient typical of metals (2.5 x 10' 5 cm 2 /s) and a length scale of 0.5 nm, V D 
should be less than 5 m/s. Experimental evidence (Smith and Aziz [1994]) suggests that 
V D is in the range between 6 and 38 m/s. Thus in ordinary solidification where V« 1 
m/s the local equilibrium assumption is valid. The functional form of the models of 
Aziz [1982] and of Jackson etal. [1980] for non-facetted growth is given by 


k 0 + V/V D 

- i + v/% ■ 


(46) 


This expression is valid only for dilute alloys where the composition dependence of 
can be neglected. At a velocity of V D , the partition coefficient is the mean of the 
equilibrium partition coefficient and unity (see fig. 28a). Because eq. (46) has no 
dependence on composition, it cannot treat the situation shown in fig. 7b), in which 
partitionless solidification is impossible for some compositions. The Aziz model has been 
generalized to treat non-dilute alloys by Aziz and Kaplan [1988] and to include the 
possibility that solute drag dissipates some of the available free energy. 

In the continuous growth model of Aziz, the process that accomplishes the formation 
of the crystal structure from the liquid and the process that establishes the compositions 
at the interface are considered to be distinct. Indeed for metals, the former may only be 
limited by the rate at which atoms hit the interface (collision limited growth) whereas the 
latter process requires diffusive interchanges between liquid and solid to reach equilib- 
rium partitioning. It is this separation of time scales that permits solute trapping at high 
velocity where there is insufficient time for the diffusive rearrangements before the solute 
is buried under additional crystal. For this reason the k(V) expression given above 
involves a diffusion coefficient, whereas the model assumes that the interface temperature 
equation can be obtained in an identical manner to a pure material, eq. (36), employing 
eq. (41). It is however necessary to use the value for A G obtained for alloys, eq. (20) 
rather than the simple expression based on A T k . 

For dilute solutions, an analytical expression for the interface temperature can be ob- 
tained (Boettinger and Coriell [1986]. In this case A G from eq. (20) can be given by 
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|| = ft + m L C l -7;) + - Ml - In (*/*»))} (47) 

Expanding eq. (36) for small AG gives V--V c (lsG/RT 1 ) where V Q is taken here as the 
speed of sound. One can then summarize the two response functions for a flat interface 
as follows: 


3i = r B + m L (V)c£- 

and 

C' s = kC' L , 

where m L (V) is given by 


m zy_ 

L m v 




(48) 


(49) 


(50) 


with k (i.e. k(V)) given by eq. (46). For a curved interface, eq. (48) must include an 
additional term for the Gibbs-Thomson effect. Note that for V=0, eq. (48) and (49) revert 
to the local equilibrium conditions. As k goes to unity, the term in the large brackets in eq. 
(50) changes the effective liquidus slope from the equilibrium value of m L to the slope of 
the T 0 curve, which is m L [(ln& 0 )/(& 0 - 1)]. The last term in eq. (48) can be identified as a 
interface kinetic supercooling necessary to drive the formation of the lattice. 

Figure 20 shows a plot of the response functions obtained using eqs. (46), (48)-(50) 
superimposed on a phase diagram including the liquidus, solidus, and T 0 curves. The plot 
gives the liquid composition at the interface and the interface temperature as a function 
of interface velocity for a fixed solid composition. This would be the case for directional 
solidification at different but constant velocities. The figure is based on a phase diagram 
for Ag-Cu with T m = 960°C, 1% = 0.44 and m L = -5.6 K/at.%, C s ' =5 at%Cu, V D = 5 m/s, 
and V c = 2x 10 3 m/s. At zero velocity, the composition of the liquid lies on the liquidus 
curve, a situation that corresponds to local equilibrium. At intermediate velocities (about 
1 m/s) the composition of the liquid moves towards the composition of the solid but 
with an increased interface temperature. At higher velocities the liquid composition 
continues to approach the solid composition but the interface temperature drops below 
the T 0 curve. At still higher velocities, where the partition coefficient is essentially unity, 
the temperature drops sharply with increasing velocity. 

This analysis provides a pair of thermodynamically consistent response functions for 
dilute alloys. For concentrated alloys no simple expressions can be written because k n 
depends on composition. However, given a thermodynamic description of the liquid and 
solid phases and values for the two kinetic parameters V D and V c , the response functions 
can be calculated numerically (Aziz and Kaplan [1988]). Figure 21 shows the result for 
all compositions of an ideal binary alloy. Effective liquidus and solidus curves are shown 
for several interface velocities. These curves give the combinations of C L ‘, C s * , and 7] 
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Fig. 20. Plot of interface temperature vs. liquid composition at the interface for a fixed solid composition, ( = 5 
at %), forming at the indicated velocities (in m/s) superimposed on the phase diagram. 

possible as interface conditions at the indicated velocities. A related model, which 
includes solute drag (Aziz and Kaplan [1988]), can also be reduced to a simple 
analytical expression for dilute alloys (Aziz and Boettinger [1994]). Extensive 
experimental research has been focused on testing these models (Kittl etal. [1994]). 

These solute trapping ideas have been extended to ordered intermetallic phases by 
Boettinger and Aziz [1989]. Rapid solidification experiments indicate that some 
compounds, which are normally ordered at the solidus, can be forced to solidify into the 
chemically disordered form of the crystal structure (Inoue, etal. [1984], Huang, etal. 
[1986], Boettinger et al. [1988a)], Huang and Hall [1989]). The theory treats the 
trapping of disorder by a consideration of solute trapping on each sublattice of the 
ordered phase. At high rates, there is insufficient time to proportion the solute onto each 
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Fig. 21. Kinetic interface condition diagram for ideal liquid and solid with pure component melting points as 
shown, pure component entropies of fusion equal to R , and V c / V D = 100. Dashed lines: equilibrium liquidus and 
solidus labeled zero, dash-dot lines: kinetic liquidus and solidus at different interface velocity given as values 
of V/V D , dotted line: T 0 curve. Aziz and Kaplan (1988]. 

sublattice and a chemically disordered crystal can be formed. Often however, this 
disordered phase reverts to the equilibrium ordered phase during solid state cooling with 
a resultant microstructure consisting of a high density of antiphase domains. An 
approximate expression giving the solidification velocity at which the long range order 
parameter, tj, at the liquid solid interface goes to zero is given by 

^ 0 = v D [r./X-i]. (5i) 

where T m is the melting point of the ordered phase and T c is the temperature where the 
solid phase would disorder during heating if melting could be prevented; i.e. the 
metastable critical temperature for the order-disorder reaction. Clearly the closer T c is to 
the melting point, the lower is the velocity to obtain disorder trapping. Strongly ordered 
compounds cannot usually be disordered by rapid solidification techniques. 
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6. Solidification of alloys with planar and nearly planar S-L interfaces 

The analysis of the shape of the S-L interface on a scale larger than atomic dimen- 
sions begins with a consideration of plane front growth. Plane front growth is used 
extensively to control the solute distribution that remains in a solid after freezing, 
especially in the area of crystal growth of materials for electronic applications. It is also 
important as a starting point to understand the more complex interface shapes involving 
cellular and dendrite growth. To achieve planar growth, it is necessary to obtain a S-L 
interface that is both macroscopically and microscopically planar. The former is achieved 
by controlled directional solidification with good furnace design and avoiding convection 
in the melt. The latter is achieved by avoiding interface instabilities due to constitutional 
supercooling (C.S). This section will summarize important work in these two areas. 


6.1. General formulation of diffusion controlled growth 


In general, the transport of solute during directional solidification in the absence of 
convection with a planar S-L interface growing in the z-direction is described by the one 
dimensional diffusion equation 


d 2 C _ J_dC 
dz 2 ~ D dt ’ 


(52) 


that must be solved for the composition C in the liquid and solid subject to conditions at 
the interface given by 

C s = k 0 C L (53) 


and 


= V(C L -C S ). (54) 

The use of k^ in eq. (53) corresponds to the local equilibrium assumption and can be 
modified for rapid solidification using eq. (46). 


6.2. Solute redistribution during one dimensional solidification 

Four limiting cases of the diffusional transport and the resultant solute distribution 
can occur during unidirectional plane front solidification of a rod (fig. 22). 

6.2.1. Equilibrium freezing 

Here the S-L interface advances so slowly that diffusion in both phases maintains 
global equilibrium at all time (see § 3). If the phase diagram predicts the solid to be a 
single phase for the bulk alloy composition, any difference in solid and liquid composi- 
tion occurring during the solidification process will disappear after solidification is 
complete (fig. 22a). In more quantatative terms, a Peclet number (Pe), defined by 
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Fig. 22. Solute distribution remaining in the solid after one-dimensional solidification: (a) complete diffusion 
in solid and liquid; (b) complete mixing in liquid-no solid diffusion; (c) diffusion in liquid only; (d) partial 
mixing in liquid, including convection. 



(55) 


for each phase, especially the solid, must be much smaller than unity, where L 0 is the 
length of the sample. Only under unusual circumstances can the lever rule be expected 
to apply during solidification. One such case is Fe-C growing at very low velocity 
because of the high solid state diffusivity of C in Fe. In substitutional alloys, equilibrium 
freezing does not occur in any practical casting or crystal growth situations. 


62 . 2 . Complete liquid mixing, with no solid diffusion 

The conditions considered in this limiting case are: i) complete mixing of the liquid; 
ii) no solid state diffusion; iii) constant and equal solid and liquid densities; iv) local 
equilibrium at the S-L interface. The assumption of complete liquid mixing and no solid 
diffusion is often made because diffusion in the liquid is typically orders of magnitude 
faster than in the solid. In this case eq. (52) is replaced by a statement of solute 
conservation. When a fraction of the rod, / s , is solidified, the concentration of the 
remaining liquid is found to obey the following differential equation 

— — = — — — ^-df s , (56) 

C L l-f s s 

which is easily integrated for constant k 0 to 

C L = C 0 (l-f s )*°‘\ (57a) 

where C 0 is the nominal alloy composition. After freezing is complete, this process 
leaves a solute distribution in the solid (fig. 22b) given by 
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C s =k 0 C 0 { l-fs)* 0- ', (57b) 

where now f s is taken as the fractional distance down the rod. Indeed in this model, the 
rod geometry with a planar interface is not a necessary assumption if the Gibbs- 
Thomson effect can be neglected, and the equations are valid for any interface shape as 
long as f s is taken as volume fraction. The temperature of the interface can be simply 
obtained by substituing eq. (57a) into eq. (18). 

Gulliver [1922], Hayes and Chipman [1938], Scheil [1942] and Pfann [1952] all 
developed the same type of equation, also called the “nonequilibrium lever rule”. 
Equations (57) can only be considered a limiting case since most real systems have at 
least some solid state diffusion and some level of incomplete liquid mixing. For alloys 
containing a eutectic (see § 8) the liquid composition may reach the eutectic composition. 
In this case, the remaining liquid will freeze as a eutectic mixture. For cases when k 0 
depends on composition, eq. (56) can be numerically integrated. 


6.2.3. Solid diffusion during solidification 

Brody and Flemings [1966] were the first to account for diffusion in the solid. They 
retained the assumption of complete liquid mixing, approximated the solute concentration 
gradient in the solid at the S-L interface and derived the following expressions: 


C s = k 0 C 0 


1*0 -I 


1 - 


(i + «A) 


(58) 


and 

C s ‘ = *oC 0 [l - f s (l - 2a^)f . (59) 

Equation (58) considers the case where V is constant and eq. (59) considers the case 
where the growth is parabolic, i.e. V~ f 1/2 . The parameter a e is a measure of the extent 
of diffusion of solute in the solid and is defined as: 


a = Dstf 

° z* 


(60) 


where r f = local solidification time, that in the simplest case, where V= constant, is given 
by V/L 0 . Brody and Flemings [1966] also obtained numerical solutions of the solid 
diffusion equation. 

Equations (58) and (59) are good approximations only when a e « 1, i.e., with limited 
solid diffusion during the solidification process. However problems occur when a e becomes 
larger, as has been demonstrated by Flemings etal. [1970]. Kurz and Clyne [1981] 
postulated an empirical variable, ft, applicable for the parabolic growth law, given by 



f 0 

1 

r 

1 11 

1 - exp 

— 

-T eX P 

- 



v. 

2 


2 «J 


(61) 
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The value for fl is then used to replace a e in eqs. (58) or (59). This new variable was 
postulated because it provides two limiting cases corresponding to the ordinary Scheil 
Equation (no solid diffusion, a e = 0 or fl=0) and to the lever rule (complete solid 
diffusion, a e =°° or fl =0.5) respectively. 

Another form for fl with the proper limits was given by Ohnaka [1986]. He 
approximately solved the diffusion equation under the assumption that the solute 
distribution in the solid can be represented by a quadratic curve and has derived another 
form for fl valid for parabolic growth, given by 

fl = aj 1 + 2 a e . (62) 

Kobayashi [1988] developed an exact analytical solution involving a slowly converging 
series and showed that the approximate solutions above always underestimate the soiute 
composition at the S-L interface with large deviations when k 0 is small and a e is large. 
Another useful approximation for solid diffusion has been given by Wang and Becker- 
mann [1993]. 

The above analytical solutions have limitations, because all the physical properties 
must be constant, and C s can only be calculated at the S-L interface. While this does 
permit one to calculate the fraction of solid versus temperature curve that is required for 
heat flow modelling (eq. (7)), it does not give the solute profile that remains in the solid. 
Numerical solutions can overcome these limitations. Battle [1992] gives a review of the 
several models developed. Among them the recent model of Battle and Pehlke [1990] 
has approached the one dimensional problem in a general form. The method combines 
solution of the diffusion equation for heat and solute through out the entire rod using the 
technique of Meyer [1981]. Ganesan and Poirier [1989] used numerical calculations 
of solid diffusion to point out that a e can not be treated as a constant during solidificat- 
ion. Consequently, eq. (59) overestimates the extent of diffusion in the solid. This effect 
is more pronounced when kg < 0.4. Diffusion during solidification is also important when 
dendritic or cellular dendritic growth is considered. This will be discussed in § 7. 

6.2.4. Steady-state diffusion controlled freezing 

Another practically important limiting case of one dimensional solidification occurs 
when all the assumptions described in § 6.2.2. apply, except item i). In this case mixing 
in the liquid is not complete and is governed by diffusion. Figure 22c shows the resulting 
solute distribution along the rod after solidification. Three distinct regions occur: an 
initial transient, a steady-state region and a terminal transient. The first is required to 
establish the steady state boundary layer of solute ahead of the interface and the third 
arises from the interaction of the boundary layer with the end of the specimen. The 
diffusion boundary layer in the liquid ahead of the S-L interface is a region of the 
system that transports the solute missing from the initial transient in the solid and 
maintains a constant solid composition in the central region of the rod. The moving 
boundary layer changes the liquid interface composition from C 0 to C^/k^, and disappears 
at the end of solidification by “depositing” its solute in the final transient. Figure 23 
(Kurz and Fisher [1989]) shows the distribution of solute in the liquid and solid along 
the rod during unidirectional solidification. 


References: p. 830. 



718 


H. Biloni and WJ. Boettinger 


Ch. 8, §6 


a b c 



c O h o C 0 C 0 /k 0 


Fig. 23. Development of initial and final transient during steady-state diffusion controlled planar solidification 
for an alloy of composition C 0 . After Kurz and Fisher [1989]. 


When the steady state condition has been reached in the central region of the bar, the 
solute distribution in the liquid in front of the interface is given by (Tiller etal. [1953]): 



(63) 


where D L is the solute diffusion coefficient in the liquid and z the distance from the 
interface. Note that the liquid concentration at the interface is C,/k 0 producing a solid 
composition C 0 . In eq. (63) the thickness of the solute rich layer is given by the 
characteristic distance, D h /V. 

It is quite important to know the extent of each of the three regions shown in fig. 
22c. The reader is refered to Verhoeven etal. [1988], [1989] for a summary of analysis 
of the initial and final transients. 


6.2.5. Convection effects. Freezing with partial mixing in the liquid (Boundary 
Layer Approach) 

Free convection, due to solute or thermal gradients in the liquid, or forced convection, 
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due to crystal rotation or electromagnetic forces, strongly influence segregation. This 
subject has been reviewed by various authors: Hurle [1972], Carruthers [1976], 
Pimputkar and Ostrach [1981], Glicksman et al. [1986], Brown [1988], Favier 
[1990]. Fluid flow has important technological consequences for the processing of 
electronic materials where the solute distribution determines the quality of the devices. 

The interval between the extreme cases of complete mixing and diffusion controlled 
freezing was bridged by the pioneering work of Burton et al. [1953]. In this simple 
approach, a diffusion layer of thickness fi F is assumed near the interface outside of which 
the liquid composition is maintained uniform by convection. A general expression for an 
effective distribution coefficient is then obtained. 


Kg ~ 


K +(l-*o)exp 


-Vfij, 
v A. j 


Ps_ 

Pl 


(64) 


The solute distribution (fig. 22d) is then given by 

C s = k eff C 0 {l-f s f ff -l (65) 

Fluid flow affects the solute distribution through the parameter V8p/D L in eq. (64). For 
vigorous convection in the liquid, S F 0, k et{ — > k 0 , and eq. (65) is the same as the 
Schiel result. For negligible convection, S F <*>, k eff 1, and eq. (65) gives a constant 
solute profile. The model has been quite successful in modeling axial segregation in the 
presence of laminar and turbulent convection during plane-front growth. 

This simple approach, while particularly easy to use, neglects many factors which 
have been more recently considered. A major effort has been made to include time 
dependence in the Burton et al. [1953] model when Czochralski and Bridgman crystal 
growth is considered (Wilson [1978], [1980], Favier [1981a], [1981b], (Favier and 
Wilson [1982]). More recently Camel and Favier [1984a], [1984b] and Favier and 
Camel [1986] used an order of magnitude analysis and scaling to examine different flow 
regimes in terms of dimensionless numbers in Bridgman crystal growth. We defer more 
complex models of convection until later. 


6.2.6. Zone melting 

The most important variables in the zone melting process are: (i) zone length; (ii) 
charge length; (iii) initial distribution of solute in the charge; (iv) vapor pressure and (v) 
zone travel rate (constant or variable). Manipulation of these variables can produce a 
large variety of impurity distributions in the solid charge. The most important variation 
of the method used to obtain high purity metals and semiconductors is zone refining. 
Figure 24 shows a schematic view of a multipass zone refining device, a more efficient 
system than the single pass system originally developed. The reader is referred to the 
important contributions of Pfann [1966] concerning this technique as well as the zone 
leveling and the Temperature Gradient Zone Melting (TGZM) techniques reviewed by 
Biloni [1983], 

Recently Rodway and Hunt [1989] established a criterion for optimizing the zone 
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Fig. 24. Schematic of zone-refining, showing three molten zones travelling along an ingot. Pfann [1966], 


length during multipass zone refining. The technique has been applied numerically, to 
model the redistribution in a rod, for various values of k 0 . The important conclusions are: 
(i) a Variable Zone Size along the bar (VZS) during the process, causes a considerable 
increase in the rate at which the ultimate distribution is approached, compared to a fixed 
zone size process. This leads to a significant improvement in the usable fraction of the 
rod. (ii) the optimum zone length at any stage in the process is independent of the k efS 
value. Consequently for a material containing many impurities with different k 0 values 
(k 0 < 1 or k 0 > 1), the VZS is optimum for all of them. 

6.3. Lateral segregation 

In the previous discussion we have assumed the interface to be planar. In the event 
that the thermal distribution of the crystal growth apparatus is not perfect, macroscopic 
curvature of the interface can develop. If convective mixing can be neglected, Coriell 
and Sekerka [1979], and Coriell etal. [1981] have modeled the lateral segregation that 
will be present for a given shape. Their numerical and analytical results treat the segregat- 
ion in terms of the distance that the interface deviates from planarity (5 p ), the sample 
width, the characteristic diffusion distance (D L /V) and the partition coefficient, k Q . The 
radial segregation is greatest when k b is small and when 8 p /(D L /V) ^ 1. Detailed calculat- 
ions of lateral segregation due to convection driven by longitudinal and radial gradients, 
typical of Bridgman growth upward and downward, are described by Chang and Brown 
[1983]. Experiments performed by Schaefer and Coriell [1984] in the transparent 
succinonitrile-acetone system show the effect of radial gradients at a S-L interface. 

6.4. Morphological stability of a planar interface 

In § 6.2 it was assumed that the S-L interface was microscopically planar during 
solidification. Thus the composition profile induced in the solid varied only in the 
direction of growth. However even if the heat flow is controlled to be unidirectional and 
the isotherms are planar, a planar interface may be unstable to small changes in shape. 
Lateral composition variations can then be induced in the solid on a scale much smaller 
than the sample width. The morphological stability theory defines the conditions under 
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which this instability can occur. Instability of the interface utimately leads to the 
development of cellular and dendritic structures. An excellent review of the stability 
theory has recently been presented by Coriell and McFadden [1993]. 

6.4.1. Theory 

The temperature and solute profiles for k 0 < 1, as a function of the distance, z, from 
a planar S-L interface for growth at velocity V (constrained growth) are shown in fig. 
25. A linear stability analysis was first applied to a growing sphere and later to the plane 
by Mullins and Sekerka [1963], [1964] and Sekerka [1967] under the conditions of 
local interface equilibrium and isotropic surface energy. One of the first extensions of 
this approach came when Cahn [1967] treated anisotropic kinetics and surface energy. 
Many other assumptions of the original theory have been relaxed over the years as 
summarized by Sekerka [1986]. 

The analysis begins by perturbing the shape of a planar S-L interface growing in the 
z direction by 

z = 8 exp(<r / + 2mx/ A), (66) 

where S is the perturbation amplitude, A is the wavelength, and cr is the growth (or 
decay) rate of the perturbation. The value for cr is determined by solving the steady-state 
heat flow and diffusion equations with appropriate boundary conditions for small values 
of S (linear theory). The planar interface shape is stable if the real part of a is negative 


a 



Fig. 25. Temperature and solute profile for k 0 < t as a function of distance z measured from the S-L interface 
when constrained growth at a velocity V occurs for a binary alloy. The concept of constitutional supercooling 
is included. 
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for all values of A. The conditions giving the stability-instability demarcation (o-=0) 
reduce to an equation with three terms corresponding to the three factors contributing to 
the overall stability of the interface, the thermal field, the solute field and the capillarity 
forces. The stability equation is 

4i7 2 r r 

G-m L G c £c+^f^ = 0 - ( 67 ) 


The parameter G is the conductivity weighted temperature gradient given by 
K S G S + K l G l 


G = 


2 K 


( 68 ) 


where K=(K L + K s )/2 is the mean of the liquid and solid thermal conductivities. The 
parameter G c is the composition gradient in the liquid, which for a planar interface 
moving at constant velocity, is obtained from eq. (63) and is given by 


VCo{k 0 -l) 
k^D 


The parameter £ c can usually be set equal to unity. However £ c may deviate significantly 
from unity under rapid solidification conditions, where VA/2 D L » 1. In general its value 
is given by 


£c = 1 + 

l-2* 0 


2 k n 




-, 1/2 


(70) 


Technically eq. (67) is correct only when VX/2a is small, where a is the liquid or 
solid thermal diffusivity. This condition is almost never violated even during rapid 
solidification. See Kurz and Fisher [1989] for a complete description of this detail. 

If the left hand side of eq. (67) is positive, the interface is stable. The first term is 
stabilizing for positive temperature gradients; if the temperature gradient is negative 
(growth into an supercooled melt), this term is destabilizing. If a pure material is 
considered, this is the only possible destabilizing term. Thus a planar interface in a pure 
material is only unstable for growth into an supercooled melt. The second term represents 
the effect of solute diffusion in the liquid and, being negative, is always destabilizing. 
The third term, involving capillarity, has a stabilizing influence for all wavelengths, 
though its effect is largest at short wavelengths. This is the sort of stabilizing effect to 
be expected from surface energy which tends to promote an interface shape with the least 
area, namely a plane. 

Figure 26 shows a plot summarizing the stability of a planar interface for dilute 
Al-Cu alloys. Figure 26a shows the value of a vs. A for selected values of G L , V, and C 0 
(200 K/cm, 0.1 cm/s and 0.1 wt%Cu). Under these conditions a range of wavelengths 
have positive a, and are therefore unstable. The smallest unstable wavelength is usually 
referred to as the marginal wavelength and the wavelength with the largest value of a is 
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Fig. 26. Summary of the results of interface stability theory for Al-rich Al-Cu alloys. Coriell and Boettinger [1994], 
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called the fastest growing wavelength. For some velocities, a < 0 for all A, and the 
interface is said to be stable. Figure 26c shows a closed curve of A and V values for 
fixed G L and C 0 (200°K/cm, 0.1 wt%Cu) for which <r = 0. At values of V and A inside 
the closed curve the interface is unstable. Note that instability only exists over a range 
between two critical velocities. Outside this range, a < 0 for all A and the interface is 
always stable. Also shown dashed is the wavelength that corresponds to the fastest 
growing wavelength. Figure 26d shows the two critical velocities as a function of C 0 for 
fixed G l (200 K/cm). The curves for the two velocities merge into a smooth curve for 
low C 0 . Instability occurs to the right of the curve. Figure 26b shows the critical 
velocities as a function of G L for fixed C 0 (0.1 wt%Cu). Note the insensitivity of the 
upper velocity stability limit to the value of G L . 

The upper and lower critical velocities may be approximated by two different limiting 
cases: 

(i) If the interface grows at slow velocities, the capillarity forces are small and can 
be neglected; the stability criterion becomes: 

G>m L G c . (71) 

If, in addition, eq. (68) is coupled with eq. (3), and VL « 2 K L G L , the stability criterion 
becomes: 

(K l /K)G l > m L G c , (72) 

which is called the modified constitutional supercooling criterion. For K s = K L this reduces 
to the constitutional supercooling criterion (to be examined in more detail in 6.4.2). 

(ii) If the interface grows at high velocity, unstable wavelengths become small and 
capillarity dominates. In this case, stabilization due to the temperature gradient is 
negligible and one obtains the absolute stability condition: 

m L G c < k 0 Tj{V/D L ) 2 (73) 


or 


Y > m LC 0 {k 0 l)f\, 

k^TJ 


(74) 


The modified constitutional supercooling criterion and the absolute stability criterion 
serve as asymptotes to the exact result at low and high velocity respectively shown in 
fig. 26d. 


6.4.2. Relationship to constitutional supercooling 

The constitutional supercooling criterion obtained by Tiller etal. [1953] before the 
morphological stability theory was developed, serves as a model to understand the major 
cause of instability. The theory determines if any part of the liquid ahead of a moving 
interface is supercooled with respect to its local liquidus temperature. The theory 
considers the solute distribution in front of the interface given by eq. (63) and the 
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corresponding liquidus temperature for the composition at each point in front of the 
interface given by 


r L (z) = T m + 


, 1 - *0 

f V 

1 H exp 


*0 

l A. )_ 


(75) 


The temperature in the liquid ahead of the unperturbed interface due to the temper- 
ature gradient, G L , is 


T(z) = T m+ ^ + G L 


z. 


(76) 


Figure 25 considers three possible profiles of the actual temperature. For case (b), the 
actual temperature is less than the local liquidus temperature T h (z) (labelled T conslitulional ) 
for a range of values of z and the liquid is said to be constitutionally supercooled; as a 
consequence the S-L interface is unstable. Case (a), where the actual temperature 
exceeds T L (z), corresponds to a stable S-L interface. Case (c) is the critical condition. It 
can easily be demonstrated that the interface will be stable for 


Cj, ^ m L C 0 k 0 1 
V - D l k 0 


(77) 


Even though the stability criterion derived from this simple method is very similar to 
that derived from the more complex treatment, it does not yield any information about 
the size scale of the instability. 


6.4.3. Experiments 

Low V — The decrease of the parameter G L /VC 0 controls [eq. (77)] the evolution of 
the S-L interface from plane to dendritic. Even when the evolution of the instability is 
continuous it is possible to recognize discrete stages of the substructure, as shown by 
many authors using various experimental techniques. Biloni et al. [1966] and Biloni 
[1968] summarize the various methods used: optical observations after liquid decanting, 
radioactive tracers, and anodic oxidation to produce interference colors. The last method 
is one of the most sensitive even when extremely dilute alloys such as 99.993% and 
99.9993% purity Al were studied (Biloni et al. [1965a]). In addition, a quenching 
technique is often used in order to detect the morphology of the S-L interface through 
suitable metallography, as used among others by Audero and Biloni [1972]. All the 
techniques are based on the fact that the interface instabilities produce a redistribution of 
solute that can reveal the origin and development of the instabilities. With increasing CS, 
corresponding to a decreased value of G L /VC 0 , the following discrete stages may be 
defined: (i) planar S-L interface; (ii) nodes or depressions at the interface; (iii) elongated 
or bidimensional cells; (iv) regular hexagonal cells; (v) distorted or branched cells; (vi) 
dendritic cells or arrayed dendrites. 

Many authors have determined experimentally that the CS criterion corresponds 
reasonably well to the transition from plane to unstable interfaces (Chalmers [1964], 


References: p. 830. 



726 


H. Biloni and W.J. Boettinger 


Ch. 8, § 6 


Flemings [1974]). Biloni etal. [1966], through critical experiments with Sn-Pb (A^< 1) 
and Sn-Sb (A^> 1) alloys, were the first to establish that depressions at the S-L interface 
rather than projections are the first sign of interface instability. Current knowledge of the 
origin of the instability and its evolution can be summarized as follows: 

(i) The first sign of instability is segregation associated with depressions at the 
interface: grain boundaries, striation boundaries and isolated depressions or nodes. These 
nodes occur in an ordered arrangement in tetragonal Sn base alloys (Biloni etal. [1966]) 
and fee Pb-Sb alloys (Morris and Winegard [1969]). However, in Zn-Cd hexagonal 
close-packed alloys, the first array of nodes is disordered (Audero and Biloni [1973]). 
Alloy crystallography as well as crystal orientation have a large influence on the 
morphology of the interface formed after the breakdown of the planar interface. 

(ii) The grooves associated with grain boundaries and striation boundaries act as 
built-in distortions of the plane front, and interface breakdowns begin here, spreading 
outward to other portions of the crystal (Schaefer and Glicksman [1970]). The same 
effect occurs adjacent to the container surface (Sato and Ohira [1977]). 

(iii) The evolution from nodes or depressions at the interface into a regular or 
hexagonal substructure is obtained as the CS increases. This occurs by the formation of 
interface depressions that connect the nodes to initially form elongated cells and finally 
a hexagonal arrangement. This process depends on the alloy crystallography (Morris and 
Winegard [1969], Biloni et al. [1965b], Biloni et al. [1967], Audero and Biloni 
[1973]). Figure 27 corresponds to the evolution from a planar interface to a cellular 
interface shown by the shape of the decanted interface and by metallographic sectioning 
slightly behind the interface. 

High V — With the development of techniques for rapid solidification over the past 
twenty five years, the ability to produce microstructures free of cellular and dendritic 
segregation by increasing the interface velocity as predicted by theory became possible. 
Narayan [1982] summarized the morphological stability results obtained with pulsed 
laser melting and resolidification in Si alloys. The transition velocities observed were in 
the m/s range and good agreement with the predictions of the absolute stability velocity 
if the velocity dependent value of the partition coefficient was used (see section 6.4.4). 
Boettinger etal. [1984] showed that in Ag-1 and 5 at% Cu alloys, a transition from 
cellular structures to plane front growth could be obtained by increasing the growth 
velocity beyond 0.3 and 0.6 m/s, respectively. These velocities are a factor of two larger 
than the calculated absolute stability values. However in view of the uncertain materials 
parameters, the agreement is reasonable. More recently Hoaglund et al. [1991] 
performed a detailed study using pulsed laser melting and resolidification of Si-Sn 
alloys. Figure 28 shows the values of ft(V) determined and the fit to the morphological 
stability theory using these measured values of ft(V). 

6.4.4. Further theoretical developments 

Morphological stability theory remains an active area of research. The theory has 
been extended to include nonequilibrium solute trapping by Coriell and Sekerka 
[1983]. Complex temporally oscillatory instabilities are found. A first order approx- 
imation of the results suggests that the absolute stability condition is modified by 




m 


Solidification 


Fig. 27. Evolution of the segregation substructure as a function of constitutional supercooling shown by 
decanting the interface (left) and slightly behind it by metallographic sectioning (right). The amount of CS 
increases from (a) to (d). Magnifications: a) left:x 100, right: x 100; b) left:x 100, right: x 50; c) left:x 150, 
right: x 50; d) left: x 50, right: x 150. Biloni [1970]. 
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Fig. 28. (a) Velocity-dependence of measured partition coefficient of Sn in (100) Si. k o =0.016. Data are fit by eq. (46) with V D = 17 m/s. (b) Critical 
concentration above which cellular breakdown occurs: dashed curve stability theoiy using k a ; solid line, stability theory using velocity dependent k(V) and m L (V). 
HoaGlun Detal. [1991], 
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substituting the k(V) expression from eq. (46) into eq. (74) and solving implicitly for the 
critical velocity. This effect reduces the absolute stability velocity compared to what 
would be calculated on the basis of an equilibrium partition coefficient. The oscillatory 
instabilities exposed in this analysis and in more detailed studies are related to the 
banded microstructures observed at high solidification velocities (Boettinger et al. 
[1984]) (See § 8.1.7). Other modifications to the linear stability theory include extension 
to multicomponent alloys (Coriell et al. [1987]), anisotropic thermal conductivities 
(Coriell et al. [1990]), modification of the latent heat due to heat of mixing effects 
(Nandapurkar and Poirier [1988]). 

Methods for dealing with finite amplitude perturbations and the transition to cellular 
structures near the lower critical velocity corresponding to the constitutional supercooling 
condition have been summarized by Coriell et al. [1985]. Two types of behavior are 
found depending primarily on the value of the partition coefficient (Wollkind and 
Segal [1970], Caroli et al. [1982]). If k 0 is near unity, the transition (bifurcation) is 
supercritical; i.e., a small increase in the velocity past the critical value leads to interface 
shapes that are only slightly deformed. The wavelength of the instability is close to the 
fastest growing wavelength of the linear theory. For small values of k 0 , the bifurcation is 
subcritical; i.e., a small increase above the critical value of the linear theory leads to 
interfaces deformed by a large amount. The wavelength is 2 to 4 times smaller than the 
fastest growing wavelength predicted by linear theory. The available data on the planar 
to cellular transition have been reviewed by Cheveigne et al. [1988]. Agreement with the 
above bifurcation concepts was demonstrated. However it has been argued by Lee and 
Brown [1993] that the range of velocity where the subcriticallity exists may be too 
small for experimental observation. They attribute the observation of spacings much 
smaller than the fastest growing wavelength to the fact that, at velocities only a few 
percent above the critical velocity, wavelengths up to factors of four smaller than the 
critical are also unstable. The instability of these smaller wavelengths is evident in the 
flatness of the bottom of the closed curve in fig. 26c. Indeed the spacing and amplitude 
of cells that form very close to the critical velocity are very complex (Eshelman et al. 
[1988]). However, few practical situations involve velocities that are so carefully 
controlled. A more detailed discussion of cell and dendrite shapes is deferred to § 7. 

6.5. Coupled interface and fluid flow instabilities 

Fluid flow is often present during solidification and upsets the diffusion of solute and 
heat assumed above. Fluid flow during solidification can be caused by the density 
difference between liquid and solid (shrinkage flow), or by the action of gravity on 
density gradients within the fluid phase itself. Temperature gradients as well as com- 
position gradients due to solute rejection at the interface induce density gradients. Near 
a free surface between liquid and gas, temperature and composition variations can lead 
to gradients in surface energy that can induce flows (Marangoni Effect). This last effect 
has been shown to be important in some welding situations. Fluid flow can alter the 
morphological stability of planar interfaces and alter the composition within the 
interdendritic zone of castings. Flow in the mushy zone will be deferred to § 9. 
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Hurle [1969] and Coriell et al. [1976] first treated the impact of fluid flow on 
interface stability using the simple boundary layer approach described in §6.2.5. The 
thickness of the diffusion boundary layer, S F , in front of the planar interface was assumed 
to be reduced due to flow of an unspecified origin. This reduction increases the value G c 
and if S F is much larger than the interface perturbation wavelength, alters the stability 
simply through eq. (67). Favier and Rouzaud [1983] improved this approach with a 
deformable boundary layer. Flow resulting from radio frequency electromagnetic stirring 
might be treated using this boundary layer approach. 

Complete coupling of the fluid flow and diffusion phenomena near a S-L interface 
lead to many complex results that influence morphological and fluid stability. These have 
been summarized by Coriell and McFadden [1990]. When directional solidification is 
performed with the liquid above the solid, rejection of a less dense solute can cause a 
liquid density that increases with height near the interface if the temperature gradient is 
not sufficiently large and thus cause fluid flow. However even if the overall density 
decreases with height, convection can still occur when a light solute is rejected. This is 
termed double-diffusive convection due to the fact that heat and solute diffuse with vastly 
different rates during the flow. A physical argument for the instability can be obtained 
by considering the forces that act on a small packet of liquid that is given a displacement 
upward away from the interface into a region of hotter fluid that contains less solute. 
Because heat transfer is more rapid than solute transfer, the packet will become hotter 
but remain approximately of the same composition. The displaced packet then finds itself 
surrounded by liquid of the same temperature but with less solute. The packet is thus less 
dense than its surroundings and continues to rise. Generally the wavelength of an 
unstable interface that forms due to the fluid instability are much larger than those of the 
ordinary morphological instability. However under some conditions, the wavelengths are 
comparable and complex time dependent oscillations can occur. 

Another case of instability can occur even when the rejected solute is more dense than 
the solvent. Figure 29 shows experiments by Burden et al. [1973] in which a macro- 
scopic deformation of the S-L interface was observed during growth at very slow rates 
(1 /zm/s). Although these observations were made during cellular and dendritic growth, 
an analysis by Coriell and McFadden [1989] for a noncellular interface seems to apply. 
Instability occurred for wavelengths of the order of millimeters in this case and were 
determined to be due primarily to the difference in thermal conductivity of the liquid and 
solid phases. The creation of a slight radial temperature gradient by long wavelength 
perturbations induces a flow that ultimately leads to the more dense solute accumulating 
in the depressions in the interface. In the experiments of Burden et al. [1973], these 
depressions occurred at the walls of the container and the wavelength was approximately 
twice the container diameter. 

Murray etal. [1991] studied the effect of time variations of the gravitational force 
during solutal convection. In the context of experiments in microgravity, this research 
permits an assessment of the effects of so-called g-jitter that occurs during space flight. 
In space, surface tension driven flows can also become important. 



Ch. 8, §7 


Solidification 


731 



Fig. 29. Macroscopic interface shape across the full sample diameter of 4 mm for an AI-10%Cu alloy grown 
at V , = 2.8x lO" 4 cm/s and G L = 60 K/cm due to solute convection. Burden el al. [1973]. 


7 . Cellular and dendritic solidification 

The instability of the planar shape of the liquid solid interface described in § 6.4 leads 
to solidification by a cellular mechanism and, at conditions further from stability, by a 
dendritic mechanism. After the passage of the solidification front, a variation of 
composition remains in the solid on a length scale characteristic of the cellular or 
dendritic growth that is called microsegregation. This microsegregation pattern typically 
remains frozen in the solid due to the small ratio of the solute diffusion coefficients in 
the solid and liquid (~ 1 for substitutional solid solutions). In many cases the com- 
position variation is so severe that a second solid phase solidifies in the intercellular or 
interdendritic regions even though none would be predicted based on a consideration of 
global equilibrium. The focus of this section is the prediction of the spacings associated 
with cellular and dendritic growth and the degree of microsegregation produced by that 
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growth. These spacings are important in the selection of heat treatment times and temper- 
atures for the homogenization of ingots as well as the properties of as-cast materials. 
Thus the prediction of the microsegregation pattern is a fundamental goal of solidificat- 
ion modeling. Control of practical casting defects such as macrosegregation, porosity and 
hot tearing must start from an understanding of cellular and dendritic growth. 

We will first focus on the theory of growth of an isolated alloy dendrite. The case of 
a pure material can be recovered from this theory by letting the composition go to zero 
and the reader is referred to a review of dendritic growth of pure materials by Glicks- 
man and Marsh [1993], For alloys, the relations between dendrite tip velocity, radius, 
composition and supercooling will be established and compared to existing experiments. 
Trivedi and Kurz [1994] have recently reviewed alloy dendritic growth. The important 
expression for the tip composition will permit subsequent estimates of the degree of 
microsegregation. We will then consider the growth of arrays of cells and dendrites and 
develop an understanding of the factors that control the primary and secondary spacings 
of fully developed cells and dendrites. Finally we describe microsegregation. 

7.1. Alloy dendritic growth 

7.1.1. Theory of the tip region 

Typically only the region of a growing dendrite near the tip is modelled. Two cases 
are distinguished: free growth and constrained growth. The model for free dendritic 
growth treats the situation where an isolated nucleus initiates growth into an uniformly 
supercooled melt and is often applied to the growth of an equiaxed grain in a casting. 
The melt temperature far from the dendrite can be taken as the nucleation temperature, 
T n and the temperature gradient is negative; i.e., the latent heat flows into the super- 
cooled liquid. The goal is to predict the dendrite tip velocity, V, tip radius, r, tip solid 
composition, C s ’ , and tip temperature, 7*, as functions of bulk liquid composition C 0 and 
the bulk supercooling, A T, below the liquidus temperature, given by 

A T = T m +m L C 0 -T t( . (78) 

The model for constrained growth most accurately treats the situation that occurs 
during directional solidification, where the heat flow is controlled by a moving furnace, 
and approximates the situation of dendritic growth of columnar grains where heat flows 
to a cold mould wall. The goal is to predict the dendrite tip radius, tip solid composition 
and tip temperature for a given liquid alloy composition as functions of velocity and 
temperature gradient. For constrained growth, the temperature gradient is positive, i.e., 
the latent heat flows into the solid. 

For both free and constrained growth, the diffusion of solute into the liquid ahead of 
the growing dendrite is treated by assuming that the dendrite tip region has the shape of 
a paraboloid of revolution. By solving the diffusion equation in the liquid and neglecting 
solid diffusion, Ivantsov [1947] has shown that the liquid composition at the dendrite 
tip C L * is given by 
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<- .-e-W <79) 

where P c = Vr/2D L , and is called the solute Peclet number. The Ivantsov function, /v(P), 
is equal to Pexp(P)£ 1 (P) where £,(P) is the first exponential integral of P, a function 
that is easily available from mathematics tables or software subroutine libraries. (The 
case of a 2-D (plate) dendrite was also treated and involves complementary error 
functions.) The composition gradient in the liquid at the tip, G c ', is given from the 
conservation of solute flux condition at the tip as 

G;=--^(l-*oK. ( 80 ) 


The treatment of the temperature field is handled differently for free or constrained 
growth. For free dendritic growth, heat flow in the solid can be neglected, and an 
Ivantsov solution for the temperature field can be obtained in the liquid. The temperature 
1* at the dendrite tip is then given by 

T' = r N + (L/C)/v(4 (81) 


where P t =Vr/2a is the thermal Peclet number. The gradient in the liquid at the tip, G L * , 
is given from the conservation of heat flux at the tip as 


d- { 2/r W C)P,-{^l) 


(82) 


For constrained growth, the temperature gradient is assumed to be to that imposed by the 
furnace. 

Regardless of the direction of heat flow, the dendrite tip temperature, 1*, must be 
given by the local interface condition equation evaluated at the velocity and liquid 
composition present at the tip, viz., 


T 


= 7’ m +m L (V)C*- 


27’ m r 


RT* V 

m 

K v.' 


(83) 


This expression is the same as eq. (48) except for the inclusion of the Gibbs-Thompson 
supercooling 27’ m r /r for a tip radius of r and includes interfacial non-equilibrium solute 
trapping effects that are important at high velocity as described in § 5. Letting m L ( V) - m h 
and V c = »° recovers the local equilibrium condition valid for slow solidification. 

For free growth (Boettinger et al. [1988b]), a combination of eq. (78), (79), (81) 
and (83) yields 


= Iv{P,) + m L C 0 


1 - 


(V)/» 


i - (i - 


2TT RTl V 
+ — — + - 


L m V„ 


(84) 


This equation connects the values of dendrite growth rate and tip radius that are 
possible for each value of A T. A plot of the relationship is shown in fig. 30. The curve 
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Fig. 30. Relationship between growth velocity and tip radius for dendritic growth for a fixed bulk supercooling 
as given by eq. (84). Point M corresponds to the maximum growth rate hypothesis and point S is the operating 
point of the dendrite correspond to the marginal stability hypothesis, eq. 85, shown dashed. 


shows that the growth velocity would be low for small and large values of radius and 
exhibits a maximum velocity at intermediate values of the radius. At small values of r, 
the creation of a dendrite tip with high curvature (high surface area) retards growth. At 
large values of radius, the build-up of heat and solute at the blunt tip is so severe that 
growth is retarded. Thus intermediate values of radius permit higher growth rates. 
Experiment has shown that a unique value of velocity and tip radius occur for each value 
of supercooling. Thus an additional condition is necessary to uniquely specifiy V and r 
for each supercooling. Similarly for constrained growth, prescribed values of G L and V 
also fail to specify the tip radius of the system. 

The additional condition required to select the operating point of the dendrite has 
been the subject of much research. For many years a maximum growth rate hypothesis 
was employed corresponding to point M in fig. 30. Careful experiments by Glicksman 



Ch. 8, §7 


Solidification 


735 


et al. [1976] showed that this hypothesis gave dendrite tip radius values that were too 
small. Ideas concerning the stability of the tip were first considered by Oldfield [1973]. 
The maiginal stability condition of Langer and Mueller-Krumbhaar [1978] is now 
commonly used and has been the subject of some experimental validation. It equates the 
operating tip radius with the minimum unstable wavelength prediction from linear 
stability theory for a planar interface growing at the same velocity with temperature and 
composition gradients that are present at the dendrite tip. (These values of the gradients 
will not in general correspond to those present for planar growth of an alloy of com- 
position C 0 ). An equation for the tip radius, r, valid for small and large Peclet numbers 
(Boettinger and Coriell [1986], Litton etal. [1987]) is given by 


r 


2 


T m r/cr* 
m i G ‘J c - G €< 


(85) 


where 


€, = 


and 


1 


(l + (cr * P , 2 



f c = 


+ 


2*(V) 

l-2*(V)-(l+(<r*P e 2 )" , ) l/2 


( 86 ) 


(87) 


The parameter a is 1/47T 2 . and £ c can be set equal to unity if P l and P c « 1, but may 
deviate from unity as the velocity approaches either the constitutional supercooling or 
absolute stability condition. The parameter G is the conductivity weighted temperature 
gradient given by 


Q _ K s G s + k l G l 
K s +K l 


( 88 ) 


If the conductivities are equal, G is simply the mean of the liquid and solid temperature 
gradients. For free dendritic growth, G s = 0, and 

G = G'J2. (89) 

For constrained growth, G is determined by the imposed temperature gradient of the 
furnace. Point S in fig. 30 shows the operating condition given by the marginal stability 
hypothesis. 

Using the marginal stability condition, eq. (85), a complete specification of the 
dendrite tip can be obtained for free growth or for constrained growth. In the former 
case, eqs. (79, 80, 82, 89) are used in eq. (85) and solved simultaneously with eq. (84) 
to numerically determine the tip radius and velocity for a given value of AT. For 
constrained growth, the prescribed values of G and V are used in eqs. (79) (80) and (85) 
to implicitly give the radius. The radius and velocity are then used to determine C L * 
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using eq. (79) and 7 * using eq. (83). We refer to the results of this theory as IV/ MS after 
the Ivantsov solution using the marginal stability criterion for tip radius selection. A 
simplified version of this theory for free growth that assumes local equilibrium is given 
by Lipton etal. [1984]. 

An example of the results of this theory for free growth into a supercooled melt using 
corrections for high Peclet numbers and for nonequilirium interface conditions for 
temperature and compositions is shown in fig. 31 for a Ag-15 wt% Cu alloy (Boet- 
tinger et al. [1988b]). Figure 31a shows the growth velocity versus supercooling 
relation. The dendrite velocity increases with supercooling. Note the more rapid increase 





Fig. 31. Results of dendritic growth calculations for free dendritic growth of Ag-15 wt% Cu for various 
supercoolings below the liquidus, AT: (a) growth velocity, V; (b) non-equilibrium partition coefficient, £(v); (c) 
solid composition at the dendrite tip, ; and (d) tip radius r. Boettinger etal. [1988b]. 
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in velocity near A T = 100 K. Figure 31b shows how the nonequilibrium interface partition 
coefficient at the tip increases very sharply towards unity due to solute trapping at this 
same level of supercooling. This indicates the transition to partitionless solidification for 
the tip. In fact for supercoolings greater than 200 K the dendritic growth rate is the same 
as that for a pure metal with a melting point equal to the T 0 temperature for a Ag-15 
wt% Cu alloy. Figure 31c shows how the composition of the solid at the dendrite tip 
depends on supercooling. The composition rises from 5.5 wt% Cu (tqjC 0 ) for low 
supercooling to 15 wt% Cu for A7 7 = 100K. This plot shows how microsegregation in 
dendritic structures can be reduced by increased supercooling. Finally, fig. 3 Id gives the 
dendrite tip radius. The general decline in radius with increased supercooling is sharply 
arrested at A T = 100K as the dendrite tip changes from solute controlled length scales to 
the larger thermally controlled length scales corresponding to k(y)— >1. 

An example of the results of this theory for constrained growth during directional 
solidification of Ag-Cu alloys assuming local equilibrium is shown in fig. 32 from Kurz 
et al. [1986]. The calculated tip radius and tip temperature as a function of imposed 
growth rate for a temperature gradient of 10 5 K/cm are given. The general trend for the 
radius follows Vr 2 = constant for each alloy. However near the constitutional supercooling 
and absolute stability velocities the tip radius approaches infinity (planar interface) and 
deviates from this simple law. The tip temperature is close to the liquidus at intermediate 
velocities and approaches the solidus temperatures at low and high velocity. A very 
important result from this theory is that the solid composition at the center of a dendrite, fc 0 C L ’ 
is only slightly greater than k 0 C 0 at intermediate velocity but increases toward C 0 as the 
velocity approaches the constitutional supercooling and absolute stability velocities. This 
result impacts the discussion of microsegregation below. 

7.1.2. Anisotropy 

Clearly anisotropy is important in dendritic growth. Dendrites in cubic materials grow 
in [100] directions. In the context of the dendrite tip model described above this can be 
understood by a consideration of the small, but important, anisotropy of the liquid solid 
surface tension that was neglected above. Blodgett et al. [1974] measured the 
anisotropy of the liquid-solid surface energy of succinonitrile. They determined that the 
surface energy had maxima in the [100] directions. To determine the Gibbs-Thomson 
coefficient, T^T, for a anisotropic material with surface energy y sL that depends on 
orientation 0, the surface energy y SL is replaced by (y^ + cfy^/dd 1 ). This quantity is 
smallest when y SL is largest. Therefore through eq. (85), the tip radius would be smaller 
for growth in the [100] direction than, for example, growth in the [110] direction. This 
smaller radius leads to more rapid growth in the [100] direction. A more complex 
expression is necessary if y SL depends on two angles, as would be the case for a three 
dimensional dendrite tip. 

Despite the success of the marginal stability argument, the choice of the minimum 
unstable wavelength (maximum stable wavelength) rather than a smaller stable value 
remains somewhat arbitrary. Further analyses by many researchers has been summarized 
by Billia and Trivedi [1993]. This work indicates that by including the effect of 
anisotropic surface energy, only one shape preserving solutions is found to the diffusion 
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equations that is stable with respect to tip splitting. These considerations are called 
microscopic solvability and specify a unique value of the tip radius. Microscopic 
solvability predicts that the tip radius will follow essentially the same relationship given 
by stability analysis except that the value of a depends on the degree of anisotropy in 
the surface energy. Tests of this model are inconclusive to date. 


7.1.3. Approximate theory for low supercooling 

For low supercooling, the model presented above can be simplified. For low values 
of P c , local equilibrium can be assumed and 7v(P c ) can be approximated by 

H p < ;) - Po ( 90 ) 


an expression called the hemispherical approximation (Kurz and Fisher [1981]). This 
approximation leads to a particularly simple expression for the dendrite velocity as a 
function of supercooling 


v = — 2 ^ — r— AT 2 

v m L C Q (k Q - i)r ra r 


(91) 


with a tip radius given by 

r _( ' 

^m L C 0 V(k 0 - 1), 


(92) 


These relations can be applied to free growth or to constrained growth. However for the 
latter, the expressions are only valid when the temperature gradient is small. In this case 
the supercooling, A T, in eq. (91) is the difference between the liquidus temperature for 
the bulk alloy composition and the dendrite tip temperature. 


7.1.4. Experiments on dendritic growth 

Chopra et al. [1988] have compared the results of the Lipton etal. [1984] theory 
to experiments using succinonitrile-acetone transparent alloys. Their results are shown in 
fig. 33. One of the most interesting results of the theory and experiments is that the 
addition of a small amount of solute actually increases the growth rate of the dendrites 
above that for the pure material for fixed bath supercooling below the liquidus. This 
effect is due to the destabilizing influence (through G’ in eq. (85)) of the solute on the 
dendrite tip. The solute pushes the marginal wavelength and consequently the tip radius 
to a smaller value and permits the dendrite to grow at a higher speed. With further 
increased levels of solute, the transport difficulties associated with the solute begin to 
dominate and the dendritic growth rate slows for a fixed supercooling below the liquidus. 

For high supercoolings (100-300 K), several groups have obtained dendritic growth 
rate data as a function of bulk supercooling for alloys using carefully designed exper- 
iments in levitated samples (Wu et al. [1987] and Eckler etal. [1992]). Good agree- 
ment between theory and experiment has been obtained. Figure 34 shows a summary of 
data and theoretical predictions of the model that incorporates non-equilibrium interface 
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SCN - Acetone Alloys (AT = 0.5 K) 



Fig. 33. Comparison of theory and measured dendrite growth velocities as a function of alloy composition for 
a fixed bulk supercooling below the liquidus of 0.5 K for succinonitrile-acetone alloys. Chopra et al. [1988]. 


kinetics for pure Ni and for Ni-B alloys by Eckler et al. [1992]. The abrupt increase in 
velocity at high supercoolings is associated with the transition from solute controlled 
dendritic growth to thermally controlled growth brought about by the solute trapping 
(velocity dependent partition coefficient). 

The predictions of the theory for constrained growth have been compared by Kurz 
et al. [1988] to measurements of cell compositions for Ag-15 wt% Cu alloy samples 
prepared by moving electron beam melting performed by Boettinger, et al. [1987]. 
Figure 35 shows bars corresponding to the observed range of composition across cells of 
the Ag-rich phase as a function of growth velocity. The solid curve shows the results of 
the present theory. The curve marked IV/MS is the same theory without the inclusion of 
the velocity dependence of the partition coefficient. The curve BH is the older dendritic 
growth theory of Burden and Hunt [1974a], [1974b] which uses the maximum growth 
rate hypothesis rather than the marginal stability analysis. It can be seen that the present 
formulation is closer to the observed experimental data. 
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Fig. 34. Comparison of theory and measured dendrite growth velocities as a function of bulk supercooling 
below the liquidus for pure Ni and two Ni-B alloys. Eckler etal. [1992]. 


7.2. Cell and dendrite spacings 

7.2.1. Numerical calculations of arrayed cell and dendrite primary spacings 

During constrained growth cells and dendrites form arrays with a characteristic 
spacing transverse to the growth direction called the primary spacing. To model the 
primary spacing, interactions with neighboring cells/dendrites must be considered. In a 
series of papers, Hunt [1990], Lu and Hunt [1992] and Lu et al. [1994] have per- 
formed finite difference calculations to study cell/ dendrite shapes and primary spacings 
during constrained growth. The diffusion equation for solute in the liquid is solved 
employing local equilibrium. More recently Lu et al. [1994] use the non-equilibrium 
interface conditions, eq. (46) and (48), for similar calculations. Computations are 
performed for single cells and dendrites with radial symmetry in a cylindrical com- 
putational domain of various diameters. This geometry is used to approximate a 
hexagonal array of cells or dendrites with a primary spacing equal to the cylinder 
diameter. Two classes of solutions were obtained; those with rounded nearly hemispheri- 
cal interface shapes and those with parabolic interface shapes. The authors associate these 
two shapes with cells and dendrites respectively. Side branching was not simulated in the 
dendrite calculations. Multicell calculations where also performed to examine the stability 
of arrays of cells and dendrites with various primary spacings. 

For a very wide primary spacing, only dendritic solutions were obtained and a unique 


References: p. 830. 




742 


H. Biloni and W.J. Boettinger 


Ch. 8, §7 



V (cm/s) 


Fig. 35. Measured average composition (circles) of cells of the Ag-rich phase in a Ag-15 wt % Cu alloy as a 
function of solidification velocity (Boettinger el al. [1987]). The bars at each velocity represent the range of 
composition observed for each profile measured by STEM. The three curves are: i) the predictions of dendritic 
growth theory with velocity dependent partition coefficient, (solid curve), ii) without the velocity dependent 
partition coefficient, curve labeled IV/MS, iii) the older Burden-Hunt model of dendritic growth (labeled BH). 
Kurz el al. [1988], 


value of tip radius was determined for a given set of growth conditions. This com- 
putational regime is thought to approximate isolated dendrites. Although the original 
work (Hunt [1990]) indicated that anisotropic surface energy was not necessary to 
obtain this unique solution, it was later determined that slight anisotropy was induced by 
the calculation mesh. Later work (Lu and Hunt [1992]) confirmed the important role of 
anisotropy on the selection of the radius of the tip. The values of radius determined by 
these calculations can be approximated by the IV/MS model. 

For smaller primary spacings, both cell and dendrite solutions could be obtained for 
the same growth conditions. For each, solutions could be obtained only over a range of 
primary spacings. The physical processes that define the allowable range of primary 
spacings are shown in fig. 36. The minimum stable cell spacing is determined by 
overgrowth of one cell by the adjacent cells. The maximum cell spacing occurs when the 
cell tips become very flat and on the verge of splitting. For dendrites, the minimum 
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Fig. 36. Schematic illustration of primary spacing adjustment mechanism for cells and dendrites. Lu and Hunt 
[1992], 

spacing is also determined by overgrowth. The maximum spacing is assumed to be twice 
the minimum spacing based on an argument regarding the transition of tertiary arms into 
new primary arms. An example of the range of primary spacing that could be calculated 
is shown in fig. 37 and 38 along with experimental data for slow and rapid solidification 
respectively. The existence of a range of spacings for cells for given growth conditions 
agrees with observations of Eshelman and Trivedi [1988], The predictions of the 
dendrite tip radius from the IV/MS theory presented above are also shown in fig. 38. It 
is seen that the primary spacing of the cell solutions is approximately twice the dendrite 
tip radius from the IV/MS value. 

The computations described above do not describe the conditions at the root of cells. 
The walls of adjacent cells never join and a thin layer of liquid persists far behind the 
cell tips. Ungar and Brown [1985] have performed finite element calculations of deep 
cells using a composite coordinate technique that allows cell walls to fold over and join 
at the cell roots. In fact small drop-like structures are found to form at the cell roots that 
may be indicative of the pinch-off and periodic shedding of liquid droplets. Such 
shedding of liquid droplets may be the cause of spherical second phase particles that 
occur in some rapidly solidified alloys, Boettinger et al. [1988c], 

12 . 2 . Analytical expressions for primary spacings 

Analytical theories of primary spacings often yield a power law expression applicable 
to a range of solidification conditions not too close to the constitutional supercooling or 
absolute stability velocities that is given by 
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Fig. 37. Comparison of the predicted ranges of cell/ dendrite primary spacings with experimental results: (a) 
succinonitrile-0.35 wt% acetone; (b) Al-0.34 wt% Si-0.14 wt% Mg. E 4 specifies the anisotropy of the surface 
energy. Lu and Hunt [1992]. 
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Fig. 38. Comparison of range of predicted primary spacings with experimental data for cell spacings obtained 
for five compositions of rapidly solidified Al-Fe alloys. The IV/MS tip radius is also shown dashed for 
comparison. Lu el al. [1994], The arrow shows the velocity where absolute stability is expected. Data from 
Gremaud elal. [1991]. 
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A, = \G?V-. (93) 

The result of the model by Hunt [1979] coincides closely with the expression derived 
by Kurz and Fisher [1981] using quite different assumptions about the dendrite 
geometry. The values m = 0.5 and n = 0.25 were obtained by both with the constant, A lt 
being proportional to the fourth root of the alloy composition for dilute alloys. Thus for 
a given V and G l , the primary spacing is larger for concentrated alloys than for dilute 
alloys. Traditionally many authors have considered that experimental values of A! are 
better correlated to the local cooling rate, G L V , such that m=n~ 0.5 (Flemings [1974]; 
Okamoto et al. [1975]; Okamoto and Kishitake [1975]; Young and Kirkwood 
[1975]). On the other hand, in steels a broad discrepancy exists for the values of m and 
n, although many of the experimental studies have not been performed under controlled 
solidification conditions. Jacobi and Schwerdtefeger [1976], controlling G L and V 
separately, obtained values of m= 0.25 and n= 0.72. The complexity of modeling primary 
spacings is indicated by the fact that values of m and n fit to the numerical computations 
of Lu and Hunt [1992] depend on the anisotropy of the surface energy. 

Equation (93) is often used in conjunction with microstructural measurements to 
estimate the freezing conditions for various rapid solidification processing techniques. In 
view of the complexity of modelling A , and the disparity in experimental values even at 
slow cooling rates, such an approach should be used with great caution. 


7.2.3. Secondary dendrite arm spacing 

During dendritic growth of cubic materials, the paraboloid-shape dendrite tip bulges 
laterally in the four {100} longitudinal planes containing the [100] growth direction. 
Each bulge then develops perturbations down the length of the dendrite shaft that become 
secondary arms as shown in fig. 39. The initial spacing of the secondary arms near the 
tip has been observed in transparent pure materials and alloys (Huang and Glicksman 
[1981], Trivedi and Somboonsuk [1984]). For both constrained and free growth, the 
spacing near the tip is approximately 2.5 times the tip radius over a broad range of 
growth conditions. Theoretical work by Langer and Mueller-Krumbhaar [1981] has 
also confirmed this relationship, which is related to the question of the tip stability 
discussed previously. 

However as a result of coarsening effects during solidification, the final secondary 
dendrite spacing in a fully solidified casting is usually much coarser than the one formed 
near the tip. The observed mechanism of coarsening is the melting or dissolution of 
smaller arms at the expense of larger arms. Through the Gibbs-Thompson effect, local 
differences in curvature give rise to slight temperature and/or composition variations 
along the liquid solid interface. Diffusion of heat and/or solute in response to these 
differences cause the dissolution of small arms and the growth of others effectively 
increasing the average spacing of the secondary arms. For dendritic alloys, the process 
is practically important because it sets the length scale associated with the microsegregat- 
ion. Indeed, the interplay between microsegregation and the coarsening process has only 
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Fig. 39. Superposition of time-lapse photographs of the growth of a succinonitrile dendrite. Sidebranch 
evolution on the { 100) branching sheets is evident. Huang and Glicksman [1981], 


recently been examined (Voller and Sundarraj [1993]). Coarsening in some alloys 
can be so extreme that the dendritic structure can be lost. 

For all but the most dilute alloys, the rate of coarsening is determined by the 
diffusion of solute in the liquid (Voorhees [1990]). Models were obtained for isothermal 
coarsening of the secondary arms held in the mushy zone by Kattamis etal. [1967] and 
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Feurer and Wunderlin [1977]. The latter obtained an expression for the secondary arm 
spacing, A 2 , given by 

\V5 


*2 = 5.5 (Af*r f ) , 


(94) 


where 


T m TD L In! 


M = 


( C ^ 
\Gq j 


m^k 0 -\){C h -C o y 


(95) 


where C b is the final composition of the liquid at the base of the dendrite. When 
solidification is completed by a eutectic reaction, C b is equal to the eutectic composition. 
The numerical factor in eq. (95) depends on the details of the geometry of the coarsening 
process and the dendritic structure and should be viewed as approximate. For directional 
solidification the local solidification time can be approximated by 


h = 


AIl 

g l v’ 


(96) 


where A T f is the temperature difference between the dendrite tip and the base of the 
dendrite. Thus for a given growth velocity and temperature gradient A 2 decreases with 
increasing composition. 

Kirkwood [1985] obtained the above result only when the cooling rate is small 
compared to w L C(/r f . At larger cooling rates, the strict dependence, A 2 ~ r f 1/3 , was not ob- 
tained and he ascribed the scatter in A 2 vs. r f data to this effect. In real solidification pro- 
cesses, coarsening takes place simultaneously with the subsequent increase in the fraction 
solid during cooling. Mortensen [1991a] presents a model that includes this effect. 


7.2.4. Cell to dendrite transition 

As the solidification velocity is increased for a given alloy composition and temperature 
gradient, one observes a transition in structure: planar, cellular, dendritic, cellular, planar. 
The lower and upper transitions between planar and cellular structures are given by the 
modified constitutional supercooling and the absolute stability criteria, respectively (§ 6.4). 
The transitions between cellular structures and dendritic structures at intermediate velocit- 
ies are not well understood. Experimental data for the low velocity transition were obtained 
by Tiller and Rutter [1956] and Chalmers [1964] and were fit by the expression 

G l V ,/ 2 ~ Cjk Q , (97) 


with a constant of proportionality that depends on crystallographic growth direction. 
Later Kurz and Fisher [1981] proposed the condition 

m L^o(^Q ~ l) 


GJV = 


(98) 
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which is &Q times the critical value of G h /V for the plane to cell transition given by eq. 
(77). 

In experiments by Somboonsuk etal. [1984], it became clear that cells and dendrites 
could coexist at the same velocity and that the conditions required for the transition were 
more difficult to calculate. (See Biiaia and Trivedi [1993]). Indeed in Hunt’s calcu- 
lations described above, cell and dendrite structures were found to exist at the same 
velocity. Hunt postulated that the cell to dendrite transition might occur when the tip 
temperature for the cell becomes lower than that for the dendrite (fig. 40). This postulate 
also predicts an upper transition velocity from dendrites back to cells with increasing 
solidification velocity in the rapid solidification regime. This upper transition is observed 
experimentally but has received no theoretical treatment. 

7.3. Microsegregation 

Microsegregation is the pattern of composition variation that remains in a solidified 
alloy. It includes the composition variation across cells or dendrites as well as the format- 
ion of other phases in the intercellular or interdendritic regions. One of the major goals 
of microsegregation analysis is the prediction of the volume fraction of eutectic or other 
secondary phases that may form between the cells and/or dendrites of the primary phase. 

The simplest approximation for the prediction of microsegregation during dendritic 
solidification uses the Scheil equation described in §6.2.2 where the volume under 
consideration is shown in fig. 41. With this approach no assumptions are necessary 



Fig. 40. Dimensionless tip supercooling vs. velocity for cells and dendrites calculated by Lu etal. [1994]. The 
velocities where the curves cross define where the cell to dendrite transition is thought to take place. 
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concerning the geometry of the freezing solid until one desires to convert from fraction 
solid to distance in a cast microstructure. For example, the dependence of fraction solid 
on distance, r, from the center of a cell or dendrite with radial symmetry with a primary 
spacing, A „ can be obtained the expression, 

<99) 

Other geometries require other relationships between fraction solid and distance. 

The predictions of the Scheil Equation establish an upper bound on the severity of 
microsegregation, for example, as determined by the predicted fraction of eutectic. 
Effects that alter the predicted microsegregation are: (a) the variation in cell or dendrite 
tip composition with growth conditions; (b) the degree of liquid mixing between the cells 
or dendrites; and (c) diffusion in the solid. All of these effects decrease the severity of 
microsegregation from that predicted by the Scheil Equation. 

One of the first treatments of (a) and (b) was performed by Brody and Flemings 
[1966] and Bower etal. [1966]. They assumed complete lateral mixing behind the cell 
tips and matched the composition gradient in the growth direction with the temperature 
gradient using the local equilibrium assumption (without curvature). This yields a 
prediction of the cell tip composition, C L * . A mass balance behind the tips was then used 
to obtain their final result which can be rewritten as 


Q - K c o- 1 ^ C ° + 


l- 


ko(l-Cl/C 0 j 

*o-l 


(i-/ s y 


* 0-1 


( 100 ) 


with C L * = C 0 (l -a') where a' =D l G L /m l VC 0 . 

Other approaches can be used to obtain the cell/ dendrite tip composition along with 
the same mass balance. Solari and Biloni [1980] used the Burden-Hunt [1974a], 
[1974b] model based on the maximum growth rate hypothesis. In this work, C L * =C 0 (1 - 
a' +b r ) with b' = [7’ m rV(k 0 - l)/m L D L C 0 ] l/2 . Substitution of this value of C L ' into eq. 
(100) gives the Solari and Biloni prediction. Use of the IV/MS dendrite model to 
obtain C L ' would update this approach. The appeal of these approximate treatments is 
found in two limiting cases. If C L '=C 0 , eq. (100) becomes the Scheil Equation. If 
C L * = Cf/k 0> eq. (100) becomes C s = C a independent of / s . This Emit corresponds to planar 
growth where no microsegregation occurs. 

Giovanola and Kurz [1990] employ a method that uses the IV/MS prediction for 
the tip composition without assuming complete mixing between the dendrites near the tip 
region. They employ a polynomial to connect the tip composition to a composition well 
behind the tips where the complete mixing assumption is valid. The solid composition vs. 
fraction solid relation is determined by numerically solving algebraic equations. 

The most important feature of microsegregation models that employ dendrite tip 
kinetics is the alteration of the composition of solid that forms at / s = 0. The Scheil 
equation implicitly assumes that no solute is built up in front of the dendrite tip. Thus the 
first solid to form has composition, k Q C 0 . Increasing levels of solute in the liquid at the 
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tip correspondingly increase the amount of solute in the solid along the central dendrite 
trunk leaving less solute to accumulate in the interdendritic liquid regions at high fraction 
solid. Thus, for example, the amount of eutectic that forms will be reduced compared to 
the Scheil prediction. 

Solid diffusion during solidification also reduces the amount of microsegregation. One 
approach is to apply the one-dimensional solid diffusion analysis presented in § 6.2.3 to 
a small volume in the mushy zone shown in fig. 41. The distance L 0 is then equated with 
A , or A 2 depending on whether the microstructure has fully developed secondary arms. 
When solid diffusion is added to the Scheil approach, one must know how the fraction 
solid changes with time. For a linear dependence of fraction solid on time, the term 
(1 -/ s ) in eq. (100) was changed to (1 -/ s /( 1 +a e A 0 )) ( see eq. 58) as was done by Solari 
and Biloni [1980], Another approach is to numerically solve the diffusion equation in 
the solid and liquid (e.g. Battle and Pehlke [1990]). While this approach is more 
accurate for the treatment of solid diffusion, it ignores the dendritic nature of cast alloys 
and the details of the solute profile in front of a growing dendrite. Corrections due to 
solid diffusion are very important for extremely slow solidification or when solid 
diffusion is very rapid as in the case of interstitial solutes, as for C in steels. 

That the Scheil equation gives a good first approximation to dendritic microsegreg- 
ation in the columnar zone of ingots has been proven, among other authors, by Kattamis 
and Flemings [1965] for low alloy steels and Weinberg and Teghtsoonian [1972] for 
Cu-base alloys. Calvo and Biloni [1971], combining anodic oxidation techniques with 
electron microprobe measurements, obtained a clear map of the solute segregation 
together with quantitative measurements of the Cu concentration in Al-1% Cu alloys. The 
corrections to the Scheil approach due to solid diffusion have been tested by Bower et 
al. [1966] and Flemings etal. [1970], The fraction of eutectic as well as the composition 
at the center of the dendrite agrees well with predictions using this approach. 

In the rapid solidification regime, microsegregation profile must be measured in the 
TEM due to the small primary spacings. Masur and Flemings [1982] measured the 
composition profiles across very fine dendritic cells of Al-4.5% Cu solidified at a very 
high cooling rate (2x 10 5 K/s) and a solidification velocity estimated to be 0.6 m/s. 
Palacio etal. [1985] and Biloni [1983] analyzed their data using eq. (100) with values 
of C[ from the theory of Burden and Hunt [1974a]. Figure 42 shows the measured 
and predicted variation of solid composition as a function of/ s . The segregation profile 
described by this equation is in close agreement with the experimental results. 

Other features of microsegregation profiles however have been noted especially in the 
rapid solidification regime. Flat solute profiles have been associated with cellular growth 
at high solute Peclet numbers by Boettinger etal. [1987]. Solute rich regions at the 
center of cells have been observed by Kattamis [1970] and by Boettinger et al. 
[1987]. The recent computation method of Lu et al. [1994] may yield a better approach to 
understanding the details of microsegregation over a broad range of growth conditions. 

7.4. Solidification of ternary alloys 

Practical alloys typically contain many components and a brief discussion of 
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Fig. 42. Comparison between data of Masur and Flemings [1981] on the composition of a cell from center 
to periphery in Al-4.5 wt% Cu melt spun ribbon solidified at an estimated growth velocity of 0.6 m/s, and 
predictions of composition given by eq. (100) due to Solari and Biloni [1980]. 


solidification in ternary alloys is appropriate. A general view of solidification microstruc- 
tures in a ternary eutectic system has been presented by McCartney et al. [1980a], 
[1980b] as shown in fig. 43. Depending on the alloy composition, various mixtures of 
primary phase, monovariant binary eutectic and invariant ternary eutectic can be 
expected. For the dendritic growth of a primary phase, the Scheil approach can be 
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Fig. 43. Possible growth interfaces in a ternary system depending on composition: (a) two phase eutectic 
(planar growth), (b) two phase cells plus ternary eutectic, (c) three phase eutectic, (d) single phase cells plus 
binary eutectic, (e) single phase cells, two phase cells and ternary eutectic, (f) single phase cells plus ternary 
eutectic. McCartney etal. [1980al. 


utilized, if appropriate, or a dendrite tip model constructed. 

The ternary (or higher order) phase diagram is important for either of these ap- 
proaches. One requires information concerning the relationship between C s - and Q - for 
each of the i alloying additions. Often values are taken from the binaries, but in general 
the composition of one species in the solid may depend on the composition of other 
species as well. This information is given by the tie-lines of the phase diagram that are 
usually only available through a thermodynamic model of the multicomponent alloy of 
interest, rather than through experimental studies. 

Use of the Scheil approach to determine the solidification path, which is the compo- 
sition of liquid (and thus solid) as a function of fraction solid, uses a set of equations 

dCu (1Q 

d/s l-/ s 

that are uncoupled if the k Ql (= C s / C u ) do not depend on the composition of the other 
species. In fact, if the are constants, then for an alloy of initial composition C 0j , 

c u = Q^-Zs)* 01 " 1 . 


( 102 ) 
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for each component during primary solidification. Using the phase diagram, one then 
determines the fraction solid at which the liquid crosses a monovariant eutectic line. 
Solidification then follows this line and finally ends with the ternary eutectic. If the 
solidification path for primary solidification crosses a monovariant peritectic line, soli- 
dification switches to single phase growth of the new phase. Calculations of solidification 
path using full integration of phase diagram tie-lines with the Scheil approach (including 
solid diffusion) have been conducted by Chen and Chang [1992], 

For a treatment of the kinetics of the dendrite tip in a multicomponent alloy, Ivantsov 
solutions are obtained for each solute to determine the composition of each solute at the 
dendrite tip. The marginal stability criterion for the multicomponent alloy is applied to 
determine the tip radius as shown by Bobadilla etal. [1988] and Rappaz etal. [1990], 

7.5. New approaches to modeling dendritic growth 

Another approach to modeling dendritic growth is the phase-field method (Caginalp 
[1986], Kobayashi [1991] [1992], Wheeler etal. [1992], [1993b]). With this method 
the interface is treated as being diffuse and the transition from liquid to solid is described 
by an order parameter called the phase field. For a pure material, equations that govern 
the phase field and the temperature are solved over a domain of interest without applying 
boundary conditions along the liquid solid interface. The position of the interface is then 
determined from the solution as a surface with a constant value of the order parameter 
intermediate between a homogeneous liquid and solid. This method, which requires time 
consuming computations on a supercomputer, has succeeded in obtaining realistic 
dendritic growth forms for pure materials and alloys with no extra conditions required to 
specify the operating state of the dendrite tip, such as the marginal stability condition, eq. 
(85). The velocity and tip radius are naturally selected by the solution to the differential 
equations (Wheeler et al. [1993a]). An example of a computed two dimensional alloy 
dendrite using this method is shown in fig. 44 (Warren and Boettinger [1995]). Presently, 
computations have been performed using finite difference methods and, due to high computa- 
tion times, are limited to high supercooling of the order of I/C p L . 

8. Polyphase solidification 

The discussion of solidification is now extended to situations where several phases 
are formed from the melt. Eutectic, peritectic, and monotectic solidification involve the 
freezing of an alloy at or near a special liquid composition. In a binary system, this 
special composition is defined thermodynamically as the liquid composition that can be 
in equilibrium with two other phases at the same temperature. This equilibrium can only 
occur at a single temperature in a binary system at fixed pressure. For the eutectic and 
peritectic cases, the liquid is in equilibrium with two solid phases and for the monotectic 
case, the liquid is in equilibrium with a solid and another liquid phase. The monotectic 
case involves alloys that exhibit a miscibility gap in the liquid phase. 
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Fig. 44, Simulation of an alloy dendrite growing into a supercooled liquid using the phase-field method. The 
shadings show variation of composition (atomic fraction Cu) in the liquid and solid for parameters approximat- 
ing a Ni-Cu alloy with 0.41 atomic fraction Cu. (Warren and Boettinger [1995].) 

8.1. Eutectic solidification 

In a binary alloy, eutectic solidification converts a liquid simultaneously into two 
solid phases. Alloys near eutectic compositions are very important in the casting industry 
due to several characteristics: (i) low liquidus temperatures compared to the pure 
component melting points that simplify melting and casting operations: (ii) zero or small 
freezing ranges that effectively eliminate the dendritic mushy zone thereby reducing 
segregation and shrinkage porosity while promoting excellent mold filling; (iii) possibil- 
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ities of forming “in-situ” composites. Among the most common eutectic or near-eutectic 
alloys of industrial importance are cast irons, Al-Si alloys, wear-resistant alloys and 
solders. In many other practical alloys that freeze dendritically, secondary phases are 
formed near the end of freezing by eutectic solidification. 

Eutectic solidification involves the following stages: eutectic liquid is supercooled and 
one of the solid phases nucleates, causing solute enrichment in the surrounding liquid and 
sympathetic nucleation of the second solid phase. Repeated nucleation and/or overgrowth 
of one solid phase by the other produces a growth center that defines an individual 
eutectic grain. For many eutectics, solidification proceeds by simultaneous growth of two 
interspersed solid-phases at a common liquid-solid interface. The solute rejected into the 
liquid by each phase is taken up by the adjacent phase particles. As solidification 
proceeds, spatial and crystallographic rotation of the solid phases together with compet- 
itive overgrowth of adjacent eutectic grains lead to a stable solidification front, with the 
surviving eutectic grains having, as much as possible, maximized the solidification rate, 
minimized the a-fi interfacial energy and oriented the a -/ 3 interfaces in the heat flow 
direction. The ability of one solid phase in the eutectic to stimulate nucleation of the 
other varies widely for different a -/ 3 phases and, in general, knowledge about the nuc- 
leation process in eutectic solidification remains rather poor (Mondolfo [1965]). Thus, 
this section will treat mainly theory and experiments concerning steady state directional 
solidification, a method which has furnished, as in the case of dilute alloys, a large 
number of reliable results. Two excellent summaries of the earlier literature on eutectic 
solidification can be found in reviews by Chadwick [1963] and Hogan etal. [1971]. 

8.1.1. Eutectic classification 

When a eutectic liquid solidifies, the resulting material generally consists of a 
dispersed two-phase microstructure that is approximately ten times finer than cells or 
dendrites formed under the same conditions. The exact arrangement of the two phases in 
the eutectic microstructure can vary widely, depending on the solidification conditions 
and the particular eutectic alloy being solidified. Hunt and Jackson [1966] provided a 
simple classification scheme according to the interface kinetics of the component phases. 
A correlation was found between eutectic morphology and the entropies of fusion of the 
two solid phases, concepts discussed in §5.1. The classification refers to: non-facetted- 
non-facetted eutectics (nf-nf); non-facetted-facetted eutectics (nf-f); and facetted- 
facetted eutectics (f-f). Very little is known about the solidification of f-f eutectics but 
extensive research has been performed on nf-nf and nf-f eutectics. Kerr and Winegard 
[1967] argued that the facetted or nonfacetted nature of the liquid-solid interface of the 
phases was better described by the entropies of solution of the individual phases because 
the (eutectic) liquid composition is generally quite different from the solid phase 
compositions. Croker etal. [1973] examined a large number of eutectic microstructures 
and in addition found that the volume fraction of the solid phases in the eutectic structure 
and the growth velocity must also be considered to obtain a good classification scheme. 

8.1.2. Non-facetted - Non-facetted eutectics 

Eutectic mixtures of two non-facetted phases tend to form Tegular microstructures 
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consisting of either alternate lamellae of a and /3 or rods of a embedded in /3 that grow 
in a continuous edgewise manner into the melt. Experimentally, it is found that eutectics 
in which one phase has a very low volume fraction tend to grow in a rod-like manner. 
This can be explained on the basis that a rod-like structure has lower total a-/3 surface 
energy than a lamellar structure when the volume fraction of one of the phases is less 
than about 0.3. This assumes that the surface energies are isotropic. A 25% anisotropy 
of surface energy can stabilize lamellar structures at practically any value of volume 
fraction. In marginal cases, lamellar-to-rod transitions can occur for a given alloy by 
changing the growth conditions. Three-dimensional analysis of the eutectic structures 
shows that both phases are continuous in the growth direction over large distances that 
are called eutectic grains. A eutectic grain can be described approximately as two inter- 
penetrating single crystals of the two component phases having almost constant crystal- 
lographic orientation. Hogan etal. [1971] give a thorough discussion of eutectic grains 
and a summary of the orientation relationships between phases and the habit plane of the 
a-/3 interfaces. The orientation relationship and the orientation of the interfaces usually 
allow for a high degree of fit between the two crystal structures that minimizes the a-/3 
surface energy. 

In lamellar or rod eutectic solidification, the two phases, a and /3, solidify side by 
side with an approximately planar and isothermal S-L interface, supercooled AT below 
the equilibrium eutectic temperature. During solidification of an A-B alloy, the A-rich 
phase rejects B atoms into the liquid and the B-rich phase rejects A atoms. The 
interaction of the diffusion fields in the liquid in front of the two phases gives rise to the 
term coupled growth, which is commonly used to describe eutectic solidification. At a 
given solidification rate V, the spacing of the lamellae or rods, A E , and the interface 
supercooling below the eutectic temperature, AT, are controlled by a balance between: 
(i) the necessity for lateral diffusion of excess A and B in the liquid just ahead of the 
S-L interface, which favors a small interlamellar or interrod spacing, and (ii) the 
necessity to create a-fi interfacial area, which tends to favor large A E (fewer interfaces). 

Over the years the theory of lamellar or rod growth for the slow solidification 
velocities found in castings or in directional solidification when A E V/2D L < 1 has been 
developed by Zener [1946], Hillert [1957], Tiller [1958], Jackson and Hunt [1966], 
Magnin and Trivedi [1991]. The situation for rapid solidification is treated below. The 
basis of the analysis is illustrated in fig. 45. The interface temperature at each interface 
point is controlled by the velocity at each point, the composition of the liquid at the 
interface at each point and the curvature at each point. The supercooling below the 
eutectic temperature, r H , for each point on the S-L interface (a-L and /3-L) can be 
described by 

AT = A7 k + A7 D + AT C . (103) 

The first term is the interface attachment kinetic supercooling and is usually neglected 
compared to the other terms. Thus it is assumed that each point on the a-L and /3-L 
interfaces is at local equilibrium. A T D is the supercooling below the eutectic temperature 
due to the local variation in composition from the eutectic composition. This local 
variation is approximated by solving the steady-state diffusion equation in the liquid for 
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Fig. 45. (a) Liquid composition (% B) across an a-{3 interface, (b) Contributions to the total supercooling (AT) 
existing at the S-L interface, AT D , A T c , and AT K are the solute, curvature and kinetic supercoolings respective- 
ly. (c) Shape of the lamellar S-L liquid interface. Hunt and Jackson [1966]. 
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a planar a-/3 interface growing at velocity V and spacing A E . A T c is the supercooling due 
to curvature. 

It is then assumed that the total supercooling, A T, given by eq. (103) is constant 
across the interface. Thus across the interface, any variation in AT D must be balanced by 
a variation in A T c , giving a constant value for AT = AT D + AT C at each point of the 
interface. Due to the solution of the diffusion equation, A T D has a minimum value near 
the a-fi-L groove, and thus A T c has a maximum value there. The radius of curvature is, 
therefore, smallest near the triple junctions and leads to an interface shape similar to that 
shown in fig. 45c. Jackson and Hunt [1966] have shown that the predicted interface 
shape agrees very well with the interface shape observed in the transparent hexachloro- 
ethane-carbon bromide model system. 

By averaging the composition deviation from the eutectic composition in the liquid 
in front of each phase and the interface curvature of each phase (which depends on the 
width of the phase and the angle the interface makes with the a-fi interface), the total 
supercooling is found to be 

AT = K 5 ^V + K 6 /\ e , (104) 


where K s and K 6 are constants. For lamellar growth they are given by 
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The parameters m ^ and are the liquidus slopes for the alpha and beta phases, C 0 * is 
the difference in composition between the solid phases, D L is the liquid diffusion 
coefficient, f a and fp are the volume fraction of the solid phases in the eutectic, P E is a 
series function of the phase fractions and can be approximated (Trivedi and Kurz 
[1988]) by 


/ \ 1.661 

P E = 0.3383 (/„/,) . 


(108) 


r a and are the Gibbs-Thomson coefficients (surface energy/ entropy of fusion per unit 
volume), and 6 a and Op are the angles that the alpha and beta interfaces make with a 
plane perpendicular to the a-fi interface. Because a balance of tensions must exist at the 
a E -P E -L triple point, the solid-solid energy exerts its influence through its effect on 
these angles. A low value of y a p leads to small values for 0 a and Op making A T c small. 
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Very similar expressions are obtained for rod eutectic growth. 

Equation (104) is shown schematically for different growth rates in fig. 46. It can be 
seen that A T is biggest for large lamellar spacings because diffusion is difficult, and also 
for small spacings where curvature effects are dominant. Clearly, the values of A E and 
A T are not fixed uniquely by V, yet in experiments it is well established that the value 
of A e generally decreases with increasing V. Hence an additional condition is required to 
specify the operation point on each A E vs. AT curve. 

The simplest additional condition is obtained by assuming that growth occurs at the 
minimum AT for a given V or, equivalently, a maximum V for a given AT. This 
condition is called the extremum condition. Using this condition, 


A 2 e V = k 6 /k s , 

(109) 

AT 2 /V = 4K 5 K 6 . 

(110) 



Fig. 46. Interface supercooling, A T, as a function of lamellar spacing, A E , for different growth rates, V using eq. 
(104) for CBr 2 -C 2 Cl 6 organic eutectic. The vertical arrows show the theoretical minimum (extremum) and 
maximum spacings for stable lamellar growth. The experimentally observed range of spacings (hatch marks) 
and the mean spacing (filled circles) at the different velocities are shown. (Seetharaman and Trivedi [1988)). 
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Many investigators (for example Jordan and Hunt [1971, 1972], Tassa and Hunt 
[1976]) have found the average spacing and interface supercooling to be close to the 
values given by these equations using the extremum condition. 

However the use of the extremum condition is rather ad hoc and a more satisfying 
selection criterion has been sought for years. Indeed the discovery that the dendrite tip 
radii could not be described by a maximum growth rate hypothesis (see §7), led to 
further consideration of this criterion for eutectic growth. Experiments on eutectics 
(Jordan and Hunt [1972], Seetharaman and Trivedi [1988]) have shown exper- 
imentally that a small range of spacings are observed for a given growth rate. They find 
that the minimum spacing is close to that given by the extremum condition but that the 
average spacing is somewhat larger than that given by eq. (109). Much research has been 
focused on defining the allowable range. 

The basic concepts were first proposed by Jackson and Hunt [1966], who indicated 
that only spacings within a certain range were stable to fluctuations in the shape of the 
S-L interface as shown in fig. 47. They quoted unpublished work by J.W. Cahn that 
argued that spacings smaller than that given by the extremum condition are inherently 
unstable and thus the extremum spacing is expected to be the minimum observed. This 
instability is due to the pinching off of an individual lamella or rod that locally increases 
the spacing (fig. 47a). That the extreemum value corresponds to the minimum spacing 
has been confirmed by extensive theoretical work (Langer [1980], Dayte and Langer 
[1981] and Dayte et al. [1982].) Less sudden spacing adjustments can occur by the 
motion of faults (lamellar edges) perpendicular to the growth direction. 

A value for the maximum possible spacing at any velocity was first proposed by 
Jackson and Hunt [1966]. This maximum spacing also follows a A^V = constant law. 
If the spacing exceeds the extremum value by a critical factor, the larger volume fraction 
phase develops a pocket that drops progressively back from the interface until growth of 
the other phase ultimately occurs in it (fig. 47b). They took this condition to occur when 
the slope of the pocket became infinite. For example, this condition yields maximum 




Fig. 47. (a) Schematic illustration of the instability of lamellae with A E less than the extremum value. The 
lamella in the center will be pinched off with time, (b) The shape instability of the interface of one phase that 
occurs when the spacing becomes too large. A new lamella may be created in the depressed pocket. Jackson 
and Hunt [1966]. Figure taken from Trivedi and Kurz [1988], 
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values for the X\V constant of ten and two times the extremum value for volume 
fractions of 0.5 and 0.1 respectively. As a consequence of the formation of the new 
lamella, the local spacing is abruptly reduced by a factor of two. However, the careful 
experiments of Seetharaman and Trivedi [1988] show that the maximum observed 
spacing is much smaller than this estimate (see fig. 46), giving an average spacing that 
is only -20% larger than the extremum value (or minimum stable spacing). Thus the 
maximum value of spacing occurs before the pocket depression attains infinite slope. 
While further research is required on this topic, the extremum value is often taken as a 
good approximation for nf-nf growth. Other stability issues of eutectic growth involving 
compositions different from the eutectic composition in §8.1.4 and §8.1.5. 

Convection in the liquid near the interface of a growing eutectic has been found to 
increase the value of A E (Junze et al. [1984] and Baskaran and Wilcox [1984]). Flow 
parallel to the interface distorts the liquid concentration profile in front of the lamellae 
slightly and alters the diffusion controlled growth. The effect is greatest when the 
dimensionless parameter, G n A E /D L , is large, where G u is the gradient normal to the 
interface of the fluid flow velocity parallel to the interface. Vigorous stirring is required 
to alter the spacing significantly. 

8.1.3. Non-facetted-focetted eutectics 

The modeling of nf-f eutectics is quite important given the fact that eutectics of 
technological importance such as Al-Si and Fe-C belong to this class. Fisher and Kurz 
[1979] and Kurz and Fisher [1979] summarize the main features of (nf-f) eutectic 
growth. When (nf-f) eutectics are compared with (nf-nf) eutectics, several characteristics 
can be noted: 

i) the degree of structural regularity is much lower and a wide dispersion of local 
spacing is observed. 

ii) for a given growth rate and fraction of phases, the average spacing and the 
supercooling for growth of a nf-f eutectic are much larger than for a nf-nf eutectic. 

iii) for a given growth rate, the supercooling and the spacing decrease as the 
temperature gradient is increased. No such effect is seen for nf-nf eutectics. 

Early investigations introduced interface attachment supercooling for the facetted 
phase in order to explain the increased supercooling. However Steen and Hellawell 
[1975] and Toloui and Hellawell [1976] showed that the kinetic supercooling of Si 
in Al-Si eutectic is too small to explain the increased eutectic supercooling. Indeed Si in 
Al-Si and graphite in Fe-C both contain defect planes parallel to the plate growth 
direction that enable easy growth (twins in Si and rotation boundaries in graphite). 
Toloui and Hellawell [1976] suggested that the large supercoolings were due to the 
difficulties of adjusting the spacing to minimize the diffusion distance. These difficulties 
are related to the anisotropy of growth of the facetted phase. 

Measurement of spacing and supercooling on the model system camphor-naphthalene 
by Fisher and Kurz [1979] permitted important results to be obtained. The system 
exhibits two distinct eutectic growth forms: one regular and the other irregular. By 
assuming that the measured spacing and supercooling for the regular growth were given 
using the nf-nf theory with the extremum condition, the various materials parameters for 
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this system were obtained. When AT vs. A E was plotted for the relevant growth rate, the 
spacing and supercooling values for irregular growth fell on the same derived theoretical 
curve for regular eutectic growth but, with spacings much larger than the extremum 
value. Thus the coarseness of the structure is the cause of the large supercooling of 
growing nf-f eutectics. Indeed theoretical analysis of the A E vs. AT curves by Magnin 
and Kurz [1987] that relax the assumption of an isothermal interface made in the nf-nf 
theory, show a deviation from the nf-nf theory only at very slow growth rates where the 
constants in eq. (103) become functions of G L . Thus for growth at more normal speeds, 
the theory turns to an analysis of why the spacing is so big for nf-f eutectics. 

The general argument employed to understand why the average spacing of f-nf 
eutectics is large focusses on determining the stable range for eutectic spacings at a given 
velocity. Important contributions have been made by Fisher and Kurz [1980], Magnin 
and Kurz [1987] and Magnin etal. [1991]. For irregular eutectics the growth directions 
of different lamellae are not parallel. Thus as growth proceeds, the local spacing 
decreases between two converging lamellae and increases between diverging lamellae 
(fig. 48). For converging lamellae, when their separation decreases below the extremum 
value, one of the lamellae is pinched off, just as for nf-nf growth. For diverging 
lamellae, when the local spacing increases beyond a critical value, Fisher and Kurz 
[1980] have suggested that the facetted phases branches into two diverging lamella. The 
formation of the new lamella decreases the local spacing. The anisotropic growth kinetics 



Fig. 48. Proposed growth behavior of irregular eutectics, showing branching at A br and termination at A„. (a) 
Fe-graphite eutectic growth at V= 1.7x 10“ 2 /im/s. (b) schematic representation of solid-liquid interface during 
growth. Magnin and Kurz [1987], 
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of the facetted phase leads to what is termed branching-limited growth. Several criterion 
have been proposed to determine the maximum value of spacing where the branching 
takes place (Fisher and Kurz [1980] and Magnin and Kurz [1987].) Magnin and 
Kurz [1987] suggest that this branching instability occurs when the facetted phase 
interface develops a depression of some characteristic depth; e. g., when it drops below 
a line joining the two triple points for the lamella. The average spacing lies between the 
minimum spacing and the spacing that cause the branching instability. Magnin et al. 
[1991] argue that the mechanism that establishes the minimum and maximum spacings 
remains undetermined and that the inherently nonsteady solidification of nf-f eutectics 
plays a fundamental role. Many issues remain to be studied in this area especially those 
regarding orientation relationships and their relationship to the branching mechanism. 

8.1.4. Eutectic cells and dendrites 

In addition to consideration of the stability of the eutectic spacing, two other 
instabilities can influence the microstructure of alloys at or near the eutectic composition. 
These involve the addition of a ternary impurity or the deviation of the average com- 
position from the thermodynamic eutectic composition in a binary. These will now be 
discussed in turn. 

A ternary impurity added to a binary eutectic can lead to a cellular structure 
(Chadwick [1963]). The mechanism is similar to the cellular breakdown in single-phase 
solidification treated in § 7; for a critical value of G L /V the average planar S-L interface 
of the eutectic structure can become unstable and the solidification front becomes 
corrugated. The cells (often called eutectic colonies) are quite large containing many 
(10-100) eutectic spacings with the lamellae curving to remain approximately normal to 
the liquid solid interface. Thus cells are most noticeable for nf-nf eutectics. Bertorello 
and Biloni [1969] propose that the inception of the instability occurs at depressions in 
the interface due to eutectic grain boundaries or at fault terminations at the S-L interface. 
It might be noted that near the edge of eutectic colonies there is often a transition to a 
rod structure. 

If an excessive amount of a ternary element is added, the eutectic colony can actually 
evolve into a two-phase dendrite with secondary arms. In this case, ternary eutectic is 
usually found between the two-phase dendrite (Sharp and Flemings [1974] (see also 
fig. 43). 


8.1.5. Competitive growth - coupled zone 

As a binary alloy with a composition different from the thermodynamic eutectic 
composition cools from the liquidus to the eutectic temperature, dendritic growth of the 
primary phase followed by eutectic growth of the remaining interdendritic liquid is 
expected. However, there is a range of alloy composition and growth rate (or interface 
supercooling) where it is possible to freeze these liquids as eutectic microstructures 
without dendrites. This range of conditions is known as the coupled zone. Pioneering 
investigations in this field were those of Tammann and Botschwar [1926] and Kofler 
[1950] in organic systems, which established that at low or zero temperature gradients, 
the range of alloy compositions for coupled growth widened with increasing growth 


References: p. 830. 



766 


H. Biloni and W.J. Boellinger 


Ch. 8, §8 


velocity. Later, Mollard and Flemings [1967] showed that the widening of the coupled 
zone was not restricted to high growth rates but, with a positive temperature gradient, 
could also be obtained at low growth rates with a high G L /V ratio. Solidification with a 
high value of G L /V suppresses the dendritic growth of the primary phase. Other mile- 
stones in the development of the knowledge of the coupled zone were the investigations 
by Hunt and Jackson [1967], Jackson [1968], Burden and Hunt [1974c], Tassa and 
Hunt [1976] and Kurz and Fisher [1979]. 

Taking into account the fact that the description of the microstructural transition from 
eutectic to eutectic plus dendrites has not yet been successfully modeled using pertur- 
bation analysis (Jordan and Hunt [1971]; Hurle and Jakeman [1968]), the coupled 
zone width can only be obtained using a simpler approach that employs three concepts 
reviewed by Kurz and Fisher [1979]: For each overall liquid composition, (i) consider 
all the growth forms possible, i.e., a dendrites, /3 dendrites, and eutectic, (ii) Analyze the 
growth kinetics of these forms and determine the interface (or tip) temperatures of the 
growth forms as a function of V, and possibly of G L . (iii) Apply the competitive growth 
criterion, e.g., that the morphology having the highest interface temperature for a given 
growth rate, or the highest growth rate for a given temperature will dominate. The range 
of temperatures and compositions, within which eutectic growth is fastest, is called the 
coupled zone and can be plotted on the phase diagram. The composition range of the 
coupled zone can also be plotted versus velocity because each value of interface 
temperature corresponds to a known value of the growth velocity for the dominant 
growth structure. For growth conditions where the eutectic is not dominant, the micro- 
structure consists of a mixture of dendrites and interdendritic eutectic. 

Figure 49 shows an example of a competitive growth analysis for a system involving 
a f— nf eutectic (the /3 phase is facetted). The kinetic curves are shown for a dendrites, /3 
dendrites and (planar) eutectic. The curves for the dendrites depend on the value of the 



A C 0 B log V 


(a) (b) 

Fig. 49. The origin of the coupled zone (hatched) is understood by considering the variation in eutectic 
interface temperature and dendrite tip temperatures for an off-eutectic alloy. The dominant microstructure for 
any composition at a given velocity (or supercooling) is that which grows with the highest temperature (or 
fastest growth rate given by the solid curves in b). Trivedi and Kurz [1988]. 
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temperature gradient and this dependence leads to the decreased interface (tip) temperat- 
ures at low velocity and the widening of the coupled zone at high G L /V ratio. The 
skewed nature of the coupled zone about the eutectic composition for this f-nf system is 
due to two factors (Kurz and Fisher [1979]): the nf-f eutectic and the facetted phase 
dendrite require higher supercooling for a given growth rate than a nf-nf eutectic and a 
nonfacetted dendrite respectively. The former is due the branching difficulties already 
discussed and the latter is due to the fact that facetted phase dendrites usually grow as 
a plate or 2D dendrite rather than a paraboloid or 3-D dendrite. Diffusion of solute away 
from the tip region of a plate dendrite is more difficult and leads to increased super- 
cooling. Thus for the alloy shown, one expects with increasing growth rate (or super- 
cooling): eutectic, /3 dendrites (with eutectic), eutectic, and a dendrites (with eutectic). 
This kind of behavior leads to much confusion if a simplistic, purely thermodynamic 
view of solidification is employed and leads to difficulty in determining eutectic 
compositions by purely metallographic methods. For different alloy compositions, the 
various kinetic curves are raised or lowered leading to a description of the full coupled 
zone. For a system with a nf-nf eutectic the coupled zone is symmetric about the eutectic 
composition and the formation of dendrites phase is not observed on the “wrong side” of 
the eutectic. It is useful to note that near the growth rate where a microstructural 
transition from dendritic to fully eutectic structure takes place, the interdendritic eutectic 
will not have an average composition equal to the thermodynamic eutectic composition 
(Sharp and Flemings [1973]). 

The methodology of competitive growth outlined above provides an adequate 
framework to understand the major features of the transition from eutectic to dendritic 
growth . However more subtle variations in eutectic microstructure occur under con- 
ditions close to the transitions that require a more complete analysis of interface stability. 
Jackson and Hunt [1966] observed a tilting of lamellae when the growth rate was 
suddenly increased. Zimmermann et al. [1990] have observed oscillations where the 
widths of the Al lamellae vary while the Al 2 Cu lamellae widths remain fixed in the 
growth direction in Al-rich A1-A1 2 Cu off-eutectic alloys. Gill and Kurz [1993] 
observed another instability where the widths of both lamellae vary in the growth 
direction. Karma [1987] succeeded in simulating these instabilities using Monte Carlo 
methods. He related the appearance of the instability with increasing velocity to critical 
values of the concentration gradient in the liquid ahead of the interface. 

8.1.6. Divorced eutectics 

When the liquid remaining between a primary dendritic phase reaches the eutectic 
composition, eutectic solidification usually occurs. Typically one observes the same 
eutectic microstructures already described between the dendrite arms especially if the 
fraction of liquid remaining between the dendrites when the liquid reaches the eutectic 
composition is large. If however the fraction of liquid remaining is so small that the 
width is comparable to the eutectic spacing, the characteristic two-phase structure may 
not be observed. It is easier for the second phase to form as single particle or layer 
between the dendrites. This occurs more often for a facetted second phase because 
coupled nf-f eutectics grow with larger spacings and hence require more space to 
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develop their characteristic morphology. Thus the final solidified microstructure consists 
of dendrites or cells with interdendritic single phase. This microstructure is sometimes 
misinterpreted as resulting from a peritectic reaction in complex alloys where the phase 
diagram is unknown. 

8.1.7. Rapid solidification of eutectic alloys 

Rapid solidification produces a very rich variety of microstructures for alloys near 
eutectic compositions. At extremely high rates of solidification and depending on the 
thermodynamic structure of the T a curves, glass formation or extended crystalline solu- 
bility is expected as described in § 3.2, fig. 8. How microstructures and phase distribut- 
ions evolve from the classical microstructures described above as the solidification 
velocity is increased has been the subject of intense investigation over the past 15 years. 

Eutectic theory - In § 7, the general theory presented for dendritic growth included 
the modifications necessary to treat high growth rates; viz., modifications of the tip 
stability condition for high Peclet numbers (of order unity) and the inclusion of non- 
equilibrium interface conditions (solute trapping). For eutectic growth the Peclet number 
becomes large at relatively low velocity (~10 cm/s) where the effects of solute trapping 
are not too important. Thus Trivedi et al. [1987] recomputed the solute field in the 
liquid in front of a growing eutectic when the Peclet number is large while maintaining 
the local equilibrium assumption. The theoretical results are similar to those for nf-nf 
growth at slow velocity except that the function P E in eq. (105) depends not only on the 
volume fractions of the solid phases but also on the Peclet number, the shape of the 
metastable extensions of the liquidus and solidus curves below the eutectic temperature, 
and the partition coefficients. Also at high velocity the supercooling can become 
sufficiently large that the temperature dependence of the liquid diffusion coefficient must 
be considered (Boettinger et al. [1984]). 

These considerations alter the AgV “constant” at high speed and the spacing vs. 
velocity relation (fig. 50) in a way that depends strongly on the equilibrium partition 
coefficients of the two phases, taken to be equal in the Trivedi et al. [1987] analysis. 
Two cases are distinguished depending on whether (a) is close to unity or (b) is 
close to zero. In case (a), the eutectic interface temperature is found to approach the 
solidus temperature of one of the constituent solid phases as the velocity is increased. 
During this approach, the eutectic spacing actually increases with increasing velocity. 
Indeed eutectic solidification is replaced by single phase planar growth at high velocities. 
In case (b) the interface temperature can not reach a metastable solidus curve of either 
phase. The supercooling becomes so large that the temperature dependence of the 
diffusion coefficient has a major influence and the spacing decreases with velocity faster 
than predicted by a constant k\V value. In both cases there exists a maximum velocity 
for coupled eutectic growth. In case (a) the eutectic is replaced by single phase growth 
of one of the phases whereas in case (b) glass formation is possible if the interface 
temperature reaches the glass transition temperature where the melt viscosity (diffusion 
coefficient) plummets. In fact, the cases where the V s are close to zero are those that 
would exhibit plunging T 0 curves and lead to glass formation as described in § 3. The 
symmetry of the coupled zone has an impact on these considerations. Glass formation 
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Fig. 50. At high solidification velocities the A|V “constant” depends on the Peclet number and the relationship 
between A E and V is altered. The changes at high velocity depend strongly on the partition coefficients of the 
two phases (here taken to be equal). Curves are shown when D L is assumed constant and when D L depends on 
temperature. Trivedi etal. [1987]. 


often occurs in systems involving f-nf eutectics. Thus the composition with the smallest 
maximum growth rate for the eutectic (and hence easiest glass formation) may be shifted 
towards the direction of the facetted phase. Case (b) may also lead to the formation of 
a metastable crystalline phase if the eutectic interface temperature drops below the 
liquidus for such a phase. 

Experiments - It is clear from the above that solidification velocity plays a dominant 
role in controlling microstructure. To control solidification velocity at high rates, surface 
melting and resolidification employing a moving heat source have been used to create 
small trails of material that are solidified at speeds close to the scan speed (Boettinger 
et al. [1984]). This technique is useful for speeds up to a/d where a is the thermal 
diffusivity and d is the diameter of the focussed electron or laser beam. For higher 
speeds surface melting and resolidification employing a pulsed laser or electron beam 
must be used. Maps giving the predominant microstructure as a function of speed and 
alloy composition are then produced. Figure 51 shows such a map for Ag-Cu alloys. 
Similar maps have been constructed for A1-A1 2 Cu (Gill and Kurz [1994]). 

In fig. 51 four microstructural domains are obtained: cells/ dendrites and eutectic 
microstructure at slow speed, bands at intermediate speed and microsegregation-free 
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Fig. 51. Experimental results for the variation in microstructure observed for Ag-Cu alloys depending on 
solidification velocity. Boettinger etal. [1984], 


single phase FCC at high speed. The boundary on the left is due to absolute stability and 
was described in §7. Eutectic growth ceases at ~2.5 cm/s generally following the 
description above except that an intermediate structure of bands is observed before single 
phase growth dominates at high velocity. 

This banded microstructure consist of thin (1 yum) regions parallel to the growth front 
that alternate between cellular solidification and cell-free solidification. The general 
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character of this structure is due to details of solute trapping (Merchant and Davis 
[1990], Braun and Davis [1991], Gremaud et al. [1991], Carrad et al. [1992]). 
Ordinarily, interface kinetics requires that the temperature of a planar single phase 
growth front decrease with increasing velocity. However over the range of velocity where 
the partition coefficient is approaching unity the interface temperature actually increases 
with increasing velocity (fig. 20). This reversed behavior is the basic cause of an 
instability that leads to the banded microstructure. At high speeds in the nondilute Ag-Cu 
alloys, the microsegregation-free structures are caused by the fact the partition coefficient 
has gone to unity. 

In the Pd-Cu-Si system, maximum growth rates for eutectic and dendritic growth are 
also observed as shown by Boettinger [1981]). However in this case, partitionless 
growth is not thermodynamically possible and the liquid cools into the glassy state. 

Metastable crystalline phase formation - An analysis of growth competition has also 
been highly successful at explaining observed transitions from microstructures involving 
stable phases to those involving metastable phases. In the Fe-C system the transition 
from gray cast iron (Fe-graphite) to white cast iron (Fe-Fe 3 C) has been extensively 
studied (Jones and Kurz [1980]). This transition occurs at relatively slow speeds not 
normally considered to be rapid. However the same principles can be employed at higher 
rates for other alloy systems using appropriately modified kinetic laws. The competitive 
growth analysis must include the dendritic and eutectic growth involving the stable and 
metastable phases. Figure 52 shows the coupled zones for Al-Al 3 Fe (the stable eutectic) 
and Al-Al^Fe (the metastable eutectic) summarizing experimental and theoretical work 
of several groups (Adam and Hogan [1972], Hughes and Jones [1976], Gremaud et 
al. [1987]). The metastable Al 6 Fe phase forms at an increased solidification velocity 
when the interface temperature drops below about 920K. One of the most striking results 
of this diagram is the fact that alloys with compositions far on the Fe-rich side of either 
eutectic can form a microstructure consisting of primary Al at large supercooling and 
increased velocity; i.e., the Al phase is the first to freeze. Indeed a determination of the 
powder size dependence of microstructural transitions in Fe-rich Al-Fe alloys from 
primary Al 3 Fe, to eutectic Al + Al 6 Fe, to primary Al as the powder size decreases is 
consistent with increasing velocities (supercoolings) calculated for the different size 
powders (Boettinger et al. [1986]). Similar microstructural transitions have been 
observed for other Al based-transition metal alloys. The ability to form a matrix phase 
of a nf (usually ductile) phase for alloys with a large excess of alloying additions has 
been a major motivation for alloy development through rapid solidification processing. 

8.2. Monotectic solidification 

In some metallic systems, the liquid separates into two distinct liquid phases of 
different composition during cooling. On the phase diagram, the range of temperature 
and average composition where this separation occurs, as well as the compositions of the 
two liquid phases are given by a dome-shaped curve that defines the miscibility gap. The 
maximum temperature of the miscibility gap is called the critical temperature. An 
example of a miscibility gap is shown in fig. 53 for the Al-In system. 
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Fig. 52. Theoretical coupled zones for the stable Al-Al 3 Fe and metastable Al-Al 6 F e eutectics (hatched). The 
phases forming outside the coupled zones are also designated. The microstructure present at any value of 
interface supercooling and average alloy composition has been determine by a competitive growth analysis. 
Trivedi and Kurz [1988]. Subscripts P and N refer to plate (2D) and needle (3-D) dendrites respectively. 


Even for alloys outside the miscibility gap, such as for Al-rich alloys in fig. 53, a 
consideration of the miscibility gap is important in developing an understanding of solidi- 
fication microstructure. Under ordinary conditions, solidification of these alloys begins 
with the formation of dendrites of the A1 s.olid phase and enrichment of the liquid remain- 
ing between the dendrites with In until the composition reaches the edge of the miscibility 
gap. This composition (17.3 wt% In, fig. 53) defines the monotectic composition and 
temperature where the “reaction”, liquid L, — > solid + liquid L^. Formally this reaction 
is the same as a eutectic reaction except that on cooling, one of the product phases is a 
liquid, the liquid defined by the other side of the miscibility gap. At much lower temperat- 
ures this liquid usually solidifies in a terminal eutectic reaction 5) + S 2 - 

Some sulphide and silicate inclusions in commercial Fe-based alloys are thought to 
form by monotectic solidification (Flemings [1974]). Free-machining Cu alloys 
containing Pb also involve this reaction. Considerable research has been focused on 
directional solidification for fundamental reasons but also because of the potential for 
producing aligned growth of composites, or (with selective removal of one phase) thin 
fibers or microfilters (Grugel and Hellawell [1981]). For this latter purpose it is most 
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Fig. 53. Al-In monotectic-type diagram. Murray [1993b]. 


important to describe the possibilities of coupled growth of the S, and phases from the 
L, phase of monotectic composition. 

8.2.1. Directional solidification of monotectic alloys 

As in the case of eutectic solidification, a wide variety of microstructures can be 
produced by directional solidification of monotectic alloys. Lamellar microstructures are 
not observed in monotectic systems because the volume fraction of the phase is usual- 
ly small. Three types of structures are observed. The first and most interesting and use- 
ful, typified by Al-In (Grugel and Hellawell [1981]), is a regular fibrous or compo- 
site structure that consists of closely packed liquid tubes of a uniform diameter embedded 
in a matrix of the solid phase. These liquid tubes solidify at much lower temperatures to 
solid rods of In by a divorced eutectic reaction. If the growth rate is increased, the 
distance between rods decreases, and the structure gives way to a second type of micro- 
structure that consists of discrete droplets of L 2 embedded in a solid matrix. The third 
type, typified by Cu-Pb (Livingston and Cline [1969]), is more irregular consisting of 
interconnected globules that take on some degree of alignment as the growth rate is 
increased. Although the tubes formed at a monotectic reaction are susceptible to 
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ripening and spheroidization during subsequent cooling, the droplet and irregular 
structures are not thought to form by coarsening (Grugel and Hellawell [1981]). 

One of the most important considerations for understanding the different microstruc- 
tures comes from a consideration of whether a stable triple junction can exist between L lt 
1*2, and 5, (Chadwick [1965]). This condition can only occur if 

7s,l, + 7l,l 2 > 7s,l 2 ■ (HI) 

If the inequality is satisfied, regular fibrous structures can be obtained. The eutectic 
theory for rod growth can then be applied although some modifications are required to 
treat the increased diffusion in the phase (Grugel and Hellawell [1981]). When 
this inequality is not satisfied, does not “wet” S„ and L, will tend to coat the interface 
between L 2 and 5,; i.e., L, preferentially wets 5, to the exclusion of 1*,- Cahn [1979] 
calls this the perfect wetting case and during monotectic growth, the Z^ phase will form 
droplets in the L, phase just ahead of the growing 5, interface. As growth proceeds, the 
droplets are pushed by the interface and the size of the droplets increase until they reach 
a critical size where they are engulfed into the growing 5, solid. The critical size for 
engulfment is determined by microscopic fluid flow around the droplet. As the solidifi- 
cation velocity is increased, irregular semicontinuous liquid rods can be partially engulfed 
in the solid as shown schematically in fig. 54. This irregular engulfment is believed to 
be the origin of the irregular globular microstructure typified by Cu-Pb. 

Cahn [1979] showed that in monotectic systems, the perfect wetting case should be 
expected if the temperature difference between the monotectic temperature and the 
critical temperature of the miscibility gap is small. Thus irregular composite structures 
are formed in these systems. When the temperature difference is large, perfect wetting 
does not occur, a stable triple junction can exist, and regular composite growth is 
expected. This idea was confirmed by the addition of a ternary element to a binary 
monotectic alloy. This addition altered the height of the miscibility gap and hence the 
wetting behavior (Grugel and Hellawell [1981]). Grugel et al. [1984] found 
experimentally that the border between systems with regular and irregular composite 



Fig. 54. Schematic sequence to show liquid particle pushing, growth, and engulfment during irregular 
monotectic growth. Grugel etal. [1984], 
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structures occurred when the ratio of the monotectic temperature to the critical temper- 
ature is approximately 0.9. 

For regular fibrous growth, the spacing varies inversely with the square root of the 
velocity. Grugel etal. [1984] showed that the “(spacing) 2 velocity” constant was about 
an order of magnitude larger for irregular growth than for regular growth. Derby and 
Favier [1983] have presented a different model for the occurrence of regular and 
irregular structures similar to those used for irregular eutectics. Kamio etal. [1991] have 
shown that the value of the temperature gradient has a large effect on the transitions 
between aligned growth and the formation of droplets. 

Grugel and Hellawell [1981] also examined whether composites could be grown 
for compositions different than the exact monotectic composition. They found that the 
dendritic growth of the 5, phase could be suppressed by sufficiently large values of G L /V 
to permit planar composite growth just as for eutectic alloys. Attempts to grow com- 
posites with compositions on the other side of the monotectic (within the miscibility gap) 
failed due to convective instabilities. Reduced gravity experiments have been employed 
by Andrews etal. [1992] to avoid these difficulties. 

8.2.2. Rapid solidification of monotectic alloys 

Some alloys whose phase diagrams do not contain a miscibility gap or a monotectic 
reaction form microstructures consisting of droplets embedded in a matrix of a primary 
phase after rapid solidification. If the liquidus curve has a portion where the slope is 
close to zero, a metastable miscibility gap lies just beneath the liquidus curve. In fact the 
temperature difference between the liquidus and the metastable critical point is propor- 
tional to the liquidus slope (Perepezko and Boettinger [1983b]). Thus with the 
supercooling inherent in many rapid solidification processes, alloy microstructure can be 
influenced by the presence of the metastable miscibility gap and its associated metastable 
monotectic reaction. The microstructure of rapidly solidified Al-Be alloys, which consists 
of fine Be particles in an A1 matrix, have been interpreted in this manner (Elmer et al. 
[1994]). In fact even some slowly cooled alloys can exhibit microstructures characteristic 
of monotectic solidification even though there is no apparent miscibility gap. Verhoeven 
and Gibson [1978] showed that oxygen impurities raise the metastable miscibility gap in 
the Cu-Nb system so that it becomes stable and produces droplet microstructures. 

8.3. Peritectic solidification 

The phase diagram for the Pb-Bi system is shown in fig. 55a. If a liquid with 33% 
Bi is cooled, and global equilibrium could be maintained (see § 3), the alloy would be 
composed of L+a at a temperature just above the peritectic temperature of 184°C, 
denoted T p , and would be composed of single phase /3 just below T p . This gives rise to 
the notion of a peritectic “reaction” that occurs on cooling that is written as L + a — » / 3. 
However the diffusion required to accomplish this “reaction” during any realistic 
solidification process greatly reduces the amount of the /3 phase formed. 
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Fig. 55. (a) Pb-Bi peritectic phase diagram, (b) Concentration (% Bi) in the solid according to a Scheil model 
of solidification. Flemings [1974]. 


8.3.1. Peritectic solidification during dendritic growth 

Under conditions where the a phase grows dendritically, the /3 phase will usually 
begin to form along the surface of the a phase. Although the /3 phase can be formed by 
three mechanisms, the most important during continuous cooling is the formation of /3 
directly from the melt. The simplest way to treat this situation is to employ the Scheil 
approach in a small volume of the interdendritic liquid with the usual assumptions: local 
equilibrium at the solid-liquid interface, uniform liquid composition at each instant 
(temperature) and no solid diffusion. At small fraction solid, solidification of a phase 
occurs in the normal way with build up of solute in the liquid between the dendrites 
following the Scheil equation. When the liquid composition reaches 36%Bi, denoted C p , 
solidification switches from the a phase to the /3 phase. A new value of the partition 
coefficient given by the /3 liquidus and solidus must then be employed in the Scheil 
equation to follow the continued enrichment of the liquid composition in the component 
Bi. Often one must employ a concentration dependent partition coefficient for the /3 
phase in peritectic systems that requires numerical solution of the differential form of the 
Scheil equation. The solid composition and the fraction of a and /3 phases formed by this 
mechanism using the Scheil model are shown in fig. 55b. For Pb-Bi alloys the final 
solidification product is eutectic. One notes that using the Scheil approach, any alloy 
composition to the left of 36% will contain a phase in the solidified microstructure. 
Many systems involve a cascade of peritectic reactions, with solidification switching 
from phase to phase forming separate layers around the initial a dendrite. 

The second and third mechanisms for the formation of /3 are less important and more 
difficult to model. The geometry and connectivity of the L, a and j8 phases determine 
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their relative importance. Both decrease the fraction of a phase from that predicted 
above. They have been referred to as the peritectic reaction and the peritectic transfor- 
mation by Kerr etal. [1974], The peritectic reaction requires that all three phases be in 
contact with each other. This occurs in the vicinity of the liquid— or— ^ triple junction and 
involves partial dissolution of the a phase and solidification of the /3 by diffusion of 
solute through the liquid from the L-j. 3 boundary to the L-a boundary (fig. 56a). Hillert 
[1979] gives an approximate analysis of this process. 

The third way that /3 phase can form, the peritectic transformation, involves solid 
state diffusion and the motion of the a-fi interface during cooling as shown in fig. 56b. 
This mechanism is very important when the solid diffusion coefficient is large; e.g., for 
interstitial solutes such as carbon in Fe. Indeed the peritectic reaction in low carbon 

GROWTH 




Fig. 56. Peritectic reaction and peritectic transformation on the side of an or dendrite, (a) in the peritectic 
reaction a second solid phase, fi, grows along the surface of the primary phase a by diffusion through the 
liquid, (b) In the peritectic transformation, diffusion of B atoms through the already formed solid phase /3 
occurs. (After Hillert [1979]). 
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steels (L + S-Fe— » y-Fe) seems to go to completion; i.e., no 5-Fe is observed in these 
alloys. The diffusion problem that governs the motion of the a-/3 interface involves long 
range transport of solute from the liquid across the / 3 phase to the a-[3 interface. At this 
interface, this flow of solute causes the a phase to dissolve at the expense of the growing 
{} phase. The analysis must use compositions for the interfaces that are given by the 
L+i 8 and a + ft two phase fields on the phase diagram. Hillert [1979] has given an 
approximation for the growth of the ft phase by solid state diffusion. Due to the long 
range diffusion, the thickness of the ft phase increases with the square root of time if the 
interface compositions and diffusion coefficients can be assumed to be independent of 
temperature. 

Fredriksson and Nylen [1982] have measured the fraction of L, a, and /? phases as 
a function of distance behind the peritectic isotherm by quenching various alloys during 
directional solidification. The relative contributions of the three mechanisms are analyzed 
and compared to the measurements. In one alloy (Al-Mn) the ft phase did not grow 
along the L-a interface but grew independently from the melt. 

8.3.2. Aligned peritectic growth 

Several attempts have been made to grow aligned composites of peritectic alloys by 
directional solidification. By increasing the temperature gradient or slowing the solidi- 
fication velocity, it is possible to suppress the dendritic growth of the a phase during 
directional solidification in peritectic alloys with narrow freezing ranges. When cellular 
growth of the a phase occurs for alloys whose overall composition falls within the 
(a +P) field, a coarse aligned ( a +fi) two-phase structure can be formed (Boettinger 
[1974]; Brody and David [1979]). 

More interesting were attempts to achieve coupled growth of the a and (3 phases to 
produce a fine two-phase structure. It was thought that if the G L /V ratio were large 
enough to suppress cellular solidification of the a phase and force a planar solidification 
front that coupled growth of the two solid phases might be possible. This would also 
require that the composition of the liquid near the interface be maintained near C p , a 
liquid composition from which both a and ft could form. However coupled growth has 
never been observed in peritectic alloys. Instead, coarse alternating bands of a and f3 
form from the melt. (Boettinger [1974]; Ostrowski and Langer [1979]; Titchener 
and Spittle ([1975]). 

Boettinger [1974] analyzed the supercooling-velocity-spacing relation for hypothet- 
ical coupled growth in a peritectic alloy and showed that it was intrinsically unstable. 
The formation of bands can be understood through an examination of the stable and 
metastable liquidus and solidus curves for the a and (3 phases (Hillert [1979]). In fig. 57, 
an alloy of the indicated composition can solidify to single phase a at a planar interface at 
temperature T x if the (3 phase does not nucleate. Alternately the same alloy composition can 
solidify to single phase j8 at a planar interface temperature at T 2 if a does not nucleate. Thus 
two steady state solidification situations are possible. However each situation is precarious in 
that nucleation of the other phase can occur in front of the growing phase. The system is 
extremely sensitive to minor growth rate fluctuations that leads to solidification that alternates 
between a and /3. This situation has been recently analyzed by Trivedi [1995]. 
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Fig. 57. Peritectic phase diagram with metastable extensions of a and /3 liquidus and solidus curves below and 
above the peritectic temperature respectively. For an alloy of the composition of the vertical line, planar steady- 
state growth of either a or /J is possible at the temperatures 7] and T-, respectively. After Hillert [1979]. 



8.3.3. Rapid solidification of peritectic systems 

As shown in fig. 57, the metastable liquidus curve of the a phase below the peritectic 
temperature must lie below the stable (3 liquidus. However when compared to a eutectic 
system, the metastable liquidus is relatively close to the stable (3 liquidus. Thus there 
exists considerable opportunity for the formation of the a phase directly from the melt 
at modest levels of supercooling at compositions where it is not expected. Whether or not 
this happens depends on the competition of nucleation and growth kinetics for the a and 
(3 phases. An example of this kind of behavior is found in the classic experiments of 
Cech [1956] on solidification of small droplets (3-30 /Am) of Fe-30%Ni alloys in a drop 
tube. This system contains a peritectic reaction, L + bcc fee. Experiments showed that 
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bcc was formed from the melt (and not by solid state transformation) at compositions 
with high Ni content where only fee should have formed. In contradiction to the 
experimental facts, analysis of the dendritic growth kinetics of the competing fee and bcc 
structures showed that fee would be the favored product phase at all supercoolings for 
Fe-30%Ni (Boettinger [1988]). This result is due primarily to the fact that the partition 
coefficient for bcc is much larger than for fee. On the other hand, analysis of the 
nucleation behavior indicates that bcc is favored over fee if the nucleation is homo- 
geneous or if the contact angle on heterogeneities is greater than about 45° (Kelly and 
Vandersande [1987]). Thus only nucleation can explain the observed bcc structure. 

In alloys containing a cascade of peritectic reactions, the close proximity of stable 
and metastable liquidus curves can also explain why one or more phases may be skipped 
over in the layer structure that coats the initial dendritic phase in rapidly solidified alloys. 

9. Fluid flow and casting structure 

The flow of molten metal or alloy is an important consideration during casting. 
Although the requirements for mold filling especially in narrow cross sections have been 
considered for centuries, the importance of flow during the freezing process has been 
recognized much more recently. In this section we consider: i) the general origins of 
fluid flow in castings; ii) the development of casting macrostructure (grain structure); iii) 
the macrosegregation observed in ingots and castings due to flow in the mushy zone; and 
iv) the formation of porosity and inclusions. Finally, the foundry concept of fluidity 
associated with the mould filling capability of alloys will be described. 

9.1. Transport processes and fluid flow in casting 

There are many sources of material transport that can occur during solidification: i) 
residual flow due to mold filling, ii) thermal and solute driven bouyancy convection, iii) 
convection due to expansion or contraction upon solidification, iv) floating or settling of 
free crystals, v) dendritic breakage and transport, vi) convection driven by thermocapil- 
lary forces, vii) pushing of equiaxed crystals by the columnar solidification front, viii) 
external forces (pressure, rotation, magnetic fields). 

Cole [1971] and Weinberg [1975] extensively studied the flow in the fully liquid 
part of castings. Weinberg’s use of radioactive tracers techniques proved to be very 
sensitive and overcame the handicap of other experiments performed with transparent 
model liquids having much lower thermal conductivity than metals. Convection has the 
largest effect on thermal transport and macrostructure when the S-L interface (position 
of dendrite tips) is parallel to the gravity vector. Thus horizontal solidification is 
dramatically affected by convection due to the horizontal temperature gradients. Flows 
in metals and the heat transfer due to the flow can be reduced by the application of a 
magnetic field due to the induced eddy current that exerts a body force on the fluid. 
Rotation of ingots gives a effect similar to the application of a magnetic field; here the 
body force is a Coriolis force that deflects particles of fluid in a direction normal to the 
axis of rotation, and normal to the direction of fluid motion. On the other hand, an 
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increase in heat transfer can be accomplished by vigorous fluid motion near the S-L 
interface. Rotation or oscillations of the crucible, a rotating magnetic field, or electro- 
magnetic field interactions can be used for this purpose (Cole [1971]). 

On a more microscopic scale, fluid flow due to a variety of causes has also been 
associated with dendrite fragmentation and subsequent crystal multiplication during solid- 
ification (Jackson etal. [1966] and O'Hara and Tiller [1967]). In alloys the inter- 
action of natural or forced convection with the dendritic substructure can be rationalized 
as follows. When secondary branches form, they must grow through the solute-rich layer 
that exists around the primary stalk. The initial growth through this layer is slow. After 
the branch passes through the layer, it enters the bulk liquid of lower solute concentration 
and grows more rapidly. The result is a thin neck of the secondary branch near the 
primary stalk. Any slight increase in the local temperature or shear force due to local 
fluid flow can detach portions of the dendrites. These crystals may be able to survive in 
other portions of the liquid and, if the thermal and constitutional conditions are appro- 
piate, subsequently grow. This leads us into a discussion of ingot macrostructure. 

9 2 . Ingot structure 

The classical representation of ingot macrostructure shows three distinct zones: the 
chill zone, which is a peripheral region near the mould surface composed of small 
equiaxed grains, the columnar zone and a central equiaxed zone. Inside each grain a 
substructure of cells, dendrites, and/ or eutectic exists. Fluid flow during solidification 
affects the origin and development of the three zones. Extensive research has been 
performed because of the important influence of macro- and microstructure of ingots and 
castings upon mechanical properties. 

9.2.1. Chill zone 

The formation of the chill zone structure involves complex interactions of liquid 
metal flow, metal-mould heat transfer, nucleation catalysis and dendritic growth. 
Chalmers [1964] suggested that chill zone grains could form by independent nucleation 
events or by a copious nucleation mechanism. Bower and Flemings [1967], Biloni and 
Morando [1968] and Prates and Biloni [1972] experimentally simulated the thermal 
conditions existing in the chill zone using thin samples filled quickly by a vacuum 
technique. By controlling the fluid flow. Bower and Flemings [1967] found a dendritic 
substructure in the chill grains and established that a grain multiplication (fragmentation) 
mechanism induced by melt turbulence during pouring was quite important. They used 
moulds coated with lampblack which drastically reduces the value of /i; compared to an 
uncoated Cu mould. In contrast Biloni and Chalmers [1965] had earlier found chill 
grains with a different substructure with uncoated moulds. Predendritic nuclei with 
solute-rich cores were formed by partitionless solidification. Biloni and Morando 
[1968] used an identical device as Bower and Flemings [1967], but coated only part of 
the chill surface with lamp black (fig. 58). The region with lampblack had the same 
substructure as was previously observed by Bower and Flemings [1967], but the chill 
grains in the region without the lampblack were smaller and contained a predendritic 
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Fig. 58. (a) Chill plate of Al-1% Cu cast in a copper mould coated with lamp black, except in the area of the 
cross which appears with different reflectivity, (b) Substructure corresponding to the uncoated region of fig. 
58a). Each grain has a predendritic region as origin, (c) Substructure corresponding to the coated region; notice 
the “cells”, probably produced by a multipication mechanism, as the origin of the dendrites. Biloni [1980], 


substructure. Thus the importance of local values of the heat transfer cannot be neglected 
even though the grain multiplication mechanism by fragmentation can be active. Biloni 
[1980] reviewed the origin and development of the chill zone. 

The roughness of the mould surface as affected by polishing, machining, or coating 
can also be important (Prates and Biloni [1972]). A suitable microprofile design of the 
surface can promote a specific distribution of predendritic nuclei and fig. 59 (Morales 
et al. [1979]) shows how the coating microprofile can influence the columnar grains 
originating from the chill zone. 

In summary, a rough surface, a very cold mould, a low pouring temperature and 
convection currents that stir the melt, all favour a fine grain size in the chill zone through 
both nucleation and multiplication mechanisms. 

9.2.2. Columnar zone 

Further from the mould surface, the grain structure evolves into columnar grains 
growing roughly perpendicular to the mould surface. The origin of the columnar zone 
was first analyzed by Walton and Chalmers [1959], These authors mention the 
competitive mechanism through which the favourably oriented grains eliminate those less 
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Fig. 59. Longitudinal section of an ingot poured from the bottom (shown to the left), after macroetch. The 
difference in grain size is due to mould walls with different microgeometries. The small columnar grains start 
at the asperities of an alumina mould coating presenting a controlled microgeometry; the very large grain 
started from a wall coated with a very smooth film of lamp black. Morales etal. [1979]. 


favourably oriented and a texture arises. In fee and bee alloys, a preferred <100> 
orientation is characteristic of the structure. 

Figure 60 (Rappaz and Gandin [1993]) schematically shows the competetive 
columnar growth of three grains. Some equiaxed grains that nucleate and grow in front 
of the columnar zone are also depicted which will be discussed later. The columnar 
grains on the left and on the right contain dendrites whose <100> crystallographic 
orientations are nearly perpendicular to the liquidus isotherm. These dendrites grow with 
the same velocity V L , as that of the isotherms. The grain in the middle of the figure, 
having a deviation of its <100> crystalographic direction from the heat flow direction, 
grows with a velocity V e - Vl/cos 6 that is larger than V L . According to the growth 
kinetic model of the dendrite tip for constrained growth (§7), the faster growing 
(misoriented) dendrites are characterized by a larger tip supercooling. Thus the tips lie 
behind those of the better oriented grains. Rappaz and Gandin [1993] give the details 
of the elimination of the misoriented grains according to the convergence or divergence 
of the neighbouring grains and the ability or inability to form tertiary arms as shown in 
fig. 60. 

After elimination of misoriented grains, the growth of the columnar front in a casting 
can be modelled using a macroscopic heat code that solves eq. (7). This requires a 
fraction solid versus temperature (and other variables) relationship obtained from one of 
the various dendritic microsegregation models presented in section 7.3. Flood and Hunt 
[1987a] give one approach and the various methods are summarized by Rappaz and 
Stefanescu [1988] and Rappaz [1989], 

Several researchers have attempted to provide a more detailed numerical procedure 
to model the development of the columnar zone including the variation of the transverse 
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Fig. 60. Competing processes during directional dendritic growth: development of preferred orientation in the 
columnar region, formation of equiaxed grains ahead of the columnar front. Rappaz and Gandin [1993]. 


size of columnar grains described by Chalmers [ 1964] and to deal with other issues of 
crystalline anisotropy, and texture formation. Brown and Spittle [1989] and Zhu and 
Smith [1992a], [1992b] used Monte-Carlo methods to model the effect of anisotropy. 
Rappaz and Gandin [1993] developed what they call a probabilistic model that includes 
an orientation variable for each grain and keeps track of the developing grain shape using 
a cellular automaton technique. 

These numerical methods have been able to be compute realistic grain macrostruc- 
tures as well as crystallographic texture. As predicted by the model, the orientation 
distribution of the columnar grains narrows as the distance from the mould surface 
increases and the comparison with the Walton and Chalmers [1959] experiments is 
acceptable. Additionally, the selection of the columnar grains at the chill-columnar 
transition as well as the columnar extension is also succesfully predicted. This approach 
is also useful for modeling the grain competition in the grain selector during directional 
solidification (DS) for the production of modem turbine blades (Rappaz and Gandin 
[1994]). It must be remembered however, that the success of this approach depends 
strongly on the input of an accurate nucleation law that generally must be determined 
from experiments. 

Fluid flow can also affect the columnar zone structure. In conventional ingots. 
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columnar growth may not be perpendicular to the mould wall if convection sweeps past 
the S-L interface due to horizontal temperature gradients. If convection is diminished 
through magnetic fields or mould rotation, perpendicular columnar growth can be 
restored (Cole [1971]). 

When columnar growth occurs in concentrated alloys with a low temperature gra- 
dient, a substructure other than cellular-dendritic can sometimes appear. Dendrite groups 
rather than individual dendrites comprise the solidification front. These groups have been 
called superdendrites, where apparently the normal coupling that establishes the primary 
spacing between dendrites becomes unstable, with certain dendrites grow ahead of their 
neighbors. (Cole and Bolling [1968]; Fainstein-Pedraza and Bolling [1975]). 

In aluminum-base alloys and under some conditions, another unusual structure can 
appear. Laminar grains grow from a single origin and form “colonies”. These structures 
have different names in the literature but most commonly are called feather crystals. 
Generally, they appear in continuous or semicontinuous castings and in welding 
processes. Occasionally they are observed in conventional casting. Biloni [1980], [1983] 
describes the current knowledge about this structure, which is open to further research. 

9.2.3. Equiaxed zone 

Equiaxed grains grow ahead of the columnar dendrites and the columnar to equiaxed 
transition (CET) occurs when these equiaxed grains are sufficient in size and number to 
impede the advance of the columnar front. Evidence for the collision of the columnar 
front with equiaxed grains can be found in the work of Biloni and Chalmers [1965] 
and Biloni [1968]. When this collision occurs, the heat flow direction in the equiaxed 
grains changes from radial to unidirectional and a modification of the dendritic substruc- 
ture can be observed by careful metallography in the solidified samples. 

The situation to be modelled therefore corresponds to that shown in fig. 60. The 
major challenges to predict the columnar to equiaxed transition and the size of the 
equiaxed zone in castings involve an accurate description of the source of the nuclei and 
an accurate description of the growth rates of the columnar and equiaxed crystals under 
the prevailing conditions. 

9.2.3.I. Origin of the equiaxed nuclei. Three principal sources of nuclei can be con- 
sidered. i) Constitutional Supercooling (CS) driving heterogeneous nucleation (Winegard 
and Chalmers [1954]). Because the tips of the dendrites in the columnar grains are at 
a temperature below the bulk alloy liquidus temperature a region of liquid exists where 
hetrogenous nuclei may become active, ii) Big-Bang mechanism; Equiaxed grains grow 
from predendritic shaped crystals formed during pouring at or near the mould walls. 
These crystals are carried into the bulk by fluid flow with some surviving until the 
superheat has been removed (Chalmers [1963]). As outlined in § 9.2.1., the origin of the 
grains could be either by nucleation events or crystal multiplication mechanisms. Ohno 
et al. [1971] has proposed a separation theory (Ohno [1970]) for the origin of the 
equiaxed grains by the big bang mechanism, iii) Dendritic fragmentation occurring from 
the columnar grains (Jackson et al. [1966]), (O'Hara and Tiller [1967]) or from 
dendritic crystals nucleated at the top of the ingot as a result of the radiation cooling 
occurring in that region (Southin [1967]). 
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Many experiments have been performed in metallic alloys and transparent analogues 
to decide the nucleation mechanism responsible for the equiaxed zone. The available 
information suggests that in conventional castings there is strong evidence to support the 
big bang and fragmentation mechanisms, probably a combination of both, in most of the 
cases where convection is present (Morando etal. [1970], Flood and Hunt [1988]). 
In these circumstances, the C.S. mechanism would seem not to have a large enough 
contribution except in the presence of very efficient heterogeneous nuclei. When upward 
directional solidification experiments are performed and a near-perfect adiabatic lateral 
mould walls exist, convection is minimized, and the only possible mechanism for 
equiaxed grain formation is C.S. However, the complete elimination of convection is 
quite difficult even in this type of growth (Chang and Brown [1983], Adornato and 
Brown [1987]). 

9.2.3.2. Columnar to equiaxed transition (CET). If a reliable nucleation model 
were available, and convection could be ignored, any one of several models could be 
employed to predict the columnar to equiaxed transition. The model of Hunt [1984] uses 
selected columnar growth and nucleation models to determine whether the structure will 
be fully equiaxed or fully columnar. The results depend on whether the temperature 
gradient is smaller or larger respectively than a critical value given by 


G l = 0.6 \iNf 



f 
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AT 



( 112 ) 


where N 0 = density of nucleating sites, AT n = supercooling required for heterogeneous 
nucleation and AT C = supercooling of the dendrite tips in the columnar grain. This 
analysis was expanded by Flood and Hunt [1987b]. The experimental results by Ziv 
and Weinberg [1989] are in close agreement with eq. (112) for Al-3%Cu. Factors which 
promote a columnar to equiaxed transition by this mechanism are: large solute content 
(increases the value of A T c for fixed growth conditions), low temperature gradient, which 
increases the size of the supercooled region in front of the dendritic tips, a small value 
for A T„ (potent nucleation sites), and a large number of nuclei. Hunt’s model ignores 
many complexities of the dendritic growth of equiaxed grains and nucleation was 
assumed to take place at a single temperature rather than over a range of temperature. It 
therefore cannot predict the effect of solidification conditions on equiaxed grain size 
(Kerr and Villafuerte [1992]). More detailed models of equiaxed growth employing 
empirical nucleation laws have been combined with numerical solutions of the heat flow 
to predict the grain size of fully equiaxed structures (Thevoz etal. [1989], Rappaz 
[1989], Stephanescu et al. [1990]). These more detailed analyses could be used to 
predict the columnar to equiaxed transtition. Flood and Hunt [1988] have critically 
reviewed the models and experiments of several researchers. 

Rappaz and Gandin [1993] have used the probabalistic model described in §9.2.2 
to simulate the columnar to equiaxed transition. Figure 61a) corresponds to the simu- 
lation of the final grain structure of an Al-5%Si casting with no temperature gradients 
when cooled at 2.3 K/s. Figure 61b) corresponds to an Al-7%Si casting cooled at 
2.3 K/s and fig. 61c) to an Al-7%Si casting cooled at 7.0K/s. Comparisons among the 
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three figures show the effect of the alloy composition and cooling rate upon the grain 
structure. Very recently Rappaz and Gandin [1994] presented a very comprehensive 
review of the modeling of grain structure formation in solidification processes. 

A set of experiment were performed by Biloni and Chalmers [1968] which showed 
that the CET could be stimulated by mechanically disturbing the columnar growth front 
during upward directional solidification (fig. 62). Experiments were conducted in which 
the value of G/V in decreased with distance down the length of a small ingot. This leads 
to a columnar to equiaxed transition at some position as previously shown by Plaskett 
and Winegard [1959] and Elliot [1964]. The critical values of G/V I/2 obtained by 
Biloni and Chalmers [1968] for various Al-Cu alloys are shown in fig. 62 as circles. 
When the experiment was repeated, but with a periodic disturbance (1 min) of the 
interface, small equiaxed grains were formed at the position of the disturbance at 
significantly higher values of G/V U2 as shown by the squares in fig. 62. However this 
band of equiaxed grains reverted to columnar growth upon further solidification. 
Presumably the disturbance increased the number of potential growth sites by dendrite 
fragmentation and acccording to eq. (112) momentarily increased the possibilities for 
equiaxed growth. However the available growth centers where quickly consumed and the 
growth reverted to columnar. Finally at a position in the ingot with a low value of G/ V /2 



Fig. 62. Critical values of G/V u 2 for columnar to equiaxed transition for various Al-Cu alloys. BILONI and 
Chalmers [1968], 
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(triangles, fig. 62) close to that established by the undisturbed experiments, it was found 
that the equiaxed grains did not revert to columnar grains, but persisted for the remainder 
of the ingot. These experiments indicate the importance of dendrite fragmentation on the 
columnar to equiaxed transition. 

9.3. Macrosegregation 

Macrosegregation is defined as variations in composition that exist over large 
dimensions, typically from millimeters to the size of an entire ingot or casting. We have 
already considered one form of macrosegregation in the initial and final transients during 
planar growth of a rod sample (§ 6.2). However in order to define or measure macroseg- 
regation for dendritically solidified samples, it is necessary to determine an average 
composition over a volume element that contains several dendrite arms. As we will see, 
changes in the dendritic microsegregation profile in such a volume element due to 
settling of free-floating solid or flow of solute-rich liquid in or out of the volume element 
during solidification will change the average composition of the volume element away 
from the nominal composition of the alloy. Thus macrosegregation is produced. Figure 
63 shows a drawing of a large steel ingot showing some of the major types of macro- 
segregation commonly found. Positive and negative macrosegregation refer to solute 
content greater or less than the average. 


9.3.1. Gravity segregation 

Negative cone segregation has been explained by the settling of equiaxed grains or 
melted off dendrites into the bottom of a casting if they are of higher density than the 
liquid. If lighter solids such as nonmetallic inclusions and kish or spheroidal graphite are 
formed they can float to the upper part of a casting forming positive segregation areas. 
Centrifugal casting clearly can alter the pattern of macrosegation formed by this 
mechanism (Ohnaka [1988]). It is important to note that gravity produces negligible 
macrosegration of a single phase liquid, discrete particles with densities different from 
the average are necessary. 


9.3.2. Interdendritic fluid flow and macrosegregation 

The first attempt to create models for macrosegregation due to flow of solute rich 
material was by Kirkaldy and Youdelis [1958]. Later the subject was treated 
extensively at MIT by Flemings and Nereo [1967]) and Mehrabian etal. [1970] and 
has been summarized by Flemings [1974], [1976]. Using a volume element similar to 
that chosen in fig. 41, a mass balance is performed under the additional possibility that 
flow of liquid in or out of the volume elements can occur and that the liquid and solid 
can have different densities. Thus the necessity for flow to feed solidification shrinkage 
is treated. The result is a modified form of the solute redistribution equation used to 
describe microsegregation in § 7, 
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where: f L is the fraction of liquid; /3 = (p s ~Pi)' / Ps = solidification shrinkage; v = velocity 
vector of interdendritic liquid; VT = local temperature gradient vector; e = local rate of 
temperature change. 

This expression assumes: i) local equilibrium without curvature correction, ii) uniform 
liquid composition in the small volume of interest, iii) no solid diffusion, iv) constant 
solid density, v) no solid motion, and vi) absence of voids. In this approach, the 
appropriate values for v and e at each location must be determined from a separate 
calculation involving thermal analysis and flow in the mushy zone, which will be 
outlined below. However given these values for each small volume element, C L and 
hence C s as a function of/ s can be determined along with the fraction of eutectic. The 
average value of C s from/ s = 0 to 1 gives the average composition at each location in the 
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casting. The average composition will not in general be equal to the nominal alloy 
composition. 

Several cases can be distinguished. If the interdendritic flow velocity just equals the 
flow required to feed local shrinkage, 


n m v 


P 

1-/3 


n»V. 


(114) 


Then eq. (113) reverts to the Scheil equation and the average composition is equal to the 
nominal. Here n is the unit normal to the local isotherms and V is the isotherm velocity. 
If on the other hand n • v is greater than or less than this value, negative or positive 
macrosegregation occurs, respectively. A particularly simple case ocurs at the chill face 
of a casting. Here n • v must be zero because there can be no flow into to the chill face. 
This clearly produces positive macrosegregation (for normal alloys where fi > 0 and 
k 0 < 1). This is commonly observed in ingots and is termed inverse segregation (Kir- 
kaldy and Youdelis [1958]) because it is reversed from what one would expect based 
on the initial transient of plane front growth. 

In order to compute the fluid velocity of the liquid, the mushy zone is treated as a 
porous media and D’Arcy’s Law is used. The pressure gradient and the body force due 
to gravity control the fluid velocity according to 

v = (VP + p L g), (115) 

VTl 


where: 

K p = specific permeability; rj = viscosity of the interdendritic liquid; VP = pressure 
gradient; g - acceleration vector due to gravity. 

Often, heat and fluid flow in the interdendritic region have been computed by 
ignoring the fact that the fraction of liquid at each point in the casting depends on the 
flow itself through eq. (115). This decoupling is thought to cause little error if the 
macrosegregation is not too severe. Flemings [1974] and Ridder etal. [1981] solved the 
coupled problem using an iterative numerical scheme for an axisymmetric ingot. In their 
work the flow in the bulk ingot was also coupled to that in the interdendritic region. 
Experiments on a model system showed good agreement. 

Determining an accurate expression for the permeability of a mushy zone is a 
difficult problem since the value of K p depends on interdendritic channel size and 
geometry. In the case of the mushy zone it has been proposed (Piwonka and Flemings 
[1966]) that 

* p =A c / l 2 , (116) 

where A c is a constant depending on dendritic arm spacing. Recently, Poirier [1987] 
analysed permeability data available for the flow of interdendritic liquid in Pb-Sn and 
borneol-paraffin. The data were used in a regression analysis of simple flow models to 
arrive at relationships between permeability and the morphology of the solid dendrites. 
When flow is parallel to the primary dendritic arms the permeability depends upon 
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A, (primary arm spacing) but not A 2 (secondary arm spacing). When flow is normal to 
the primary arms the permeability depends upon both A , and A 2 . These correlations are 
only valid over an intermediate range of / L , roughly between 0.2 and 0.5. 

With this model of macrosegregation, Flemings [1974], [1976] was able to explain 
different types of macrosegregation present in industrial ingots (fig. 63): 
a). Gradual variations in composition from surface to center and from bottom to top are 
due to the interdendritic fluid flow with respect to isotherm movement, b) Inverse 
segregation as described above. If a gap is formed between the mould and the solidifying 
casting surface, a severe surface segregation or exudation can arise, c) Banding or abrupt 
variations in composition that result from either unsteady bulk liquid or interdendritic 
flow, or from sudden changes in heat transfer rate, d) “A” segregates or “freckeF'. These 
are abrupt and large variations in composition consisting of chains of solute-rich grains. 
They result from movement of interdendritic liquid that opens channels in the liquid- 
solid region. Recent work by Hellawell [1990] seems to prove that, at least in some 
cases, the initiation of the channels is at the growth front itself, e) “V” segregates. As the 
fraction solid in the central zone increases in the range of 0.2 to 0.4, the solid network 
that has formed is not yet sufficiently strong to resist the metallostatic head and fissures 
sometimes occur. These internal hot tears open up and are filled with solute rich-liquid, 
f) Positive segregation under the hot top-. Probably occurs during the final stages of 
solidification when the ingot feeding takes place only by interdendritic flow. 

More recently Kato and Cahoon [1985] concluded that void formation can affect 
inverse segregation. They studied inverse segregation of directionally solidified Al-Cu-Ti 
alloys with equiaxed grains. Minakawa etal. [1985] employed a finite difference model 
of inverse segregation. This model allowed for volume changes due to microsegregation 
and thermal contractions as well as the phase change. 

9.3.3. Further theoretical developments for flow in the mushy zone 

Many simplifying assumptions regarding the flow in the mushy zone and its 
interaction with the bulk flow have been required in the past work. More rigorous 
approaches have recently been performed. In order to formulate a set of governing 
equations that determines the flow, temperature and composition fields in the mushy zone 
as well as in the bulk liquid, two approaches have been employed: continuum mixture 
theory and a volume averaging technique as reviewed by Viskanta [1990] and Prescott 
etal. [1991]. Both approaches have successfully computed macrosegregation patterns in 
ingots, including freckles. The continuum mixture approach has been used by Bennon 
and Incropera [1987a)], [1987b)], Ganesan and Poirier [1990], and Felicelli et al. 
[1991]. The volume averaging technique (Beckermann and Viskanta [1988], Ni and 
Beckermann [1991]) may be better suited to flow models involving the formation of 
equiaxed (free floating) dendritic structures where solid movement must be treated. 

9.4. Porosity and inclusions 

Porosity and inclusions have a strong effect on the soundness and mechanical 
properties of castings. 
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9.4.1. Porosity 

For most metals the density of the solid is higher than the liquid. Thus liquid metal 
must flow toward the solidifying region in order to prevent the formation of voids. Much 
of foundry practice is involved with the placement of chills and risers that maintain 
proper temperature gradients to retain an open path of liquid metal from the riser to the 
solidification front. Indeed the major use of macroscopic heat flow modelling of castings 
is to identify potential locations in the casting where the solidifying regions are cut off 
from the risers. 

Even if a path of liquid metal remains open to the riser, porosity on the scale of the 
dendritic structure can still form. When liquid metal flows through the mushy zone to 
feed solidification shrinkage, the liquid metal pressure in the mushy zone drops below 
the external atmospheric pressure. The pressure gradient required for flow is given by eq. 
(115). Microporosity forms when the local pressure in the mushy zone drops below a 
critical value. Thus detailed prediction of microporosity requires a rather complete 
description of fluid flow in the mushy zone as does the prediction of macrosegregation. 
Clearly the larger the freezing range of an alloy and the smaller the temperature gradient, 
the more tortuous are the liquid channels in the mushy zone. This leads to greatly 
increased difficulty of feeding the shrinkage and a greater reduction of the liquid metal 
pressure deep in the mushy zone (far from the dendrite tips). 

The critical reduction of the liquid pressure required for the formation of micropores 
depends on many factors. Indeed the initial formation of a pore is a heterogeneous 
nucleation problem (Campbell [1991a]) that requires the same consideration as 
described in § 4, but with pressure substituted for temperature. In principle one needs to 
know the contact angle of the pore on the solid-liquid interface. It is common to 
postulate that the critical radius (in the sense of nucleation) of a pore, above which the 
pore can grow, is related to the scale of the dendrite structure. Kubo and Pehlke [1985] 
let the critical radius be equal to the primary dendrite spacing, A „ whereas Poirier et al. 
[1987] relate the critical radius to the space remaining between dendrites. They obtain an 
expression for the liquid metal pressure where a void can form as 

P<P G -^\, (117) 

where P G is the pressure of gas in the pore if any, and y LG is the surface energy of the 
liquid gas interface. If no dissolved gas is present and if the surface energy were zero, 
porosity would form at locations in the casting where the liquid metal pressure drops to 
zero. Dissolved gas increases the likelihood of porosity formation whereas the inclusion 
of the surface energy effect makes it more difficult, possible requiring negative pressure 
to form a void. 

Dissolved gas in a liquid alloy causes porosity because the solubility of gas in liquid 
metal usually exceeds the solubility in the solid. One can define a partition coefficient for 
the gas, k' 0 , as the ratio of the equilibrium solubilities of gas in the solid and the liquid 
just like any solute. The value of the coefficient as a function of temperature must be 
known to make predictions. As an alloy solidifies, the dissolved gas is rejected into the 
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remaining liquid where its level increases. Because the diffusion rate of gas in solid 
metal is usually quite high, the gas content of the solid phase is usually assumed to be 
uniform and at the equilibrium concentration. Thus the lever rule can be applied to 
compute the concentration of gas in the liquid as a function of fraction solid. This 
increase in the concentration of gas leads to an expression for the equilibrium pressure 
of the gas in the pores given by 


P' 

r o 


*o) + *o) 


(118) 


where P ^ is the partial pressure of the gas above the melt (given by the initial concen- 
tration of gas in the melt (Brody [1974]). Thus it can be seen how the presence of 
dissolved gas in the melt (through its effect on P a ) as well as solidification shrinkage 
both contribute to the formation of dendritic microporosity. This combined effect is 
particularly important for aluminium castings where the solubility of H in the solid is 
only tenth of that in the liquid. 

Equation (118) for the pressure inside a pore is only valid when the volume fraction 
of porosity is small. To actually calculate the size and fraction of porosity after solidific- 
ation is complete, a more complex analysis is required. Kubo and Pehlke [1985] have 
calculated the amount and size of the porosity formed in Al-4.5 wt% Cu plate castings 
containing hydrogen that match experimental measurements. Poirier et al. [1987] 
perform such calculations for Al-Cu in a directional solidification geometry. Zhu and 
Ohnaka [1991] have also simulated interdendritic porosity considering both H redis- 
tribution in the melt and solidification contraction. With this method, the effect of the 
initial H content, cooling rate and ambient pressure were simulated. 


9.4.2. Inclusions 

At present it is very clear that inclusions exert an important influence on fracture 
behaviour of commercial materials. As a result, this portion of the field of solidification 
is receiving much greater attention. One type of inclusions, called primary inclusions, 
corresponds to: i) exogeneous inclusions (slag, dross, entrapped mould material, 
refractories); ii) fluxes and salts suspended in the melt as a result of a prior melt- 
treatment process; and iii) oxides of the melt which are suspended on top of the melt and 
are entrapped within by turbulence. These are called primary inclusions because they are 
solid in the melt above the liquidus temperature of the alloy. In the steel industry a 
significant reduction of inclusions is obtained by the their floating upward and adhering 
to or dissolving in the slag at the melt surface. In the aluminum industry filtering has 
become a common practice and the development of better filters is an important area of 
research (Ross and Mondolfo [1980], Apelian [1982]). 

Secondary inclusions are those which form after solidification of the major metallic 
phase. Although in industrial practice commercial alloys involve multicomponent 
systems, a first approach to the understanding of the formation of secondary inclusions 
has been achieved through the considerations of ternary diagrams involving the most 
important impurity elements under consideration (Flemings [1974]). Then, the solidifi- 
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cation reactions occurring during the process, together with the values of the various 
partition coefficients of the impurity elements in the metallic phase play an important 
role in the type, size and distribution of inclusions in the final structure. Important 
ternary systems to be considered are Fe-O-Si, Fe-O-S, and Fe-Mn-S from which the 
formation of silicates, oxides and sulphides results. 

As an example of research in this field Fredricksson and Hillert [1972], through 
carefully controlled solidification, were able to determine the formation of four types of 
MnS inclusions formed by different reactions. Campbell [1991a] and Trajan [1988] 
treat extensively both primary and secondary inclusions and their effect on mechanical 
properties in ferrous and nonferrous alloys. 

An important effect to consider when a moving solidification front intercepts an 
insoluble particle is whether the inclusion is pushed or engulfed. If the solidification front 
breaks down into cells, dendrites or equiaxed grains, two or more solidification fronts 
can converge on the particle. In this case, if the particle is not engulfed by one of the 
fronts, it will be pushed in between two or more solidification fronts and will be 
entrapped in the solid at the end of local solidification. Stefanescu and Dhindaw 
[1988] reviewed the variables of the process as well the available theoretical and 
experimental work for both directional and multidirectional solidification. More recently, 
Shangguan et al. [1992] present an analytical model for the interaction between an 
insoluble particle and an advancing S-L interface. There exists a critical velocity for the 
pushing-engulfment transition of particles by the interface. The critical velocity is a 
function of a number of materials parameters and processing variables, including the melt 
viscosity, the wettability between the particle and the matrix, the density difference as 
well as the thermal conductivity difference between the particle and the matrix, and the 
particle size. Qualitatively the theoretical predictions compare favorably with experi- 
mental observations. 

As an example of the interaction between the formation of inclusions and porosity, 
Mohanty etal. [1993] present a novel theoretical approach to the nucleation of pores in 
metallic systems. The proposed mechanism is based on the behavior of foreign particles 
at the advancing S-L interface. Mathematical analysis has been employed to predict gas 
segregation and pressure drop in the gap between the particle and the S-L interface. The 
authors discussed the effect of particle properties and solidification parameters, such as 
wettability, density, thermal conductivity, solidification rate and S-L interface mor- 
phology. They recognize, however, that at present quantitative measurements of materials 
properties are necessary, in particular for interfacial energies. 

9.5. Fluidity 

Over the years the foundryman has found it useful to employ a quantity called 
fluidity. The concept arises from practical concerns regarding the degree to which small 
section sizes can be filled with metal during castings with various alloys. This property 
is measured through one of several types of fluidity tests. Hot metal is caused to flow 
into a long channel of small cross section and the maximum length that the metal flows 
before it is stopped by solidification is a measure of fluidity. The solidification process 
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in the channel is under the influence of many variables: metallostatic pressure, heat 
transfer coefficient, superheat, latent heat of fusion, density of the alloy liquid, viscosity, 
liquid surface tension, alloy freezing range, and whether the alloy freezes with plane 
front or with columnar or equiaxed dendrites. 

Flemings [1974] reviewed the field and his contributions to the study of fluidity. 
More recently Campbell [1991a], [1991b] gives a general view of this property and 
stresses the importance of the factors that influence the fluidity test as they relate to 
present limitations and future difficulties of numerical modeling of casting. It is 
worthwhile to follow the approach of Campbell [1991a] who considers three cases: i) 
Maximum Fluidity Length, L f , determined by an experiment where the cross sectional area 
of the channel is large enough that the effect of surface tension is negligible; ii) L f , when 
surface tension is important, and, iii) Continuous Fluidity Length, L c . 

9.5.1. Maximum fluidity 

Instead of only determining the total distance travelled, which is the maximum 
fluidity length, Morales etal. [1977] and Aguilar Rivas and Biloni [1980a], [1980b] 
performed tests on Al-Cu alloys that measured the distance flowed vs. time for different 
metallostatic pressures, superheats and metal-mould heat transfer coefficients, h r In 
addition, the use of careful metallographic analysis of the fluidity samples gave infor- 
mation about the vein closing mechanism. The measured data have two stages with 
different slopes. For a given fluidity test, the first stage represents a high percentage of 
the total distance flowed but depends on variables independent of the true capacity of 
flow of the metal or alloy, namely, the liquid superheat and the heat transfer coefficient 
at the metal-channel surface. The second stage, in general, represents a small percentage 
of the total distance flowed but reflects the intrinsic ability of the metal or alloy to flow. 
In a complementary study, Morales etal. [1979] determined how the channel microgeo- 
metry, as influenced by machining, polishing and coating, affects microstructure and L f 
through variations in the local and average heat transfer rates. In summary, the molten 
metal entering the channel flows until all the superheat is eliminated in the first stage. 
The liquid can continue to flow primarily because of the delayed cooling due to the 
latent heat evolution. This second stage is strongly affected by the solidification 
mechanisms, the / s (7) relationships, and the nature of the columnar/ equiaxed structures. 

Until recently all fluidity tests performed in fundamental investigations used binary 
alloys to establish relationships between L f and alloy composition (Flemings [1974], 
Campbell [1991a]). Garbellini et al. [1990] carried out an extensive study of the 
fluidity of the Al-Cu rich comer of the Al-Cu-Si ternary system, which serves as a basis 
for many commercial alloys. This paper developed a correlation between L f and alloy 
microstructure in the binary (Al-Cu and Al-Si) and ternary (Al-Cu-Si) systems. 
Campbell [1991c] discussed this paper expanding on the results. L ( for any composition 
is a balance among three factors primarily related to the phase diagram: a) the latent heat 
of the proeutectic phase, i.e., Al, Si or Al 2 Cu; b) the amount of interdendritic liquid 
remaining at the end of the proeutectic solidification; and c) The value of the fluidity for 
the specific eutectics (binary and/or ternary) that complete solidification. These con- 
siderations led to the conclusion that minor changes of compositions can be quite 
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important, for example for metal matrix composites (MMC) obtained by infiltration. Also 
due to the latent heat effect, the high fluidity of alloys with proeutectic Si phase in hyper 
eutectic alloys was confirmed. The important industrial Al-Si alloys do not display a 
peak fluidity at the eutectic composition. Typically alloys with the smallest freezing 
ranges show the best fluidity (Flemings [1974], Campbell [1991a]). Small amounts of 
Si in hypereutectic alloys dramatically increased L s because of the extraordinarily high 
latent heat of Si that maintains the fluid state of the alloys for longer times. The 
relationships that exist between fluidity length and solidification microstructure are open 
to further research. As examples, there is a large difference in fluidity between binary 
A1-A1 2 Cu, a regular eutectic and Al-Si, an irregular eutectic (Garbellini etal. [1990]). 
In eutectic cast irons the fluidity is determined by the morphological changes of the 
graphite phase as documented by fluidity tests on laminar, vermicular and nodular cast 
irons (Stefanescu etal. [1988]). 

9.5.2. Combined effects of surface tension and fluidity 

When the channel section becomes thinner than a critical value, considered to be 
-0.30 cm for most metals and alloys by Flemings [1974], the resistance to liquid flow 
increase because of surface tension. This is particularly critical in technologies such as 
aerofoils, propellers, and turbine blades (Campbell [1991a]). Campbell and Ollif 
[1971] distinguish two aspects of filling thin sections: flowability, essentially, following 
the rules discussed above and fillability limited by surface tension. 

9.5.3. Continuous fluidity length 

Figure 64a is a schematic representation of the solidification into a channel when a 
nondendritic S-L interface is considered (Morales et al. [1977]). In region I, no 
solidification occurs; in region II the solidification occurs in the presence of a decreasing 
amount of superheat. Region III corresponds to the liquid and solid at the melting 
temperature, i.e. with no superheat. The length, L c , defines a critical value known as the 
continuous fluidity length. The physical meaning of L c has been defined by Feliu et al. 
[1962], who introduce the concept of the flow capacity of a channel. In the case of a very 
long channel the flow capacity is just the volume of the cast fluidity length L f . In the case 
of a channel of intermediate length, the flow capacity is the total of the amount which has 
flowed through, plus the amount which has solidified in the channel. For a channel 
shorter than L c the flow capacity becomes infinity (fig. 64b). Campbell [1991a] gives 
technological applications of these concepts for different types of alloys and moulds. 

10. Solidification processes 

This section will treat two conventional solidification processes that have an 
important impact in current technology: continuous casting and welding. 

10.1. Continuous casting 

Continuous casting has emerged as one of the great technological developments of 
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Fig. 64. The concepts of: (a) maximum fluidity length showing the stages of freezing leading to the arrest of 
flow in a long mould; and (b) the continuous flow which can occur if the length of the mould does not exceed 
a critical length, defined as the continuous-fluidity length. Campbell [1991a]. In (a) has been included the 
schematic representation of the solidification considered by Morales elal. [1977]. 


this century, replacing ingot casting and slabbing/blooming operations for the production 
of semi-finished shapes; slabs, blooms and billets. More recently even continuous 
production of single crystals for research and sophisticated technology has been 
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developed. Excellent reviews of the research and technology involved in this field have 
been presented by Taylor [1975], Weinberg [1979a] [1979b] and Brimacombe and 
Samarasekera [1990] for steels and Emley [1976] and Baker and Subramian [1980] 
for aluminum and its alloys. Additionally Pehlke [1988] and Minkoff [1986] present 
comprehensive details of the process both in ferrous and nonferrous alloys together with 
technical details of the industrial installations currently used. 

10.1.1. Continuous casting of steels 

Figure 65 shows the main components of a continuous casting machine. Molten steel 
is delivered from a ladle to a reservoir above the continuous casting machine called a 
tundish. The flow of steel from the tundish into the water cooled mould is controlled by 
a stopper rod nozzle or a slide gate valve arrangement. To initiate a cast, a starter, or 
dummy bar is inserted into the mould and sealed so that the initial flow of steel is 
contained in the mould and a solid skin is formed. After the mould has been filled, the 
dummy bar is gradually withdrawn at the same rate that molten steel is added to the 
mould. Solidification of a shell begins immediately at the surface of the water cooled 
copper-mould. The length of the mould and the casting speed are such that the shell 
thickness is capable of withstanding the pressures of the molten metal after it leaves the 
mould. Usually a reciprocating motion is superimposed on the downward travel to 
prevent sticking. 

Figure 66 shows schematically the role of fundamental knowledge in analyzing the 
process for the achievement of quality products (Brimacombe and Samarasekera 
[1990]). Determination of the heat flow is important because it allows the prediction of 
the shell profile, the pool depth and temperature distribution as a function of casting 
variables. In the mould heat transfer, the gas gap separating the mould and the strand 
casting and its relationship to mould heat flux is very important. Mahapatra et al. 
[1991a] [1991b] employed measured mould temperatures and mathematical modeling in 
order to predict formation of oscillations marks, longitudinal or corner depressions and 
subsurface cracks. Additionally, laboratory experiments and in-plant studies have been 
undertaken to determine the relationship between spray heat transfer coefficient and spray 
water flux. As, a result, mathematical models of spray systems have been developed. 

The main aspects of solidification that must be understood in continuous casting are: 
i) the cast structure; ii) growth of the solid shell encasing the liquid pool and, iii) 
segregation. For the first concern, as with static casting, the structure consists of both 
columnar and equiaxed grains. The lower the pour temperature, the higher the fraction 
of equiaxed grains. The equiaxed structure is favoured in the medium carbon range, from 
about 0.17% to 0.38%C. Also induced fluid flow, for example by electromagnetic 
stirrers, enhance the growth of equiaxed grains. Shell growth is affected by all the 
variables that influence the mould heat flux distribution. When microsegregation is 
considered the models discussed in §7 can be applied but the macrosegregation 
associated with the fluid flow during the solidification process is still not completely 
understood in continuous casting. However it is recognized that the same factors favoring 
an equiaxed structure diminish the macrosegregation. 

Very recently Brimacombe [1993] stressed the challenges of transferring knowledge 
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Fig. 65. Schematic diagram of continuous-casting machine. Brimacombe and Samarasekera [1990]. 

from R & D to the steel continuous casting industry. He suggests the development of 
expert systems in the form of an intelligent billet casting mould. This system effectively 
transfers knowledge on line to the shop floor through the combination of thermocouple 
and load cell information, signal data recognition based on years of research, mathemat- 
ical models of heat flow in the solidifying shell and mould, understanding of the 
mechanism of quality problems, and the formulation of a response to a given set of 
casting conditions. 
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Fig. 66. Knowledge-based approach to analysis of continuous casting. After Brimacombe and Samarasekera 
[ 1990 ]. 

10.1.2. Continuous casting of light alloys 

The principal casting process for light metals, such as Al, is the direct chill process. 
Figure 67 shows a schematic representation of the D.C. casting components for con- 
ventional open mould casting, the most common method used for blocks and billets 
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Fig. 67. Schematic diagram of vertical DC casting as commonly practiced. Emley [1976]. 


(Baker and Subramanian [1980]). There are three factors that influence the separation 
of the ingot shell from the mould: (i) shrinkage at the ingot shell itself; (ii) thermal strain 
within the ingot shell; (iii) shrinkage in the block section below the mould and the 
associated mechanical strains in the shell. All are influenced by the primary and 
secondary water cooling system and can affect the ingot structure, principally at the 
surface of the ingot. The air gap developed when the shell separates from the mould can 
give rise to defects of various types. When gap formation occurs there is increased 
resistance to heat transfer and, consequently, reheating of the skin. Reheating results in 
macrosegregation, exudation, runouts, retardation of the solidification in the subsurface 
zone, and variations in the cell/ dendrite size of the outer surface of ingots. Zones of 
coarse dendritic substructure may extend 2-3 cm below the surface. Associated with the 
coarse cells are large particles of intermetallic constituents, formed by eutectic reactions, 
which may be exposed by surface machining that is usually performed before fabrication 
(Bower etal. [1971]). Several methods have been proposed to reduce surface defects. 
The most succesful are those that reduce the heat extraction at the mould through the 
control of the microgeometry of the mould surface, for example by machining fine 
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grooves in the face of the mould. The molten aluminum does not fill the grooves due to 
surface tension. 

More recently, mouldless electromagnetic casting has been developed to improve the 
metal surface quality. Electromagnetic casting was invented by Getselev [1971] and the 
principle behind this process is simple. Molten metal is supported slightly away from a 
mould by radial electromagnetic body forces concentrated within the upper part of the 
ingot. These forces are generated by a one-loop induction coil supplied with 5000 A at 
2000 Hz (Vives and Ricou [1985]). 

Sato etal. [1989], [1991], [1992] studied extensively the production of Al, Al-Cu, 
and Al-Si rods with different cross-sectional geometries by a mouldless vertical 
continuous casting process. The main advantages consist of: (i) near net shape material 
having small and complex cross sectional configuration; (ii) full automation preventing 
break-out of molten metal and permitting easy start-up and easy shut down; (iii) cast 
material having unidirectional solidification structures; iv) geometries having changeable 
cross sectional configuration along their axes. 

Elimination of the nucleation source for new crystals during solidification permits 
long single crystals to be continuously cast. Figure 68 shows the principle of the 
ingenious Ohno Continuous Casting process (OCC) (Ohno [1986]). The mould is heated 
to a temperature above the melting point of the metal to prevent the formation of new 
crystals on the surface of the mould. Cooling is arranged so is that the ingot maintains 
a small region of molten metal when leaving the mould, which solidifies immediately 
after leaving the outlet of the mould. If many ciystals are nucleated at the end of the 
dummy, where the ingot begins to solidify, the combination of dendritic growth 
competition and macroscopic interface curvature eliminates all grains except one having 
a direction of preferential growth in close proximity to the casting direction. As a 
consequence a single crystal is formed. The process can also be used with a seed crystal 
of desired crystal orientation at the end of the dummy. Excellent results have been 
reported with Al, Pb, Sn, Cu and their alloys (Ohno [1986]). More recently Kim and 
Kou [1988] and Wang et al. [1988] studied the experimental variables of the OCC 
process and performed numerical modeling of heat and fluid flow. Tada and Ohno 
[1992] extended the OCC principles to the production of aluminum strips using an open 
horizontal, heated mould. The method was patented under the name, Ohno Strip Casting 
process (OSC). 

As in most solidification processes, mathematical modelling of continuous casting of 
nonferrous alloys has also been undertaken. In the particular case of aluminum alloys, 
Shercliff etal. [1994] present a comprehensive review. 

10.2. Fusion welding structures 

In most metallurgical processes the scientific approach to process improvement is to 
obtain relations between operational variables, metallurgical structures and properties. 
However, for many years in fusion welding technology, only relations between operat- 
ional variables and mechanical properties were considered. In the last thirty years, the 
scientific approach has begun to be applied in cases where quality assurance is man- 
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Fig. 68. The principle of the OCC process. After Ohno [1986]. 


datory for sophisticated technologies. 

The fusion welding structure is a result of complex transformations and interactions 
starting with metal-gas and metal-flux reactions in the liquid state followed by the 
formation of the primary structure by solidification. Pioneering work by Savage and co- 
workers at R.P.I. initiated the correlation between operational variables and primary 
structures (Savage et al. [1965]). More recently, Davies and Garland [1975], 
Easterling [1984] and David and Vitek [1989] have presented comprehensive reviews 
of the correlation between solidification parameters and weld microstructures. 

Metallurgically, a fusion weld can be considered to consist of three major zones, 
namely the fusion zone (FZ), the unmelted heat affected zone (HAZ) and the unaffected 
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Fig. 69. Schematic diagram showing the three zones within a weldment. After David and Vitek [1989]. 


base metal (BM), fig. 69. However careful metallographic analysis reveals the zones 
schematically shown in fig. 70 (Savage and Szekeres [1967]). The (FZ) can be divided 
into subzones: the composite zone (CZ) and the unmixed zone (UZ). In addition between 



Fig. 70. Schematic representation of the different zones of a weld. After Savage and Szekeres [1967]. 
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the (FZ) and the (HAZ), a partially melted zone (PMZ) exists. 

The (UZ) appears in welds made with filler metal additions. It is a thin zone 
composed of base metal that is melted and resolidified without mixing with the filler 
metal during the passage of the weld puddle. This zone can be the location of initiation 
sites of microcracking as well as corrosion susceptibility in stainless steel. The PMZ is 
a region where the peak temperatures experienced by the weldment falls between the 
liquid and the solidus. As a consequence, only inclusions of low melting point as well as 
segregated zones can be melted. These areas resolidify and the contraction during the 
subsequent cooling can be a source of microcracks (Biloni [1983]). 

In solidification processes, cooling rates range from 10 -2 — 10 2 Ks -1 in casting technol- 
ogy to 10 4 -10 7 Ks -1 for rapid solidification technology. Cooling rates in welds may vary 
from 10-10 3 Ks -1 for conventional processes, but when modem high energy beam pro- 
cesses such as electron beam (EB) and laser welding (LW) are considered cooling rates 
may vary from 10 3 to 10 6 Ks -1 . Furthermore the local conditions and cooling rates vary 
significantly within the weld pool. Therefore weld pool solidification incorporates aspects 
of both extremes of solidification, i.e. traditional casting as well as rapid solidification. 
Thus, most of the solidification concepts discussed previously may be applied to the 
understanding of the different weld microstructures. The most important subjects to be 
considered are: weld pool geometry and macro- and microstructures of the welds. 

10.2.1. Weld pool geometry 

Figure 69 schematically describes an autogeneous welding process in which a moving 
heat source interacts with the metal parts to be joined. The weld pool geometry is a 
function of the weld speed and the balance between the heat input and the cooling 
conditions. For arc welding processes the puddle shape changes from elliptical to tear 
drop shaped as the welding speed increases. For high energy processes such as EB or 
LW, the thermal gradients are steeper and as a result the puddles are circular at lower 
speeds becoming more elongated and elliptical in shape as the welding speeds increases. 
Eventually at high speeds they become tear drop shaped. 

The heat transfer equation for a moving heat source was developed by Rosenthal 
[1941]. Minkoff [1986] and Kou etal. [1981] reviewed this type of analytical model of 
heat transfer for welding. They consider only heat transfer by conduction neglecting the 
important convective heat transfer existing in the weld pool. In recent years much effort 
has been focussed on the dynamics of the heat and fluid flow in the weld puddle through 
experimental work and mathematical modeling. The goal is to reproduce actual weld pool 
shapes and eventually to develop the capability of predicting weld geometries (David 
and Vitek [1989], [1992]), (David etal. [1994]). 

Convection is produced by: a) buoyancy effects; b) electromagnetic forces and, c) 
surface tension forces. The interactions among these three driving forces have been 
modeled by Wang and Kou [1987] showing the effects on the shape and weld pene- 
tration in G.T.A. (Gas T\ingsten Arc) aluminum welds and by Zacharia etal. [1992] in 
G.T.A. welding of type 304 stainless steel. It is important to keep in mind that impurities 
in weld metal are often surface active and alter the surface tension of the liquid metal 
and its temperature dependence. For pure metals and high purity alloys the surface 
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tension decreases with increasing temperatures and the resultant flow is outward, away 
from the center of the weld pool. The result is a wide and shallow weld pool. When 
surface active elements exist, a positive temperature coefficient of the surface tension can 
occur in some cases and the resultant inward flow promotes a deeper and narrower weld 
pool. An example is the presence of small amounts of O and S (less than 150ppm) in 
stainless steel (Heiple el al. [1984]). 

As already mentioned, computational models have been developed in order to predict 
lhe weld pool shape. Figure 7 1 shows calculated profiles superimposed on a macrograph 
of a cross section of an aluminum G.T.A. weld (Zacharia et al. [1988]). Although the 
correlation is reasonable, improvement of the model is necessary considering that the 
calculations underestimate the depth of penetration. 

10.2.2. Macro- and microstructures of welds 

A weld pool solidifies epitaxially from the parent grains in the (PMZ) surrounding it. 
As a consequence of competitive growth controlled by the orientation of the temperature 
gradients and the easy growth direction, favourably oriented grains survive. As in castings, a 
columnar region develops, favoured by the presence of a continuous heat source, which keeps 
thermal gradients high at the S-L interface. Figure 72 corresponds to an elliptical weld pool. 
The local thermal gradient , G L and the local solidification rate, R w changes from the fusion 
line to the weld center line. If crystal growth is considered isotropic (fig. 72a) 

/? H = V w cos0,. (119) 



Fig. 71. Calculated temperature profiles superimposed on a macrograph of a cross-section of an aluminium 
alloy. David and Vitek [1989]. 
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Fig. 72. (a) Solidification rates at different positions of the weld pool if isotropic growth is assumed, (b) 
Relationship between welding speed and actual growth rate if anisotropic growth is assumed. Nakawaka et 
al. [1970], 


where V w is the velocity in the welding direction. If crystal growth is anisotropic, /? w 
must be corrected according to the expression developed by Nakagawa et al. [1970], 


R 


w 


K = K, cos 0, 

COS^' - ftj ) cos(ft,' - ft, ) ’ 


( 120 ) 


where R„ is the growth rate in a direction normal to the isotherm and ft' is the angle 
between the welding direction and the direction of favoured growth (fig. 72b). Thus in 
welding the solidification rate is greatest on the weld center line where ft,=0°. At this 
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point the temperature gradients are shallow because of the large distance from the 
welding heat source. 

The liquid pool shape determines the columnar growth direction as well as the 
solidification rate and thermal gradient into the liquid. Columnar-grain substructures are 
determined by the S-L interface morphology. Thus, most of the concepts discussed in § 6 
and §7 for unidirectional solidification of alloys and in §9 for columnar growth in 
conventional castings can be applied to columnar growth in welding: micro- and 
macrosegregation, banding, inclusions, porosity, etc. In addition, when situations 
involving rapid solidification arise, significant departures from local equilibrium at the 
S-L interface may occur (see § 5) and as a result metastable structures may be obtained. 
Vitek and David [1992] reported recent research showing that in LW or EB welding, 
metastable microstructures can be produced in stainless steel welds. Laser surface 
melting and alloying will be treated in § 11. Regarding the classification of welding 
macrostructures, PEREZ etal. [1981], Biloni [1983] shown schematically nine types of 
macrostructures obtained with different fusion welding processes. All of them show a 
columnar zone which may occupy the entire weld, or be accompanied by grains growing 
along the welding direction, by feathery crystals (see §9), by equiaxed grains or by 
mixed coarse and fine grains, the last being characteristic of electroslag welding (Paton 
[1959]). Recently Rappaz etal. [1989] and David etal. [1990] examined the effect of 
growth crystallography and dendrite selection on the development of the FZ microstruc- 
tures. Using single crystals and geometrical analysis that provides a three dimensional 
relationship between travel speed, solidification velocity and dendrite growth velocity, 
they were able to reconstruct a three dimensional diagram of a weld pool. The presence 
of equiaxed grains near the center of welds is believed to be beneficial in preventing 
solidification cracking and in maintaining good ductility in alloys subjected to brittle 
fracture. Kerr and Villafuerte [1992] reviewed the mechanisms and conditions which 
give equiaxed grains in castings (see § 9) and compared them to the situation in welds. 

11. Structure manipulation and new processes 

The concepts discussed in previous sections are the basis used by metallurgists to 
manipulate microstructure and thus obtain better physical and mechanical properties. 
However, the manipulation of structure is closely related to the continued development 
of processing methods. In this section we describe a few examples: single crystal growth 
from the melt, grain refinement, eutectic modification, rapid solidification, microgravity 
processing, metal matrix composite fabrication, and semi-solid metal forming. 

11.1. Single crystal growth from the melt 

Single crystal growth is useful to study the laws governing solidification of metals 
and alloys, to prepare samples for scientific studies, especially mechanical properties, and 
for technological devices such as those used in the electronics industries or the pro- 
duction of gas turbine blades. Thus, we consider single crystal production an important 
example of structure manipulation. 
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Chalmers [1964] and Thorton [1968] present reviews of the different methods 
available for single crystal preparation. In general, the same methods can be used for the 
growth of bicrystals if grain boundaries are to be studied. Four main methods and their 
variations are employed, (i) In the Bridgman method the mould containing the melt is 
lowered through the furnace and the solidification begins either at the lowest point of the 
mould or on a seed located in the bottom of the mould, (ii) The Chalmers method is a 
variation of the above using a horizontal boat. An advantage of these methods is the fact 
that the remaining liquid can be decanted by electromagnetic devices. However with 
horizontal growth, problems arise due to excessive convection during growth (see § 6). 
(iii) The Czochralski or pulling method consists of a melt contained in a crucible and a 
seed crystal that is lowered into it from above and then slowly rotated and withdrawn. 
The purpose of the rotation is to maintain axial symmetry of the crystal and decrease the 
solute enriched layer at the S-L interface. Hurle [1987] discussed the evolution of the 
method, mathematical modeling, and the advantages and future potential of this techni- 
que. (iv) The floating zone method employs zone melting principles (Pfann [1966]) and, 
uses no mould. Essentially, the molten zone is held in place by surface tension forces, 
sometimes aided by magnetic fields. 

In § 6 the importance of maintaining a flat interface has been discussed in detail as well 
as the relationship between different types of convection and stable interfaces. Pimputkar 
and Ostrach [1981] present a comprehensive review of convective effects in crystals grown 
from the melt, especially when Czochralski and Bridgman methods are considered. 

The directional freezing technique has been applied extensively to turbine blade 
manufacture. The techniques are employed in preparing aligned eutectic structures, 
directional columnar structures, and single crystal turbine blades. Unlike single crystals 
grown for electronic applications, single crystal turbine blades solidify with a dendritic 
structure. Therefore even though the crystallographic orientation of all the dendrites is the 
same, the turbine blades contain microsegregation and occasionally second phase 
particles formed by eutectic reactions. Piwonka [1988] reviewed the different methods 
used. In the case of single crystal turbine blades, the alloys have no grain boundaries and 
thus need no grain boundary strengtheners. Elimination of these elements permits 
solution heat treatment at higher temperatures. Consequently, new high temperature Ni 
base alloys have been developed having better high temperature properties because they 
contain a higher percentage of the y' strengthening phase. In addition, because no grain 
boundaries exist, monocrystal turbine blades have better corrosion resistance. 

11.2. Grain refinement 

Various techniques may be used to produce fine grained structures during solidificat- 
ion: thermal methods, innoculation and energy induced methods (Bolling [1971]). Each 
of these operates principally through one mechanism: nucleation or multiplication. 

11.2.1. Thermal methods 

From a thermal point of view we are concerned principally with two possibilities, 
rapid chilling and bulk supercooling. 
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(i) Chill effect: when molten metals contact the cold walls of a mould, the melt 
superheat is removed from the liquid and it becomes locally supercooled. The number of 
nucleation centres increase and nucleation takes place catastrophically in the liquid. 
Techniques such as splat cooling (see below) and die casting, as well as applications 
using chills employ this approach with varying efficiencies according to the sample size. 
The reader is referred to § 9 regarding the influence of wall microgeometry on the grain 
size in the chill zone of ingots and castings as well as the columnar zone grain size. 

(ii) Supercooling methods: Walker [1959] published the first observations of grain 
refinement phenomena due to bulk supercooling. Samples of about 500 g were cooled 
under a glass slag and/or inert gas atmosphere and were contained in a fused silica 
crucible to reduce the probability of heterogeneous nucleation on the crucible walls, and, 
thus, aid the achievement of large supercooling of the melt. With this method Ni samples 
doped with Ag (to preserve the grain structure) were supercooled in the range from 30 
to 285K. From 30 to about 145K of supercooling the grain size decreased monotonically 
but at this critical supercooling (AT*), a sharp decrease in grain diameter from about 
20mm to 2mm arose. Walker [1964] found a similar grain size transition in Co but at 
AT* = 180K. Walker measured the pressure pulse associated with the solidification of 
Ni and found that it showed a maximum in the vicinity of AT*. He suggested that the 
grain refinement was brought about by homogeneous nucleation in the liquid ahead of 
the S-L interface due to a transient local elevation in melting temperature caused by the 
pressure pulse. Subsequently, many researchers tried to understand the grain refinement 
mechanism associated with high supercooling. Other containerless processes, such as 
electromagnetic levitation and drop tubes have been used (Herlach etal. [1993]). These 
authors have analyzed most of the previous results and the proposed mechanisms as well 
as the effect of minor amount of impurities on the grain refined structure, which can be 
columnar and/or equiaxed. The large number of proposed mechanisms fall into three 
broad categories having much overlap: (i) multiple nucleation in the melt arising from a 
mechanical disturbance of some kind, generally associated with a pressure pulse 
generated by the solidification itself. (Walker [1959]; Colligan etal. [1961]; Glicks- 
man [1965]; Horvay [1965], Powell [1965]). (ii) Dendrite fragmentation arising in a 
number of possible ways including remelting and mechanical fracture (Kattamis and 
Flemings [1966]; Jones and Weston [1970a]; McLeod [1971]; Tarshis etal. [1971]; 
Southin and Weston [1973], [1974]; Kattamis [1976], McLeod and Hogan [1978]; 
Kobayashi and Hogan[1978]; Kobayashi and Shingu [1988]; Devau and Turnbull 
[1987]). (iii) Recrystallization of the solidified structure (Powell and Hogan [1968], 
[1969]; Jones and Weston [1970a], [1970b]). 

The study of the segregation substructure of the grains obtained at different super- 
cooling seems to support the fragmentation mechanism. Kattamis and Flemings [1966], 
[1967] and Kattamis [1976] observed a gradual change in dendrite morphology from a 
normal branched form to a more cylindrical form with decreasing side branching as the 
supercooling increased. At AT*, the transition from coarse columnar grains to fine 
equiaxed grains was accompanied by a change in the solute segregation pattern from 
dendritic to spherical. Each of these spherical patterns corresponded to a refined grain. 
The evolution of the spherical morphology is assumed to occur in two steps: detachment 
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of the secondary dendrite arms and subsequent coarsening into spherical elements during 
recalescence. Regarding the short time available for the remelting/ coarsening mechanism 
during recalescence, Cochrane et al. [1991] have shown that in drop tube processed 
Cu-30%Ni and Fe-35%Ni alloys, local solidification times as short as 200 /zs cannot 
retain the dendrite structure formed during the rapid growth phase. In addition, Will- 
necker etal. [1989], [1990] measured dendrite growth velocities and grain refinement 
in Cu-30%Ni and Cu-30%Ni-l%B as a function of supercooling. The addition of 1 at % 
B shifted AT* from 193 to 255 K. The grain refinement transition occurred in both cases 
at the same supercooling that a sharp change in V-AT behavior occurred (fig. 73). These 
results open the possibility of a link between grain refinement with the onset of complete 
solute trapping during the rapid growth phase (see §5). As Herlach etal. [1993] 
pointed out, there are many issues to be resolved in determining the mechanism 
responsible for grain refinement in highly supercooled melts and containerless processing. 
Schwarz etal. [1994] have presented a simple model of dendrite fragmentation by a 
Rayleigh instability that appears to predict the correct value for AT* for Cu-Ni alloys. 

A variant of the supercooling method uses so-called denucleation, a concept introduced 
by Marcantonio and Mondolfo [1974], working with aluminum alloys. If the nucleants 
that act at low supercooling can be removed (by centrifuging during freezing, among other 
methods) a denucleated melt can be supercooled well below its freezing point where it can be 
made to freeze rapidly on a chosen nucleant. These authors were able to reduce considerably 
the grain size of commercial purity Aluminum and Al-Mn alloys by this method. Also in 
Al-Mn alloys the method permits the retention of a higher percentage of Mn in solid solution. 

11.2.2. Innoculation methods 

One of the most important examples of structure modification in industry is the grain 
refinement of Al and its alloys using innoculants that increase heterogeneous nucleation 
(See §4). A fine grain size in shaped castings ensures the following: (i) mechanical 
properties that are uniform throughout the material, (ii) distribution of second phases and 
microporosity on a fine scale, (iii) improved machinability because of (ii), (iv) improved 
ability to achieve a uniformly anodizable surface, (v) better strength, toughness, and 
fatigue life, and (vi) better corrosion resistance. 

The grain refining inoculants used in the aluminum industry employ so-called “master 
alloys” containing Al with Ti, B and C. Several mechanisms have been proposed for 
grain refinement and critical reviews exist in the literature (Glasson and Emley [1968], 
Ross and Mondolfo [1980], Perepezko and Lebeau [1982], Perepezko [1988], 
McCartney [1989]). It is agreed that when master alloys are added to aluminum alloy 
melts, the aluminum mattrix dissolves and releases intermetallics into the melt, probably 
Al 3 Ti and various borides and carbides. Some compounds appear to act as effective 
nucleants with disregistry values below 10% and nucleation supercooling of less than 
about 5°C. In the past, the identities of the active nucleants have typically been studied 
from thermal and structural results obtained from standard bulk refinement tests. 
However more recently Hoffmeyer and Perepezko [1989a], [1989b], [1991] utilized the 
Droplet Emulsion Technique (DET) (see §4) to produce a fine dispersion of master 
alloys powders containing innoculant particles. In this way the response of Al to specific 
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effective and ineffective nucleants can be separated and identified through highly 
sensitive DTA and metallographic analysis. On the other hand, very recently Johnsson 
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Fig. 73. Dendrite growth velocity and grain diameter as function of supercooling for Cu 70 Ni 30 and Cu w Ni w B,. 
Willnecker el al. [1990]. See Herlach etal. [1993]. 
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et al. [1993] used highly sensitive thermal analysis in bulk experiments to study the 
mechanisms of grain refinement in high purity Al by master alloys. The use of high 
purity material and a computer automated thermal analysis technique, permitted them to 
isolate the effect of the Ti and B containing particles. Both types of work are comple- 
mentary and promise to elucidate the quite complicated refinement mechanisms. 

Despite the uncertainty about the details of nucleation mechanisms, improvements 
have been made in theory in order to predict the final grain size as a function of the 
dispersion and density of nucleant particles. Maxwell and Hellawell [1975] and 
Hellawell [1979] treat the ability of a substrate to act as a surface for heterogeneous 
nucleation simply using the wetting angle, 9, without entering into the details of the 
nucleation mechanism. A comparison is made between the final grain density and the 
initial nucleant density for various freezing conditions. As the melt cools below the 
liquidus, two processes take place concurrently. Solid nucleates on the available substrate 
surfaces at a rate which rises exponentially with the supercooling and, when the 
temperature has fallen below a certain limit, nucleated particles start to grow and evolve 
latent heat. The local cooling rate decreases as nucleation and growth accelerate until the 
temperature reaches a minimum and recalescence begins. The nucleation rate rises 
rapidly to a maximum at a temperature just before the minimum in the cooling curve. 
Afterwards the number of nucleation events decreases quickly as the available particles 
are exhausted and particularly because recalescence begins. Consequently, nucleation is 
almost complete just beyond the minimum temperature in the cooling curve. Sub- 
sequently, there is only growth. The number of grains varies according to the nucleation 
rate and is determined by the time recalescence begins. 

The minimum temperature reached and the recalescence rate are strongly influenced 
by the growth rate from each nucleation center. Maxwell and Hellawell [1975], and 
Hellawell [1979] employ a purely solute diffusion model for growth of spheres. More 
recently the deterministic model of Rappaz [1989] employs a more realistic dendritic 
growth model to predict final grain size for different inputs of nucleation and cooling 
conditions. An important effect is how grain size is decreased, for fixed nucleation and 
cooling conditions, by increasing the level of solute in the alloy. This occurs because of 
the reduction of the dendritic growth rate with increasing composition as described in § 7. 
The important effects of convection are not included in these models. 

11.2.3. Energy-induced methods 

A large number of methods have been employed to refine the grain structure through 
energy-induced methods that increase nucleation through cavitation or that promote 
crystal multiplication, principally through mechanical vibration, bubbling agitation, 
rotating magnetic fields, magnetic-electric interactions and mould oscillation. Cole and 
Bolling [1969] and Campbell [1981] present comprehensive reviews in the field. 
Although cavitation may be responsible for grain refinement under some experimental 
conditions, today it is generally accepted that the best, and cheapest method of grain 
refinement using energy-induced methods is to promote crystal multiplication during the 
solidification process. The multiplication occurs primarily by fragmentation of the 
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incipient dendritic structure by forced convection. Flemings [1991] gives a summary of 
the possible dendrite fragmentation mechanism existing in the literature. 

11.3. Eutectic modification 

Among the most important foundry alloys are those based on the Fe-C and Al-Si 
systems. The mechanical properties of these metal-nonmetal (nonfacetted-facetted) 
eutectics are dominated by the morphologies in which the non-metals solidify. As 
nonfacetted-facetted eutectics, the asymmetry of the couple zone must always be 
considered in the interpretation of microstructure regarding the presence or absence of 
primary phases as described in §8.1.5. In both systems the structure can be modified 
either by rapid cooling or by controlled addition of specific elements. The use of 
elemental additions has an advantage because their effect is essentially independent of the 
casting section thickness. Thus we shall only discuss modification by additives. The 
modification of the structure of these alloys and the resultant effect on the mechanical 
properties is a clear example of the manipulation of the structure based on the application 
of fundamental principles. 

11.3.1. Aluminum-silicon alloys 

Many studies have been focussed on the mechanism of modification in Al-Si alloy 
and several reviews are available (Chadwick [1963]; Smith [1968]; Hellawell [1970]; 
Granger and Elliott ([1988]). Most important is the change of the morphology of the 
silicon phase in the eutectic mixture. In unmodified alloys, the Si phase in the eutectic 
appears as coarse flakes that grow more or less independently of the A1 phase. With 
small additions of alkaline or alkaline earth metals (especially Na and Sr), the Si phase 
takes on a somewhat finer branched fibrous form that grows at a common liquid-solid 
interface with the A1 phase to form a composite-like structure with improved properties. 
The easy branching of the modified Si leads to a more regular and finer structure as 
described in § 8.1.3. Modifiers also change the morphology of primary Si in hypereutec- 
tic alloys. Although nucleation studies have been performed (Crossley and Mondolfo 
[1966]; Ross and Mondolfo [1980]), the modifying effects of Na and Sr are now 
thought to be growth related (Hanna et al. [1984]). Nucleation remains important 
however, through the addition of Al-Ti-B master alloys to control the Al grain size in 
hypoeutectic alloys (§ 1 1 .2.2) and through the addition of P (usually Cu-P) to promote 
heterogeneous nucleation (on A1P) and refinement of primary Si in hypereutectic alloys. 

During the growth of unmodified Al-Si eutectic, the Si flakes contains widely spaced 
[111] twins that provide for easy growth in the [111] direction and difficult growth 
normal to [111]. This is called twin plane re-entrant edge (TPRE) growth. In modified 
alloys the Si fibres contain a much higher density of twins that exhibit an internal zig- 
zag pattern (Lu and Hellawell [1987], [1988]). Since both Na and Sr are concentrated 
in the Si phase, these authors proposed a mechanism whereby the modifying elements are 
adsorbed on the growth ledges spewing out from the re-entrant comer. These adsorbed 
atoms cause the formation of new twins due to stacking errors on the growing interface 
due to size mismatch of the Si and the modifier. A hard sphere model for atomic packing 
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was used to define a critical ratio (1.65) of modifier to Si atomic size that promotes 
twinning. The growth of the Si is then thought to occur by repeated twin formation in a 
more isotropic manner than by TPRE governed growth. This more isotropic growth 
permits the Si fibers to branch and adjust eutectic spacing. The formation of the internal 
zig-zag twin structure is also consistent with the observation of microfaceting on the 
Al-Si interface (Lu and Hellawell [1987]). 

Major and Rutter [1989] proposed that a certain concentration of Sr is required 
at the interface to achieve modification (Clapham and Smith [1988]). Below a critical 
concentration, growth of the Si is by the twin plane re-entrant edge (TPRE) mechanism 
typical of unmodified eutectic. If growth occurs for a sufficient distance to accumulate 
Sr concentration at the solid-liquid interface above a critical level, the re-entrant edges 
are poisoned. Then, new twins form as described above. A continuous cycle of twin 
formation, TPRE growth, poisoning, new twin formation and so on can occur. More 
recently Qiyang et al. [1991] confirmed the adsorption of Na on { 1 1 1 } Si in agreement 
with the poisoning of the twin re-entrant edges. The phenomenon of overmodification 
can be explained as complete suppression of the TPRE mechanism resulting from 
elevated quantities of the modifying addition. In this way, formation of Al bands in 
overmodified structures (Fredriksson et al. [1973]) may be explained. 

11.3.2. Cast iron 

It is known that cast iron, belonging to the family of high carbon Fe alloys, can 
solidify according to either the stable iron-graphite system (grey iron) or to the meta- 
stable Fe-Fe 3 C system (white iron). As a consequence, the eutectic may be austenite- 
graphite or austenite-cementite (ledeburite). Furthermore, the complex chemical 
composition of the material has important and powerful effects on the structure of cast 
iron. Commercial alloys usually contain Si, minor addition of S, Mn and P and usually 
trace elements such as Al, Sn, Sb and Bi as well as the gaseous elements H, N and O. 
Both forms of cast irons (white and grey) have technological importance. Several 
comprehensive reviews and books have been published in the last decades both from 
fundamental and technological points of view (Morrog [1968a], [1968b]; Minkoff 
[1983]; Elliot [1988]; Stefanescu [1988]; Craig et al. [1988]; Hughes [1988]; 
Stefanescu et al. [1988]). Grey iron is the most interesting because of the different 
morphologies that the graphite can achieve and the resulting differences in mechanical 
and physical properties. Although semantic problems have confused scientists and 
foundrymen in the past, a general understanding of the mechanisms of nucleation, growth 
and modification of the graphite phase has occurred in the last 15 years. In this section, 
the present status of knowledge in the area will be discussed briefly. 

It is known that the growth of the stable Fe-G eutectic is favoured over the metastable 
Fe 3 C eutectic by slow freezing (See §8.1.7.) or by addition of elements such as Si and 
Al. These elements increase the temperature difference between the stable Fe-G and 
metastable Fe-Fe 3 C eutectic temperatures. In addition a wide variety of compounds have 
been claimed to serve as nuclei for graphite, including oxides, silicates, sulphides, 
nitrides, carbides and intermetallic compounds. Most of the nucleation mechanisms are 
connected with impurities existing in the melt or with inoculants that promote heterogen- 
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eous nucleation of the graphite. Although other inoculants are used, Fe-Si alloys are the 
most powerful and popular (Elliot [1988], Stefanescu [1988]), Skaland etal. [1993]). 

11.3.3. Cast iron eutectic morphology 

The morphology and characteristic of the eutectic, whether stable or metastable, with 
or without modification, are very important in determining the physical and thermal 
properties. Thus, it is worthwhile to consider the most important eutectic structures 
observed. The microstructure of these major forms are shown for example by Stefa- 
nescu [1988]. 

White Irons: The metastable unalloyed Fe-Fe 3 C ledeburite eutectic is classified as 
quasi-regular. Hillert and Subbarao [1968] described the mode of growth of the 
eutectic as well as the orientations arising between Fe 3 C and austenite(y). Powell [1980] 
has shown that the eutectic structure can be modified by quenching. By adding Cr or 
Mg, a plate-like Fe 3 C structure associated with equiaxed grains can be achieved 
(Stefanescu [1988]). 

Grey Irons: For high purity Fe-C-Si alloys, the structure of the Fe-G eutectic is 
spheroidal (Sadocha and Gruzlesky [1975]). However in practice the presence of 
impurities in the melt cause the graphite to take a flake morphology and grey flake iron 
is considered to be the characteristic form from a practical point of view. Modification 
of this structure gives different graphite morphologies: nodular, compact or vermicular, 
and coral. We shall be concerned only with the growth of eutectic structures without a 
primary phase and we will refer mainly to the three structures widely used in industry: 
flake, compact or vermicular, and nodular or spheroidal cast iron. 

At present there exists a theory for the mechanisms of the evolution from flake to 
compact and nodular graphite (Minkoff [1990]): (i) fig. 74 corresponds to cooling 
curves for the three types of structure (Backerud etal. [1975]). The major characteris- 
tics of these cooling curves is the increase of supercooling on going through flake, 
compact and spheroidal graphite forms. The rate of recalescence after nucleation is 
determined by the nucleation rate and the growth rate, (ii) Grey flake irons: the growth 
of the flake structure is well understood. Once graphite has nucleated, the eutectic cell 
or colony grows in an approximately radial manner and each flake is in contact with 
austenite up to the growing edge. The crystals of graphite grow in the close packed 
strong bonding “a” direction using steps created by rotation boundaries. These rotation 
boundaries are defects in the crystals in the form of rotations of the lattice around the 
<0001> axis. According to Minkoff [1990], the screw dislocations on { 1 OlO } planes, 
which have been proposed as an alternative growth mechanism, are inactive (fig. 75a). 

Elliott [1988], Stefanescu [1988] and Skaland etal. [1993] discuss the effect of 
S and O as promoters of the flake graphite morphology on the basis of their adsorption 
on the high-energy (lOlO) plane. Thus, growth becomes predominant in the “a” direction. 
The result is a plate like or flake graphite, (iii) Nodular or Spheroidal Irons. This is 
considered a divorced eutectic. Until recently has been widely accepted that the growth 
of this eutectic begins with nucleation and growth of graphite in the liquid, followed by 
early encapsulation of these graphite speroids in austenite shells. The result is eutectic 
grains (often named “eutectic cells”) presenting a single nodule (Wetterfall et al. 


References: p. 830. 



818 


H. Biloni and W.J. BoeUinger 


Ch. 8, §11 



Fig. 74. Cooling curves for laminar, vermicular and nodular cast irons. Backerud el al. [1975]. 

[1972]). Thus, it is common practice in the foundry industry to associate the number of 
nodules to the number of eutectic grains. However recent research by Sikora et al. 
[1990]) and Banerjee and Stefanescu [1991] indicated the existence of simultaneous 
nucleation of both the dendritic austenite and the spheroidal graphite. The interaction 
between both phases during solidification gives rise to the formation of eutectic grains 
presenting several nodules. This is a fact to be taken into account when micromodelling 
of the structure is attempted. Regarding the spheroidal growth of the graphite, several 
theories exist in the literature and they have been reviewed by Minkoff [1983], Elliot 
[1988] and Stefanescu [1988]. Minkoff [1990] considers that the relationship among 
supercooling, melt chemistry and crystalline defects determine the spheroidal growth of 
the graphite. In this case the screw dislocation mechanism is considered dominant in 
causing repeated instability of the pyramidal surfaces, so that a radial array of pyramids 
is formed (fig. 75b). (iv) Compact or Vermicular Graphite Irons'. This intermediate 
graphite morphology has been studied extensively due to its technological importance 
(Riposan et al. [1985]). The graphite is interconnected within the eutectic cell but its 
growth differs from flake graphite. As in the case of spherulitic growth, several theories 
exist (Stefanescu [1988], Elliot [1988]). The influence of the melt chemistry is very 
important. The occurence of compact graphite form requires a balance between flake- 
promoting elements, such as S and O, spheroidizing elements such as Mg, Ce and La, 
and antispheroidizing elements such as Ti and Al (Subramanian et al. [1985]). 

Minkoff [1990], in his general approach to the interdependence of supercooling. 
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Fig. 75. (a) Mechanism of growth of flake graphite from a rotation boundary which provides steps for the 
nucleation of (1010) faces, (b) Mechanim of growth of spheroidal graphite by repeated instability of pyramidal 
surfaces forming a radial array, (c) Mechanism of growth of compacted graphite by development of pyramidal 
forms on the crystal surface at steps due to screw dislocations. Minkoff [1990]. 

chemical composition and crystalline defects, considered that compact or vermicular 
graphite forms are intermediate between flake and spherulitic formation, and that the 
rounded morphology of the structure is a result of the thickening of graphite crystals at 
small values of supercooling by growth from the steps of screw dislocations, which have 
Burgers vector in the <0001> direction (fig. 75c). We consider that the mechanisms of 
graphite growth as well as modification by proper chemical agents is an open research 
field. Recent unidirectional solidification of flake and compact graphite irons with and 
without “in situ” modification in front of the S-L interface open questions about the 
forms of crystalline growth of the graphite phase, as well as the influence of the 
impurities and chemical agents on the surface tension of the Fe-G eutectic phases 
(Roviglione and Hermida [1994], Roviglione and Biloni [1994]). 
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11.4. Influence of rapid solidification processes (RSP) 

Most of the fundamentals of RSP have been included in § 2-8 and grain refinement 
due to high supercooling was described in § 11.1.2. The present section considers how 
RSP can be used to manipulate microstructure. 

11.4.1. Experimental and production methods 

The evolution of RSP methods goes back to the last century and its potential for the 
modification of microstructure were initiated by Duwez and his collaborators at the 
beginning of the 60’s. They designed the Duwez Gun, a device in which a gaseous shock 
wave smashes a drop of about lOmg of molten alloy into contact with a copper substrate 
or chill block to produce small foils or splats. This method usually is called splat cooling. 
These authors were successful in making a continous series of Cu-Ag alloys without any 
two-phase structure. In the same year the first metallic glasses were also discovered 
(Duwez et al. [I960]) (see chapter 19, §§ 2 and 3). Much earlier work in the field 
focused on equipment invention and evaluation, for example, the invention of melt 
spinning by Pond [1958], Subsequently many other methods have been developed and 
they have been reviewed by Jones [1982], Cahn [1983], Lavernia et al. [1992], and 
Suryanarayana et al. [1991], In all the methods a cast sample is produced where at 
least one physical dimension is small assuring a rapid removal of the latent heat of 
fusion by an appropriate heat sink. The methods developed to achieve rapid solidification 
have been categorized into three main categories, (i) atomization, (ii) chill methods, and 
(iii) self substrate quenching. (See also detailed discussion in ch. 19, §3). 

In atomization a fine dispersion of droplets is formed when molten metal is impacted 
by a high energy fluid; as a result of the transfer of kinetic energy from the atomising 
fluid (gas or liquid) to molten metal, atomization occurs. For example Lavernia et al. 
[1992] summarize the phenomena associated with the method considering that the size 
distribution of atomized droplets will depend on: (a) the properties of the material, such 
as liquidus temperature, density, thermal conductivity, surface tension, heat capacity and 
heat of fusion; (b) the properties of the gas, such as density, heat capacity, viscosity and 
thermal conductivity and (c) the processing parameters such as atomization gas pressure, 
superheat temperature and metal/ gas flow ratio. One of the most important applications 
of the atomization method is powder fabrication. Powder is convenient for subsequent 
consolidation into near final shapes. Variants of the method include, among others, gas 
atomization, centrifugal atomization and spark erosion (Koch [1988]). A recent review 
by Grant [1992] indicates that in recent years, atomization processes have been 
improved, new alloy compositions have been developed, hot isotatic pressing (HIP) has 
become an important processing tool, and new commercial product areas have emerged. 

One extension of the atomization method is spray atomization and deposition. 
Pionneering work in this area was performed by Singer [1970], [1972]. The general 
principle of the method is to atomize a stream of molten metal and to direct the resulting 
spray onto a shaped collector, or mandril. On impact with the collector, the particles, 
often partially liquid, flatten and weld together to form a high density preform which can 
be readily forged to form a product. Lavernia et al. [1992] and Grant [1992] reviewed 
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the different variables involved in the method. Additionally, Grant [1992] reviewed 
further application of the method to the formation of continuous sheet. It seems clear that 
high potential exists for continuous forming of steel and other metals as strips, sheet, 
plate and other forms. Recently Annavarapu and Doherty [1993] have developed an 
understanding of the microstructural development in spray forming. 

Chill Methods'. Melt spinning is the technique most widely used in rapid solidification 
because it is easy to execute and the quenching rates compare favorably with other 
available processes. Melt spinning makes possible the production of long narrow ribbons 
up to a maximum width of 3 mm. This limitation has led to the development of a 
patented method, planar flow casting (fig. 76a), and to renewed interest in the melt 
overflow process originally patented in 1911 by Strange (fig. 76b) and now not 
protected by patents. Both methods can yield large quantities of wide ribbons cooled at 
rates approaching 10 6 Ks" 1 . 

Self-Substrate Quenching Methods'. In this method the main objective is the 
modification of surface layers by rapid solidification. The heat source is typically a 
scanned or pulsed laser or electron beam focussed onto the specimen surface to cause 
rapid melting and resolidification. Spark discharge has also been used as a localized heat 
source. This field, especially when laser beams are used, have been reviewed among 
others by Draper and Poate [1985] and Suryanarayana etal. [1991], Because of the 
intimate thermal contact within the different regions of the sample, the flow of heat 
during solidification can be modeled simply by conduction into the underlying cold 
material. In addition resolidification does not require nucleation: the unmelted portion of 
a crystalline sample provides a growth source. Then the supercooling that exists in the 
process is only associated with the S-L interface and is due to kinetics of the growth. 

11.4.2. Relationships between RSP and solidification structures 

The principal changes which can be brought about in crystalline alloys by RSP include, 
(i) Extension of solid-state solubility; (ii) refinement of grain size, with possible modification 
of grain shapes and textures; (iii) reduction or elimination of microsegregation; (iv) formation 
of metastable phases; (v) achievement of high density of point defects; (vi) surface alloying. 
Many aspects of RSP have been discussed earlier from thermodynamic and /or kinetic 
points of view. Several papers and reviews exist for particular metals and alloys as a 
consequence of the increasing importance of RSP. Among these contributions the reader 
is referred to Lavernia etal. [1992] for aluminum alloys; Koch [1988] for intermetallic 
compounds; Suryamarayana et al. [1991] for titanium alloys; Grant [1992] for 
powder production by RSP methods; Pawloski and Fuchais [1992] for thermally 
sprayed materials; Draper and Poate [1985] for laser surface alloying; Chen et al. 
[1988a] [1988b] for laser surface modification of ductile iron. Kurz and Trivedi [1989] 
have modeled the selection of the microstructure under given laser processing conditions. 

11.5. Low gravity effects during solidification 

The common features of research in this area are the drastic reduction of sedimen- 
tation and buoyancy driven convection. Space flight provides solidification research with 
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Fig. 76. (a) Planar flow casting in which the nozzle is positioned near the moving substrate to control the 
thickness of the cast tape. Narashimam [1980]. See Lavernia el al. [1992], (b) Melt overflow process as 
described by Strange in 1911 patent. Strange [1911], See Lavernia etal. [1992], 
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long duration access to microgravity. However there also exist several short duration free 
fall facilities. Figure 77 shows the available low-g experimental systems (Curreri and 
Stefanescu [1988]). Both drop tubes and drop towers are used extensively. A drop tube 
is an enclosure in which a molten droplet can solidified while falling freely either in 
vacuum or in a protective atmosphere. Microgravity conditions are obtained up to a 
maximum of about 2 s. By contrast in a drop tower an entire experimental package, 
which may include furnace and instrumentation as well as the specimen is dropped 
within an enclosure. At present the best facilities are at NASA-LRC and at ZARM 
(Bremen) with drop towers of 145 m and 110 m height where 10" 6 and 10“ 5 g during free 
fall times of 5.2 and 4.7 s respectively are obtained. However, the 500 m drop tower 
planned at Sunagawa (Japan) and the Eurotube-Saar project of 1200 m high drop tower 
would give microgravity periods of 10 s and 12 s respectively (Herlach etal. [1993]). 
On the other hand parabolic flight and suborbital sounding rockets (fig. 77) provide 
microgravity levels between 30 s and 5 min. 

The wide variety of experiments and disciplines involved in microgravity research 
opens a new field where solidification and mechanisms as modified by the near null 
value of gravity may be studied. On the basis of different reviews (Jansen and Sahm 



Fig. 77. Regimes of microgravity experimentation in terms of time in weightlessness and accelerative g-levels. 
Curreri and Stefanescu [1988]. 
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[1984], Minkoff [1986], Curreri and Stefanescu [1988], Herlach et al. [1993]) 
among others, and the numerous proceedings of microgravity symposia quoted by the 
preceding authors, the mechanisms under study can be summarized: (i) distribution of the 
constituents in the initial fluid phase; (ii) phenomena of mass and heat transfer in the 
absence of bouyancy-driven convection. The drastic reduction of this source of con- 
vection leads to the increased influence of other mechanisms, which in general are 
masked on earth, namely: a) Marangoni convection; b) fluid movement as a result of 
expansion associated with phase changes or in the presence of electric, magnetic or 
thermoelectric fields; c) mechanisms of solute redistribution through diffusion; d) 
damping of temperature fluctuations in the fluid phase; e) effect of the absence of gravity 
on phase interfaces or meniscuses. iii) Techniques for forming or preparing materials 
without crucibles, direct formation of whiskers, thin films without substrates, production 
of hollow spheres with extremely thin walls, and float zone melting with large diameter; 
iv) in the more specific case of alloys in connection with casting structures: a) convec- 
tion and solute distribution, b) solidification of off-monotectic and eutectic alloys, c) 
morphological stability of the S-L interface, d) micro- and macrosegregation, e) grain 
multiplication and casting structures. 

11.6. Solidification processing of metal matrix composites 

Thirty years ago Kelly and Davies [1965] and Cratchley [1965] summarized their 
own and other pioneering efforts on metal matrix composites. Recently there has been a 
surge of interest in using reinforced metal matrix composites as structural materials. 
Ashby [1993] indicates that any two materials can, in principle, be combined to make a 
composite in many geometries. A review of the processes for fabrication of MMCs is 
presented by Gosh [1990] covering a wide range of materials such as light alloy 
matrices, high temperature matrices and other special cases such as high thermal 
conductivity matrices and a variety of particulates, whiskers and fibers as reinforcements. 
Process methods may be divided as follows (i) liquid metal processes, (ii) solid state 
processes, (iii) deposition processes and (iv) deformation processes. Of these, solidifi- 
cation processing of MMC is gaining more and more importance because liquid metal is 
relatively inexpensive, and can flow easily to surround the reinforcing phases and create 
composites having a wide variety of shapes. Rohatgi [1988] has presented the state of 
the art related to the technical aspects of solidification processing for metal matrix 
composite fabrication. Mortensen [1991b] and Mortensen and Jin [1992] have 
reviewed the fundamentals. Mortensen [1991b] has classified the methods for produc- 
tion of MMCs into four classes on the basis of the mechanism by which the reinforce- 
ment and metal are combined (fig. 78 a-d). 

1. Infiltration, (fig. 78A) The reinforcement phase is stationary and essentially constitutes 
a very fine and intricate mould into which the liquid metal flows to fill all open porosity. 

2. Dispersion processes (fig. 78B) The reinforcement phase is discrete and is added to 
the metal. Entrainment of the reinforcing phase into the melt is affected by agitation, 
which acts on the reinforcement via viscous shear stresses. 

3. Spray processes (fig. 78C) The metal is divided into molten droplets and sprayed with, 
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B 




Fig. 78. Schematic representation of the principal classes of metal matrix composite solidification processes: 
A: infiltration, B: dispersion, C: spray-casting and D: in-situ processes. The reinforcing phase is black, the 
metal gray. Mortensen [1991b]. 


or onto, the reinforcement. Incorporation of the reinforcement into the matrix is affected 
by the added surface energy of the metal and the kinetic energy of moving droplets and 
particles. 

4. In situ-processes (fig. 78D) Essentially consists of obtaining composites via directional 
solidification. In contrast with the above methods, “in-situ” processes use conventional 
alloying and not an artificial combination of two phases. Thus the material can have 
exceptional high temperature capabilities. 

Mortensen and Jin [1992] present a comprehensive review of the physical phenom- 
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ena that govern infiltration and dispersion processes, which describes the governing 
phenomena of the process as being connected with the three main steps of metal matrix 
composite solidification. 

The first step involves the interaction between the liquid matrix and the reinforcement 
material. This step is governing by the wetting between the metal and the reinforcing 
phase that are being combined. In most cases wetting is generally unfavorable and 
positive pressure and hence external work must be provided to create the composite 
(Mortensen [1991b]). From an elementary thermodynamic analysis a minimum amount 
of energy W per unit volume of composite is equal to 

W = A,(y m - yAR ), ( 121 ) 

where A t is the surface area of the reinforcement/ matrix interface per unit volume of 
composite; y LR = reinforcement/ molten metal interfacial energy; y AR = reinforcement/ 
atmosphere interfacial energy. Mortensen and Jin [1992] discussed the methods to 
measure wettability and to improve it namely by: (a) reinforcement pretreatment, (b) alloying 
modification of the matrix and (c) reinforcement coating. From a chemical point of view, 
knowledge about the surface of the metal matrix, the reinforcement surface and the interface 
chemistry as well as the influence of alloy additions and reactive wetting are described. 

The second step corresponds to fluid flow, heat transfer and solidification phenomena 
that takes place in the composite material during infiltration and before it is fully 
solidified. The mechanics of infiltration and thermal and solidification effects, as well as 
processing of metal matrix composite slurries, (rheology and particle migration) must be 
considered. 

The third step corresponds to completion of the solidification process. The solidifi- 
cation of the metal matrix is strongly influenced by the presence of the reinforcing phase 
that can affect the nucleation, coarsening, microsegregation and grain size. In the case of 
particulate composites, particle pushing theories and experiments discussed in §9 are 
very important. 

In conclusion it appears that the solidification processing of MMCs is an open and 
fascinating research area. It now stands at a point where the most essential phenomena 
are beginning to be clarified. On the other hand, the engineering potential of metal 
matrix composites is continuously increasing. Reinforced metals have been introduced in 
a growing number of applications, ranging from the sports industry, electronics and 
aerospace to the automotive sector. Current estimates indicate that the number of 
applications and their commercial significance will grow significantly over the next 
decade (White and Olson [1990]). 

11.7. Semisolid metal forming processes 

When metals or alloys solidify in castings and ingots, a dendritic structure forms that 
develops cohesion when the alloy is as little as 20% solid. Thereafter strength develops 
rapidly. When the casting is deformed during solidification, deformation takes place 
preferentially along grain boundaries; grains slide and roll over one another with small 
welds forming and breaking. Occasional bending of dendrite arms in the neighbourhood 
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of the region of deformation also occurs. As deformation proceeds, open fisures may 
form ( hot tears) and be fed by liquid. In this case segregated regions, sometimes called 
filled hot tears result, yielding V segregates as mentioned in § 9 (Flemings and Mehrab- 
ian [1971]). In the course of this type of macrosegregation research, Metz and Flem- 
ings [1969a], [1969b] performed experiments where small blocks of A1 alloys were 
isothermally sheared. They found negligible strength below about 0.2 fraction solid. 
Spencer etal. [1972] carried out similar tests of Sn-15pct Pb alloy. Their test apparatus 
consisted of two grooved, counter-rotating cylinders. Figure 79a) shows the result 
obtained. Cleverly Spencer [1971] decided to use the same apparatus to conduct a quite 
different type of test. Instead of partially solidifying the alloy before beginning the shear, 
they began the shear above the liquidus and then slowly cooled the alloy into the solidifi- 
cation range (fig. 79b). Two major differences are noted: (i) there is a change from 
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Fig. 79. (a) Maximum shear strength of semisolid dendritic Sn-15wt pet Pb alloy vs. fraction solid obtained in 
isothermal experiments, (at a shear rate of 0. 16 s _l ). Schematic upper right shows test arrangement, (b) 
Viscosity and shear stress vs. fraction solid for Sn-15 wl pet Pb alloy cooled at 0.006 Ks' 1 and sheared 
continuously at 200 s~‘. Schematic at upper right is an illustration of the test specimen. Flemings [1991]. 


dendritic to non-dendritic structure; (ii) the shear stress is diminished for the dendritic 
structure compared to the nondendritic structure. For example, at f s = 0.4 the shear 
stresses are 200 KPa and 0.2 KPa respectively. The material behaves as a liquid-like 
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slurry to which an apparent viscosity can be assigned, as has been done in fig. 79b). The 
fundamentals of the semi-solid metal (SSM) forming processes lie in these results. 
Recently Flemings [1991] presented an extensive review of the development of this 
processes during the last 20 years as well as the current industrial applications. Also 
Kenney et al. [1988] reviewed this area, especially from an applied and technological 
point of view. 

Different names to characterize SSM forming processes exist in the literature. In 
rheocasting (from the Greek “rheo” to flow) strong shear forces break off dendrite 
fragments. If the alloy is poured when the viscosity is still low, it can be made to fill the 
mould. Each dendrite fragment becomes a separate crystal and a very fine grain size can 
be achieved without the disadvantages inherent in the use of grain-refining additions. The 
process also affects other casting features because the alloy is already partialy frozen 
when cast. Thus, shrinkage is reduced and economy in risers and gating may be 
substantial. Pouring temperature can also be much lower and as a consequence the 
amount of heat to be removed is lower and thermal stresses are reduced. Through this 
method all kinds of castings can be made including continuous rheocasting with or 
without electromagnetic stirring. The method can be used to prepare material to be 
utilised in subsequent casting processes. The prepared slugs are heatly rapidly to the 
partially molten state, dropped in the die-casting machine and forged under pressure into 
the mould. This method is named thixocasting. One important advantage is the dramatic 
improvement in die life due primarily to reduced metal temperature. 

Compocasting corresponds to the development and production of metal-matrix 
composites containing nonmetallic particles, taking advantage of the rheological 
behaviour and structure of the partially solidified and agitated matrix. The particulate or 
fibrous nonmetals are added to the partially solid alloy slurry. The problems of wetta- 
bility and their solutions are similar to those discussed in §11.6. and the reader is 
referred to the Mortensen and JlN [1992] review of MMC processes. The high viscosity 
of the slurry and the presence of a high volume fraction of primary solid in the alloy slurry 
prevents the nonmetallic panicles from floating, setting or aglomerating. With increasing 
mixing times, after addition, interaction between particles and the alloy matrix promotes 
bonding. The composites are subsequently reheated to the partially molten state in a second 
induction furnace and forged into shape with hydraulic presses. Very promising wear- 
resistant alloys have been obtained based on work by Sato and Mehrabian [1976] in 
Al alloys containing particulate additions of A1 2 0 3 and SiC. Matsumiya and Flemings 
[1981] extended the application of SMM to strip-casting and the basic technology of 
SMM provides a potential means of metal purification (Mehrabian etal. [1974]). 
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1. Definition and outline 

The microstructure of crystalline materials is defined by the type, structure, number, 
shape and topological arrangement of phases and/or lattice defects which are in most 
cases not part of the thermodynamic equilibrium structure. 

In the first part (paragraph two) of this chapter, the different types of lattice defects 
involved in the formation of microstructure (elements of microstructure) will be 
discussed. As far as the arrangement, shape and crystal structure of phases are concerned, 
we refer to chs. 1, 4, 8, 15-17, and 28. The third and fourth paragraph of this chapter 
will be devoted to the characterization and to the present understanding of the develop- 
ment of microstructures. 

2. Elements of microstructure 

2.1. Point defects, dislocations and stacking faults 

Point defects, point-defect clusters, dislocations and stacking faults are important 
elements of the microstructure of most materials. The atomistic structure and properties 
of these defects are discussed in chs. 18 and 20. 

2.2. Grain boundaries 

Control of the grain size is one of the most widely used means of influencing the 
properties of materials. Consequently, intense efforts have been directed in recent years 
towards a better understanding of grain boundaries. The progress achieved is documented 
in several comprehensive reviews (Balluffi [1980], Aust [1981], Gleiter [1982], 
Sutton and Balluffi [1987], Sutton [1990], Finnis and ROhle [1991], Wolf and 
Yip [1992], Sutton and Balluffi [1995]). 

The complex nature of interatomic forces and relaxations at interfaces has motivated 
the development of simple, mostly crystallographic, criteria for predicting the structure, 
the energy and other physical properties of interfaces. Some of these criteria and the 
underlying physical concepts of the atomic structure of grain boundaries will be briefly 
discussed in the following sections. 

2.2.1. Crystallography 

2.2.1.1. Coincidence site lattice. The coincidence site lattice (CSL) has proved a 
useful concept in the crystallography of interfaces and in the description of dislocations 
in interfaces. It is defined as follows (fig. 1). Two crystal lattices A and B which meet 
at an interface are imagined to be extended through each other in both directions. Crystal 
A or B is then translated so that a lattice point in A coincides with one in B. This point 
which is labelled O is designated as the origin of coordinates. Now it is possible that no 
other lattice points of A and B coincide, in which case O is the only common lattice 
point. However, for many orientations of the two crystals there will be other coinci- 
dences. These coinciding lattice points form a regular lattice which is known as the 
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Fig. 1. Coincidence site lattice (£5) formed by inteipenetration of two crystals. The unit cell of the CSL is 
outlined to the left, and the linear transformation relating the two lattices is shown on the right. 


Coincidence Site Lallice, CSL. 

Boundaries are classified according to the ratio of the volume of a unit cell of the 
CSL to the volume of a unit cell of A or B. This value is denoted by 2. Thus a low 
value of 2 implies a high frequency of coincidences of the interpenetrating lattices, and 
at the other extreme, 2 implies a completely incommensurate orientation. Boundaries 
with a relatively low (i.e., unambiguously measurable) value of 2 are referred to as 
coincidence boundaries and are sometimes associated with special properties. A boundary 
plane (e.g., CD in fig. 1) which is also a plane of the CSL has a certain planar density 
of coincidence sites T per unit area. The area 1/T is geometrically important. For CSL 
boundary planes, periodically repeating unit cells of the bicrystal can be defined (unit 
cells of the CSL) whose faces pave the boundary. An early idea was that boundaries with 
a high T would have a low free energy because the atoms occupying coincidence sites 
are in their bulk equilibrium positions relative to either crystal lattice. 

2.2.I.2. O-lattice. A generalization of the CSL can be made and is called the O- 
lattice. Let us start with two ideal interpenetrating lattices A and B coinciding at one 
point which we take as the origin (fig. 2). 

Consider a lineal' homogeneous mapping which brings A into complete coincidence 
with B at every site. In the simplest case, the mapping is a pure rotation or a shear. As 
all coincidence sites are completely equivalent, any one of them could be regarded as. the 
origin of the transformation. In general, there are even more points which could be taken 
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as the origin of the mapping and all such points together form a set called the set of O- 
points (fig. 2, O stands for Origin) (Bollmann [1970]). A conceptual advantage of the 
O-lattice over the CSL is that the set of O-points moves continuously as crystal A is 
rotated or deformed with respect to crystal B, whereas CSL points disappear and appear 
abruptly. There are O-points even when there are no coincidences. Lines bisecting the 
array of Opoints in the boundary can be geometrically regarded as the cores of disloca- 
tions which accommodate the misfit. There is thus a close relationship between the 
O-lattice and the geometrical theory of interfacial dislocations (Bollmann [1974]) (fig. 
2b). Such geometrical dislocations are a mathematical device, and do not necessarily 
correspond to physical dislocations, which are observable atomic structures. The principal 
utility of an O-lattice construction is that it enables the geometrical location and Burgers 
vectors of interfacial dislocations to be discussed. A weakness in the concept of an 
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Fig. 2. An (001) projection of the O-lattice between two simple cubic lattices, called lattice A and B in the text, 
with different lattice parameters, (a) The atoms of each crystal are represented by dots and crosses and the O- 
points are circled, (b) Showing the lines midway between the O-points which can be geometrically regarded as 
the cores of dislocations. (After Smith and Pond [1976].) 
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O-lattice stems from the fact that for a given orientation of A and B, the transformation 
which brings A into coincidence with B is not representable by a unique matrix. This 
non-uniqueness is why one must be cautious about attaching any physical significance in 
terms of observable dislocations to the mathematical dislocations defined by means of the 
O-lattice. 

2.2.I.3. DSC lattice. Another lattice which is of importance for the discussion of 
isolated dislocations and steps at boundaries is called the DSC lattice, sometimes referred 
to as Displacement Shift Complete (Bollmann [1970]) (fig. 3). This is defined as the 
coarsest lattice which includes the lattices of A and B (in an orientation for which there 
is some coincidence) as sublattices. Any vector joining a lattice point of crystal A to a 
lattice point of crystals A or B, and vice versa, is also a vector of the DSC lattice. Thus 
if either lattice is translated by a DSC vector, the complete pattern of the interpenetrating 
lattices and the CSL is either invariant or is simply displaced by the same vector. The 
DSC lattice is unique to the given orientations of A and B and is useful for predicting or 
explaining the observable (physical) dislocations in boundaries. 

2.2.2. Coincidence models 

The first attempt to correlate predictively the crystallographic parameters of a 
boundary (e.g., the lattice structure of the crystals forming the interface, the orientation 
relationship between the two crystals, the boundary inclination, etc.) with the actual 
atomic arrangement in the interface was made by Kronberg and Wilson [1949] who 



Fig. 3. The DSC lattice corresponding to the interpenetrating lattices illustrated in fig. 1. The DSC lattice points 
are the points of the fine grid. 
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applied the concept of lattice coincidence — which was developed independently by 
several crystallographers — to grain boundaries. An example of a coincidence lattice was 
shown in fig. 1. 

It was also at this time that boundaries with “low” values of 2 were called “special” 
and all other boundaries were called “random” or “general”. No limit on 2 for “special” 
boundaries was given. Hard-sphere models suggested that every atom at the boundary 
was at a site of one of the crystals or at a site common to both crystals. This led to the 
supposition that low-2 boundaries had low energies because they contained high densities 
of atoms at shared sites. Such reasoning embodied the “coincidence model” of grain 
boundaries. Brandon et al. [1964] subsequently pointed out that not all boundaries in 
a given coincidence system had the same density of coincidence sites. In fact, the density 
depends on the plane of the boundary. Indeed, one can always find boundaries in any 
coincidence system with extremely low densities of coincidence sites. They therefore 
proposed that the planar density, T, of coincidence sites in the plane of the boundary 
should be a more reliable indicator of low energy than 2 . This became known as the 
planar coincidence site density, or T criterion. Two arguments were given in support of 
this criterion: in a boundary with a high value of T there are more atoms at shared sites 
and hence the boundary “core” energy is lower. Secondly, by St. Venant’s principle, the 
strain field of the boundary extends into the grains roughly as far as the period of the 
boundary structure: the higher T the smaller the period, and, hence, the lower the strain 
field energy. Brandon et al [1964] also extended the planar coincidence to non- 
coincidence boundaries by combining it with the dislocation model (§2.2. 1.1). 

Boundaries between crystals deviating from an ideal coincidence-orientation relation- 
ship were proposed to consist of areas with an array of coincidence atoms in the plane 
of the boundary (boundary coincidence) separated by (misfit) dislocations. The signifi- 
cance of boundary inclination was incorporated in the model by suggesting that the 
boundary follows the planes containing a high density of coincidence sites in order to 
minimize the misfit, as the boundary consists in these regions of atomic groups with little 
strain. Boundaries constrained to lie at an angle to the most densely packed coincidence- 
plane were visualized as taking a step structure. 

2.23. Structural unit models 

The concept of atoms occupying coincidence sites (in terms of boundary or lattice 
coincidences) had to be abandoned after it was discovered by means of computer 
simulations of the atomic structure of grain boundaries (Weins et al. [1971]) that two 
crystals forming a coincidence boundary relax by a shear-type displacement ( rigid-body 
relaxation) from the position required for the existence of coincidence-site atoms at the 
boundary (figs. 4a and b). This conclusion was confirmed in subsequent years by 
numerous more sophisticated computer simulations as well as by experimental observations. 

The physical reason for the rigid-body relaxation may be seen from figs. 4 and 5. 
Figure 5 shows the boundary structure predicted by the lattice-coincidence model. Both 
closely and widely spaced pairs of atoms exist, resulting in a high-energy structure. The 
energy of the boundary may be lowered by translating the two crystals (without rotation) 
so that the “hills” on the “surface” of one crystal coincide with the “valleys” on the 



Ch. 9, §2 


Microstructure 


849 



Fig. 4. Structure of the boundary shown in fig. 5 after a “rigid-body relaxation” of the two hexagonal arrays 
of atoms in order to remove large interatomic repulsion or attraction forces (a) and subsequent relaxation of 
individual atoms into positions of minimum energy (b). The interaction potential assumed between the atoms 
corresponds to gold. (From Weins etal. [1971]) 


“surface” of the other crystal (fig. 4a) followed by the relaxation of individual atoms into 
minimum-energy positions (fig. 4b). The existence of rigid-body relaxations led 
Chalmers and Gleiter [1971] to propose that the boundary periodicity rather than the 
existence of boundary coincidence per se is the physically meaningful parameter. In fact, 
the existence of small structural units with an atomic packing density comparable to that 
in a perfect lattice was hypothesized to result in low-energy boundaries (fig. 4b). By 
extending the structural unit concept originally proposed by Bishop and Chalmers 
[1968] for unrelaxed coincidence boundaries to boundaries with atomic relaxations, the 
following (relaxed) structural unit model of grain boundaries was put forward (Chalmers 
and Gleiter [1971]): boundaries of low energy consist of only one type of (relaxed) 
structural units, whereas the structure of high-energy boundaries may be derived from a 
simple rule of mixing of the low-energy structural units of the nearest low-energy 
boundaries (Gleiter [1971]). This boundary model has been worked out in detail for 
different types of boundaries (Pond and Vitek [1977]). One of the limitations of the 
model is its applicability to interpolate between two structures of short-periodic bound- 
aries. When the misorientation between two crystals forming a boundary consisting of a 
mixture of different structural units is described in terms of an axis and an angle of 
rotation of one crystal relative to the other, and when the rotation axis is of high indices, 
the Burgers vector of secondary dislocations associated with the minority units may 
become unrealistically large. “Unrealistically large” means that the dislocation is unlikely 
to be localized within the minority unit unless the minority unit itself is large. If the 
dislocation is not localized then the assumption of the model, that local misorientation 
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Fig. 5. Lattice-coincidence model of a 18° tilt-type grain boundary between two hexaqonal arrays of atoms. The 
atoms at coincidence sites are indicated by cross-hatching. The “surfaces” of the two crystals are marked by 
dashed lines. 


changes occur so as to introduce structural units from other boundaries, breaks down. On 
the other hand, if large minority structural units are required then the misorientation 
range between the majority and minority structural unit boundaries is small and the 
predictive capacity of the model is limited. In practice this means that the model may 
usefully be applied pure tilt and pure twist boundaries with rotation axes of relatively low 
indices, i.e., <100>, <110>, <11 1> and possibly <112>. 

A few years after the discovery of quasiperiodicity in crystals, the same concept was 
utilized to model grain and interphase boundaries (Rivier [1986], Gratias and Thalal 
[1988], Sutton [1989]) see ch. 4, Appendix). The simplest way to visualize quasiperiodicity 
at an irrational grain boundary is to apply the structural unit model to an irrational tilt 
boundary. Along the tilt axis (which is assumed to be rational) the structure of the boundary 
is periodic. However, perpendicular to the tilt axis in the boundary plane the boundary 
structure will be an aperiodic sequence of majority and minority structural units. 

2.2.4. Broken bond model 

While for free surfaces a broken-bond description of the structure-energy correlation 
has been commonly used for over half a century (Herring [1953]), such an approach 
has only recently been adopted for grain boundaries, by Wolf and Yip [1992]. In an 
otherwise perfect crystal, thermal disorder is responsible for a broadening and shift of the 
interatomic spacings towards larger distances. Owing to the presence of planar defects, 
polycrystals are structurally disordered even at zero temperature, and their zero-tempera- 
ture radial distribution function shows the same two effects. However, because of its 
localization near the interface, this type of disorder is inhomogeneous, by contrast with 
thermal disorder. 
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To illustrate this inhomogeneity in the direction of the interface normal, let us 
consider the radial distribution function (or the planar structure factor) for each of the 
atom planes near the interface. As seen from fig. 6 for the case of a symmetrical (100) 
twist boundary in the fee lattice, the amount of structural disorder decreases rapidly from 
one (100) plane to another, indicating the existence of large gradients in structural 
disorder. Starting from the description of structural disorder in terms of the radial 
distribution function, G(r), a broken-bond model seems to present a useful step towards 
simplification. By characterizing the atomic structure in terms of the number of broken 
nearest-neighbor (nn) bonds per unit area, essentially in a broken-bond model the detailed 
peak shapes in G(r) are simply replaced by the areas under these peaks. Because all the 
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Fig. 6. Plane-by-plane zero-temperature radial distribution functions, r*G(r), on the three lattice planes closest 
to the (001) 8 = 43.60° (229) symmetrical twist boundary simulated by means of an embedded atom potential 
for Cu. The full arrows indicate the corresponding perfect-crystal -8-fiinction peak positions; open arrows mark 
the average neighbor distance in each shell. The widths of these shells are indicated by dashed lines. (From 
Wolf and Yip [1992].) 
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Fig. 7. Grain-boundary energy (mJ/m 2 ) versus number of nearest neighbor bonds per unit area, C(l). The unit 
area is normalized by the lattice constant, a. The computations were performed for a Lennard-Johnes potential 
fitted to Cu (fig. 7a) and an embedded atom potential fitted to Au (fig. 7b). a is the lattice parameter. For 
comparison, the related free surface energies, y, are also shown. (From Wolf and Yip [1992, p. 139].) 


information contained in the detailed shapes of these peaks is thus lost, small long-range 
elastic strain-field effects associated, for example, with interface dislocations or surface 
steps are therefore not ‘seen’ in the coordination coefficient. This is an inherent 
limitation of a broken-bond model. Figure 7 indicates the correlation between the average 
number of broken nn bonds per unit grain boundary area, C(l), and the grain boundary 
energy for the two fee potentials (Wolf [1990]). While, in principle, more distant 
neighbors should also play a role, in fee metals their contribution was found to be rather 
small (typically about 10-20% of the nn contribution). By contrast, in bcc metals the 
second-nearest neighbors were found to be practically as important as the nearest 
neighbors. 
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22 . 5 . Dislocation models 

The idea of modelling a high-angle grain boundary in terms of an array of closely 
spaced dislocations (fig. 8b, Read and Shockley [1950]) is an extension of the well 
established structure of small-angle boundaries (fig. 8a). If the dislocations are uniformly 
spaced in the plane of the boundary, a low-energy interface is formed because the strain 
fields of the dislocations extend into the lattices of both crystals over a distance 
comparable with the spacing of the dislocation array (St. Venant’s principle), which is a 
relative minimum for periodic arrays. A uniform dislocation spacing can only result if the 
dislocation spacing is equal to an integral number of lattice planes terminating at the 
boundary. For all other tilt angles the boundary may be described as a boundary with a 
uniform dislocation spacing (e.g., a 53° tilt boundary, fig. 8b) and a superimposed small- 
angle tilt boundary that accounts for the deviation from the tilt angle required for 
uniformly spaced dislocations (fig. 8c). The idea of describing a boundary which deviates 
from a low-energy structure in terms of the superposition of a low-energy boundary and 
a small-angle boundary has been increasingly used in association with dislocation models 
as well as with boundary models that are not based on the dislocation concept. 

The work of Read and Shockley, which is generally considered as a major 
achievement of the theory of interfacial structures, suffers from two inherent limitations. 
First, the singular behavior of the elastic strain fields near the dislocation centers was 
dealt with by removing the singularity mathematically with an inner “cut-off’ radius. The 
second deficiency is the linear superposition of the strain fields of the individual 
dislocations, which results in complete neglect of the interactions among the dislocations 
in the array. 

In order to ameliorate these deficiencies, the cores of dislocations in grain boundaries 
were modelled either by a hollow-core dislocation description (Li [1961]), by picturing 
the material in the core region as a second phase (Masamura and Glicksman [1974]), 
or by assuming the dislocation cores to merge into a slab of core material. A special case 
of the latter group of boundary models is the “random grain boundary model” (WOLF 
[1991]). It applies to high-angle twist boundaries. From an investigation of the role of the 
plane of the boundary relative to the crystallographic orientation of both crystals it was 
concluded that two types of boundaries should be distinguished in metals with a bcc 
structure. If the boundary plane is parallel to a set of widely spaced lattice planes, the 
boundary behavior (energy, cleavage fracture energy, etc.) is governed by the interplanar 
lattice spacing only. In this case, the interaction of the atoms across the interface is 
independent of the relative orientation of the two crystals. This suggestion is based on 
the physical reasoning (Wolf and Yip [1992]) that atoms are shoved more closely 
together when creating a twist boundary on a plane with small rather than large 
interplanar spacings. As a consequence of the short-range repulsion between the atoms, 
the bicrystal then expands locally at the grain boundary, and this expansion is largest for 
the grain boundaries with the smaller interplanar spacings, resulting in boundaries with 
higher grain-boundary energy. More precisely, two criteria for low interfacial energy 
were suggested (Wolf [1985]). The first criterion applies to twist boundaries: On a given 
lattice plane local minima in the energy vs twist angle relationship are expected at twist 
angles corresponding to the “locally smallest” CSL unit-cell area. The second criterion 
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Fig. 8. Dislocation models of symmetrical tilt boundaries in a simple cubic structure: (a) small-angle boundary; 
(b) 53° (high-angle) boundary; (c) 60° boundary. 
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applies to tilt boundaries. This criterion states that local minima in the energy vs tilt 
angle relationship correspond to planes with “locally large” interplanar spacing. Thus, for 
symmetrical tilt boundaries high values of d(hkl) are suggested to correspond to local 
minima in the energy vs tilt angle relationship. In order to see that Wolf’s criterion of the 
interplanar spacing is distinct from the criterion of a high density of coincidence sites 
(§2.1.1) in the boundary plane (T), let us consider non-periodic grain boundaries. There 
are no exactly periodic {111} {100} grain boundaries, for example. Thus, for all {111} 
{100} boundaries T=0, whereas the interplanar spacing would attain a relatively high 
value. 

The arguments discussed so far do not apply to grain boundaries on vicinal planes. 
Vicinal planes are planes that deviate little from the widely spaced ones. In this case, the 
“surfaces” of both crystals forming the boundary contain a pattern of ledges. In the case 
of boundaries of “vicinal” planes, the energy of the boundary will depend on the degree 
of matching between the two ledge patterns. The spacing of the lattice planes is of little 
relevance (see also ch. 20, § 6). 

2.2.6. Polyhedral unit models 

The concept of describing the atomic arrangements in grain boundaries in terms of 
densely packed atomic groups (e.g., the groups existing in amorphous structures) led to 
the development of the polyhedral unit models. Apparently, the idea of comparing the 
atomic arrangements in a grain boundary with the atomic arrangements existing in 
amorphous structures was first proposed by Potapov et al. [1971], They analyzed the 
three-dimensional atomic structure of grain boundaries in tungsten by means of field-ion 
microscopy. Boundaries were found to consist of periodically arranged rings formed by 
five atoms with a central atom between the rings (fig. 9). On the basis of these observa- 
tions it was concluded that a grain boundary may be represented in terms of the atomic 
configurations existing in amorphous metals. Some years later, a similar structural 
concept was worked out in detail by several other authors (Ashby etal. [1978] and Pond 
et al. [1978]). For example, fig. 10 shows the interpretation of the structure of a 36.9° 
[100] tilt boundary between fee crystals in terms of the polyhedral unit model. 

The comparison between grain-boundary structures and structural elements of 
amorphous materials is not without problems as the atoms in a boundary cannot relax to 
the same extent as in a glass. In an interface, the boundary conditions are given by the 
periodic structure of the two crystals on both sides, whereas an atomic group in a glass 
has no such periodic boundary conditions for its relaxation. This difference is borne out 
by several experiments. For example, positron annihilation measurements (Chen and 
Chang [1974]) and Mossbauer studies (Ozawa and Ishida [1977]) suggest that the 
atomic packing in grain boundaries is more “open” than in a glassy structure. This 
conclusion is supported by recent studies of the atomic arrangements in the interfaces of 
nanostructured materials (§ 5 of this chapter). Investigations of the atomic arrangements 
formed in the grain boundaries of nanostructured metals (e.g., by means of density 
measurements, X-ray diffraction, thermal expansion and various types of spectroscopies) 
suggest that the atomic structures of glasses differ from those of grain boundaries. 


References: p. 935 . 



856 


H. Gleiter 


Ch. 9, §2 



Fig. 9. Schematic diagram of the arrangement of the atoms in a 40° < 1 10> tilt boundary in tungsten, derived 
from a sequence of field-ion microscopy images. The position of the < 1 10 > common tilt axis in the two grains 
is indicated. Numbers 1-5 indicate subsequent layers of the boundary. Letters A,-A s label one of the polyhedral 
rings proposed by Potapov etal. [1971]. 


22.7. Limitations of existing models 

A detailed comparison of the experimental observations (Sutton and Balluffi 
[1987]) indicates that none of the above models seems to predict the boundary energy 
reliably in all cases, i.e., for metal/metal, ionic/ionic and metal/ionic interfaces. Apparent- 
ly, no geometric criterion can enshrine the universal answer to the question about the 
atomic structure of intercrystalline interfaces. This is not surprising since a severe 
shortcoming of all existing boundary models is the neglect of electronic effects. In fact, 
studies (Herrmann etal. [1976] and Maurer etal. [1985]) of low-energy boundaries 
in metals with the same lattice structure but different electronic structure suggest a 
division of all low-energy boundaries into two groups: “electron-sensitive” and “electron- 
insensitive” boundaries. Physically, this different behavior was interpreted in terms of the 
different atomic arrangements in the boundaries. If the atomic arrangement is similar to 
the lattice structure (e.g., in a twin boundary), the boundary energy is low irrespective of 
the contribution of the conduction electrons to the boundary energy. However, for 
boundaries with complex atomic structures, the electronic contribution to the boundary 
energy is crucial so that any difference in the electronic structure (e.g., two materials 
with different Fermi energies) leads to different boundary behavior. In fact, ffee-electron 
calculations showed that the positive charge deficit associated with a grain boundary may 
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Fig. 10. Structure of a 36.9° < 100 > tilt boundary between fee crystals, in terms of polyhedral units. The 
boundary is composed of stacks of capped trigonal prisms. 


be the dominant part of the boundary energy (Seeger and Schottky [1959]). 

A first ab initio solution of the electronic and atomic structures of a 2 =5(001) twist 
grain boundary in Ge was performed recently by Payne etal. [1985] by means of the 
Car-Parrinello (Car and Parinello [1985]) method. In this method one solves for both 
the electronic wave functions and the ion positions. The only approximations made in 
these computations were the use of a local pseudopotential for Ge, the local density 
approximation for the exchange-correlation potential, and a large but finite number of 
plane wave basis functions. By modem standards this is a first principles calculation. 
One of the interesting features reported was that a contraction could occur at the 
boundary and was associated with a relatively low energy. This is contrary to the 
common experience with grain boundaries in metals. As the boundary region becomes 
denser, five-fold coordinated atoms may arise, and this was indeed reported. With only 
4 valence electrons per atom, the system cannot form the same type of bond to a fifth 
neighbor as it has already established to four neighbors. Instead, rehybridization must 
take place. We might expect a five-fold coordinated atom to cost less energy than a 
three-fold coordinated atom since the former represents a smaller perturbation to the 
tetrahedral bond order. These ideas have been developed further by Sutton [1988], who 
proposed a bond-angle distribution function to characterize the boundary structure. 

A further shortcoming of existing boundary models is their limited ability to account 
for temperature effects. The significance of temperature for the structure and properties 
of interfaces was demonstrated experimentally several years ago (e.g., Erb etal. [1982]). 
The influence of temperature on the stability and structures of interfaces has been 
modelled by a number of groups and was recently reviewed critically by Pontikis 
[1988]. Molecular dynamics and Monte Carlo techniques have been employed and 
attention has focussed on disordering of the boundary region through roughening or 
premelting. Such disordering processes are nucleated by thermal fluctuations. However, 
many thermal properties of a grain boundary like those of a perfect crystal do not depend 
on thermal fluctuations but on thermal vibrations averaged over a long period of time, 
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e.g., such as the thermal expansion coefficient, specific heat and elastic constants. As 
little is known about these boundary properties, it is difficult at present to evaluate the 
relevance of the above computations. 

A great deal of information about the atomic structure of grain boundaries has been 
deduced by means of computer simulations. All simulations ultimately rest on the 
assumptions they make about interatomic forces. The majority of simulations assume 
some form of potential to describe atomic interactions. For simple s-p bonded metals, 
e.g., Li, Na, K, Mg, Al, such interatomic potentials can be derived rigorously from the 
electrostatics of interacting spherical screening clouds of electrons called pseudo- 
potentials. The presence of d-electrons at or near the Fermi level spoils this simple linear 
screening picture. For substances of this kind pairwise potentials have been generated by 
fitting more or less arbitrary functions to bulk properties such as cohesive energy, lattice 
parameter, elastic constants and vacancy formation energy. A more realistic class of 
potentials for transition and noble metals goes beyond the purely pairwise description of 
the interaction. They are referred to as isotropic N-body potentials. They are derived 
from a simplified tight-binding description of electronic densities of states. The next step 
up the ladder of realism in metallic solids takes us to 3- and 4-body potentials and to 
tight-binding models beyond the second-moment approximation. For insulators, simula- 
tions have used the Bom model in which the cohesive part of the total energy is the 
pairwise summation of the Coulomb interaction of the ions. This is counterbalanced by 
a short-ranged repulsive energy which is either fitted to the lattice parameter and bulk 
modulus of the perfect crystal or determined by the electron gas method. In semiconduc- 
tors, a number of empirical angular-dependent interatomic potentials have been devel- 
oped, motivated by the stability of the fourfold coordination which results from sp 3 - 
hybrid bonds. None can be regarded as completely reliable for structural predictions since 
they are fitted to bulk properties, and the energy associated with dangling bonds or 
rehybridization remains poorly represented. In semiconductors, ab initio pseudopotential 
methods have made rapid progress since 1985, when Car and Parrinello [1985] 
showed how the Schrodinger equation could be solved for the wave functions with a 
simultaneous adjustment of the positions of the ions — either to solve their equation of 
motion or to minimize the total energy. (For further details see ch. 2). 

On the experimental side, the most important sources of structural information about 
interfaces are high-resolution electron microscopy (HREM) and X-ray diffraction studies. 
A major experimental problem with X-ray diffraction studies is the fact that boundary 
scattering is relatively weak. For example, for a X5[001] twist boundary in Au the 
intensity of the weaker diffracted beams of the boundary region corresponds to about 4% 
of a monolayer of Au. In addition to the resulting poor signal-to-noise ratio, the presence 
of forbidden lattice reflections, double diffraction from the crystals adjoining the 
boundary, and scattering from free surfaces enhances the difficulties of obtaining reliable 
structural information (Sass [1980], Sass and Bristowe [1980], Fitzsimmons and Sass 
[1988], 

A promising new technique for studying interfaces by X-rays recently became 
important. This scattering of X-rays at grazing angles is called grazing incidence X-ray 
scattering , GIXS (Marra et al. [1979] and Eisenberger and Marra [1981]). In this 
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technique, a grazing-incidence X-ray beam of high intensity is reflected not only by the 
bulk material, but also by the reflectivity of interfaces buried slightly underneath the 
surfaces. By fitting the computed and measured X-ray reflectivity curves, information 
about the density profile across an interface may be obtained. GIXS studies require 
relatively large sample areas (typically 0.2 cm x 1 cm) under which an interface is buried. 
The GEXS study averages over this area. In other words, films of extreme homogeneity 
are required. Those films can only be obtained so far for epitaxial layers of semiconduc- 
tors or metals grown on rigid substrates such as semiconductors or ceramics. 

Modem high-resolution electron microscopes have point-to-point resolutions of about 
0.16 nm. In order to apply HREM to the problem of imagining the atomic structure of 
interfaces, only thin-film specimens (typical thicknesses 5 to 10 nm) and crystal 
orientations that result in close packed rows of atoms being parallel to the electron beam 
are suitable. In addition to these limitations, one has to keep in mind that the image of 
the boundary structure is a product of the wave field of the boundary in the objective 
plane and the contrast transfer function (CTF) of the microscope which depends on the 
lens errors and the focus conditions. In fact, the image of any object imagined in the 
electron microscope is severely modified by the CTF if electron scattering to large angle 
occurs since the influence of the spherical increases rapidly with the scattering angle. 
This effect is crucial for imagining the atomic structure of boundaries. Good imagining 
conditions are fulfilled for lattices with laige lattice parameters. If, however, deviations 
in the periodicity exist, components of the diffraction pattern of such an object appear at 
large diffraction vectors (v,J. This applies, for example, most likely to the atomic 
arrangement in grain boundaries. Hence, the structure of grain boundaries can only be 
imagined reliably if the oscillating part of the CTF is outside of v L . Naturally, all HREM 
studies imply that no structural changes occur during specimen preparation. 

2.3. Interphase boundaries 

2.3.1. Bonding at interphase boundaries 

In comparison to the extensive body of work on grain boundaries, relatively few 
studies have been directed at the understanding of the structure and properties of 
interphase boundaries. The bonding between chemically different materials across an 
interface involves interactions with and without charge exchange. The interaction 
between induced dipoles (London), between neutral atoms polarized by a dipole (Debye) 
and dipole/dipole interactions (Keesom) constitute the first group and are summarized as 
Van der Waals attractions. Charge exchange results in the formation of ionic, covalent 
and metallic bonds. Among the numerous conceivable combinations of materials at 
interphase boundaries, interfaces between ceramics and transition and noble metals are 
of particular practical importance. Hence, it is of interest to understand the bonding 
between them. Most ceramics of technological use today are insulating metaoxides. They 
bind to a free-electron-like metal essentially owing to the Coulomb attraction between the 
ions of the ceramic and their screening charge density in the metal (Stoneham and 
Tasker [1988], Finnis [1992], Finnis etal. [1990]). This image attraction is balanced 
mainly by the hard-core repulsion between the ceramic and metal ions and it seems 
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primarily (Duffy et al. [1992]) the hard-core repulsion which determines the relative 
positions projected onto the plane of the interface of the ceramic and metal ions, i.e., the 
parallel rigid-body translation. The model of an electrostatic image interaction stems from 
the classical concept in the continuum electrostatics of point charges near a conducting 
surface, and makes no reference to discrete atoms. Hence, it usually has no place in 
simple models of adhesion based on chemical bonding. Nevertheless, its equivalent 
attractive force close to a real metal surface can be calculated quantum-mechanically for 
simple geometries. Fortunately, the results of these quantum-mechanical calculations can 
be simulated by a classical interatomic force model, suggesting a way to incorporate this 
effect in computations of the atomic structure of interphase boundaries (Finnis [1992]). 

The binding of a ceramic to a transition metal is less understood, since here, strong 
covalent /wf-bonds may be formed across the interface between oxygen and the transition 
atoms (Johnson and Pepper [1982]). The formation of such bonds is supported by the 
observation that the adhesion correlates with the free energy of oxide formation for the 
transition metal; both increase in the order Ag— » Cu— »Ni— » Fe ... In this situation, it is 
remarkable that atomically sharp transition-metal/ceramic interfaces exist without inter- 
diffusion and formation of a transition-metal oxide layer. Whereas the hard-core 
repulsion favors translation states with the metal cores above the holes in the top layer 
of the ceramic, /^/-bonding pulls the transition atoms on top of the oxygens. 

Noble metals have filled, but polarizable ^-shells so that their binding to a ceramic is 
presumably of intermediate nature. In this case, the question of the translation state is 
difficult and there could be several metastable states. Experimental results are lacking 
and, for the system (001) fee Ag on (001) MgO, which has the rocksalt structure 
consisting of two interpenetrating fee sublattices, the semi-empirical image-charge model 
predicts (Duffy etal. [1992]) silver to be above the hole between two magnesiums and 
two oxygens, whereas ab initio electronic density-functional calculations (BlOchl etal 
[1990], Freeman etal. [1990]) favor silver on top of oxygen. 

However, no general prediction seems to be possible at this moment. For example, 
ab initio LDA calculations (SchOnberger etal. [1992]) indicate that the exact atomic 
positions and the type of bonds formed in interphase boundaries depend on the elements 
involved. Both Ti and Ag were found to bind on top of the O in Ti/MgO and Ag/MgO 
interfaces. However, the binding between Ti and O is predominantly covalent and weaker 
than in bulk HO; it corresponds to a Ti oxidation state less than +1. The bonding 
between Ag and O is weak and predominantly ionic. The bond length and force constants 
resemble those in Ag 2 0 where the oxidation state of Ag is +1. Whether it is the 
polarization of the Ag rf-shell which pulls Ag on top of O, or if this could also happen 
for an sp-metal is not yet known. 

The understanding of the fundamental physics involved in the bonding between a 
metal and a ceramic requires quantum-mechanical models to be developed. The simplest 
approach involves cluster calculations (Johnson and Pepper [1982]). Such calculations 
have established that the primary interactions at metal/oxide interfaces involve the metal 
(d) and oxygen (p) orbitals, to create both bonding and antibonding orbitals. For copper 
and silver in contact with A1 2 0 3 , both states are about equally occupied, resulting in zero 
net bonding. However, for nickel and iron, fewer antibonding states are occupied and net 
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bonding occurs. The calculations also reveal that a transfer of valence charge occurs, 
resulting in a contribution to the net ionic bonding which increases in strength as the 
metal becomes more noble. Consequently, in the case of metal-to-alumina bonding, 
strengths are predicted to increase in the order: Ag-Cu-Ni-Fe. This order is generally 
consistent with the measured trends in sliding resistance as well as with the energies of 
adhesion. However, it is emphasized that the calculations approximate the interface by 
an (A10 6 ) 9 ~ cluster and one metal atom. The selection of the charge to be assigned to this 
cluster is non-trivial and the choice influences the predicted magnitudes of the energies 
(Anderson et al. [1985]). To further examine this issue, Anderson et al. [1987] 
performed calculations for the Al 2 0 3 /Pt couple that included more atoms: 3 1 close-packed 
platinum atoms and the corresponding numbers of aluminum and oxygen ions. Then, by 
applying a quantum-chemical superposition technique, including an electron 
delocalization molecular orbital method, bonding energies were calculated for different 
atomic configurations of the Pt/Al 2 0 3 interface. These calculations confirmed that the 
bond was strongest when oxidized platinum atoms opposed close-packed oxygen ion 
planes. 

Ab initio calculations seem to be essential for a full understanding of the bonding. 
Louie and coworkers (Louie and Cohen [1976], Louie et al. [1977]) have performed 
such calculations on metal-semiconductor interfaces. In these calculations, the metal was 
described by a jellium, so that insight emerged regarding the bonding mechanisms, but 
not on the atomistic structure. More recently, supercell calculations have been carried out 
that include an interface area and adjacent regions large enough to incorporate the 
distorted (relaxed) volumes of both crystals. With this approach, the electron distribution 
around all atoms has been calculated and the atomic potentials evaluated. In a next step, 
interatomic forces may be calculated and strains determined. Such calculations have been 
performed rather successfully for the interface between Ge-GaAs (Kunc and Martin 
[1981]) and Si-Ge (Van de Walle and Martin [1985]). The crystals adjacent to those 
interfaces are isomorphous and very nearly commensurate, such that the misfit between 
lattice planes is very small. However, misfits between metals and ceramics are typically 
rather large so that extremely large supercells are required. 

First attempts in this direction have been made. SchOnberger et al. [1992] per- 
formed ab initio local density-functional calculations of the equilibrium geometries, force 
constants, interface energies and works of adhesion for lattice-matched interfaces between 
rocksalt-structured MgO and a f.c.c. transition or noble metal. The interfaces had 
(001) M |(001) MgO and [100] M ||[100] MgO (M = Ti or Ag). The full-potential LMTO method 
was used. Both Ti and Ag are found to bind on top of oxygen. The interface force 
constants are 3-4 times larger for TilMgO than for AglMgO. These, as well as the M-0 
distances, indicate that the Ti-0 bonding is predominantly covalent and that the Ag- 
bonding is predominantly ionic. The calculated interface energies are both 0.8 
eV/MlMgO and the interface adhesions are, respectively, 1.2 eV/TilMgO and 0.9 
eV/AglMgO. 

With the advent of a new calculational scheme (Car and Parrinello [1985]), 
involving a combination of molecular dynamics (see, e.g., Rahman [1977]) and density- 
functional theory (Kohn and Sham [1965]), it should be possible to conduct computa- 
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tions of relaxed interfaces much more efficiently. The scheme should also allow 
equilibrium computations of metal/ceramic interfaces at finite temperatures. The conduct 
of such analysis on model interfaces should greatly facilitate the basic understanding of 
the bonding phenomenon and allow judicious usage of both cluster calculations and 
continuum thermodynamic formulations. 

For recent reviews of this area we refer to the articles by ROhle and Evans [1989], 
Finnis and ROhle [1991] and the Proceedings of an International Symposium on this 
subject edited by ROhle etal. [1992], 

2.3.2. Chemistry of interphase boundaries 

In multicomponent two-phase systems, non-planar interfaces or two-phase product 
regions can evolve from initially planar interfaces (Backhaus and Schmalzried 
[1985]). The formalism previously developed for ternary systems can be adapted to 
metal/ceramic couples, with the three independent components being the two cations and 
the anion. In general, the problem is complicated by having several phase fields present, 
such that intermediate phases form: usually intermetallics with noble metals and spinels 
(or other oxides) with less noble metals. The actual phases depend on the geometry of 
the tie lines, as well as on the diffusion paths in the tenary phase field, and cannot be 
predicted a priori. In general, the following two cases can be distinguished: 

2.3.2.1. Interfaces without reaction layers. Detailed scanning electron microscopy 
and TEM studies performed for Nb/Al 2 0 3 (Burger etal. [1987], ROhle etal. [1986], 
[1987]) have shown that no reaction layer forms. Concentration profiles revealed that, 
close to the interface, the concentration of aluminum is below the limit of detectability. 
However, with increasing distance from the interface, the concentration of aluminum, c^, 
increases to a saturation value. The corresponding oxygen content is below the limit of 
detectability. These measurements suggest that at the bonding temperature, c&, the local 
concentration of A1 at the interface possesses a value governed by the solubility limit. 
Bonding between platinum and A1 2 0 3 subject to an inert atmosphere also occurs without 
chemical reaction. However, for bonds formed subject to a hydrogen atmosphere 
containing about 100 ppm H 2 0, aluminum is detected in the platinum, indicative of A1 2 0 3 
being dissolved by platinum (ROhle and Evans [1989]). 

2.3 .2.2. Interfaces with reaction layers. For systems that form interphases, it is 
important to be able to predict those product phases created. However, even if all the 
thermodynamic data are known, so that the different phase fields and the connecting tie 
lines can be calculated, the preferred product phase still cannot be unambiguously 
determined. Sometimes, small changes in the initial conditions can influence the reaction 
path dramatically, as exemplified by the Ni-Al-0 systems (Wasynczuk and ROhle 
[1987]). Under high vacuum conditions (activity of oxygen < 10 -12 ) the diffusion path in 
the extended nickel phase field follows that side of the miscibility gap rich in aluminum 
and low in oxygen, (path I in fig. 11), caused by the more rapid diffusion of oxygen than 
aluminum in nickel. This interface composition is directly connected by a tie line to the 
A1 2 0 3 phase field, such that no product phase forms. However, whenever nickel contains 
sufficient oxygen (about 500 ppm solubility), the Ni(0)/Al 2 0 3 diffusion couple yields a 
spinel product layer. It is noted that the interface between spinel and nickel seems to be 
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Fig. 11. Ni-Al-O phase diagrams (schematically for T = 1600 K). Two reaction paths are possible when nickel 
is bonded to A1 2 0 3 : (I) Low oxygen activity: no reaction product forms, (Q) high oxygen activity: spinel forms. 
(From Ruhle and Evans [1989].) 


unstable, morphological instabilities becoming more apparent with increasing spinel layer 
thickness. Bonding of copper to A1 2 0 3 seems to require a thin layer of oxygen on the 
surface of copper prior to bonding and CuA 1 2 0 3 or CuA 1 2 0 4 form (Wittmer [1985]). 
The spinel thickness can be reduced by annealing under extremely low oxygen activities, 
leading first to a “non-wetting” layer of Cu 2 0 and then to a direct Cu/A 1 2 0 3 bond. 
Bonding of titanium to A1 2 0 3 results in the formation of the intermetallic phases TiAl or 
Ti 3 Al, which probably also include oxygen. The thickness of the reactive layer increases 
with increasing bonding time, and morphologically unstable interfaces develop. 

A recent study (Jang et al. [1993]) has demonstrated the capability of atom-probe 
field-ion microscopy to reveal the chemical composition profile across interphase 
boundaries on an atomic level. By applying this technique to Cu/MgO [111] -type 
heterophase boundaries along a common <111> direction it was demonstrated that these 
boundaries are formed by CulOIMg bonds. 

Experimental evidence for the formation of reaction layers at interphase boundaries 
has been obtained by studying nanostructured alloys (cf. § 5 of this chapter). These alloys 
were synthesized by consolidating nanometer-sized crystals with different chemical 
compositions, e.g., Ag-Fe, Cu-Bi, Fe-Cu, Cu-Ir, Sn-Ge. Although all systems exhibit 
little mutual solubility at ambient temperature in the crystalline state, it was found (by 
X-ray diffraction, EXAFS and spectroscopic methods) that solid solutions are formed at 
the interphase boundaries. In the case of Ag/Fe this result is particularly remarkable 
because Ag and Fe are immiscible even in the molten state. 

Most structural ceramics are polyphase materials. They are either composites or 


References: p. 935. 





864 


H. Gleiter 


Ch. 9, §2 


different crystalline phases or contain an intergranular vitreous phase in addition to a 
single crystalline phase. The vitreous intergranular phases can be caused (i) as a result 
of a liquid-phase sintering process (e.g., in Sialon ceramics, alumina, etc.), (ii) by an 
incomplete crystallization of a glass (glass ceramic), and (iii) by a condensation of 
impurities present in the single-phase component at the grain boundaries (e.g., silicates 
in zirconia). 

In the materials noted above, most grain boundaries are covered with a glassy film 
and, in addition, glass is present at grain junctions. This observation may be explained 
by considering the energy of the grain boundary as a function of misorientation for 
crystalline and wetted boundaries. The curve of the interfacial energy vs. misorientation 
of a crystalline boundary exhibits cusps at the special misorientations. In contrast, the 
energy curve of the wetted grain boundary should be independent of orientation due to 
the isotropic nature of the glass. On the basis of such descriptions, low-angle grain 
boundaries will be free of glass, whereas all large-angle grain boundaries will contain an 
intergranular glass phase with the exception of “cusp” orientations (the “special” 
boundaries), as was observed. 

2.3.3. Crystallographic structure: “lock-in” model 

Fecht and Gleiter [1985] determined relatively low-energy interfaces between noble 
metal spheres and low-index ionic crystal substrates by the rotating crystallite method. 
They observed that in the resulting low-energy interfaces, some close-packed directions 
in the two phases are parallel and some sets of low-index planes are parallel, as well. On 
the basis of these observations it was concluded that no CSL orientation of low X exists 
in the vicinity of the observed relationships and, therefore, the applicability of the “CSL 
model” was ruled out for the systems studied. Instead, they proposed the following 
“lock-in” model: a) relatively low interfacial energy is achieved when a close-packed 
direction (<110>, <100>, <1100>, <1210>) in the crystal lattice of one phase is parallel 
to the interface and also parallel to a close-packed direction in the crystal lattice of the 
adjoining phase and if two sets of relatively low-index lattice planes are parallel to the 
interface. In this configuration, close-packed rows of atoms in the “surface” of the metal 
crystal can fit into the “valleys” between close-packed rows of atoms at the “surface” of 
the ionic crystal in “locked-in” configurations. 

Generally, the two phases adjoining the boundary are incommensurate, and unless a 
small strain is allowed parallel to the interface, locked-in rows of atoms soon begin to 
ride up the valleys in the interface and cease to lock-in. The lock-in model is not entirely 
crystallographic in character. Certainly, the conditions for the existence of parallel close- 
packed directions in the interface and of the interface being parallel to low-index planes 
are geometrical. But the assumption that, when these conditions are fulfilled, the interface 
relaxes in such a way that rows of atoms along the close-packed directions form a 
“locked-in configuration” is equivalent to assuming a particular translation state of the 
interface is energetically favorable. On the other hand, the planar density of coincidence 
sites is unaffected by the translation state of the interface. Hence, there is an important 
distinction between the lock-in criterion and the T criterion (cf. paragraph 2.2.2). 
Discrepancies from the orientation relationships predicted by the “lock-in” model have 
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been found for interphase boundaries between Nb/Al 2 0 3 and Cu/A 1 2 0 3 . Relaxation effects 
are presumably responsible for these deviations. 

3. Characterization of microstructure 

The basic elements of microstructure are lattice defects and second-phase compo- 
nents. A complete description of the topology and crystallography of the microstructure 
of a crystalline material requires the following information: 

(a) the spacial distribution of the orientation of all crystals; 

(b) the characterization of the shape, type, size and spacial distribution of all the 
elements of the microstructure; 

(c) the characterization of the orientation distribution of these elements in space 
(microstructural anisotropy). 

Naturally, all of these parameters can be represented in terms of orientational and spacial 
correlation functions. Any special feature of a particular microstructure such as a special 
type of symmetry, self-similarity, order, etc., of all or of some of these elements are 
enshrined in the correlation functions. In reality, however, the correlation functions are 
frequently not known because they are difficult to measure. Hence, in most cases, the 
discussion of microstructural features had to be limited to a few, relatively simple 
microstructures (Hornbogen [1989]). However, in recent years modem on-line data 
evaluation procedures became available involving, for example, a combination of 
conventional microscopic methods with an on-line image processing attachment. By 
means of such systems the spacial orientation distributions of all crystals of a polycrystal 
can be measured (Adams [1993]). This procedure has been termed “orientation imaging 
microscopy”. Similar systems have been developed to characterize the size distribution, 
shape distribution, etc., of crystallites and other elements of microstructure. 

In the straightforward situation of randomly distributed defects and/or second phase 
particles, the microstructure may be characterized to a first approximation by an average 
density, p, of defects and/or second-phase particles. Depending on the type of 
microstructural element involved, p describes the number of O-dimensional defects (e.g., 
vacancies) per volume, the total length of one-dimensional defects (e.g., dislocations), the 
total area of two-dimensional defects (e.g., grain boundaries) per volume, or the total 
volume fraction of three-dimensional objects (e.g., pores, precipitates). However, even in 
the simple situation of uniformly distributed microstructural elements, the average defect 
spacing may not be the appropriate parameter to describe the microstructure. For 
example, in the case of a polycrystal with equiaxed grains of a narrow size distribution, 
the use of the average grain size as a length scale implies that all boundaries are the 
same. As this is mostly not so, a new length scale has to be introduced which accounts 
for the boundary to boundary variability. This new length scale is given by the clusters 
of grains linked by grain boundaries sharing misorientations in the same category. In 
fact, it has been shown that it is this length scale of the microstructure that controls crack 
propagation and failure of polycrystals (Palumbo etal. [1991a], Watanabe [1984]). The 
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control of properties of materials by means of controlling the structure of interfaces 
seems to develop into a separate subdiscipline of materials science termed “interfacial 
engineering” or “grain boundary design” (Watanabe [1993], Hondros [1993]). This 
new discipline is based on the structure-property relationship for individual boundaries 
and relates the boundary-induced heterogeneity of deformation and fracture of polycrystals to 
the topological arrangement and the spacial distribution of the character of grain 
boundaries in polycrystalline materials. It is these parameters that seem to be crucial in 
controlling the high-temperature plasticity, superplasticity and brittleness. (Ch. 28. § 3.7). 

Frequently, the spacial arrangement of the microstructural elements is non-uniform. 
For example, a non-uniformity in the dislocation density may exist on different length 
scales; e.g., in heavily cold-worked materials, dislocation cell walls are formed on a 
nanometer scale whereas in irradiated specimens the formation of helical dislocations 
introduces roughness on a submicron scale. In some cases an isotropic or anisotropic 
length scale is required to characterize such microstructures. In other cases this is not so. 
For example, in some materials fractal microstructures have been reported (e.g., in poly- 
crystalline alloys with localized slip). The significance of fractals in various types of 
microstructures in metals has been discussed recently by Hornbogen [1989]. 

In multiphase alloys different types of microstructures result depending on the volume 
fraction, shape and the distribution of the phases (Hornbogen [1986], [1989]). For the 
sake of simplicity let us limit the discussion first to two-phase systems (called a and /3 
phases) with equiaxed grains or particles. In alloys of this type a variety of micro- 
structures can be formed. A convenient parameter to characterize the various micro- 
structures is the density (p ) of grain and interphase boundaries. In a microstructure called 
an “ideal dispersion” of a particles in a /3 matrix no a/p interphase boundaries exist (fig. 
12a). The other extreme results if the /3 particles cover all a/a grain boundaries 
completely. In other words, the a/a boundaries disappear and we are left with a/p 
interfaces and p/p boundaries the relative density of which depends on the /3 crystal size 
(fig. 12c). In both cases, two-phase microstructures (fig. 12b) exist that are characterized 
by different degrees of percolation of the a and p phases. One way to characterize this 
type of microstructure (called duplex structure) is to determine the relative densities of 
the a/p, p/p and a/p interfaces. In the ideal duplex structure the ratio between the total 
number of grain and interphase boundaries is 0.5. In the cases considered so far, the two 
phases were assumed to have no shape anisotropy. In reality, this is often not so. In 
order to exemplify the role of anisotropy, a few microstructures with different degrees of 
anisotropy are displayed in fig. 13 (Hornbogen [1984]). Depending on the aspect ratios 
of the second-phase crystals, a fibrous or lamellar structure may result. Obviously, other 
anisotropic microstructures are formed if the relative aspect ratios of a duplex or a 
skeleton-type microstructure are modified. 

Microstructural transformations. The well-established scheme of phase transform- 
ations in condensed matter systems may be extended in a modified form to the trans- 
formation of one type of microstructure to another one. The following three cases have 
been discussed so far: 
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Fig. 12. Principal types of equi-axed two-phase microstructures, (a) Dispersion: Ni+ 18.2Cr+5.7AI, y + y'. (b) 
Duplex: Fe + 9wt%Ni, a + [y +a M ] (austenite transformed to martensite during cooling), (c) Net: Fe+0.6wt%C, 
a + FejC. (From Hornbogen [1984].) 


a) Transformation of microstructural elements. Well known examples for this type of 
transformation of microstructural elements are as follows. The condensation of single 
vacancies into dislocation loops, the transformation of small-angle boundaries into 
high-angle grain boundaries by incorporation of additional dislocations, the incorpor- 
ation of dislocations into high-angle grain boundaries which transforms them, for 
example, from a special (low-energy) boundary into a random (high-energy) one (cf. 
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Type of microstructure 


Fig. 13. Different two-phase microstructures depending on the topology of the two phases. (From Hornbogen 
[ 1984 ].) 

§ 2 of this chapter), the change from coherent to incoherent interphase boundaries 
during the growth of precipitates are examples of this kind. 

b) Transformation of a crystalline material with a high defect density to a new phase 
Such a transformation may occur if the spacing between microstructural elements 
(e.g., dislocations, grain boundaries) in a crystal approaches atomic dimensions. If 
this is so, it may transform into an amorphous phase (Oehring et al. [1992]). The 
same applies to the shock wave-induced transformation of a crystal into a glass or the 
dislocation model of melting. In the dislocation model of melting, melting is proposed 
to occur by the entropy-driven proliferation of dislocations in crystals (Kuhlmann- 
Wilsdorf [1965], Cotterill [1979], Edwards and Warner [1979], Holz [1979]). 
The phase transition from a to (i quartz has been shown to occur by the incorpor- 
ation of a high density of regularly spaced Dauphine twins. 

c) Transformations between different types of microstructures 

Transformations of this type are defined by the appearance of new microstructural 
elements. Two-phase microstructures shall serve as examples for such transform- 
ations. A transformation of one type of microstructure to another is associated with 
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the appearance or disappearance of a particular type of boundary which represents a 
characteristic topological feature. Transformations can take place as a function of 
volume fraction of the phases, and of their shape and orientation. For constant shape- 
and size-distribution, the transformation must take place at a critical volume fraction, 
f r . This in turn leads to relations with alloy composition jc and annealing temperature 
T and with the equilibrium phase diagram. Figure 14 shows two-dimensional 
representations of the following transformations: duplex ^ dispersion and net ^ dispersion. 

Microstructural transformations are found not only under conditions of phase equilibrium, 
but also if the volume fractions change after nucleation and finally when an equilibrium 
value is approached. The first stage in formation of a duplex structure is usually the 
formation of randomly dispersed nuclei. In this case, the transformation, dispersion — » 
duplex, takes place during isothermal annealing. Other examples for the occurrence of 
microstructural transformations in alloys are bulk concentration gradients as for example 
for decarburization or carburization of steels. Concentration gradients may cause micro- 
structural gradients. 


(a) 



f <% 



f >Vo 



f = 0.5 f < f P = V 6 

Fig. 14. Transformations of types of microslructure in planar sections (schematic), (a) Dispersion *-*■ net. (b) 
Duplex ^dispersion. (From Hornbogen [1984].) 
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4. Development of microstructure 

4.1. Basic aspects 

The microstructure of a crystalline material may result from structural phase 
transformations and/or interaction processes between structural defects. In fact, a general 
and reciprocal relationship exists between microstructures and defect interactions. Any 
microstructure may be interpreted as the result of the interaction between structural 
defects and/or phase transformations. On the other hand, it should be possible to 
synthesize new microstructures (and, hence, materials with new properties) by utilizing 
this relationship, e.g., by means of more complex defect interactions (possibly combined 
with phase transformations). The thermomechanical treatment of materials represents an 
example of this kind. Microstructures generated by structural phase transformations are 
discussed in chs. 8, 15, 16, and 17. Microstructures resulting from the interaction 
between some specific types of lattice defects are treated irt chs. 21-25 and 27. In this 
chapter, attention will be focused on those microstructures that are not the result of phase 
transformations. Despite the complexity of all conceivable processes for the development 
of microstructures, a guideline for a systematic understanding of the genesis of micro- 
structures may be provided by considering some relatively simple and well studied types 
of interaction processes involving only one or two types of structural defects. This 
“model approach” will be used here. 

4.2. Microstructural changes stimulated by interfacial-energy reduction 

Three classes of microstructural changes driven by interfacial energy may be 
distinguished: 

1 . Microstructural changes in single-phase materials (without applied potential fields). 

2. Microstructural changes in polyphase materials (without applied potential field) when 
the materials have: (a) a dispersion-type structure; (b) a duplex (or a network) 
structure. 

3. Microstructural changes due to the effects of applied potential fields (e.g., tempera- 
ture or electric field gradients). 

An excellent review of these classes is the one by Martin and DoherTy [1976]. 

4.2.1. Microstructural changes in single-phase materials, stimulated by interfacial 
energy: domain and grain growth 

Internal interfaces in solids — such as grain boundaries or domain boundaries in 
ordered systems (atomic order, spin order, polarization order, etc.) — are associated with 
a positive excess energy resulting in grain or domain growth. Local atomic arrangements 
at or near moving interfaces can differ significantly from arrangements at or near 
stationary interfaces, giving rise, for example, to drag effects (solute or defect drag), 
structural changes of the interfaces due to defect production, etc. A complete theory of 
interfacial motion would have to account not only for these effects, but also for the 
topological changes of the array of interconnected interfaces during domain and grain 
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growth. For far no such theory is at hand. However, models treating various aspects of 
the problem separately have been put forward. The problems of the growth of grains or 
magnetic domains are treated in chs. 28 and 29, respectively. As many growth theories 
make no distinction between grain and domain growth, we refer to ch. 28 for all theories 
that apply to both processes. 

Two approaches to describe the motion of a domain wall have been proposed. The 
earlier, widely used phenomenological approach states that the wall mobility is propor- 
tional to the thermodynamic driving force, the proportionality constant being a nositive 
quantity called the mobility. The driving force in this approach is the product of the 
mean of the local principal curvatures of the interface and the excess free energy per unit 
area (a). This approach leads to a growth law of the type <D> 2 a at, where <D> is the 
average diameter of the domains in a polydomain structure and t is the time. This result 
has been experimentally confirmed for several ordered alloys (e.g., Ardell etal. [1979] 
and Rogers et al. 1975]) and can account for the broad distribution of domain sizes 
frequently observed experimentally. 

The approach of Allen and Cahn [1979] models the motion of an interface by 
solving a diffusion equation that has been modified to account for the thermodynamics 
of non-uniform systems (Langer and Sekerka [1975]). Domain walls have a width in 
which there are compositional and order-parameter variations, i.e., a crystal containing 
a domain wall is a non-uniform system. The order-parameter variation is the basis of a 
diffusion potential whose gradient results in an atomic flux. This description leads to a 
time-independent Ginsburg-Landau equation for changes in the order parameter and 
hence for the wall motion. In the limit of large radii (r) of wall curvature, the propaga- 
tion velocity (V) of the wall is found to be proportional to r, but independent of the 
excess energy (a) of the wall. This does not imply that the energy dissipation during 
domain growth is independent of a. In fact, the energy dissipation may be shown to be 
proportional to a. 

Experimental tests were carried out in which a was varied by two orders of magni- 
tude. Domain-coarsening kinetics and a were found to scale differently with temperature 
as had been predicted theoretically. On the basis of the results discussed so far, we are 
led to conclude that cases exist where V is proportional to a, and there are clearly other 
cases where V is independent or even nonlinearly dependent on a (e.g., Turnbull 
[1951] and Li [1969]). No general criterion seems apparent at present for relating V to 
a and boundary curvature for different experimental conditions. 

The development of our understanding of continuous (“normal”) grain growth started 
when it was recognized that the driving force for grain growth is the decrease of grain 
boundary energy (Smith [1952]). On the basis of this approach several simple and 
mostly qualitative interpretations of grain growth were given. The first quantitative model 
(Beck [1954]) predicted an increase of the average grain diameter with time as / 1/2 
which, however, was rarely confirmed experimentally. Mostly, time exponents less than 
0.5 were observed and attributed to the drag forces caused by inclusions or solute atoms. 
More insight into the processes involved in grain growth was obtained when more 
sophisticated theoretical approaches were used. Hillert [1965] applied the statistical 
treatment of Ostwald ripening of precipitates to grain growth. Some of the foundations 
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of Hillert’s analysis were reexamined by Louat [1974] who pointed out that in grain 
growth, as opposed to Ostwald ripening, “grain collisions” occur in which faces are 
gained and/or lost. In order to allow for these events, grain growth was considered as a 
particular case of random walk. 

Hunderi and Ryum [1979], [1981] applied a deterministic model considering 
individual boundaries and described the change of size of the individual grains by an 
extremely large set of differential equations (one for each grain), which they solved 
numericany. Very recently, Anderson et al. [1984] used the Monte Carlo method to 
simulate grain growth and included in this treatment also the case of Zener drag. Finally, 
Abbruzzese [1985] further developed the Hillert model by calculating the critical radius. 
He used discrete grain size classes which led to a reasonably small set of differential 
equations (only one for each class) and thus to the possibility to calculate numerically the 
evolution of the grain size distribution. This approach was extended further by including 
textural effects (Abbruzzese and LCcke [1986]) in the form of orientation-dependent 
grain-boundary energies and mobilities. The most important result of this extension was 
that, instead of the single critical radius found in the textureless case, now for each 
orientation a different critical radius is obtained but with a value depending on all 
orientations. It is shown that (very generally) grain growth leads to pronounced texture 
changes which are accompanied by characteristic changes of the scattering of the grain 
size distribution and by peculiarities of the grain growth kinetics, which then does not 
even approximately follow a t 1/2 -law. 

On the experimental side, the effect of particles has repeatedly been taken into 
account. The amount of work on the texture effects, however, is still small. For a long 
time, it was limited to measurements of the orientation of secondary grains. It was first 
shown for a -brass (Brickenkamp and LCcke [1983]) that also the apparently continuous 
grain growth leads to drastic texture changes and that these are connected with peculiar- 
ities in grain growth kinetics and grain size distribution. The authors were able to put 
forward some qualitative interpretations for these effects. 

“Anomalous” grain growth (also termed secondary recrystallization) is characterized 
by an increase in size of a small fraction of the crystallites whereas the rest does not 
grow at all. Anomalous grain growth has been suggested to originate either from the fact 
that a few of the crystallites have higher grain-boundary energies and/or boundaries of 
higher mobilities than the majority of the grains. 

In the experimental literature, anomalous grain growth was demonstrated to exist in 
pure polycrystals as well as multiphase alloys. May and Turnbull [1958] demonstrated 
the significance of second phase particles for anomalous grain growth for the first time. 
In Fe-Si alloys, the occurance of anomalous grain growth was shown to depend on the 
presence of MnS particles which inhibited normal grain growth. In several high-purity 
materials (Simpson etal. [1971], Antonione etal. [1980]) strain and texture inhibitation 
of normal grain growth was demonstrated. Texture inhibition is based on the following 
idea. If the grain structure is strongly textured, boundaries of low mobility result. The 
anomalous grains are assumed to have high mobility boundaries because their crystallo- 
graphic orientations relative to their neighbouring grains deviate strongly from the 
texture. A firm link between texture and abnormal grain growth has been made by 
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Harase etal. [1988]. In a Fe 50 Ni 50 alloy they found that the largest grains after second- 
ary recrystallization had a high frequency of coincidence boundaries such as 27 or 2 19b 
with the primary matrix grains. 

4.2.2. Microstructural changes in polyphase materials with a dispersion structure, 
stimulated by interfacial energy: Ostwald ripening 

If interfacial energy is the only driving force for an instability and if the rate of 
development of the instability is governed only by mass transport processes, the linear 
dimension, d, of any microstructural feature can be shown (Herring [1950]) to scale 
with time by the expression: 

cF = (r 0 + aGt (1) 

where d 0 is the value of d at time t-0, G is the parameter of the appropriate mass 
transport process and a is a dimensionless parameter which depends on the geometry. 
The scaling exponent, rt, takes the values: n= 1 for viscous flow, n-2 for interfacial 
control, n- 3 for volume diffusion in all phases, n = 4 for interfacial diffusion and rt = 5 
for pipe diffusion. The growth laws discussed in the following paragraphs for specific 
processes extend eq. (1) by giving explicit expressions for a and G. Normally, 
microstructural changes in multiphase alloys involve changes of shape, size and/or 
position simultaneously. For convenience, these three aspects are discussed separately. 

An array of inclusions or dislocation loops or pores of equilibrium shape, but 
different sizes, interact because the concentration of solute atoms (or the concentration 
of vacancies, or the vapor pressure in a gaseous system) in the vicinity of small (large) 
particles is higher (lower) than the average supersaturation. The solute, therefore, flows 
from the smaller to the larger particles. Hence, smaller particles shrink and larger 
particles grow by “devouring” the smaller ones, a process known as Ostwald ripening. 
For reviews of various aspects of the problem, we refer to the articles by Jain and 
Hughes [1978], Kahlweit [1975] and Henderson et al. [1978], The phenomenon of 
Ostwald ripening was analyzed first for the solid state by Greenwood [1956], and then 
independently and simultaneously by Wagner [1961] and by Lifshitz and Slyozov 
[1961], assuming the common case of spherical precipitates growing by volume 
diffusion. Analogous expressions have been developed for other types of coarsening. The 
corresponding constants (a, G, n) of eq. (1) are summarized in table 1. In the case of 
coarsening of spheres by volume diffusion, which is the most commonly observed case 
(r’ovt), a steady-state distribution of sizes is predicted to be approached irrespective of the 
initial size distribution, with a maximum particle size of 1.5r, where r is the mean 
particle radius (figs. 15a, b). (See also ch. 15, §2.4.2) 

A critical assumption in the Lifshitz-Slyozov-Wagner (LSW) theory is that the 
diffusion fields around each particle are spherically symmetrical. This is strictly valid for 
zero volume fraction of precipitates when the concentration gradients around adjacent 
particles do not interfere. If the LSW theory is extended (Ardell [1972]) to account for 
finite volume fractions, the basic form of eq. (1) is retained but the proportionality 
constant a is increased and the particle size distribution is broadened. The LSW analysis 
cannot persist to very large times, because ultimately the system should ripen into one 
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large particle. In fact, it was shown (Kahlweit [1975]) that the coarsening rate of the 
largest particles initially increases rather rapidly, then passes through a maximum and 
slowly approaches zero for long periods of time. The value of the coarsening rate 
predicted by the LSW theory is reached shortly before reaching the maximum rate. The 
significance of coherency strains for Ostwald ripening effects will be discussed in the 
next sub-section on stability against coarsening. In the LSW treatment, solute transport 
is assumed to be the rate-controlling process. Hence, modifications are required if other 
processes play a role, for example, ternary additions, solvent transport effects or 
dissociation of solute and/or solvent molecules. The latter case has been discussed by 
Wagner [1961]. The effect of solvent transport may be accounted for (Oriani [1964]) 
by modifying the diffusion parameter D in the LSW equations, leaving the main result 
(growth law, size distribution) unaltered. The modification of D becomes important, 
however, if we use growth-law observations to derive a, D, etc. The same applies to the 
effect of ternary additions on the ripening rate. Ternary additions alter the rate constants 
of coarsening by a factor 1/3(1 -K) -2 c 0 ~', leaving the scaling law unchanged (Bjork- 
lund etal. [1972]). c 0 , is the ternary alloy content and K is the distribution coefficient. 
Ostwald ripening of semi-coherent plate-shaped precipitates (Widmanstatten plates) 
represents yet another case for which the LSW treatment cannot be applied without 
modifications. Ostwald ripening of Widmanstatten plates results in large aspect ratios, as 
the lengthening of these plates is diffusion-limited whereas the thickening is mobility- 
controlled by the good-fit (semi-coherent) interface (Aaronson et al. [1970] and 
Ferrante and Doherty [1979]). 

The experimental confirmations of the theoretical predictions on Ostwald ripening are 
still fragmentary (for a review see Jain and Hughes [1978]). Although numerous 
experiments confirming the scaling laws given in table 1 have been reported (for a 
review of the earlier data we refer to Martin and Doherty [1976]), the relatively small 
range of particle sizes that can be obtained experimentally is not sufficiently precise to 
allow unambiguous identification of the scaling exponent. In most cases, the observed 
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Fig. 15. (a) Plot of the particle radius against (time) 10 for a nickel-aluminium alloy annealed at three different 
temperatures (from Ardell et at. [1966]). (b, c) Size distribution developed during Ostwald ripening: (b) 
theoretical prediction according to the Lifshitz-Slyozov-Wagner theory; (c) experimental observation on silica 
particles in copper annealed at 1173 K for 27 h. (From Bhattacharya and Russell [1976].) 

size distributions are wider than those predicted by the theory (figs. 15b and 15c). 
Frequently, also a few large particles are found which are not a part of the main system 
of particles. Furthermore, a tail on the large-size side of the size distribution is observed, 
in contradiction to the LSW theory (see also ch. 15, §2.4.1). 

The available experimental evidence on the effect of volume fraction on coarsening 
is conflicting. Studies on Cu-Co alloys showed clear dependence on volume fraction, 
whereas other work (Ni 3 Al in Ni, NbC in Fe, Cu in a-Fe) failed to detect any effect. 
Recent experimental work has evidenced the possibility of contact between growing 
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Table 1 

Ostwald ripening rates. 


Rate-controlling 

process 

Shape of 
particles 

Expressions for constants” 

n a G 

Reference 

Volume diffusion 

Spheres 

3 

8/9 

Da b C„VJRT 

Wagner [1961] 

Lipshitz and Slyozov [1961] 


Plates 

3 

3A'(1 +A'/A' C<1 ) 

Dp h VJ2pRT 

Doherty [1982] 

Grain-boundary 

diffusion 

Spheres 

4 

9/32 

D„<rC a V m 8/ABRT 

Ardell [1972] 

Kirchner [1971] 

Dislocation-pipe 

diffusion 

Spheres 

5 

(1.03) 5 (3/4) 4 5/6tt 

Djr b C«V m qN V /RT 

Ardell [1972] 

Interface-limited 

growth 


2 

64/81 

<r£C a VJRT 

Doherty [1982] 


” The symbols used are given below with their meaning or an expression. 


A 

B 

A', A’ 

Q,q 

D, D b 
f 

N 

P 

q 

R 

T 

V m 

P 

s 

V 

0-(t T b ) 


parameter, A = 2/3 - tr^/cr + (o-,/cr) 2 /24. 
parameter, B = jin \/f 

average and equilibrium aspect ratios of precipitate, respectively, 
precipitate and matrix concentrations, respectively. 

D d general, boundary, and dislocation-pipe diffusion constants, respectively, 
function given by /= C(1 - C a )/(Cp - C a f. 
number of dislocations intersecting one particle, 
parameter tending to tt for large precipitates, 
diffusional cross-section of a dislocation, 
gas constant, 
temperature, 
molar volume. 

proportionality constant including the interface mobility, 
boundary thickness, 
geometrical parameter. 

energy of grain boundary or interphase boundary. 


precipitates. The theoretical discussion of this effect is based on independent growth of 
adjacent precipitates, the center-to-center distance between the particles remaining fixed 
(Davis etal. [1980a]). It is, however, difficult to see how the solute atoms are led into 
the narrowing gap between adjacent particles. An alternative hypothesis is that the 
particles will actually attract each other and move together in order to reduce the elastic 
strain energy. As similar effects have been seen in alloys with small lattice misfit 
(Ni-Cr-Al), this hypothesis seems not to provide a convincing explanation. In a number 
of alloys (e.g., carbides in steels, UA1 2 in a-U, 9 in Al-Cu alloys) evidence has been 
presented suggesting substructure-enhanced diffusion, i.e., power laws during coarsening 
where n is greater than 3. In none of these studies were attempts made to fit the 
results to one of the theoretically predicted relationships r*°°t and no work seems to have 
been published which attempted to check if the details of the substructure-enhanced 
diffusion theories are correct. The general conclusion, though, is that the theories described 
seem successful in accounting qualitatively for the effect of lattice defects on coarsening. 
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4,2.2. 1. Stability against coarsening. The general condition for Ostwald ripening 
to proceed is a decrease of the free energy. In the case of precipitates surrounded by an 
elastic strain field, the total energy ( E) of an array of precipitates consists of the volume 
energy, the interfacial energy of the precipitates and the elastic energy of the strain 
fields. If the precipitate volume is constant, E depends only on the elastic energy and the 
interfacial energy. In the special case of two precipitates in a solid (volumes V, and V 2 ), 
the interfacial energy ( S) and elastic energy ( T) scale as ( V\ 2/3 + V 2 2/3 ) and (V, + V 2 ) + 
V, V^fla 3 , respectively, where a is the separation of the two precipitates and /is a function 
that is unity for distant precipitates. If T > S, the total energy (for V 1 + V 2 = const.) has a 
minimum if Vj = V 2 . In other words, the strain energy stabilizes the two particles of the 
same size against coarsening into one large particle. Basically, the same arguments hold 
for infinite arrays of particles as was apparently first recognized by Khatchaturyan 
and Shatalov [1969], The general conditions for stability of precipitate arrays against 
coarsening were recently worked out by Perkovic et al. [1979], Larche and Cahn 
[1973], [1978] and Johnson and Alexander [1986]. Stability was found to be promoted 
by low interfacial energies, large elastic misfits and large volume fractions of precipi- 
tates. The phenomenon of elastic stabilization may be significant for the design of high- 
temperature alloys. In fact, the growth rates observed experimentally for 6' precipitates 
in Al-Cu alloys (Boyd and Nicholson [1971]) seem to support this view. Aubauer 
[1972] has attempted to account for certain fine dispersions being stable against 
coarsening in terms of the diffuseness of the interface between a precipitate and the 
surrounding matrix, as described by Cahn and Hilliard [1958]. If one assumes that the 
diffuse rim surrounding a precipitate is independent of precipitate size, it can readily be 
seen that the fraction of material that is in the precipitate and not in the rim will increase 
as the size increases. The bulk of the precipitate has a different structure and therefore 
a different atomic volume from the matrix while in the interface rim zone it is assumed 
that the structure changes steadily towards that of the matrix. Consequently, the 
precipitate and the rim zone are associated with an elastic distortion. The energy 
associated with this distortion increases as the particle grows, whereas the energy 
associated with the diffuse interfaces decreases as the total surface area is reduced during 
coarsening. If the surface energy is sufficiently small and if there is a finite rim thickness 
and appreciable strain energy, a minimum exists in the total energy, stabilizing the 
corresponding particle size. This conclusion was questioned because of the treatment of 
the strain energy used (De Fontaine [1973]) and because the precipitates, even if 
stabilized against growth, should be unstable against a change in shape, for example 
towards a disk (Morrall and Louat [1974]). On the other hand, the Aubauer model 
seems to account successfully for several reported cases (Gaudig and Warlimont 
[1969], Warlimont and Thomas [1970]) where very fine dispersions of coherent 
ordered particles were seen to resist coarsening. The stability against coarsening ot two 
misfitting particles subjected to an applied tensile stress was examined by Johnson 
[1984] using a bifurcation approach. The stability of precipitates subjected to an applied 
stress may be enhanced or diminished depending on the relative orientation of the 
precipitates and the magnitude of the applied stress. The results obtained for cube-shaped 
particles are qualitatively different from those for spheres at short distances of separation. 
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The effects of the applied stress are manifested only in elastically inhomogeneous 
systems and are sensitive to the precipitate morphology. The theory predicts that 
precipitates may be stable up to a level of applied stress (threshold stress) sufficient to 
induce morphology changes. 

4.2.2.2. Technological applications of coarsening theory. In all types of coarsen- 
ing, the rate of the process is proportional to the interfacial energy (cr) driving the 
process and the solubility C a of the solute atoms. Furthermore for all situations, except 
the relatively rare interface-controlled one, the coarsening rate also scales with the 
diffusion coefficient (D). Hence, alloys for high-temperature application, where low 
coarsening rates are desirable, may be obtained if a, C a or D are small. This expectation 
is borne out by various classes of high-temperature materials. 

Nickel-based superalloys containin coherent ordered y' precipitates (Ni 3 Al structure) 
in a disordered -y-matrix (Ni-Al solid solution) have exceptionally low interfacial 
energies of the order of 1CT 2 J/m 2 . In other words, the driving force for the coarsening of 
the y' precipitates during creep is minimized. Alloys of this type retain their mircro- 
structure during creep. If the microstructure of such an alloy is tuned to a maximum 
creep lifetime, the microstructure changes little during creep loading. This is not so if the 
lattice misfit between y and y' is significant. The lattice misfit enhances the driving force 
for y' coarsening, which changes the microstructure of the alloy in the coarse of a creep 
experiment. Hence, the microstructure tuned to maximimum creep life disappears during 
creep, and reduces the lifetime relative to an alloy with zero misfit. This difference is 
borne out by the observations. In fact, owing to the different solubilities of most 
elements in the y and y' phases, the y/ y' misfit can be tailored to zero by the addition 
of solute elements to equalize the lattice constants of the two phases (e.g., Cr). 

Low solubility can easily be achieved by using precipitate phases with high energies 
of formation and with a type of chemical bonding that differs from the surrounding 
matrix. The best-known examples are low-solubility oxide-dispersed phases, e.g., A1 2 0 3 
in Al. Except for very special cases, such phases cannot be precipitated from a 
supersaturated solid solution. Therefore, other techniques, such as powder metallurgy, 
internal oxidation or implantation are commonly applied. If the atomic radius of the 
solute atoms differs strongly from the atomic size of the matrix material, the two metals 
normally show negligible solubility in the solid state. Alloys of this type (e.g., W-Na, 
Al-Fe) have also been used to obtain coarsening-resisting materials. 

Low diffusion coefficients have been applied in several ferrous alloys to resist 
coarsening. For example, the addition of a third component which segregates preferential- 
ly to the carbide phase (e.g., Cr, Mo, W) can slow down the coarsening of carbides 
considerably as it requires diffusion of both carbon and the third element and the latter, 
being substitutional, diffuses much more slowly than the carbon. 

4.2.3. Microstructural changes in polyphase materials with a duplex structure, 
stimulated by interfacial energy 

A duplex structure (Smith [1954]) is an oriented crystallographic unit consisting of 
two phases with a definite orientation relationship to each other. Technologically and 
scientifically, the most important group of duplex structures are rod- or plate-shaped 
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duplex structures, such as directionally solidified eutectics (for a review, see Livingston 
[1971]). As the growth of large lamellae at the expense of smaller ones is associated 
with a decrease in the surface-to-volume ratio, lamellar structures are expected to 
coarsen. In the absence of substructural effects this process is expected to occur by 
motion of lamellar terminations. 

Two mechanisms have been put forward for this process. Cline [1971] and Graham 
and Kraft [1966] proposed the curvature at the lamellar termination (fault) to be 
associated with a flux of atoms from the a phase to the /3 phase (fig. 16). The second 
mechanism of lamellar coarsening involves the diffusion of solute atoms from the finely 
spaced (A]) lamellae along a migrating boundary to the widely spaced (A 2 ) lamellae on 
the other side of the interface (fig. 17). The theoretical analysis of the process (Living- 
ston and Cahn [1974]) relates the boundary migration rate (V) to the spacing A, of the 
widely spaced lamellae. The coarsening rate increases with increasing temperature and 
decreasing spacing of the lamellae as both effects reduce the diffusion times required. As 
short-circuit diffusion along grain boundaries becomes dominant at lower temperatures, 
coarsening by boundary migration is expected to become more prominent than coarsen- 
ing by fault migration with decreasing temperatures as was observed experimentally. In 
comparison to coarsening by fault recession (fig. 16), coarsening by boundary migration 
becomes more important at finer spacings of the lamellae. Rod-shaped microstructures 



Fig. 16. Schematic of mass flux in the vicinity of a lamellar termination (fault). The curvature at the 
termination is proposed to induce mass flow of A atoms (from the a -phase) to the ji matrix, leading to a 
recession of the termination with a corresponding increase in the thickness of the adjacent lamellae. (From 
Cline [1971].) 
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Fig. 17. Idealized model of discontinuous coarsening process. The grain boundary AB moves at a velocity V, 
consuming fine lamellae with spacing A , and generating coarse lamellae with spacing A 2 . (From Livingston 
and Cahn [1974].) 


are unstable with respect to shape and dimensional changes as they may decrease the 
surface-to-volume ratio by these processes. As was pointed out by Cline [1971] and 
Ardell [1972], the processes involved in dimensional changes are identical to Ostwald 
ripening (§4.2.2). In alloys produced by eutectic growth, the microstructure may be 
initially stabilized by the very uniform rod diameter. The time required for the steady 
state distribution of rod diameters to be built up during coarsening may be longer than 
for normal precipitate coarsening where a whole spectrum of particle sizes is present at 
the very beginning. In the present paragraph, attention will be focused on shape changes 
due to the coarsening of rod-shaped microstructures. The growth of a shape perturbation 
on a cylinder was already analyzed a century ago by Rayleigh [1878]. However, it is 
only relatively recently that quantitative models for the spheroidization of cylindrical 
precipitates have been put forward (Cline [1971], Ho and Weatherly [1975], Nichols 
[1976]). The theoretical treatments indicate (fig. 18) that a long fibre (length l) of radius 
d (with l/d>l .2) is eventually replaced by a string of spheres ( Rayleigh instability) 
where the sphere radii and spacing, A, depend on the active kinetic processes. When the 
aspect ratio ( 1/ d) is less than 7.2, shape relaxation to a single sphere is predicted. For 
infinite fibres, Rayleigh instabilities are predicted to dominate, whereas in the case of 
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Fig. 18. Schematic representation of different modes of spheroidization of cylindrical inclusions. (From 
McLean [1978].) 


fibres with finite length, drop detachment at the end of the fibres (fig. 18c) should be the 
faster process. Experimental observation for metallic (W-Na, Al-Pb, fig. 19) and 
nonmetallic systems (NaN0 3 -H 2 0, Ni-Al 2 0 3 ) seem to support the view that progressive 
spheroidization from the ends of the fibres dominates. Yet another mechanism of 
spheroidization, which applies to both fibrous and lamellar inclusions, exists when grain 
boundaries in either phase intersect phase boundaries between the fibres and the matrix. 
At the points of intersection, grooves develop and progressively deepen with time to 
establish a local equilibrium configuration. Eventually, the grooves cause a division of 
one phase and result in spheroidization (fig. 18d). This process seems to be a serious 
limitation to many directionally solidified eutectic materials for high temperature 
operation. In addition to the instabilities mentioned so far, rod phases may also coarsen 
by fault migration. Faults are points of a rod at which additional rods form by branching 


References: p. 935. 



882 


H. Gleiler 


Ch. 9, §4 



465 855 1965 min 


Fig. 19. Series of microradiographs showing the change in shape of Pb inclusions in A1 as a function of 
annealing time at 620°C. (From McLean [1973].) 


or at which a rod terminates. The termination of a rod is expected to shrink backward for 
the same reasons as apply to the shrinkage of a terminating lamella (cf. fig. 16). Because 
of the negative radius of curvature at the rod-matrix interface at a branching point, the 
branches are expected to fill in, i.e., to migrate in the growth direction, as was observed. 
Theories of the kinetics of fault migration have been presented by Cline [1971] and by 
Weatherly and Nakagawa [1971], 

Instabilities were reported at the periphery of spherical cavities growing under stress 
along interfaces. If the stress was sufficiently large (Wingrove and Taplin [1969]), 
finger-shaped instabilities were seen to develop. The critical parameter for the develop- 
ment of these instabilities instead of spherical growth seems to be the ratio of the 
diffusion coefficients at the cavity surface and a boundary supplying the vacancies 
(Beere [1978]). Instabilities cannot develop if this ratio is large (typically > 100). For 
materials with slower surface diffusion, cavities above a critical size become unstable. 
The critical size depends on the applied stress and the cavity spacing. 

4.2.4. Coarsening by Brownian motion 

The spontaneous random motion of gas-filled cavities, leading to a coarsening process 
by cavity coalescence when two cavities meet, has been deduced both by direct 
observation, and indirectly. The first observations were apparently made on U0 2 plates 
irradiated with neutrons to produce fission fraqments (krypton, xenon) which precipitated 
in the form of gas-filled cavities (Gulden [1969]). These cavities were seen in the 



Ch. 9, §4 


Microstructure 


883 


electron microscope to show Brownian motion, the rate of which was controlled by 
volume diffusion in the host crystal for cavities above 3.7 nm diameter. Similar 
observations were made for helium-filled cavities in gold and copper, krypton in 
platinum and xenon in aluminum (cf. Geguzin and Krivoglaz [1973]) and helium 
bubbles in vanadium (Tyler and Goodhew [1980]). 

4.2.5. Microstructural changes stimulated by interfacial energy in the presence of 
external potential fields 

The presence of a field of varying potential (e.g„ due to a stress- or a temperature 
gradient, or due to electric or gravitational fields) modifies the driving forces for 
diffusion and, thus, may result in microstructural changes. 

4.2.5.I. Temperature gradients. The theory of diffusional migration was first 
developed for volume diffusion in a temperature gradient. In the subsequent decade this 
work was extended by several authors to surface-diffusion controlled processes and other 
fields, such as electric, magnetic, stress or gravitational field gradients. For a review of 
this development, we refer to the book by Geguzin and Krivoglaz [1973]. 

The dominant physical reason for an inclusion to migrate in a temperature gradient 
is the temperature-dependence of the solubility. For example, let us consider a liquid 
inclusion in a solid. We assume that at the “front” side of the inclusion (where the 
temperature is highest), the liquid in contact with the solid has a lower solute content 
than at the (colder) “rear” surface. The different solute content results in a concentration 
gradient and, hence, in a flux of solute atoms from the rear to the “front” surface, which 
causes the “front” surface to melt or dissolve and the “rear” surface to freeze or migrate 
by crystal growth from solution. In addition to the atom flux resulting from this process, 
causing the inclusion to migrate up the temperature gradient, there is also a drag exerted 
on the atoms by a directional flux of phonons (phonon wind) which results from the 
temperature gradient. Similarly, in metals with aspherical Fermi surfaces, the diffusing 
atoms are dragged by an electron wind which appears under these circumstances in a 
temperature gradient. In the simplest case of a spherical inclusion in a temperature 
gradient, the velocity (v) of the inclusion of size R is found to depend linearly on the 
temperature gradient (grad T). The velocity v is proportional to (grad TyR", with n=0, 
1, -1 if the rate-controlling process is diffusion through the matrix, the particle-matrix 
boundary or the particle, respectively. As all parts of the inclusion move with the same 
velocity, there is no shape change during migration. 

All of these results assume the matrix-particle interface to act as ideal sink and source 
for vacancies. If this is not so, the velocity is smaller or the inclusion is not mobile at 
all. The first experimental investigations on the motion of inclusions in a temperature 
gradient were apparently carried on the motion of aqueous solution droplets in sodium 
nitrate (Lemmlein [1952]), although the motion of brine inclusions in a temperature 
gradient was already invoked by Whitman [1926] to explain the fact that polar ice 
becomes purer at its cold upper surface. The motion of gaseous and liquid droplets in a 
solid in a temperature gradient has been studied in a variety of metallic and nonmetallic 
systems (e.g., He in Cu, Kr in U0 2 , W in Cu, water in NaN0 2 , water in KCL, water in 
NaCl, Li in LiF, NH 4 C1 bubbles in NH 4 C1, gas-filled bubbles in KBr, NaCl, KC1, Pb in 
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Al; for a review we refer to the book by Geguzin and Krivoglaz [1973]). The 
observed migration velocities as well as the correlation between the velocity and the 
inclusion size was in all cases well accounted for by the theoretical prediction. 

Above a certain temperature gradient, the migrating droplets (e.g., voids or gas 
bubbles in nuclear fuel elements, metal droplets in semiconductors or water droplets in 
ionic crystals) start to break down by the growth of protrusions from the rear comer, 
releasing a thin trailing liquid veil. The physical reason for the breakdown is the 
difference between the thermal gradient at the edges and in the center of the droplets, 
resulting in different migration rates of the two regions. An additional factor comes in 
when the inclusion contains two phases, such as liquid and vapor. The additional factor 
is the change of the interfacial free energy with temperature, and it may cause the 
inclusion to migrate down the temperature gradient (Anthony and Cline [1973]). 
Consider a spherical gas-filled inclusion in potassium chloride subjected to a temperature 
gradient. The wall of this gas-filled inclusion is assumed to be covered by a liquid film 
or brine. In addition to the normal diffusive flux from the hot to the cold surface, there 
is a flow of liquid in the liquid film caused by the fall in the liquid-vapor interfacial 
energy as the temperature falls. The interfacial-energy-induced flow in the liquid film is 
the essential step in the movement of the inclusion, as it carries potassium chloride that 
will be deposited at the hot side of the inclusion so that the inclusion moves to the cold 
end of the crystal. An analysis based on this model successfully predicted the observed 
velocities of two-phase inclusions in potassium chloride. 

Probably the technologically most important observations are those of thermal 
migration of nuclear fuels through protective coatings in the temperature gradients 
associated with nuclear reactors (McLean [1982]). In recent years, thermal migration 
effects led to some concern over the microstructural stability of high-temperature alloys; 
in particular, in-situ composite materials, exposed to high-temperature gradients, in 
turbine blades. Investigations on the thermal stability of eutectic composites (Ni-, A1-, 
Pb-base alloys) provide evidence for thermal instabilities under the conditions used in 
modem aircraft engines (Houghton and Jones [1978]). The other problem of consider- 
able practical relevance is the effect of temperature gradients on Ostwald ripening. The 
available evidence is controversial, indicating — often for the same system — that 
thermal gradients may increase, not affect or decrease the rate of Ostwald ripening (e.g., 
Davis et al. [1980b], and Jones and May [1975]). This controversy may be due to 
different rate-controlling processes in the various experiments. Ostwald ripening is 
enhanced if adjacent migrating particles collide and join up (Jones and May [1975]) or 
because the back and front of an inclusion migrate with different velocities owing to the 
different temperatures at those sites (McLean [1978]). However, temperature gradients 
can also decrease Ostwald ripening owing to the generation of a shape instability, as was 
discussed previously (veil formation). (See als ‘thermomigration’, ch. 7, §6). 

4.2.5.2. Temperature cycling. This may affect the microstructure of alloys by three 
effects (McLean [1982]): 

(i) a variation of the solubility of the phases; 

(ii) a differential thermal expansion leading to local strain gradients; 

(iii) capillary terms arising from the Gibbs-Thompson effect. 
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In most alloys, the first effect seems to dominate and may result in accelerated Ostwald 
ripening or morphological chanqes, as was observed in composites that were remarkably 
stable under isothermal conditions (Cooper and Billingham [1980]). 

4.2.5.3. Magnetic fields. The energy of a magnetic phase is altered by the presence 
of a magnetic field, and hence the microstructure of alloys that are magnetic will be 
changed by the application of a magnetic field. This subject has been extensively 
reviewed by Cullity [1972]. Magnetic fields may affect both the atomic order in stable 
solid solutions and the precipitation from supersaturated solid solutions. In stable solid 
solutions, magnetic fields generate directional order by altering the proportion of like 
pairs that are aligned in the field direction. Such an alignment causes no change from the 
random situation in terms of the total fractions of like and unlike nearest-neighbor pairs. 

During precipitation from solid solutions, magnetic fields favor the formation of those 
precipitates that are aligned with respect to the external field. The best known example 
is the preferred formation of magnetic rods aligned parallel to the magnetic field in 
Alnico alloys. A preferred orientation of precipitates may also be achieved during 
coarsening in the presence of a magnetic field. For example, if Fe 8 N precipitates 
coarsened in a magnetic field, a complete orientation of the disc-shaped particles normal 
to the field direction was achieved (Neuhauser and Pitsch [1971]). Owing to the 
smaller demagnetization factor, the spins of the precipitates parallel to the magnetic field 
(H) become aligned so that a single-domain structure is formed. This domain structure 
increases the energy of the Fe 8 N/Fe interphase boundary. Hence, precipitates oriented 
normal to H have the lowest free energy and, thus, grow at the expense of the other 
precipitates. 

In materials of anisotropic magnetic susceptibility, external magnetic fields induce 
phase or grain-boundary migration. The first observation on this effect, was reported in 
the classical paper by Mullins [1956] on boundary migration in diamagnetic bismuth. 
Magnetic annealing has recently been applied to ceramic superconductors (De Rango et 
al. [1991]). The objective was to align the ciystallites in polycrystalline YBa2Cu 3 08. 
Alignment of the crystallites (by other methods) has been shown previously to increase 
the maximum critical current density of these materials. In fact, magnetic annealing may 
prove to be applicable to all paramagnetic, diamagnetic or ferromagnetic materials 
provided the driving force due to the aligning field is large compared to the thermal 
fluctuation at the annealing temperature. Naturally, the same should apply to electrically 
polarizable materials (e.g., ferroelectrics) when annealed in an electric field. 

4.2.5.4. Stress field. By analogy with magnetic fields, external stresses can modify 
the atomic order in stable solid solutions and the precipitate morphology in two-phase 
alloys. Directional atomic order has been induced in Fe-Al alloys by stress-annealing 
(Birkenbeil and Cahn [1962]). 

In two-phase materials, external stresses may result in the alignment of precipitates 
and/or in shape changes. Several examples for the first effect have been reported: Fe 8 N 
in FeN, Au in Fe-Mo-Au, 0 and 6' in Al-Cu, ZrH 15 in Zr-H, Ti-hydride in Ti-H, y in 
Ni-Al alloys (Migazaki et al. [1979]). Apparently, only a few observations of stress- 
induced shape changes have been published (Migazaki et al. [1979], Tien and Copley 
[1971]). Owing to the elastic anisotropy of the matrix and the precipitate, the free energy 
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of a precipitate depends on the precipitate orientation and shape. The theoretical 
treatment of both effects (Geguzin and Krivoglaz [1973], Sauthoff [1976] and Wert 
[1976]) seem to be consistent with the experimental observations. Similar effects have 
been observed in alloys undergoing an order-disorder or a martensitic transformation. 
When a CuAu single crystal is ordered, it becomes subdivided into many domains, the 
tetragonal ( c ) axes of which are parallel to any of the three original cubic axes. In the 
bulk material and without an external stress field, the three possible cdirections are 
randomly distributed among the domains. The application of a compressive stress during 
ordering imposes a bias on the distribution of the c-axes such that the cube axis nearest 
to the compression axis becomes the preferred direction for the c-axes of ordered 
domains (Hirabayashi [1959] and Arunachalam and Cahn [1970]). 

The microstructure of materials undergoing martensitic transformations (cf. ch. 16) 
depends on external stress fields. The following two factors contributing to this effect are 
most important (Delaey and Warlimont [1975]): (i) The orientation variant on whose 
macroscopic shear system the maximal resolved applied shear stress is acting will grow 
preferentially, (ii) near certain symmetric orientations, individual plates and self- 
accommodating groups will compete. Essentially, the same arguments apply to the 
microstructure of materials undergoing mechanical twinning. Effects of this type play an 
important role in shape-memory effects. 

Gas bubbles situated at interfaces represent a special case of microstructural changes 
caused by stress fields. Owing to the compressibility of gas bubbles, the binding energy 
between a bubble and the interface depends on external stresses. Compression stresses 
lead to a decrease of the binding energy and, hence, may result in microstructural 
changes resulting from break-away effects of the boundaries from the bubbles (Green- 
wood etal. [1975]). 

4.2.5.5. Electric fields. In bulk metals, strong electric fields may induce complex 
interactions between thermomigration and electromigration due to Joule heating (ch. 7). 
In thin films, efficient heat removal ensures reasonable isothermal conditions. Under 
these conditions, two effects resulting from the presence of electric fields were observed: 
(i) enhanced grain-boundary migration (Lormand et al. [1974] and Haessner et al. 
[1974] and (ii) the growth of grain-boundary grooves which can eventually penetrate the 
film so that nucleation and growth of voids by grain-boundary diffusion occurs (Ho and 
Kirkwood [1974]). The theoretical understanding of the processes involved is still 
poorly developed. In fact, the driving force exerted by a dc current on grain boundaries 
in gold was found to be several orders of magnitude larger than the theoretically 
estimated value (Haessner et al. [1974]). A similar result was also found from the 
motion of rod-shaped tungsten inclusions in Cu and from the displacement of deep 
scratches on the surface of Ag owing to the passage of a current along wire-shaped 
samples. (See also ‘electromigration, ch. 7, § 6). 

4.3. Deformation 

All forms of plastic deformation may result in important changes of the 
microstructure of materials with respect to the distribution and density of defects as well 
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as with regard to the morphology, volume fraction and sometimes also structure of 
second phases. They are discussed in chs. 19-26. 

4.4. Multiphase microstructures generated by migrating lattice defects 

4.4.1. Moving grain boundaries 

If grain boundaries are forced (e.g., during recrystallization or grain growth) to sweep 
through a precipitate dispersion or a duplex structure, the following microstructures may 
result (Doherty [1982], Hornbogen and K5 ster [1982]): 
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d) 


Fig. 20. Microstructural changes induced by a grain boundary migrating through a two-phase alloy containing 
dispersed precipitates: (a) transformation of coherent precipitates into incoherent ones as the boundary bypasses 
the precipitates; (b, c) dissolution of the precipitates, resulting a supersaturated solid solution, followed by 
continuous (b) and discontinuous (c) precipitation; (d) grain boundary passing through the precipitates without 
affecting the shape and size. The solid (open) circles in figs. 22a and 22d indicate solute (solvent) atoms. 


(i) The boundary bypasses the precipitates which, therefore, retain their initial 
orientation and become incoherent (fig. 20a). Owing to the Gibbs-Thompson effect, the 
solubility of the precipitates rises so tfiat the smaller precipitates may dissolve, as was 
observed, for example, in the case of NbC in y-Fe. 

(ii) The coherent precipitates or the components of a duplex structure dissolve after 
contact with the moving grain boundary, so that a supersaturated solid solution is 
obtained. From this supersaturated solid solution, the solvent may reprecipitate either 
continuously (fig. 20b) or discontinuously (fig. 20c). Both cases have been observed 
experimentally. The dissolution as well as the precipitation processes seem to occur far 
more rapidly than anticipated, suggesting strongly enhanced diffusion in the migrating 
interfaces an in the lattice behind due to vacancy supersaturation (Smidoda etal. [1978], 
Gottschalk et al. [1980]). 

(iii) The grain boundaries can pass through the coherent precipitates and, thereby, 
preserve the preexisting microstructure (fig. 20d). This precess seems rare as it requires 
the formation of new precipitates to match the rate of boundary migration. 

(iv) The grain boundary is held by the coherent precipitates which then coarsen. This 
process occurs if the driving force for boundary migration is not sufficient to initiate one 
of the above processes. 

(v) The moving grain boundary drags the precipitates (Smith [1948]), as was reported 
for a variety of alloy systems containing gaseous particles as well as solid inclusions, for 
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example, for He in Cu, He in U, air in camphor, carbides in various metal transition 
alloys, Ge0 2 in Cu, B 2 0 3 in Cu, Si0 2 in Cu, Ag in W, Ag in Sn, A1 2 0 3 in Ni, A1 2 0 3 in 
Ag. The experimental results have been reviewed by Geguzin and Krivoglaz [1973] 
and Gleiter and Chalmers [1972], Particle drag results from the directional movement 
of atoms from one (“front”) side of the inclusion to the other (“rear”) side. Hence, 
diffusional migration may occur by diffusion of atoms around or through the inclusion 
and diffusion of atoms along the particle-matrix interface. The kinetics of the particle 
drag may be controlled by the rate of one of these diffusion processes or by interfacial 
reaction at the boundary between the inclusion and the matrix. Examples of all cases 
mentioned have been reported and may be found in one of the reviews mentioned. Once 
particle drag starts, the boundary collects practically all particles in the volume which is 
swept. Particles collected in the boundary usually coarsen rapidly. Therefore, particle drag 
may result in the following changes of the properties of the boundary: (i) boundary brittleness 
and/or corrosivity due to a high density of undeformable particles, the electrochemical 
properties of which differ from the surrounding matrix; (ii) different mechanical and 
chemical properties in the particle-free zone and in the rest of the material. At high 
driving forces (e.g., during recrystallization) particle drag seems negligible as it is 
possible for the mobile boundary to migrate past the inclusions. (See also ch. 28, § 3.8). 

4.4.2. Moving dislocations 

The formation of colonies of precipitates in the vicinity of dislocations has been 
observed in a number of alloy systems, e.g., in iron, nickel, copper, aluminum and 
semiconductor materials. 

In the initial model of this process (Silcock and Tunstall [1964]) and in the 
subsequent modification by Nes [1974], a dislocation was proposed to climb so that 
precipitates can nucleate repeatedly in the moving stress field of the dislocation. During 
climb the dislocation emits vacancies. The incorporation of these emitted vacancies in the 
lattice of the precipitates is believed to reduce the precipitate-matrix mismatch energy if 
the precipitating phase has a larger atomic volume than the surrounding matrix. In the 
opposite case, a vacancy flux from the precipitate to the dislocation was also invoked 
(Guyot and Wintenberger [1974]). 

More recently, the experimentally observed coupling between dislocation climb and 
precipitate formation was re-interpreted by two other models. Dislocations were proposed 
to climb owing to the annihilation of quenched-in vacancies, while the precipitates form 
simultaneously by heterogeneous nucleation in the stress field of the moving dislocation. 
A study by transmission electron microscopy (Wirth and Gleiter [198 1 a,b]) led to the 
conclusion that coherency strain relaxation by incorporation of vacancies in the precipi- 
tates may be only one of the processes involved. In fact, colony formation was found to 
occur (fig. 21a) by the climb of a prismatic dislocation loop which emits vacancies and, 
thus, generates a region of enhanced diffusivity. The excess solute atoms of this region of 
enhanced diffusivity migrate rapidly to the climbing dislocation and precipitate in the form of 
a chain of small particles (fig. 21b). Owing to their large surface-to-volume ratio, these fine 
particles rapidly coarsen by Ostwald ripening to form rows (colonies) of coarse precipitates 
behind the climbing dislocation loop. The spacing of the rows of coarse precipitates is 
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controlled by the balance between the interfacial energy and the diffusion path. Under steady- 
state conditions, such systems are known to approach a constant precipitate spacing. Hence, 
if the dislocation loop expands during growth, a constant precipitate spacing can only be 
maintained by increasing the number of precipitates as the loop radius increases. This 
condition results in a spoke-like precipitate arrangement, as was observed (fig. 21). 

4.5. Periodic microstructures in open, dissipative systems (“self-organization”) 

Dissipative processes in open systems are frequently associated with pattern formation 
(Nicous and Prigogine [1977], Haken [1978], Martin and Kubin [1988]). The 
following microstructures seem to be the result of pattern formation in dissipative 
systems (“self-organization”): 





Ch. 9, §4 


Microstructure 


891 



Fig. 21. (a) Bright-field and dark-field electron micrographs of colonies of silver precipitates in a Cu-5 wt% Ag 
alloy. The colonies formed behind the dislocation loops surrounding them. The loops expandes during colony 
growth. Two types of precipitates may be noticed. A chain of small precipitates along the dislocation loop, and 
large precipitates arranged radially in a spoke-like fashion, (b) Schematic model for colony formation by a two- 
step process involving the nucleation of a chain of small precipitates along the climbing dislocation followed 
by coarsening into large precipitates with a spacing S. (After Wirth and Gleiter [1981a, b].) 


a) precipitate lattices; 

b) void lattices; 

c) dislocation-loop lattices; 

d) dislocation lattices*; 

e) point-defect lattices, flux-line and magnetic-bubble lattices; 

f) long-period antiphase boundary structures; 

g) domain boundaries in ferromagnetic and ferroelectric materials**. 

* For sub-boundaries see § 2.2.5, for periodic structures during fatigue see ch. 27. 

** The arrangement of domain boundaries in ferromagnetic materials is discussed in ch. 

29. 
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4.5.1. Periodic structures due to long-range interaction forces 

4.5.1.1. Precipitate lattices. Several studies by means of X-ray diffraction and 
electron microscopy have revealed the existence of periodically arranged precipitates (fig. 
22a) in alloys of Cu-Ni-Co, Cu-Ni-Fe, nickel-base alloys containing y' (Ni 3 X) 
precipitates, Cu-Ti, Au-Pt, Au-Ni, Co-Fe, Co-Nb, Co-Ti, Al-Zn, Fe-Bi, Fe-Be, as well 
as in Alnico-Ticonel alloys. The models first proposed (Ardell et al. [1966] and 
Khachaturyan [1969]) to account for the formation of periodic precipitate arrays were 
based on (long-range) elastic interaction forces between the precipitates, due to coherency 
strain between the precipitates and the surrounding matrix. Both the precipitates and the 
matrix were assumed to be elastically isotropic. Johnson and Lee [1979] refined these 
approaches by including the strain fields induced by neighboring inclusions and by 
considering second-order terms. Elastically strained particles of arbitrary shape but 
identical moduli in an anisotropic medium were also shown (Khachaturyan [1969], 
Johnson and Lee [1979] and Mori et al. [1978]) to form periodic arrays. The arrays 
correspond to one of the 14 Bravais lattices. 

In the particular case of spherical inclusions in a cubic matrix with a negative 
anisotropy parameter, a simple cubic lattice of precipitates was found to form the 
minimum-energy arrangement which is stable with respect to externally induced 
fluctuations. Precipitates positioned along <100> directions of the matrix turned out to 
exhibit attractive interaction forces with a maximum value at 2-3 precipitate radii. This 
result may provide an explanation for the frequently observed alignment of precipitates 
along <100> directions. For <110> and <11 1> alignments, the interaction forces depend 
on the anisotropy factor of the matrix. <11 1> alignment in Mo is found to result in 
attractive forces, whereas the precipitates in the same arrangement in Cu and Ni repel. 
By applying these results to inclusions associated with a dipole-type strain field 
embedded in an iron lattice, a precipitate lattice with bcc structure was found to be 
stable. This arrangement corresponds approximately to the arrangement of N atoms in 
Fei 6 N 2 . So far, the discussion of precipitate lattices has been limited to systems in which 
the precipitation process occurs by nucleation and growth. In systems decomposing by 
a spinodal process, periodic arrangements of precipitates result from the time-dependent 
growth of concentration fluctuations. The processes involved and the factors governing 
the periodicity are discussed in ch. 15. 

4.5.1.2. Void lattices. Evans’ [1971] report on the creation of a stable bcc array 
(superlattice) of voids in irradiated Mo stimulated numerous studies on void lattices in 
other systems. Void lattices have been seen, for example, in Ni, Al, stainless steel, Mg, 
Mo, Mo-Ti, Nb, V, W and NbO, BaF 2 , SrF 2 , CaF 2 (fig. 22b). Two kinds of models have 
been advanced to explain the formation of void lattices. 

The observed symmetry of the void lattices has originally initiated an interpretation 
in terms of equilibrium thermodynamics assuming elastic interaction forces between the 
voids (Stoneham [1971], Tewary [1973], Willis [1975]). As these theories do not 
include the radiation damage explicitly, they cannot explain the observed influence of 
temperature and damage type. Moreover, this approach would not predict void lattice 
formation in isotropic crystals such as tungsten in contrast to the experimental observation. 

The second type of theoretical approach to explain void lattices, dislocation pattern- 





Fig. 22. (a) Dark-field electron microqraph and small -angle X-ray diffraction pattern of the precipitate lattice 
formed in an Fe-Be alloy (19.5 at% Be) after a 2 h anneal at 400°C. The specimen orientation is (100). (From 
Tiapkin eial. [1976].) (b) Void lattice in < 111 > fluorite. The diffraction pattern shows superlattice reflections 
around the transmitted beam. The structure of the void lattice is indicated in the diagram. (From Chadderton 
el al. [1976].) 

ing, etc., are based on the concept of synergetics. These models differ significantly 
concerning the basic processes involved. Some models consider only one type of point 
defects, e.g., vacancies (Ryazanov and Maximov [1981]). The experimental fact that 
the patterning saturates with increasing irradiation dose suggests, however, an additional 
destructive process to operate which removes point defects from the system. The most 
obvious destruction process is the point defect annihilation. For instance, self-interstitials 
may annihilate with vacancies in the materials forming vacancy type dislocation loops 
and voids. In the latter case, vacancy condensation and capture of vacancies and 
interstitials represent the constructive and destructive processes, respectively. The 
competition between such processes have been shown to induce pattern formation in 
irradiated systems (Abromeit [1989], Trinkhaus et al. [1989], Abromeit and Wollen- 
berger [1988]). The void lattices are proposed to be the pattern formed in crystals 
during irradiation resulting in point-defect generation (cf. detailed account in ch. 1 8, § 4.6). 

4.5.I.3. Dislocation-loop lattices. The first observation on the formation of 
dislocation loop lattices has apparently been made in neutron-irradiated copper. In 
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subsequent years, periodic arrays of dislocation loops have been detected in Al, Ni, U, 
BeO, Ti, Mg and Zr. In the case of Ni and Al, ordered clusters of loops were observed. 
Stereomicroscopy revealed that the clusters consisted of about six loops forming a fee 
superlattice (Stiegler and Farrell [1974]). As the lattice regions between the clusters 
were found to be elastically strained, elastic interaction forces were proposed to be the 
dominant factor for the formation of the loop lattice. 

Recent theoretical approaches to explain the formation of loop lattices are based on 
self organization principles. In fact, the dynamic models discussed in § 4.5. 1 .2 seem to 
apply to dislocation loop and void lattices as well. 

4.5.1.4. Point-defect lattices. By analogy with the formation of void lattices, point 
defects may be expected to form ordered arrangements. This idea is indeed confirmed by 
recent studies on vacancy and interstitial lattices in certain alloys (cf. Hiraga [1973] and 
Jung and Trenzinger [1974]). In alloy forming vacancy lattices, e.g., vanadium 
carbides of the V 6 C 5 type, a variation in the alloy concentration between V 6 C 5 and V 8 C 7 
did not result in an expansion (or contraction) of the spacing of the carbon vacancies, but 
rather caused the formation of a one-dimensional long-period superlattice structure 
consisting of enantiomorphic domains of the superstructure V 6 C 5 . For obvious reasons, 
the linear dimension of the enantiomorphic domains depends on the vacancy (carbon) 
content and increases with the increase in carbon vacancies. In vacancy lattices elastic 
interaction forces are believed to be the most important parameter. In pure metals, 
vacancy or interstitial lattices have not yet been revealed experimentally. However, 
calculations based on the vacancy-vacancy interaction potential showed that vacancy 
lattices may exist with a simple cubic structure aligned parallel to the identical axis of 
the host lattice (Chang [1976]). The vacancy lattice constant was found to be about 
three times the lattice constant of the atomic lattice in the case of K and Na. 

4.5.1.5. Long-period antiphase boundary structures. Ordered alloys, mostly of fee 
structure in the disordered state, exhibit in the ordered state a regular three-dimensional 
array of antiphase boundary (APB) structures. Ordered structures of this type, which are 
called “long-period antiphase boundary structures”, are treated in ch. 3, § 11.2. An 
excellent review dealing with various aspects of order/disorder phenomena in materials 
has been published recently (Cahn [1994]). 

4.6. Microstructure in the vicinity of point defect sources and/or sinks 

4.6.1. Enhanced precipitation and precipitate-free zones 

The significance of point-defect sources/sinks for the precipitation of solute atoms 
from supersaturated solid solutions was first demonstrated by Barnes etal. [1958] for 
the enhanced precipitation of helium atoms in the vicinity of point-defect sources. 
Helium atoms were injected into metals (spectroscopically pure Cu and Be) by bombard- 
ment with alpha particles. On subsequent heating, the He atoms have a tendency to 
precipitate within the metal in the form of gas bubbles and, to acquire the extra space 
necessary for this, they capture vacancies. Thus a blanket of bubbles forms in the vicinity 
of a vacancy source. For low He contents and large grain sizes, grain boundaries as well 
as dislocations are the most important vacancy sources. For small grains, grain bound- 
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aries are the dominant suppliers. These results were confirmed later for a variety of other 
metals. Precipitate-free zones denuded of second-phase particles adjacent to grain bound- 
aries in age-hardened alloys were originally attributed to the localized depletion of solute 
arising from preferential precipitation at the grain boundaries. However, it was soon 
recognized that local depletion of vacancies might be the more important factor, as a 
critical concentration of vacancies may be required for precipitate nucleation. In fact, this 
idea was discussed in terms of the thermodynamics of solute clustering (LORIMER and 
Nicholson [1969]) and in terms of the precipitation kinetics (Pashley etal. [1967]). 
Evidence for the local depletion of vacancies by annihilation at the boundaries was 
obtained from electron microprobe measurements and energy-analyzing electron 
microscopy for Al-Ag and Al-Zn-Mg alloys. The results of both investigations showed 
no solute depletion in the vicinity of the boundaries. In this simplified picture no 
coupling between vacancy flow and solid distribution is assumed. However, if a binding 
energy exists between solute atoms and vacancies, the vacancy flow from or to vacancy 
sources/sinks is necessarily coupled with a solute flow and thus produces a solute 
gradient in the vicinity of vacancy sources/sinks, such as grain boundaries, dislocations, 
pores, or free surfaces (Johnson and Lam [1976] and Anthony [1970]). 

The solute segregation generated by vacancy flow involves two processes: the 
dragging of solute atoms by the moving vacancies and the reverse atom flow which is a 
consequence of vacancy flow. The first process dominates if the binding energy (£j 
between a vacancy and a solute atom is much greater than the thermal energy ( kT ). 
Under these circumstances, a solute atom is dragged to (from) the vacancy sink (source) 
so that solute enrichment (depletion) of the sink (source) regions will result. As a 
consequence, an enhanced density of precipitates forms in the vicinity of the sink. The 
opposite type of solute distribution may result in the second case ( E< kT). For E< kT, 
solute atoms may be pumped in or out of the sink region depending on the relative 
diffusivity of solute and solvent atoms. When a vacancy flows into an enclosed sink 
region, an atom as a consequence must simultaneously flow out of this region. If the 
solute and solvent atoms in this region have identical mobilities, the ratio of solute to 
solvent atoms will remain the same as the original ratio. However, if the mobility of the 
solute atoms is greater than of the solvent atoms, proportionately more solute than 
solvent atoms will be moved out of the enclosed reqion by intruding vacancies, produc- 
ing a solute-depleted sink zone. The solute depletion of the sink region will not continue 
indefinitely but will stop when the solute flow generated by the vacancy flux is balanced 
by the opposing solute flow produced by the solute gradient. 

Two special solute pumping processes were proposed for hydrogen in stress gradients. 
The first mechanism (the Gorsky effect, for a review see Volkl [1972]) arises because 
hydrogen dissolved in a metal expands the crystal lattice for the host material. Hence, if 
a crystal contains a gradient in dilatation, the hydrogen concentration is enhanced in the 
dilatated region, e.g., in the vicinity of crack tips. The second effect (Tiller and 
Schrieffer [1974]) is due to the redistribution of the free electrons in strain fields. 
Owing to this redistribution, dilatational centers (into which electrons flow) become 
cathodic. Hence, H + ions will migrate into the cathodic (dilatational) regions. Estimates 
for conditions typical for crack tips led to H + enhancements of up to ten orders of magnitude. 
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4.6.2. Irradiation-induced precipitation 

In irradiated materials, a high supersaturation of vacancies and/or interstitials may be 
present. It follows from the previous section that the condensation of these point defects 
at suitable sinks (e.g., grain boundaries) may induce solute segregation in the vicinity of 
the sink. If this segregation is sufficiently strong, a local transgression of a phase 
boundary and, hence, irradiation-induced precipitation processes may be obtained, as has 
been reported for many alloy systems. For comprehensive reviews on this subject, we 
refer to conference proceedings (Bleiberg and Bennet [1977] and Poirier and Dupouy 
[1979]), chs. 7 and 18. 

4.6.3. Point-defect condensation 

The significance of point-defect sources/sinks for the development of microstructures 
resulting from point-defect condensation was discovered by etch-pit studies. Etch pits 
were observed to form on electropolished surfaces of A1 crystals during cooling from 
elevated temperatures. The formation of the pits was attributed to the condensation of 
vacancies at the surface. In polycrystalline specimens, pits were not observed in the 
vicinity of high-angle grain boundaries, suggesting that the vacancies in the pit-free 
region had been drained by the boundaries. In regions far away from the free surface, 
supersaturated point defects may condense in the form of dislocation loops, stacking-fault 
tetrahedra and/or voids which may be observed by transmission electron microscopy. The 
condensation process leads to a non-uniform microstructure in polycrystalline specimens 
in the sense that denuded zones exist near grain boundaries. As the condensation occurs 
by a nucleation and growth process, a certain supersaturation of point defects is required. 
Hence, the observation of denuded zones suggests a lower point-defect supersaturation in 
the vicinity of grain boundaries than in the perfect lattice, owing to the annihilation of 
point defects at the boundaries. With the exception of coherent twins and small-angle 
boundaries, the results suggest that high-angle grain boundaries are ideal vacancy sinks so that 
the width of the denuded zones is diffusion-controlled (for a review see Gleiter [1981a]). 

4.7. Microstructure due to lattice defects formed by migrating grain boundaries 

In recent years, it has become apparent that the microstructure of crystals growing by 
solid-state processes depends on the mode of crystal growth. The defect structures 
resulting from solid-state phase transformations and solid-liquid (glass) transformations, 
are discussed in chs. 15-19. In the present section, attention will be focussed on the 
microstructures developed due to the generation of vacancies, dislocations and twins by 
migrating grain boundaries. For a recent review of this field, we refer to the article by 
Gleiter [1981a], 

Creation of vacancies. The creation of vacancies by migrating boundaries has been 
studied by means of the diffusion coefficient, the density, the electric resistivity and the 
morphology of the precipitates formed in the crystal region behind migrating boundaries 
(Gorlik etal. [1972] and Gottschalk etal. [1980]). The observations reported suggest 
that behind a migrating grain boundary a high supersaturation of vacancies may exist. 
The high vacancy supersaturation observed was explained in terms of “growth accidents” 
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occurring during grain-boundary migration (Gleiter [1979]). A growth accident involves 
a jump of an atom of the growing crystal into the migrating boundary so that a vacant 
site is left behind in the lattice of the growing crystal. The excess vacancies retained in 
the lattice alter the properties of this crystal and exert a drag force on the migrating 
boundary (“vacancy drag”, Gleiter [1979]) which may dominate impurity drag under 
certain conditions (Estrin and Lucre [1982]) (cf. also ch. 28, §3.4.1). 

Creation of dislocations. Indirect observations of dislocations created by migrating 
boundaries come from recrystallized materials. However, because of the high dislocation 
density ahead of the recrystallization front, the interpretation of these results is not 
unambiguous. A distinction between dislocations generated by the migrating interface and 
dislocations due to other processes is possible if the boundary migrates into a dislocation- 
free crystal or a crystal with low dislocation density. Studies of this type have been 
carried out in Cu, InP, InAs and Si (Gleiter etal. [1980]). The results obtained support 
the idea of dislocation generation by migrating boundaries. The generation process may 
be envisaged by growth accidents as well as the stress-induced dislocation emission 
(Gastaldi and Jourdan [1979], Gleiter etal [1980]). 

Creation of two-dimensional lattice defects. The most prominent lattice defects 
generated during boundary migration (e.g., during grain growth) are coherent twin 
boundaries (cf. ch. 28, §4.2). In order to explain the formation of twin boundaries during 
boundary migration, several models have been proposed. According to the dissociation 
models twins are formed by dissociating a grain boundary (A) into a twin boundary (T) 
and a new grain boundary (B). The stimulation model proposes that a twin boundary is 
created if a growing recrystallized grain meets a dislocation-bearing fragment which lies 
accurately in a twinned orientation to it. Since the fragment has discharged its disloca- 
tions, it is now stress-free and able to grow at the expense of the surrounding deformed 
matrix. The coalescence model proposes twin boundaries to be formed if the orientation 
relationship between the impinging grains corresponds exactly to a twin orientation. The 
growth-accident hypothesis of twin-boundary formations follows the concept that twins 
are formed and terminated by errors of the stacking of the <111> planes which happen 
in a random way. Studies by optical microscopy, thermo-ionic and photoemission 
microscopy, transmission electron microscopy, X-ray topography, grain-boundary 
migration experiments in bicrystals and polycrystals have been reported (for a review see 
Gleiter [1981a]). The results of these studies are inconsistent with the dissociation, the 
stimulation and the coalescence hypotheses. The observations so far available seem 
consistent only with the growth-accident hypothesis. In fact, in situ observations of twin 
formation in A1 by X-ray topography agree with the evolution, shape and growth 
direction predicted by the growth-accident theory (Gastaldi and Jourdan [1979]). 

4.8. Microstructure of glasses 

Historically, the observation and interpretation of microstructures have only dealt with 
crystalline materials. Indeed, until the late 1950s noncrystalline materials, e.g., oxide 
glasses, were regarded as free of all microstructure. This viewpoint was fostered in part 
by earlier triumphs of the random network theory of glass structure (Zachariasen 
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[1932], Warren [1937]) and was strengthened by the implicit glass engineering goal of 
this era: produce a homogeneous, single-phases product through fusion. As will be 
discussed below, this concept of a microstructure-free vitreous state has been seriously 
questioned in the last decade (Roy [1972]). This challenge has progressed sufficiently to 
occasion a rethinking of nearly all aspects of the fabrication and characterization of 
noncrystalline materials. 

To a large extent this more modern concept of glass materials evolved from the 
discovery of the ability to induce, by appropriate thermal treatment, a clearly discernible 
and well-controlled microstructure in glasses. This microstructure is now recognized to 
be either crystalline or noncrystalline. Moreover, the occurrence of the noncrystalline 
variety is so ubiquitous that it has been suggested that its occurrence may be an intrinsic 
characteristic of all glass-forming melts (Roy [1972]). 

4.8.1. Microstructure of amorphously phase-separated glasses 

There are two ways of producing amorphously phase-separated glasses. First, one 
may simply prepare a glass-forming melt, quench it to room temperature and assess the 
extent to which the process has taken place. 

A second and more controllable method involves the isothermal annealing of glass 
above its transformation temperature (ch. 7, §9.1). One thus extends the amount of time 
available for the process to proceed. By intermittent examination of samples for telltale 
opalescence at various times and temperatures, it is possible to construct a time- 
temperature-transformation diagram. The microstructure developed in this process 
depends on the curvature of the free-energy vs. concentration curve. The loci of equilib- 
rium compositions trace out the immiscibility gap. The loci of the inflection points 
delineate the region of spinodal decomposition. Between the equilibrium compositions 
and the inflection points, single, phase glasses transform into two-phase glasses by 
nucleation and growth. In this case, the microstructure is characterized by spherical 
glassy regions dispersed through a continuous glassy matrix of different chemical 
composition. If the decomposition is spinodal a microstructure characterized by a high 
interconnectivity of both glassy phases and irregularly shaped diffuse boundaries results. 

Glass-glass phase transformations are, however, not limited to immiscibility effects. 
For example, it is known that the viscosity of liquid sulfur changes by a factor of two 
thousand when heated over the narrow temperature range 158-166°C (Bacon and 
Fanelli [1943]). The low-temperature low-viscosity melt is thought to be constructed of 
8-member rings, whereas the high-temperature high-viscosity melt is regarded as made 
up of long sulfur chains. Both liquids are in thermodynamic equilibrium (Powell and 
Eyring [1943]). Evidence for a second-order phase transformation between the two 
liquid fields has been presented, leading to a microstructure of finely dispersed clusters 
with different molecular structure. 

In addition to these considerations there is evidence for clustering effects in silicate 
glasses. Clusters have been defined as cooperative compositional fluctuations surrounded 
by melt of less organized structure (Ubbelohde [1965]). These clusters are not necessar- 
ily equivalent to the crystalline nuclei. It has been suggested that such clusters could be 
“frozen in” during quenching of a glass-forming melt (Maurer [1956]). 
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4.8.2. Microstructure of partially crystallized glasses 

Figure 23 summarizes the major reaction paths for crystallization of glasses and the 
resulting microstructures. Path (1) represents the direct transformation of a pure single- 
phase glass into a more stable crystalline phase. This transformation involves both the 
creation of stable nuclei and the subsequent growth of the crystalline phase. 

In contrast to path (1), the development of an intermediate amorphous phase as in 
path (2, 3) and also for path (2, 4, 5) is well documented for a number of glassforming 
systems. A good representative of the former is the crystallization of Al20 3 -Si0 2 glasses 
(MacDowell and Beall [1969]). The latter path has been observed in classical glass 
ceramic compositions, e.g., Li 2 0-Si0 2 -Al 2 0 3 -Ti0 2 (Doherty etal. [1967]). On cooling, 
glasses in this system show amorphous phase separation on a scale of about 5 nm. On 
reheating, this microstructure promotes formation of a nucleant phase, Al 2 Ti 2 0 7 , which 
in turn crystallizes a major crystalline phase of this system, /3-eucryptite. 

Path (6, 5) represents the case where small amounts of metals such as Ag, Au, Pt, Cu, 
Rh, Pd, etc. are incorporated into a glassy matrix and by suitable control of initial 
concentration, melting conditions, thermal history, and in some cases (Au, Ag) exposure 
to actinic radiation, nanometer-sized particles of these metals are precipitated in the glass. 
Since the process involves both a reduction to a metallic state and diffusiPon of the 
reduced species to form a particle, their mean size may vary over a wide range depend- 
ing on the interplay of the above factors. Maurer [1959] has shown that the minimum 
size of a gold particle capable of catalyzing lithium metasilicate is about 8 nm (10,000 
atoms). This is in contrast to the smallest, stable gold particle which may contain only 
three or four atoms. Thus, the need for microstructure control to achieve catalyzed 
crystallization is apparent. It has been recognized for some time that the presence of 
these metal particles induces a characteristic color in the bulk glass. Thus, gold and 
copper particles give rise to a magneta color, silver to a yellow cast, and platinum to a 
somewhat dull grey appearance. Similarly, selenium gives a characteristic pink color in 
soda-lime silica glasses (average particle size 5-20 nm). Since this pink color is 
complementary to the bluish green arising from ionic iron in these same glasses, this 
element is used extensively in the glass container industry as a decolorizer. It is here that 
the control of microstructure in glass is crucial because the precise shade of pink 
required to achieve decolorization depends on composition, furnace atmosphere, and 
thermal history (Paul [1975]). The need to understand the origin and significance of 
microstructure in glass to render a product commercially acceptable is evident. 

Still another group of technologically important glasses which are partially crystalline 
is the photochromic glasses (Aranjo and STOOKEY [1967]). Their photochromic behavior 
arises from minute silver halide crystals which may be regarded as being suspended in 
an inert glass. Satisfactory photochromic properties are obtained when the average 
particle size is about 5-10 nm at a concentration of ~10 15 particles/cm 3 . This corresponds 
to an average particle separation distance of about 60 nm. This separation distance is 
crucial since the inert glass host prevents diffusion of the halogens freed by absorption 
of light by the halide crystal. Thus, recombination with free silver within the halide 
crystal is enhanced. It is this alternate decomposition and recombination that gives rise 
to the variable optical transmission of these glasses. 
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Fig. 23. Various paths associated with potential crystallization of glass forming melts. (From Stewart [1972].) 


5 . Nanostructured materials 

5.1. Materials with reduced dimensionality, reduced dimensions and/or high 
densities of defect cores 

The perfect single crystal of infinite size has been the model system of solid state 
physics for several decades. Remarkable progress was achieved in the physical under- 
standing of solids by means of this idealized approach. However, about 40 years ago, 
scientists started to realize that the disorder present in most real materials cannot be 
treated as a weak perturbation of the corresponding ideally ordered crystals. In fact, a 
variety of new physical effects (e.g., new types of phase transitions, quantum size effects, 
new transport phenomena, etc.) were discovered which existed only in imperfectly 
ordered solids. In fact, if the characteristic dimensions (e.g., the diameters of small 
spheres or the thickness of a thin film) of the crystalline regions of a polycrystal 
approach certain characteristic lengths such as an electron wavelength, a mean free path, 
a coherency length, a screening length, a correlation length, etc. one obtains materials the 
properties of which are controlled by their reduced dimensionality or their reduced 
dimensions and/or their high density of defect cores (e.g., grain boundary cores). As a 
kind of introduction, let us consider two specific examples. The first example is shown 
in fig. 24 in the form of a compositional superlattice characterized by a length scale, d, 
which characterizes the thickness of the layers. If d is equal or less than the mean free 
path of the conduction electrons, the electronic band structure and, hence the electric 
properties of this materials differ significantly from the ones of a superlattice with the 
same chemical composition but with a modulation length, d, that is much larger than the 
electronic mean free path (cf. section 5.2). The second example to be considered here is 
a crystalline solid with a high density of grain boundary (i.e., defect) cores (fig. 36, 
below). About 50% of the atoms are located in the cores of these grain boundaries. In 
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Fig. 24. Schematic illustration of the layer sequence (left side) and of real-space energy-band profile (right side) 
of a GaAs/Al x Ga,_ x as superlattice. Both, the GaAs and the Al x Ga,_ x as layers are assumed to be equally thick. 
E s is the enetgy of the band gap edge. 

grain-boundary cores, the atomic structure (e.g., the density and the nearest neighbor 
coordination) differs from that of a perfect crystal with the same chemical composition. 
Hence the atomic structure and the properties of a material with a structure as shown in 
fig. 36 may deviate (in some cases by many orders of magnitude) from those of the 
corresponding single crystal (cf. sections 5.4, 5.5 and 5.6). Materials exhibiting reduced 
dimensionalities, reduced dimensions and/or high densities of defect cores are termed 
nanostructured materials, because the typical size of the crystalline regions or of another 
characteristic length scale in such materials are in the order of a few nanometers. In 
recent years, the following five types of nanostructured materials have attracted wide- 
spread scientific attention: 

1) Thin metallic, semiconducting or polymeric films with clean or coated surfaces. 

2) Man-made superlattices and quantum well structures. 

3) Semicrystalline polymers and polymer blends. 

4) Nanocrystalline and nanoglassy materials. 

5) Nanocomposites made up of metallic, covalent, ionic and/or molecular components. 

This paragraph will be limited to the materials mentioned in 2, 3, 4 and 5. Concerning 
thin films and free surfaces we refer to chapters 28 and the numerous reviews in the 
literature and textbooks on surface science as well as thin solid films. 
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5.2. Man-made superlattices and quantum-well structures 

In 1969 research on man-made superlattices was initiated by the proposal of Esaki 
and Tsu to engineer the electronic structure and properties of semiconductors by 
generating superlattices with a periodicity shorter than the electronic mean free path 
either by alternating the chemical composition (compositional superlattice) or the doping 
(doping superlattice) of consecutive layers in a multilayer structure. 

The first compositional superlattice was grown from the material system 
GaAs/Al x Ga,_ x As. The layer sequence (chemical composition) and the real-space energy 
band structure of the electrons in such a superlattice are illustrated in fig. 24. The 
different energy levels of the bands of the two components at the heterointerfaces 
determine the potential barriers for the electrons and holes in the vertical direction (fig. 
24), and thus define the periodic superlattice potential in the conduction and in the 
valence bands. The characteristic feature of this superlattice is that layers of a narrow- 
gap semiconductor are sandwiched between layers of a wide-gap semiconductor. This 
structure results in two square quantum wells: one for the electrons and one for the holes. 
Figure 25 displays the corresponding density of states in such a two-dimensional system 
in comparison to the parabolic curve of the classical (three-dimensional) free electron 
gas. If the electron mean free path exceeds the superlattice periodicity, resonant tunneling 
between adjacent subbands occurs. Technological applications of such superlattice 
structures lie primarily in the optoelectronic regime, comprising injection lasers, light 
emitting diodes, avalanche photo diodes and photoconducting detectors. 



Fig. 25. Comparison of density of states in the three-dimensional (3D) electron system with those of a 
superlattice (SL) assuming a quantum well and barrier width of 10 Urn, and an effective electron mass 0.067 
m 0 in the SL. The first three subbands are indicated (Mendez and Von Klitzing [1989]. m 0 is the mass of the 
free electron). 
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The term doping superlattices refers to periodic arrays consisting of layers of the 
same semiconductor doped in two different ways e.g., n- and p-doped layers. The 
unusual electronic properties of doping superlattices derive from the specific nature of 
the superlattice potential which, in this case, is the space charge potential of ionized 
impurities in the doping layers. This is in contrast to the compositional superlattices 
(fig. 24), in which the superlattice potential originates from the different band gaps of the 
constituents. The space charge potential in the doping superlattices modulates the band 
edges of the host material in such a way that electrons and holes become spatially 
separated (fig. 26). This separation can be made nearly perfect by the appropriate choice 
of the doping concentrations and the layer thicknesses. One of the attractive features of 
doping superlattices is that any semiconductor that can be doped in both n- and p-type 
in well controlled ways can be used as the host material. Another advantage of doping 
superlattices originates from their structural perfection. The relatively small concentra- 
tions of impurities used in doping superlattices (typically 10 17 -10 19 /crrf 3 ), induce only 
minor distortions of the lattice of the host material. Thus, doping superlattices do not 
contain interphase boundaries as does compositional superlattice. The absence of any 
significant disorder or misfit strains leads to unprecedented electron and hole mobilities. 
Doping supperlattices have had profound impact on not only the progress made in recent 
years in the physics of two-dimensional electronic systems (quantum Hall effect, 
Shubnikov-de Haas oscillations) but also on device applications such as high-speed 
MODFETS. For further details we refer to some of the excellent reviews in this rapidly 
growing area of research (Mendez and Von Klitzing [1989], Ferry et al. [1990], 
Kirk and Reed [1992]). 

5.3. Semicrystalline polymers 

Semicrystalline polymers constitute a separate class of nanostructured materials. The 
remarkable feature of this class of polymers is that the nanostructured morphology is 
always formed if the polymers are crystallized from the melt or from solution unless 
crystallization occurs at high pressure or if high pressure annealing is applied subsequent 
to crystallization. If a polymer is crystallized from a dilute solution, isolated single 
polymer crystals or multilayer structures consisting of stacks of polymer single crystals 
result (fig. 27). Inside the crystals, the atoms forming the polymer chains arrange in a 
periodic three-dimensional fashion. The interfaces between neighboring crystals consist 
of both macromolecules folding back into the same crystal and tie molecules that 
meander between neighboring crystals. The typical thicknesses of the crystal lamellae are 
in the order of 10 to 20 nm. These relatively small crystals thicknesses have been 
interpreted in terms of one of the following models. The first model hypothesizes the 
formation of the thin crystallites to result from nucleation kinetics. If the height of the 
energy barrier for the formation of a critical nucleus of a chain-folded polymer crystal 
formed in a supersaturated solution is computed by means of homogeneous nucleation 
theory, it is found that the energy barrier of a critical nucleus consisting of extended 
chain molecules is larger than the barrier height for a nucleus of folded chains. The 
physical reason for this energy difference is as follows. Extended chain crystallization 
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Fig. 26. Modulation doping for a superlattice and a heterojunction with a Schottky junction. E f indicates the 
position of the Fermi energy (Mendez and Von Klitzing [1989]). 



Fig. 27. Schematic representation of the conformation of chain-folded polymer molecules in a semicrystalline 
polymer. One molecule belonging to adjacent crystals is indicated as a heavy line. 
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results in a needle-shaped critical nucleus, the length of which is equal to the length of 
the molecular chains. Hence the system is left with only one degree of freedom to reduce 
the energy barrier for the critical nucleus. This reduction occurs by adjusting the diameter 
of the needle. However, if chain folding occurs, the energy barrier associated with the 
critical nucleus can be minimized by adjusting the size of the nucleus in all three 
dimension. Detailed computations reveal that the energy barrier for chain folded nuclei 
is in general significantly lower than for extended chain crystallization. The second group 
of models for chain-folding is based on the excess entropy associated with the folds 
relative to an extended-chain crystals. If the Gibbs free energies of an extended chain 
crystal and of a chain-folded crystal are compared, the chain folds are found to increase 
the internal energy of the system. However, the chain folds also contribute to the entropy 
of the system. Hence, at finite temperatures, a structure of lowest Gibbs free energy is 
obtained, if a certain concentration of chain folds is present in the crystal. In other words, 
chain-folded crystals have a lower Gibbs free energy at finite temperatures than extended 
chain crystals (cf. also ch. 32, § 2. 2-2. 6). 

Polymers crystallizing from the molten state form more complex morphologies. 
However, the basic building blocks of these morphologies remain thin lamellar crystals. 
Figure 28 shows spherulitic crystallization of thin molten polymer film. The spherulites 
consist of twisted lamellae which exhibit radiating growth. If the molten thin film is 
strained during solidification, different morphologies may result, depending on the strain 
rate. However, all of these morphologies have in common that the macromolecules are 



Fig. 28. Bright field transmission electron micrograph (defocus contrast) of a two-dimensional spherulite in 

isotactic polystyrene. The spatial arrangement of the lamellae formed by the folded macromolecules is indicated 

on the left side (Petermann [1991]). 
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Fig. 29. (a) Slacked lamellar morphology in polyethylene (TEM bright field), (b) Needle-like morphology in 
polybutene-1 (TEM bright field), (c) Oriented micellar morphology in polyethylene terephthalate (TEM dark 
field micrograph), (d) Shish-kebab morphology in isotactic polystyrene (TEM dark field micrograph) 
(Petermann (1991]). 
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more or less aligned in the straining direction. High temperatures and small strain rates 
favour a stacked lamellar morphology (fig. 29a), high temperatures combined with high 
strain rates result in needle-like arrangements (fig. 29b). Low temperatures and high 
strain rates lead to oriented micellar structures (fig. 29c). The transition between these 
morphologies is continuous and mixtures of them may also be obtained under suitable 
conditions (fig. 29d). The way to an additional variety of nanostructured morphologies 
was opened when multicomponent polymer systems, so-called polymer blends, were 
prepared. For thermodynamic reasons, polymer blends usually do not form homogeneous 
mixtures but separate on length scales ranging from a few nanometers to many microns 
depending on the thermomechanical conditions of crystallization and the molecular 
structure of the costituents involved. So far the following types of nanostructured 
morphologies of polymer blends have been reported for blends made up by one 
crystallizable and one amorphous (non-crystallizable) component: Type I morphology: 
The spherulites of the crystallizable component grow in a matrix mainly consisting of the 
noncrystallizable polymer. Type II morphology: The non-crystallizable component may 
be incorporated into the interlamellar regions of the spherulites of the crystallizable 
polymer. The spherulites are spacefilling. Type IE morphology: The non-crystallizable 
component may be included within the spherulites of the crystallizable polymer forming 
domains having dimensions larger than the interlamellar spacing. For blends of two 
crystallizable components, the four most frequently reported morphologies are: Type I 
morphology: Crystals of the two components are dispersed in an amorphous matrix. Type 
II morphology: One component crystallizes in a spherulitic morphology while the other 
crystallizes in a simpler mode e.g., in the form of stacked crystals. Type III morphology: 
Both components exhibit a separate spherulitic structure. Type IV morphology: The two 
components crystallize simultaneously resulting in so-called mixed spherulites, which 
contain lamellae of both polymers. 

Morphologies of lower complexity than spherulites, such as sheaves or hydrides may 
also be encountered. In these cases, the amorphous phase, may be arranged homogene- 
ously or heterogeneously depending on the compatibility of the two components. The 
morphology of blends with one crystallizable component has been studied for a variety 
of macromolecular substances e.g., poly(s-caprolactrone)/poly(vinylchloride), 
poly(2,6dimethyl-phenylene oxide)/isotactic polystyrene, atactic polystyrene/isotactic 
polystyrene blends. 

Block copolymers constitute a third class of nanostructured polymers. All 
macromolecules of a block copolymers consist of two or more, chemically different 
sections which may be periodically or randomly arranged along the central backbone of 
the macromolecules and/or in the form of side branches. An example of a block 
copolymer are atactic polytyrene blocks alternating with blocks of polybutadiene or 
polyisoprene. The blocks are usually non-compatible and aggregate in separate phases on 
a nanometer scale. As an example for the various nanostructured morphologies possible 
in such systems, fig. 30 displays the morphologies formed in the system polystyrene/ 
polybutadiene as a function of the relative polystyrene fraction. The large variety of 
nanostructured morphologies that may be obtained in polymers depending on the 
crystallization conditions and the chemical structure of the macromolecules causes the 


References: p. 935. 



908 


// Gleiler 


Ch. 9, §5 




<15% 1 5 - 35% 35 - 65% 65 - 85% > 85% 


Fraction of *■ 

polystyrene blocks 

Fig. 30. Electron micrographs of the morphologies of a co-polymer consisting of polystyrene and polybutadiene 
blocks, as a function of the fraction of polystyrene blocks. The spacial arrangements of the polystyrene and 
polybutadiene in the solidified polymer are indicated in the drawings above the micrographs (Petermann [1991]). 


properties of polymers to vary dramatically depending on the processing conditions. An 
example of a polymeric material with novel properties originating from a special 
nanoscale microstructure is shown in figs. 3 1 and 32. Polyethylene with a nanostructured 
morphology consisting of stacked crystalline lamellae (fig. 31a) exhibits remarkable 
elastic properties (fig. 32) if strained in tension in the direction perpendicular to the plane 
of the lamellae. The strain causes the lamellae to separate so that fibres of extended tie 
molecules form between them (fig. 31b). Upon unloading, the surface-energy of these 
molecular fibres causes them to shrink and thus pull the lamellar crystals together again. 
In other words, one obtains a material that can be strained reversibly by more than 
100%. The restoring force (contraction) of the material is driven by surface energy and 
hence the material may be termed surface-energy pseudoelastic. If the stacked morphol- 
ogy is replaced by, e.g., a spherulitic microstructure, no such effects are noticed. In 
recent years, the large variety of nanostructured morphologies that may be generated for 
example in polymer blends or block copolymers has caused a rapidly expanding research 
activity in this type of materials (Martuscelu et al. [1980], Petermann [1991]). For 
further details, see ch. 32. 

5.4. Nanocrystalline and nanoglassy materials 

5.4.1. Basic concepts 

The difference between the atomic structure of nanocrystalline materials and other 
states of condensed matter (e.g., single crystals, glasses, quasicrystals) may be understood 
by considering the following two facts: 
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Fig. 31. (a) Defocus electron micrograph showing the stacked-lamellae structure of a polyethylene fiber. The 
dark regions are the crystallites. The pattern of bright lines indicates the positions of the chain folds between 
the lamellae (cf. fig. 27). (b) Electron micrograph of a strained polyethylene fiber (cf. fig. 31a) showing 
complete separation of the lamellae interconnected by fibrils. The horizontal arrow indicates the straining 
direction (the strain is approximately 100%). 


(i) The properties of a solid depend (in addition to its dimensions and its dimensionality) 
primarily on its density and the coordination of nearest neighbors. The physical reason 
is that interatomic forces are of short-range character and hence the interaction between 
nearest neighbors is the most dominant factor. The total interaction energy between 
nearest neighbors depends on the number (coordination) of nearest neighbors and their 
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Fig. 32. Stress-strain curve for straining and destraining (in air) of a stacked-lamellae structure of polyethylene 
(cf. fig. 31) at 22° C at a strain rate of 0.0005/s. In the plateau region, the deformation occurs primarily by the 
separation of the lamellae and the formation of the fibrils between them (cf. fig. 31b). 


interatomic spacing (i.e., the density). Perhaps, the best-known example demonstrating 
the significance of the density and the coordination of nearest neighbors is the phase 
transformation between diamond and graphite (fig. 33). During this phase transformation, 
the density and coordination number change by about 30 to 40%. The resulting variation 
of the properties is well known: A hard, brittle, insulating material (diamond) transforms 
into a soft, ductile and electrically conducting substance (graphite). 

(ii) In the cores of incoherent interfaces (grain boundaries, interphase boundaries) and 
other lattices defects, the density and nearest-neighbor coordination deviates significantly 
from the surrounding perfect crystal lattice. For example, fig. 34 displays the computed 



Fig. 33. Atomic structure of diamond (left side) and graphite. The carbon atoms are represented as closed 
circles. 
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Fig. 34. Computed radial distribution function, rg(r), for the atoms in the core of a 43.60° [100] (£29) grain 
boundary in Au (cf. fig. 35). Arrows indicate the corresponding perfect crystal peak positions. The interatomic 
spacings between the atoms in the boundary core are strongly affected by the presence of the interface. In the 
computations, the interatomic forces were represented by an embedded atom potential corresponding to Au 
(Phillpot etal. [1990]). 


radial distribution function in a £29 (100) grain boundary in Au. The positions of the 
delta-function-like distribution peaks of the Au. crystal lattice are indicated by arrows. 
Obviously, the boundary core structure is characterized by a broad distribution of 
interatomic spacings. In fact, the width of this distribution is also much larger than the 
one in glassy solids. Concerning the density reduction in the boundary core regions, the 
situation appears similar. For instance, in the case of the grain boundary shown in fig. 35 
(deduced from a high resolution electron micrograph of this boundary between two 
misoriented NiO crystals) the density is about 80% of the cubic crystal far away from the 
boundary. 

With these facts in mind, it was proposed (Marquardt and Gleiter [1980], Gleiter 
[1981b]) that if one generates a material that consists primarily of incoherent interfaces 
(i.e., a material that consists for example of 50 vol% incoherent grain boundaries and 50 
vol% crystals), the structure (and properties) of such a material will deviate significantly 
from those of a crystal and/or glass with the same chemical composition. Materials with 
such a high density of interfaces were called nanocrystalline materials *. In order to 
specify this idea further, let us consider a hard-sphere model of a nanostructured material 
which may be generated in the following way: We start off with isolated nanometer-sized 


* Other terms used in the literature in the subsequent years were nanophase materials, nanometer-sized 
materials, nanostructured materials or materials with ultra-fine microstructures. 
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Fig. 35. Atomic structure of the core of a grain boundary between two NiO crystals that are tilted relative to 
one another by 36,9° about a common [100] direction normal to the plane of the figure. The structure was 
deduced from the high resolution electron micrograph of 36,9° [100] tilt boundary in NiO (Merkle et al. 
[1987]). The boundary core structure may be described as a two-dimensional periodic array comprising two 
different pentagonal polyhedra (indicated on the right side of the boundary by broken lines). The two NiO 
crystals forming the boundary have cubic structure. 


crystals with uncontaminated surfaces and consolidate them at high pressure. If this is 
done, one obtains a structure that is represented (for the sake of simplicity) in the form 
of a two-dimensional hard-sphere model in fig. 36. The open and full circles represent 
atoms all of which are assumed to be chemically identical. Different symbols (open/full 
circles) are used to emphasize the heterogeneity of the structure of nanostructured 
materials. Obviously, the structure consists of the following two components: (i) The 
crystallites which have all the same atomic arrangement. The only difference between the 
crystallites is their crystallographic orientation. The atoms in the interior of the 
crystallites are represented in fig. 36 as full circles, (ii) The second component of the 
nanocrystalline structure is formed by the interfaces (grain boundaries) between the 
crystallites. At the interfaces, two crystallites are joined together. Due to the different 
crystallographic orientations between adjacent crystallites, a region of misfit (called a 
grain boundary) results. In these grain boundaries, the atoms (indicated as open circles) 
are packed less densly than in the interior of the crystallites and the arrangement of 
nearest neighbors is changed relative to the crystal interior. The fraction of atoms situated 
in interfaces increases if the crystallites are made smaller. In fact, a straightforward 
estimate shows that (in the three-dimensional case) about 50% of the atoms are located 
in interfaces (open circles) if the crystal size is in the order of 5 to 10 nm. A crystal size 
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Fig. 36. Two-dimensional hard sphere model of the atomic structure of a nanocrystalline material. For the sake 
of clarity the atoms in the centers of the “crystals” are indicated in black. The ones in the boundary core 
regions are represented by open circles. Both types of atoms are assumed to be chemically identical. 


in the order of a few nanometers has been the reason for calling materials that consist 
primarily of interfaces “nanocrystalline materials”. Obviously, the structure and properties 
of nanocrystalline materials depend on the large fraction of interfaces with densities and 
nearest neighbor coordination numbers that deviate from the ones of crystalline and the 
glassy state and on the reduced size of the crystallites. 

In order to achieve a high density of interfaces, the size of the crystals forming a 
nanocrystalline material has to be reduced to a few nanometers. If the size of the 
crystalline regions approaches a few nanometers, size effects as well as reduced 
dimensionality effects may become important as well. In other words, in addition to the 
effects resulting from the variation of the density and the nearest neighbor coordination 
in the interfacial region, nanocrystalline materials are also expected to exhibit size and 
reduced dimensionality effects. 

The structural difference between a nanocrystalline and a glassy material (with the 
same chemical composition) may be seen by considering the physical origin of both 
structures. In a glass generated by quenching the molten state, the spacial density and 
coordination variations are controlled by the frozen-in thermal fluctuations. This is not 
so in nanocrystalline materials. The density and coordination numbers in the boundaries 
are controlled by the misfit between adjacent crystallites (fig. 36) with different 
crystallographic orientations. In other words, the density and the coordination are 
controlled by geometry (or crystallography) rather than by thermal fluctuations. 
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In the following section an attempt will be made to summarize our present knowledge 
about nanocrystalline materials. This section will be subdivided into the following five 
paragraphs: (a) The generation of nanocrystalline materials, (b) The atomic structure of 
nanocrystalline materials, (c) Nanoglasses, (d) Nanocomposites, (e) Technological 
applications. For obvious reasons, the summary given in this section is not intended to 
be encyclopaedic. In discussing the atomic structure and properties of nanocrystalline 
materials, we draw attention to those aspects of the experimental evidence that must be 
examined the most critically. The discussion of the properties will be limited to 
properties that appear relevant to technological application. For further details, the reader 
is referred to one of the recent review articles (e.g., Gleiter [1989], Blrringer [1989], 
Suryanarayana and Froes [1992], Siegel [1993], Shull [1993]), Gleiter [1995]. 

5.4.2. Generation of nanocrystalline materials 

In principle the following three routes have been used so far to generate nano- 
crystalline materials. The first one starts from a noncrystalline structure, e.g., a glass. The 
nanocrystalline materials are obtained by nucleating numerous crystallites in the glass 
e.g., by annealing. These nuclei subsequently grow together and result in a nano- 
crystalline material. The various modifications of this approach differ primarily in the 
starting material used. So far metallic glasses (e.g., produced by melt spinning, Lu et al. 
[1991]) and the sol-gel technique (Chakravorty [1992]) have been successfully applied. 
The most important advantages of this approach are as follows. Low-cost mass production is 
possible and the material obtained exhibits little or no porosity. Obviously this approach 
is limited to chemical compositions which permit the generation of glasses or sols. 

The second route is based on increasing the free energy of a (initially coarse-grained) 
polycrystal. The various modifications differ by the procedures that are applied to 
increase the free energy. Ball-milling, high-strain-rate deformation, sliding wear, 
irradiation with high-energy particles, spark erosion and detonation of solid explosives 
have been used so far. All of these techniques are based on introducing a high density of 
lattice defects by means of plastic deformations or local atomic displacements. The 
crystal size of the final product can be varied by controlling the milling, the deformation, 
the irradiation or the wear conditions (e.g., the milling speed, temperature, type of mill 
used, etc.). This group of methods have been scaled up successfully. For example, 
cryomilling has been applied to produce commercial quantities of nanocrystalline 
A1/A1 2 0 3 alloys. 

The third route of production processes for nanocrystalline materials involves a two- 
step procedure. In the first step, isolated nanometer-sized crystallites are generated which 
are subsequently consolidated into solid materials. PVD, CVD, electrochemical, 
hydrothermal, thermolytic, pyrolytic decomposition and precipitation from solution have 
been used so far. The most widely applied PVD method involves inert gas condensation 
(fig. 37). Here, the material is evaporated in an inert gas atmosphere (most frequently He 
at a pressure of about 1 kPa). The evaporated atoms transfer their thermal energy to the 
(cold) He and hence, condense in the form of small crystals in the region above the 
vapor source. These crystals are transported by thermal convection to the surface of a 
cold finger. In addition to thermal evaporation, dc or ac sputtering as well as laser 
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Fig. 37. Schematic drawing of gas-condensation chamber for the synthesis of nano-crystalline materials. The 
material evaporated condenses in the inert gas in the form of small crystallites which are subsequently 
transported via convection (arrows) to the liquid-nitroqen-filled cold finger. The powder of crystallites is finally 
scraped from the cold finger, collected via the funnel and consolidated first in the low-pressure compaction 
device and then in the high-pressure compaction unit. Both compaction units are kept under UHV conditions 
(Gleiter [1989]). Instead of an evaporation device, a sputtering source has been utilized as well. 


evaporation or laser ablation have been used. Instead of evaporating the material into an 
inert gas atmosphere, bulk nanocrystalline materials may also be obtained by depositing 
the material in the form of a nanometer-sized polycrystalline layer onto a suitable 
substrate. PVD, CVD and electrochemical deposition has been applied successfully 
(Chatterjee and Chakravorty [1989], Osmola et al. [1992], Veith et al. [1991, 
1992], Haseeb etal. [1993]). In the special case of nanocrystalline Si, plasma-enhanced 
CVD using an rf or dc plasma source turned out to be a versatile method that permits 
one to generate thin Si films. Depending on the deposition parameters, any 
microstructure may be obtained between amorphous Si and coarse-grained crystalline Si 
(Veprek and Sarott [1987]). The methods for generating small crystallites by precipita- 
tion reactions may be divided into processes involving precipitation in nanoporous host 
materials and host-free precipitation. In both cases a wide range of solvents (e.g., water, 
alcohol, etc.) as well as different reactions (e.g., addition of complex forming ions. 
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photochemical processes, hydrolytic reaction, etc.) have been utilized. A widely applied 
method for generating nanometer-sized composits is based on the sol-gel process. An 
interesting subgroup of sol-gel generated nanocomposits are organic-inorganic nanoscale 
ceramics, so called ceramers, polycerms or ormocers (Schmidt [1992]). Following the 
ideas of Mark and Wilkes, (Garrido et al. [1990]), these materials are prepared by 
dissolving preformed polymers in sol-gel precursor solutions, and then allowing the 
tetraalkyl orthosilicates to hydrolyze and condense to form glassy Si0 2 phases of 
different morphological structures. Alternatively, both the organic and inorganic phases 
can be simultaneously generated through the synchronous polymerization of the organic 
monomer and the sol-gel precursors. Depending upon such factors as the structures of the 
organic and inorganic components, the phase morphologies, the degree of 
interpenetration, and the presence of covalent bonds between the phases, the properties 
of these composites can vary greatly and range from elastomeric rubbers to high-modulus 
materials. 

Precipitation in nanoporous materials involves a large spectrum of host substances. 
Hosts providing a three-dimensional framework containing nanometer-sized pores include 
zeolites, microemulsions, organogels (microemulsions containing gelatin), porous glasses, 
protein cages, micelles, capped materials. Graphite tubes, urea channels, phosphazene 
tunnel, lipid bilayer vesicles are examples of one-dimensional tunnel hosts. Layered (two- 
dimensional) hosts are provided by clays, graphite, halide layers and self-assembled mono- or 
multilayers. For a recent review of the fascinating developments in these areas we refer to the 
paper by Ozin [1992]. One of the attractive features of such nanosized confined precipitates 
is that they allow one to produce bulk quantities of unagglomerated nanoparticles. 

During the second step of the third production method, the loose powder of nano- 
meter-sized crystals is consolidated into a bulk material. Consolidation of the small 
crystals has been performed at low as well as elevated temperatures under static (e.g., 
uniaxial pressure, hydrostatic pressure, laser-sintering, laser reactive sintering) or 
dynamic conditions (e.g., sinter-forging, shear, explosive consolidation). Laser reactive 
sintering is applicable preferentially to nanocomposits. The strategy of this method is to 
select mixtures (e.g., a nanocrystalline ceramic and a metal) so that one component has 
a significantly lower melting point than the other(s). The objective is to achieve enhanced 
sintering from the low-melting component during pulse heating by a laser beam that is 
scanned over the pre-consolidated material (Manthiram et al. [1993]). In consolidat- 
ing/sintering nanocrystalline powders it is noticed that the nanometer-sized powders 
densify at much lower temperatures (lower pressures) than coarse grained powders with 
the same chemical composition. 

In comparison to the first two methods described at the beginning of section 5.4.2, 
the main advantages of producing nanocrystalline materials by a two-step procedure 
(involving the generation of isolated nanometer-sized crystals followed by a consolidation 
process) are as follows: (i) Crystals with different chemical compositions can be co- 
generated, leading to “alloying” on a nanometer-scale, (ii) The free surfaces of the small 
crystals may be coated prior to the compaction process by evaporation, sputtering, 
chemical reaction (e.g., surface oxidation) or in suspension, (iii) The interior of the 
crystallites may be modified by ion implantation before consolidation. Due to the small 
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crystal size, the implantation results in materials that have the same chemical composi- 
tion throughout the volume. In bulk materials, ion implantation is limited to surface 
regions. 

Due to the high density of interfaces, single-component nanostructured materials 
frequently exhibit crystal growth during sintering. One approach to minimise crystal 
growth is to limit the time spent at the consolidation temperature. This may be achieved 
by sinter-forging or explosive consolidation. Another approach is to use grain growth 
inhibitors such as pores, second phase particles, etc. (Mayo and Hague [1993]). The 
latter method has been utilized, for instance, to sinter nanostructured WC alloys (cf. 
§5.7.1). Grain growth was inhibited by transition metal carbides. 

5.4.3. Atomic structure 

The hypothesized reduced density in the cores of the grain boundaries in nano- 
crystalline materials (cf. fig. 36) agrees with the following observations. In comparison 
to a single crystal of the same chemical composition, nanocrystalline materials exhibit: 
(i) A reduced bulk density and a reduced Debye temperature; (ii) a positron lifetime 
spectrum that indicates the presence of interfacial free volume which varies locally in 
size from a single vacancy to about eight vacancies (WUrschum etal. [1993]); (iii) an 
enhanced small-angle X-ray and/or neutron diffraction cross-section; (iv) an enhanced 
specific heat; (v) a modified isomer shift in the Mossbauer spectrum; (vi) a hyperfine 
field distribution that differs from that of the crystalline state; (vii) an enhanced solute 
diffusivity and substitutional solute solubility; (viii) an enhanced compressibility of the 
boundary regions and (ix) the observation of quantum size-effects in nanocrystalline 
semiconductors (e.g., in nanocrystalline ZnO) which indicates that the boundary regions 
act as barriers for electron propagation. 

In addition to these findings, high-resolution electron microscopy, wide-angle X-ray 
or neutron diffraction measurements and computer simulations of the structure of 
individual grain boundaries (in bicrystals) indicate a boundary core density that is in the 
order of 75% to 90% of the corresponding crystal density (cf. fig. 35). Depending on the 
method used to study the grain-boundary structure, core widths between about 0.5 and 
several nanometers were measured. The boundary core densities and widths in bicrystals 
seem comparable with the boundary-core densities in nanocrystalline materials deduced 
from the data of the various measurements listed above. However, at this point it should 
be noted that the structure of the grain boundaries in nanocrystalline materials may be 
expected to differ from the one in bicrystals if the crystal size is reduced to a few 
nanometers. If the crystal size approaches a few nanometers, the lengths of the boundary 
segments between adjacent triple junctions are just a few interatomic spacings. In other 
words, the boundary lengths are shorter than the boundary periodicity. This is not the 
case for boundaries in macroscopic bicrystals. Moreover, the elastic interaction between 
neighboring boundaries (spaced a few nanometers only) may result in significant 
structural changes of the atomic arrangements in the boundary cores. The significance of 
both effects has been demonstrated recently by means of computations based on elasticity 
theory and computer simulations (King [1993], Hahn [1994]). Computer simulations of 
the boundary structure indicate that the atomic arrangements in the boundary cores 
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change significantly, if the boundary lengths and spacings between adjacent boundaries 
approach the periodicity of the atomic structure of the boundaries. In fact, experimental 
evidence suggesting a different boundary structure in bicrystals and nanocrystalline 
materials has been reported. For example, the grain-boundary free volume (measured by 
positron lifetime spectroscopy, fig. 38a) and the specific electric resistivity per unit area 
of the boundaries of nanocrystalline materials was noticed to vary as a function of the 
crystal size (Tong et al. [1992]). The crystal size dependence suggest that the atomic 
structure of the grain boundaries depends on the lateral dimensions of the grain bound- 
aries and on the spacings between neighbouring boundaries. This result agrees with 
recent theoretical studies of grain boundaries of finite extent (Gertsman et al. [1989]). 
These studies suggest that boundaries of finite extent differ from infinite boundaries 
primarily due to the disclinations formed at the triple junction between these boundaries. 
As the crystal size decreases, these disclinations become more and more important for 
the boundary structure. Another explanation for the experimentally observed grain size 
dependence has been proposed by Palumbo et al. [1991b], They pointed out that the 
volume fraction of the triple junctions between three boundaries in a nanocrystalline 
material becomes equal or larger, than the volume fraction of the planar boundary 
segments, if the crystal size is reduced below about 5 nm. If the atomic structure of the 
triple junctions differs from that of the boundaries, a grain size dependence will be 
noticed. Experimental evidence supporting this view by means of hydrogen diffusion in 
nanocrystalline Ni has been presented (Palumbo etal. [1991b]). A correlation between 
the atomic structure of the boundaries and the preparation procedure has been evidenced 
by positron lifetime as well as Mossbauer spectroscopy. Nanocrystalline iron was 
produced by ball-milling and inert-gas condensation. Although both materials had the 
same chemical composition and comparable crystal size, they exhibited different 
hyperfine parameters i.e., different atomic structures. Similar results were obtained by 
means of positron annihilation measurements for nanocrystalline Cu or Ni in comparison 
to nanocrystalline metals produced by crystallizing metallic glasses. 

The expected modified number of nearest neighbor atoms and the broad distribution 
of interatomic spacings in the boundary cores agree with computer simulations of the 
structure of grain boundaries, with the results of measurements by means of wide angle 
X-ray diffraction, EXAFS and the enhanced width of the distribution of the quadruple 
splitting in the Mossbauer spectrum of a nanocrystalline material in comparison to single 
crystals with the same chemical composition (Loeffller etal. [1995]). A discussion of 
the various measurements mentioned in this paragraph and the relevant original publica- 
tions may be found in recent review articles listed at the end of §5.4.1. 

Ample evidence for size effects and effects resulting from a reduced dimensionality has 
been reported for nanocomposits and will, hence, be discussed in paragraph 5.6. In single 
component nanocrystalline materials only rather few observations of this kind seems to 
be available up to now. Figure 38b shows the blue shift of nanocrystalline (consolidated) ZnO 
resulting from quantum size effects. Apparently the grain boundaries act as potential barriers 
separating the individual crystals electronically. Size and/or dimensionality effects have been 
noticed by positron lifetime measurements as a function of the grain size. With decreasing 
grain size, the free volume in the interfaces becomes larger (fig. 38a) (Tong etal. [1992]). 
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Excitation wavelength ( nm ) 

Fig. 38. (a) Variation of the mean positron lifetime as a function of the grain size in nanocrystalline Fe 7a B„Si 9 
(Tong et at. [1992]). With decreasing grain size (at constanct chemical composition) the lifetime increases, 
indicating that the size of the sites of enhanced free volume in the grain boundaries changes as a function of 
grain size, (b) Photoluminescence spectrum of bulk (crystalline) ZnO in comparison to the (blue-shifted) 
spectrum of nanocrystalline ZnO (crystal size 4 nm). The detection wavelength used was 550 nm. The 
nanocrystalline ZnO was generated by inert-gas sublimation. The resulting crystallites were consolidated at 0.9 
GPa pressure (McMahon [1994]). 
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The presently available experimental observations indicate that the structural model 
outlined so far (cf. fig. 36) is oversimplified in several ways. The atomic structure in the 
boundary cores (e.g., the average density, coordination number, etc.) depends not only on 
the crystal size and chemical composition. It also depends on the type of chemical 
bonding, the presence of impurities, the preparation mode and the time-temperature 
history of the specimens. For example, Mossbauer spectroscopy reveals that 
nanocrystalline Fe specimens prepared by ball milling or inert gas condensation exhibit 
different atomic structures in the boundary regions although the grain sizes and chemical 
compositions are comparable. The same applies to the structure of the boundary regions 
with and without impurity atoms. For instance, nanocrystalline Fe containing about 1% 
oxygen in the boundaries was noticed (by X-ray diffraction) to exhibit a different grain- 
boundary structure from the same material without or with less oxygen. The effect of the 
production procedure on the structure and properties of nanocrystalline materials, 
generated by electroplating and other techniques, has been discussed by Erb et al. 
[1993], Some of the differences revealed were attributed to the residual porosity. 
However also pore-free, high-purity nanocrystalline materials (e.g., prepared by rapid 
shear and electroplating) exhibit properties that differ significantly from those of bulk 
materials. The deviations were found to depend primarily on the grain size and the 
preparation procedure (Bakonyi etal. [1993]). This result agrees with the basic concepts 
of nanocrystalline materials discussed in section 5.4. 1 and suggests that the details of the 
atomic arrangement in the boundaries depend (for a given chemical composition) 
primarily on the grain size, the preparation procedure and the time-temperature history 
of the material. The significance of the type of chemical bonding for the structure of 
nanocrystalline materials was recently demonstrated for nanocrystalline diamond. Studies 
by means of Raman spectroscopy revealed a mixture of sp 2 and sp 3 bonds in 
nanocrystalline diamond. The sp 2 (graphite like) bonds seem to be associated with the 
boundary regions. The crystalline regions exhibited pure (diamond-like) sp 3 bonds. A 
change of the type of chemical bonding does not seem to occur in systems with non- 
directional bonds such as in metals. In all metallic systems studied so far, the chemical 
bonding in single-crystalline and nanocrystalline materials seems to remain metallic. 
Nevertheless, the reduced atomic density, electron density and the modified nearest- 
neighbor structure in the boundary regions seem to change the interatomic interaction. 
This is evidenced by the variation of the ferromagnetic properties of the boundary 
regions in comparisons to the interior of the crystallites (e.g., in Fe, Ni and Gd). Several 
other measurements (e.g., by X-ray diffraction, positron lifetime spectroscopy, EPR- 
spectroscopy, Raman spectroscopy, IR-spectroscopy, the diffusivity, the thermal 
expansion or the the excess energy stored in nanocrystalline materials), support the 
results discussed so far. In other words, nanocrystalline materials are not fully character- 
ized in terms of their chemical composition and grain size. Depending on the preparation 
procedure or the time-temperature history, the atomic arrangements in the interfaces, and 
hence the properties of nanocrystalline materials vary significantly even if the chemical 
composition and grain size are identical. In certain nanocrystalline ionic materials (e.g., 
AgCl, AgBr, T1C1, Lil, /3-AgI) space charge effects (Maier etal. [1988]) are expected 
to play an important role in addition to the grain-boundary core effects discussed so far. 
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If the crystal size becomes comparable to the Debye length of the space charge region 
at the boundaries, the electric conductance was observed to be dominated by the electric 
conductivity of space charge region. 

5 . 5 . Nanoglasses 

The considerations so far were limited to arrays of nanometer-sized crystallites (fig. 
36). However, arguments similar to the ones advanced in §5.4.1, apply to so-called 
nanoglasses as well. Nanoglasses are solids that are generated by consolidating nano- 
meter-sized glassy spheres (Jing etal. [1989]). A two-dimensional model of the resulting 
structure is displayed in fig. 39. The similarity between a nanostructured material 
composed of nanometer-sized crystallites and nanometer-sized glassy spheres may be 
apparent. In fact, the nanoglass may be considered as consisting of glassy regions 
(represented by full circles in fig. 39) joined together by a network of “interfaces” that 
are represented by open circles. The interfaces are created when the originally free 
surfaces of the glassy spheres are “welded” together during consolidation. Just as in the 
case when two crystals of different crystallographic orientations are joined together 
during consolidation, a region of reduced density and modified nearest-neighbor 
coordination may be expected to result in the regions where the glassy spheres are joined 
together. If this is so, a close analogy may be expected to exist between the 
microstructure of nanocrystalline materials and of nanoglasses. As a matter of fact, such 
an analogy has been suggested on the basis of studies by Mossbauer spectroscopy 



Fig. 39. Schematic (hard-sphere) model of the atomic structure of a nanoglass. The nanoglass is assumed to be 
generated by consolidating nanometer-sized glassy spheres. The atoms in the interior of the glassy spheres are 
represented by full circles. The atoms in the interfacial regions between adjacent spheres are drawn as open 
circles. Both types of atoms are assumed to be chemically identical (Gleitbr [1992]). 
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(fig. 40). The quadrupole splitting distribution* of nanocrystalline materials indicates 
that these materials consist of two components (fig. 40b): The crystalline component and 
the interfacial one. The crystalline component is characterized by a narrow quadrupole 
splitting distribution (fig. 40a), whereas the distribution of the interfacial component 
(fig. 40b) extends over a wide range along the horizontal (QS) axis. By analogy to the 




2.9 2.1 1.3 0.5 0 1 2 

Quadrupole Splitting , QS [ mm/s ] 

Fig. 40. Comparison of the quadrupole splitting distribution of a single crystal FeF 2 (fig. 40a) and of 
nanocrystalline FeF 2 (fig. 40b). Right side: Comparison of the quadrupole splitting distribution of a Pd^Si^Fej 
metallic glass produced by melt-spinning (fig. 40c) and in the form of a nanoglass (fig. 40d) produced by 
consolidating 4 nm-sized glassy spheres. Both glasses had the same chemical composition. The interfacial 
components in the MSssbauer spectra of the nanocrystalline and nanoglassy materials are the areas hatched 
horizontally (Jing etal. [1989]). 


* The quadrupole splitting distributions shown in fig. 40 are essentially plots that display the probability, p(QS), that 
a particular atom is surrounded by nearest neighbors forming arrangements of different degrees of asymmetry. Atoms 
surrounded by symmetrically arranged nearest neighbors appear on the left side of the QS axis (horizontal axis in 
fig. 40). The MSssbauer signals of atoms in asymmetric environments appear on the right side of the QS axis. 
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spectrum of the nanocrystalline material, tbe quadrupole splitting distribution of a 
nanoglass was found to exhibit the same features (fig. 40d): It consists of a (narrow) 
glassy (fig. 40c) and an (wide) interfacial component (fig. 40d) as might be expected on 
the basis of the model suggested (fig. 39). 

5.6. Nanocomposites 

Nanocomposites are compositionally modulated nanostructured materials. Basically the 
following three types of microstructures have been revealed experimentally in the case 
of cluster-assembled materials. (Compositionally modulated layer structures have been 
treated in section 5.2). 

5.6.1. Nanocomposites made up of crystallites with different chemical compositions 

Figure 41a displays schematically the expected atomic structure of this kind of a 
nanocomposite. Examples of real nanocomposites of this type are Fe-Ag nanometer-sized 
alloys. Although Fe and Ag are immiscible in the crystalline and liquid state, the 
formation of solid solutions (probably in the interphase boundary regions) was noticed 
in Fe-Ag nanocomposites. The proposed structure of nanocrystalline Fe-Ag nano- 
composites deduced from Mossbauer spectroscopy and X-ray diffraction is shown in 
fig. 41b. Similar alloying effects were reported for many other nanometer-sized com- 
posites produced by one of the methods discussed in section 5.4.2 (cf. Shingu et al. 
[1989], Radlinski and Calka [1991], Oehring and Bormann [1991], Murty et al 
[1993]). The formation of metastable nanocrystalline solid solutions and/or amorphous 
phases during the production process, e.g., by ball-milling seem to depend primarily on 
the free energy of the phases. A large free energy difference relative to the amorphous 
phase favors the nanocrystalline structure. Nanocrystalline metastable solid solutions 
seem to result if these phases have a higher stability than the amorphous phase, as was 
demonstrated for Nb-Al (Oehring and Bormann [1991]). The significance of the 
interfacial structure between chemically dissimilar and immiscible materials was also 
emphasized by the results of thermodynamic studies (Turnbull et al. [1990]). A 
reduction of the melting point and the melting enthalpy of finely dispersed Ge particles 
in a Sn or Pb matrix was interpreted in terms of a disordered interphase boundary 
structure between both materials. Remarkable reductions or exchange reactions in the 
solid state at the interfaces between chemically dissimilar components in nanometer sized 
materials, e.g., metals and sulfides or oxides have been reported during ball-milling or 
heavy mechanical deformation ( mechanochemical reactions). The existing evidence 
indicates that the newly formed interfaces during milling play a crucial role. The 
reactivity of newly formed solid/solid interfaces has been demonstrated about two 
decades ago by co-extruding different materials, e.g., mixtures of metallic and ceramic 
powders or mixtures of metallic and polymer powders (e.g., A1/A1 2 0 3 , Al/NaCl or 
Al/Teflon) (Frommeyer and Wassermann [1976]). In all cases studied, the adhesion 
between the highly extruded components at the newly formed interphase boundaries was 
much stronger than the cohesion at interphase boundaries formed during conventional 
sintering. In order to explain the reactions and/or adhesion, the formation of free radicals. 
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Fig. 41. (a) Schematic (hard sphere) model of a nanocomposite consisting of crystals with different chemical 
compositions. The chemically different atoms are represented by different symbols (open, closed etc. circles), 
(b) Schematic model of a nanocrystalline Ag-Fe alloy deduced from Mossbauer spectroscopy. The alloy 
consisting of a mixture of nanometer-sized Ag and Fe crystals. In the (strained) interfacial regions between Ag 
and Fe crystals, solid solutions of Fe atoms in Ag, and Ag atoms in Fe are formed although both components 
are insoluble in the liquid as well as in the solid state. Similar effects may occur in grain boundaries between 
adjacent Fc and Ag crystals (Herr el al. [1990]). 
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deformed chemical bonds, ions and free electrons at the interfaces has been suggested. 
Reactions having positive enthalpies or even positive free energies are shown to occur. 
In fact, mechanochemical reactions seem to open new ways for processing, mining or 
generating materials avoiding high temperature reactions (Calka [1993]). Nano- 
composites consisting of metallic crystallites embedded in an insulating matrix exhibit 
interesting electrical properties such as quantum size effects (Henglein [1988], 
Halperin [1986]), large dielectric permittivities as well as ac and dc resistivities. For 
example, the conductivity of the metallic particles embedded in an insulating matrix has 
been reported to decrease by several orders of magnitude if the particle size is reduced 
into the nanometer regime (Size Induced Metal Insulator Transition, Marquardt et al. 
[1988]). The physical interpretations of this “SIMIT” effect is still a matter of contro- 
versy. Quantum size effects as well as a statistical approach of free electrons in small 
metallic particles based on a modified Drude model have been proposed. 

5.6.2. Nanocomposites made up of crystallites and glassy components with 
different chemical compositions 

An interesting example of this type of nanocomposites are nanometer-sized metallic 
or semiconductor particles (e.g., Ag, CdS or CdSe) embedded in an amorphous dielectric 
matrix (e.g., Si0 2 ) (fig. 42). If the embedded particles are metallic, the plasmon 
resonance of the particles is broadened (relative to the bulk material) by more than a 
factor 3. According to Mie’s theory, this broadening results from chemical interfacial 
effects between the metallic clusters and the (dielectric) matrix. Electron mean free path 
and quantum size effects seem to be of limited significance in the metallic systems 
studied so far (HOvel etal. [1993]. This is not so for semiconductor particles. They are 
found to exhibit quantum size effects (blue-shifted band gap, discrete molecule-like 
excited electronic states, appearance of interface states in the band gap causing fast non- 
radiative recombinations, or luminescence with a large Stokes shift). If one encapsulates 
the embedded nanocrystals in a high-band-gap insulator, then resonances occur at very 
high energies. The nanocrystalline HOMO and LUMO states remain as confined bulk 
eigenstates inside the insulator shell. This is the ideal quantum dot case, where surface 
states are not important in luminescence. For example, CdS has been encapsulated inside 
a monolayer of Cd(OH) 2 , CdSe inside ZnS, Si inside Si0 2 , etc. More complex structures 
have recently been made: a three layer “quantum dot quantum well” involving a 
monolayer of HgS grown on a CdS core and capped with four monolayers of CdS, 
shows luminescence from the HgS shell monolayer. The conceivable possibilities for 
generating new optical materials in this way are vast: experimental progress depends 
critically upon the development of advanced synthetis methods for high-quality materials 
with closely specified dimensional tolerances. 

5.6.3. Nanocomposites with intercalated (doped) grain boundaries 

The thickness of the intercalate layers in the cores of the boundaries may vary from 
less than a monolayer to multilayers. In the case of thin intercalates (less than a 
monolayer), the atoms of the intercalate seem to enter specific, low energy sites. For 
example Bi atoms that are incorporated in the boundaries of nanocrystalline Cu, were 


References: p. 935. 
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Fig. 42. Reaction and structural model of the incorporation of ligand stabilized CdS quantum dots into ormocer 
matrices (Schmidt [1992]). 

found by EXAFS studies (Haubold [1993]) to enter sites that are characterized by three 
Cu atoms surrounding every Bi atom (fig. 43a). Multilayer intercalate boundary 
structures (fig. 43b) are apparently less well ordered. For example the structure of Ga in 
nanocomposites consisting of nanometer-sized W crystals separated by several layers of 
Ga was found (by PAC measurements) to exhibit a disordered structure. A special case 
of this type of nanocomposite structures are soft ferromagnetic nanostructured materials 
generated by partial crystallization of certain metallic glasses (cf. section 5.7.3). Another 
way in which nanocomposites with doped grain boundaries may be formed has been 
discussed by Tanakov etal. [1991], The energy stored in the stress field in the vicinity 
of grain boundaries may be reduced by a spacial redistribution of the solute atoms. This 
effect was proposed first by Cottrell for the redistribution of solute atoms in the stress 
field of a dislocation (Cottrell cloud). Under suitable conditions, the stress-induced solute 
redistribution in the vicinity of grain boundaries may lead to nanocomposites with solute- 
enhanced boundary regions. Stress-induced solute segregation to the boundaries may be 
important for the stability of nanostructured materials against grain growth. Stability 
against grain growth may be expected if the reduction of the strain energy by removing 
a solute atom from the lattice of the crystallites is equal or larger than the energy 
required to bring the solute atom into the boundary core. A potential model system of 
this kind are nanocrystalline Y-Fe solid solutions. Indeed, little grain growth was noticed 
in Fe-rich nanocrystalline Y-Fe alloys (Weismuller et al. [1992]). (See also ch. 28, 
§4.3). 
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5.7. Technological applications 

Although nanocrystalline materials were proposed just about 15 years ago (Marquardt 
and Gleiter [1980], Gleiter [1981b]), a few technological applications have already 
emerged. 


5.7.1. Hard, wear-resistant nanocrystalline WC-Co materials 

Nanostructured WC-Co materials have been commercially generated and are 
presently applied as protective coatings and cutting tools. Both applications utilize the 
enhanced hardness, wear resistance and toughness of the nanostructured WC-Co in 
comparison to the conventional, coarser-grained materials of this kind. As may be seen 
from figs. 44 and 45, the replacement of coarse-grained WC-Co by nanostructured 
WC-Co alloys improves the mechanical properties by up to one order of magnitude. This 
improvement does not seem to be the upper conceivable limit because these new 
materials are not yet optimized in any way. The nanostructured WC-Co was produced 
on an industrial scale either by high energy milling (Schlump and Willbrand [1992]) 
or by chemical processing (McCandlish el al. [1990]). Chemical processing involves 
three coordinated steps: preparation and mixing of starting solutions; spray-drying to 
form chemically homogeneous precursor powders; and, finally, fluid-bed thermochemical 
conversion of the precursor powders to nanocrystalline WC-Co powders. Both spray- 
drying and fluid-bed conversion are proven scalable technologies that have been used for 
producing bulk quantities of cemented carbide powders (Kear and McCandlish [1993]). 

5.7.2. Near net shape forming of nanocrystalline ceramics/intermetallics 

The small crystal size of nanocrystalline ceramics suggests that superplastic deforma- 
tion can occur in these materials at temperatures as low as ambient. This idea (Karch 
and Birringer [1990]) has been recently tested for various ceramics as well as metallic 
nanometer-sized materials. In some of the fine-grained materials, large deformations 
(100% to >1000%) were obtained at strain rates in the order of 1/s (e.g., Higashi 
[1993]). Failure occured in ceramic nanocrystalline material preferentially by nucleation, 
growth and interlinkage of cavities if the specimens were deformed in tension. 
Superplastic deformation of nanocrystalline materials may be utilized for near net shape 
forming of brittle materials such as ceramics or intermetallics. Figure 46 reveals the 
replication of a surface step by low temperature plastic deformation of nanostructured 
Ti0 2 . A control experiment was performed with polycrystalline Ti0 2 (50 pm grain size) 
under the same conditions (Karch and Birringer [1990]). The polycrystalline Ti0 2 
showed no measurable plastic deformation. The plasticity of nanostructured materials has 
also been suggested to improve the mechanical properties of non-oxide ceramics such as 
Si 3 N 4 or SiC. These materials exhibit poor high-temperature mechanical properties owing 
to crack growth and boundary embrittlement which prevent their application in gas- 
turbines and aerospace technology. Many attempts have been made to solve this problem 
e.g., by incorporating second-phase particles, platelets or whiskers. The success achieved has 
been very limited. Hence, it attracted attention when striking improvements were recently 
reported upon preparing these ceramics in the form of nanocomposites (Niihara [1991]). 
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Fig. 44. (a) Comparison of the Vickers hardness of commercial (crossed lower lines) and nano-crystalline 
WC-Co alloys (circles, upper lines) as a function of the Co content (SCHLUMP and Willbrandt [1992]). (b) 
Comparison of the crack resistance of nanocrystalline and commercial grades of fully sintered WC-Co 
materials (Rear and McCandlish [1993]). In physical terms, the crack resistance measures the mechanical 
energy required to displace the crack tip by one p.m. In other words, the tougher the material the higher is its 
crack resistance. 
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Fig. 45. Comparisons of the measured wear rate (under identical wear conditions) of conventional (upper lines) 
and nanocrystalline WC-Co alloys as function of the Co content (Schlump and Willbrand [1992]). The wear 
rate was measured by means of the rate of weight loss of the specimens during the wear experiment. 


5.7.3. Soft ferromagnetic nanostructured materials (“Finemet”) 

Partial crystallization of certain metallic glasses with the composition 
Fe 73 5 Si 1 3 5 B 9 Cu 1 Nb 3 leads to nanometer-sized Fe-Si (B) crystallites (5 to 20 nm diameter) 
embedded in a residual glassy matrix (Yoshizawa etal. [1988]). The dopants (Cu, Nb) 
are found to be accumulated in the non-crystalline regions left between crystallites. The 
small crystal size is achieved by enhancing the nucleation rate of the crystallites 
dramatically. In fact, the numerous clusters of Cu atoms formed in the glassy matrix act 
as nucleation sites. Studies of the magnetic properties of these materials revealed high 
(-10 5 ) initial permeabilities, low (~10 -2 A/cm) coercitivities, high saturation induction (up 
to 1.7 T) combined with a low mean magnetostriction (-10 -6 ). These properties are 
comparable or better than the best values achieved with (the more expensive) permalloys 
and cobalt-based amorphous magnetic alloys. The attractive magnetic properties of these 
“Finemet” materials are believed to result from a small mean anisotropy together with a 
drastically reduced mean magnetostriction and an enhanced saturation magnetization of 
the crystallites. The small anisotropy is explained in terms of the fact that the magnetic 
exchange length is larger than the grain size. Therefore, the domain wall width exceeds 
the size of the grains. 


Ch. 9, §5 


Microstructure 


931 



Fig. 46. Replication of a surface step by nanocrystalline Ti02. The experimental arrangement used is drawn in 
fig. 46a. A nanocrystalline Ti02 pellet is compressed between two WC pistons. The free surface of the lower 
piston contains a surface step (height 0,3 mm). Fig. 46b shows a top view of the piston with the surface step. 
Fig. 46c displays the Ti02 pellet which replicated the surface step. The deformation was performed at 800° C 
over 10 min at a pressure of 1 GPA. (Karch and Birringer [1990]) 


5.7.4. Magneto-caloric cooling with nanostructured materials 

The magnetic properties of nanostructured materials containing nanometer-sized 
magnetic particles dispersed in a nonmagnetic matrix differ from those of the correspon- 
ding bulk magnetic material. These differences affect the magnetocaloric properties of 
such materials. Upon the application of an external magnetic field, the magnetic spins in 
a nanostructured material of this kind tend to align with the field, thereby reducing the 
entropy of the spin system. If this process is performed adiabatically, the specimen’s 
temperature will rise. This effect is called magneto-caloric heating. The incremental 
temperature rise during magneto-caloric heating, AT, is related to the degree of spin 
alignment and the magnitude of the magnetic spin moment of the individual particles. 
Creation of a nanostructured material with many small ferromagnetic regions provides an 
effectively enhanced magnetic moment which can result (in certain temperature and magnetic 
field ranges) in an increased AT over that provided by either paramagnetic or ferromagnetic 
materials, with potential application to magnetic refrigeration. It was shown that efficient 
magnetic refrigerators may then be operated at hiqher temperatures (above 20 K) and require 
relatively low magnetic fields (<5 T) in comparison to magneto-caloric cooling with 
paramagnetic materials. Figure 47 shows an example for the temperature variation (magneto- 
caloric cooling and heating) of a nanostructured material due to a varying external magnetic 
field. The details of how the altered magneto-caloric effect is governed by composition and 
processing has recently been studied in detail by McMichael et al. [1993]. 


References: p. 935. 
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Fig. 47. Temperature vs. time data for a superparamagnetic H 2 -treated 11% Fe + silica gel nanocomposite in a 
5 Tesla magnetic field. The magnetic field was first removed and then applied to the sample (McMichael el 
al [1993]). 

5.7.5. Nanocrystalline magnetic recording materials 

In most video recorders used today, the magnetic material of the record/playback 
head is usually a crystalline ferrite. These materials are, however, not suitable, when 
substantially finer details on the magnetic tape are required, e.g., for high-definition 
television (HDTV) recording. The search for an alternative has resulted in a new type of 
nanometer-sized magnetic materials: multilayers in which crystalline iron layers of about 
10 nm thickness are alternated with even thinner amorphous iron-alloy layers. The 
chemical composition of the layers used are Fe/FeCrB, NiFe/FeC, FeAl/SiN and 
FeNbSiB/FeNbSiBN. These nanocrystalline materials combine high saturation magnetiz- 
ation with a high permeability in the MHz frequency range, allowing video recording at 
much increased information densities (De Wit et al. [1991]). 

5.7.6. Giant magnetoresistance in nanostructured materials 

The recent reports of giant magnetoresistance (GMR) in a number of antiferro- 
magnetically coupled multnayer systems have stimulated widespread research activity 
because the effect is of interest for basic research as well as for technological applica- 
tions in the area of recording and data storage. Modeling of the GMR has emphasized 
spin-dependent scattering both within the ferromagnetic layers and at the interfacial 
regions between the ferromagnetic and non-ferromagnetic layers. The GMR phenomenon 
is different from the conventional magnetoresistance which is due to the effect of 
magnetic fields acting directly on the conduction electrons or on the scattering impurities. 
The GMR in multilayered structures comes from the reorientation of the single-domain 
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magnetic layers. This is the reason why GMR is not usually seen in conventional bulk 
magnetic materials. GMR was observed first in both antiferromagnetically coupled and 
uncoupled layer structures, as a consequence of the fact that the relative orientation of 
the magnetization of successive ferromagnetic layers changes from antiparallel to parallel 
in an applied external magnetic field. The change in the magnetization of the layers by 
the external field reduces the scattering of the conduction electrons travelling through 
these layers and hence leads to a remarkable change of the dc resistivity of the material. 
This resistivity change is called GMR (Baibich et al. [1988]). For systems with 
uncoupled magnetic layers, the orientation of the magnetization is random at the coercive 
magnetic field ( H c ) and there are many magnetic layers which are statistically arranged 
antiparallel. If these uncoupled layers are replaced by nanometer-sized particles in a non- 
magnetic matrix, one may also expect GMR as well. This is indeed the case (fig. 48). 
The data indicate that a GMR effect in annealed Cu-Co samples is associated with the 
presence of appropriately sized and spaced Co precipitates in the Cu matrix (Berkowitz 
etal. [1992], 

5.7.7. Luminescence from porous Si 

The recent discovery of visible photoluminescence from porous Si has captured 
considerable attention (Canham [1990], Lehmann and Gosele [1991]). Prepared by 
electrochemical and chemical etching of single-crystal Si wafers in hydrofluoric acid 
solutions, porous Si consists of a network of pores that can range in size from microme- 
ters down to a few nanometers. The origin of visible luminescence in porous Si is still 
controversial. Bulk Si, with a bandgap at 1.12 eV, is weakly luminescent in the near- 
infrared region of the optical spectrum. For porous Si, the luminescence peak energy can 
range from 1.12 (infrared) to about 2.3 eV (green light), depending on parameters such 
as dopant concentration and type, current density during etch, duration of etch, and 



Fig. 48. Temperature dependence of the magnetoresistance (A p/p) for Cu-19 at% and Cu-28 at% Co samples, 
treated as indicated (Berkowitz etal. [1992]). 


References: p. 935. 
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Fig. 49. Activity of nanocrystalline Ti0 2 (curve A) for H 2 S decomposition as a function of exposure time at 
500°C compared with that from several commercial Ti0 2 materials and a reference (A: 76 m 2 /g nanocrystalline 
rutile; B: 61 m 2 /g anatase; C: 2,4 m 2 /g rutile; D: 30 m 2 /g anatase; E: 20 m 2 /g rutile: F: reference alumina) 
(Beck and Siegel [1992]). 

subsequent chemical treatments. These results have been qualitatively explained by 
invoking size-dependent quantum confinement effects. In fact, transmission electron 
microscopy (TEM) data support the existence of crystalline Si domains with dimensions 
small enough (-5 nm) to expect such phenomena. Indeed, recent studies on size-selected, 
surface-oxidized Si nanocrystals agree well with this idea (Wilson et al. [1993]). 
Another proposed explanation for the luminescence of porous Si is that the electrochemi- 
cal etch generates surface or bulk chemical species: for example, polysilanes or poly- 
silylenes. Polymers containing only Si and hydrogen are well known as chemicals that 
can photoluminesce at visible wavelengths. Moreover, siloxene, a chemical which 
contains Si, oxygen and hydrogen, has emissive properties that are very similar to those 
of the luminescence of porous Si. Although the current emphasis for utilization of the 
unique properties of luminescent porous Si is in electroluminescence, other potential 
applications are beginning to emerge. The high sensitivity of the luminescence to 
chemical adsorbates, mentioned above, has been found to be readily reversible for a 
variety of molecules (Bawendi et al. [1992]). This observation may lead to chemical 
microsensors that are easily incorporated into hybrid Si chips. In addition, photoelectro- 
chemical and ion-irradiation techniques have been developed to allow the resistless 
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patterning of luminescent porous Si directly onto Si substrates, which may lead to a 
range of optical display or storage applications (Doan and Sailor [1992]). 

5.7.8. Catalytic materials 

Nanocrystalline cerium oxide, iron carbides and titaniumdioxide have been studied for 
catalytic applications. The cerium oxide catalysts were generated by inert gas condensa- 
tion (cf. section 5.4.2), the iron carbides by high-energy milling. Selective catalytic 
reduction of sulfur dioxide by carbon monoxide on nanocrystalline cerium oxide was 
investigated in a microreactor, and compared to that of conventional cerium dioxide 
synthesized by the decomposition of cerium acetate. The nanocrystalline cerium oxide 
catalyst enabled 100% conversion at 500°C, about 100°C lower than the temperature 
needed in conventional cerium dioxide catalysts (Tschoepe and Ying [1994]). The 
higher activity seems to be related to the oxygen deficiency of the nanocrystalline cerium 
oxide due to imcomplete oxidation. The nonstoichiometry of the nanocrystalline cerium 
oxide was confirmed by thermogravimetric analysis and X-ray photoelectron spectro- 
scopy. The iron carbides are found to be active and stable catalysts for C0 2 hydrogena- 
tion. The catalytic properties for this reaction appear to be comparable or superior to 
those of more expensive catalytic materials, such as noble metals dispersed on porous 
supports. Figure 49 shows the enhanced catalytic activity of nanocrystallite Ti0 2 for S 
removal from H 2 S via decomposition compared with commercial (coarser-grained) Ti0 2 . 
Obviously, the nanocrystalline sample with a rutile structure was far more reactive than 
the other ones. Similarly to the enhanced reactivity of nanocrystalline cerium oxide, it 
was found that the activity of the nanocrystalline Ti0 2 results from a combination of 
features: the high surface area combined with its oxygen deficiency and its rutile 
structure (Beck and Siegel [1992]). 
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Aluminum-oxygen-sulphur system, 1313 ff 
Aluminum, recovery from deformation, 2403 ff 
Aluminum-silicon alloys 

-: modification, 815 ff, 1762 
Aluminum-silver alloys 

-, bainitic-type reaction in, 1471 
-, fatigue in, 233 1 

-, precipitate growth in, 1407, 1419, 1431 
Aluminum, solid solutions based on, 182 ff 
Aluminum-zinc alloys, 1 1 66 ff , 1176, 1465 ff, 
1468, 1484, 1808 ff, 2045 
Aluminum-zinc-magnesium, 2358 
Amorphization 

- by irradiation, 1747, 1758 ff 
-, criteria for, 1747 

-, (by) mechanical processing, 1747, 1766 ff 
— : mechanically aided, 1766 
— : mechanically induced, 1766 

- (by) pressure changes, 1767 ff 

— : rapid pressure application, 1768 
-: solid-state amorphization reactions, 1764 ff 
Amorphous alloys, 644 
-, actinide-based, 1738 
-, aluminum-based, 1738, 1795 ff 
-: anti-Hume-Rothery criterion, 1741 
-: atomic radius mismatch, role of, 1741 ff 
-: categories, 1736 ff 
-: chemical twinning model, 1775 
-: compositional fluctuations in, 1 175 ff 
-: compositions able to form, 1736 ff 
— : listing, 1737 
-: confusion principle, 1739 
-: corrosion resistance, 1804 
creep, 1797 ff 

-: criteria for formation, 1 7 39 ff 
-: critical cooling rate, 1 743 ff 
-: crystallization, 1175, 1784 ff (see also 
“devitrification”) 

— : categories, 1787 
--, explosive, 1761 
— , heterogeneously nucleated, 1786, 
1791, 1793 ff 

— , homogeneously nucleated, 1785, 

1790 ff 

— (at) surfaces, 1794 
-: crystallization kinetics, 1743 
-: crystallization temperature, 1730, 1732 
deformation (plastic), 1 796 ff 
-: dense random packing model, 1773 ff 
-: devitrification (for industrial products), 
1794 ff 

— , partial, 1 800 ff 


-: differential scanning calorimetry, 1786 ff, 
1790 

-: diffusion, 643 ff, 1731 ff 

— : effect of relaxation, 1778 ff 
— : experimental data, 647 

— mechanism, 648 ff 

- (for) diffusion barriers, 1 804 ff 
-, discovery, 1748 
-: embrittlement, thermal, 1801 ff 
flow, 1797 ff 
-, formation, 1728 ff 

— : electrochemical methods, 1762 ff 
— : laser methods, 1759 ff 
— : rapid solidification methods, 1748 ff 
— , sonochemical, 1763 
fracture, 1798 
-: free volume, 1731 ff 
-: glass-forming ability, 1739 
— : atomic size effect, 1741 ff 
— : electronic factors, 1742 
— : figure of merit approach, 1745 ff 
— : thermodynamic theories, 1741 ff 
-: glass-forming ranges, 1741 ff 
— , calculated, 1745 

-: glass transition temperature, 624, 1729 
-: iron-carbon, 1763 ff 
-: Kauzmann paradox, 1731 
-, lanthanide-based, 1738 

local coordination model, 1773 ff 
-, magnetic 
— , soft, 1795 
— , hard, 1795 
-: microstructure, 897 ff 

— of partially crystallized, 899 
-: network model, 1774 

-: phase separation, 898 
-: plastic deformation, 1796 ff, 1950f 
preparation, 1748 ff 

-: properties as a function of composition, 
1776 

radial distribution function, 1771 ff 
-: relaxation, structural, 1778 ff 
— : cross-over effect, 1783 
— : monotonic and reversible, 1780 ff 
— : tabulation of phenomena, 1780 
-- (of) viscosity, 1799 
-: short-range ordering 
— , chemical, 1782 

— , directional, 1782 ff, 2535 ff, 2553 ff 
— , topological, 1782 
-: small-angle X-ray scattering, 1802 
strength, 1796 
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stress-induced directional ordering, 1782 ff 

structure, 1769 ff 

superconductivity, 

thermodynamics, 1728 

T v 1744 

-, transition-metal-based, 1736 
viscosity, 1798 ff 

- wires, 1751, 1800 

Amorphous media, plastic deformation, 1950 ff 
Amorphous powders, sintering, 2638 ff 
Amplification factor, 1491 

Analytical electron microscopy, see ‘Transmission 
electron microscopy” 

Andrade creep, 1934 ff, 1961 ff 
Anelasticity, see “Elasticity and Anelasticity” 
Anisotropy energy 

-, magnetocrystalline, 2505, 2509 
Anneal-hardening, 2410 
Annealing 

- (of) polymers, 2671 

- textures, 2455 ff 

— : cube texture, 2459 ff 

- -, effect of prior recovery on, 2418 
— : mesotextures, see “Mesotextures” 

— : microgrowth selection, 2458 

— : oriented growth hypothesis, 2458 
— : oriented nucleation hypothesis, 2457ff 
— : orientation distribution function, 2456 
— : origin, 2457 ff 
— : pole figures, 2456 ff 

— in two-phase alloys, 2466 

- twin formation, 897, 2477 ff 
Anomalous flow behavior in LI, phases, 2085 ff, 

2195 ff 

models, 2089 ff 

Antiferromagnetism, 123 ff, 1125,2503 
Antimony 

- crystal structure, 25 ff, 37 
Antiphase domains, 193, 256, 

- size, effect on strength, 2061 

-, boundaries, 1852, 2056, 2061, 2081 ff, 

2086 ff 

-, growth, 871 
Antistructure atoms, 600 
Apparent atomic diameter, 159 
Approximants, 373, 379 ff 
Arsenic 

- crystal structure 25 ff, 37 

Ashby maps, 1268 ff, 1887, 1958 ff, 2001, 2002, 
2379 

Atom-probe field-ion microscopy, 1218 
Atomic energy levels, 51 ff 


Atomic-force microscopy, see “Microscopy” 
Atomic form factor, 1103 
Atomic orbitals, see “Orbitals” 

Atomic radius, 56 ff 

- as affected by magnetism, 122 ff, 127 

- Ashcroft empty-core, 77, 88 ff 

-, listing for elements (12-coordination), 329 
-, Wigner-Seitz, 49, 76, 86 ff 
-, Zunger (pseudopotential), 58 
Atomic size, 56 ff 

- factor, 144 

- in elements, 157, 

- in intermetallic compounds, 327 ff 

— : near-neighbors diagram, 334 ff 

- in solid solutions, 154 ff 

— , measurement, 165 ff 
Atomic sphere approximation, 79, 85 
Atomic volume 

-, in solid solutions, 159 ff 
-, in intermetallic compounds. 327 ff (see also 
“Atomic radius” and “Atomic size”) 
Atomization, 820 

Au 3 Cu structure, alternative descriptions, 241 ff 
Auger-electron microscopy, 986 ff 
Auger-electron spectroscopy, 989, 1212 
Austenitic steel, 1568, 1610 ff 
Average group number, 154 
Avrami equation, see 

Johnson-Mehl-Avrami-[Kolmogorov] kinetic 
equation 

Axial ratio, 137, 174 

Bainite, bainitic transformation, 1408, 1468 ff, 
1544, 1576 ff 

carbon supersaturation in bainite plates, 
1473 ff, 1476 

-: crystallography, 1 472 ff 
-: displacive or reconstructive?, 1469 ff 
-: grain-size effect, 1473 

- in non-ferrous alloys, 1471 
-: kinetics, 1474 ff 

-, partial transformation, 1476 ff 
surface relief, 1472 
-: theory, current status, 1478 ff 
Ball-milling, 914, 1766 ff 
Band formation, 63 ff 
Band structure, 69 ff 
Band theory, 64 ff 

-: breakdown at large lattice spacings, 8 1 ff 

- of magnetic properties, 
volume dependence, 72 ff, 84 ff 
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Barkhausen noise, 2559 
Barium 

polymorphism, 18, 20 
Bauschinger effect, 1935 ff 

— in polycrystals, 1937 
-- in single crystals, 1936 

— in two-phase alloys, 21 13 ff 
Bend-gliding, 2410 

Berthollides, 206 
Beryllium 

bonding type, 18 

Bilby-Cottrell-Swinden (BCS) model, see 
“Cracks” 

Binary intermetallic phases, 102 ff 

heats of formation, calculation, 111 ff 
Bismuth 

- crystal structure, 25 ff, 37 
Bohr model of atom, 52 ff 
Bohr radius, 57 

Bloch law, 2549 
Bloch’s theorem, 67 
Body-centred cubic structure 
-, derivative structures, 273 ff 
-, dislocation structure in, 1845 
Boltzmann’s entropy equation, 435 
Bond 

- chemical, 3 
-, covalent, 3 ff 

- formation, 59 ff 
-, ionic, 3 

-, metallic, 4ff 

Bonding and antibonding states, 60, 62 
Bordoni peak, 1857 
Bom-Mayer potential, 1624 
Boron in steels, segregation, 1 245 ff 
Bragg’s law, 1102 
Brass, beta-, 168 ff 
Brass, gamma-, 170 
Bravais lattices, 14 

Bridgman crystal growth method, 719 
Brillouin zone, 67 ff, 151 

- in hexagonal electron phases, 171 ff 

- in ordered structures; 196 ff 
Bulk properties of metals 

-, electron theory, 87 ff 
Burgers vector, see “Dislocations” 

CaCu 5 structure, 281 ff 
Cadmium 

- crystal structure, 22 
Calphad, 495 ff, 516ff 


Carbides of iron, 1563 ff 
Carbon in iron, 1561 ff 
Cast irons, 771, 1616 ff 

eutectic morphology, 817 ff 
-, growth of graphite in, 817 ff 
-, modification, 816 ff, 1618 
-, spheroidal (nodular), 817, 1 6 1 6 f f 
-, white, 1616 

Cast structure, see “Ingot structure” 

Casting 

-, continuous, 797 ff, 1599 
flowability, 797 
fluidity, 795 ff 
grain refinement, 810ff 
-, mouldless electromagnetic, 803 
rheocasting, 829 

semisolid metal forming processes, 826 ff 

- (of) steels, 1615 ff 

stir-casting of metal-matrix composites, 
2570 

thixocasting, 829 
Cathodoluminescence, 97 1 
Cavitation in creep, 1253, 1263 ff 
Cell formation and properties, see “Dislocations” 
and “Recovery from Deformation” 

Cemented carbides 

-, nanostructured, 928 
-, sintering, 2652 ff 
Cementite, 156 
Cerium 

polymorphism, 31 ff, 39, 43 
pressure dependence of structure, 43 
Cesium 

polymorphism, 17 

pressure dependence of structure, 19 
Chalcogenides, 36 

Characterization of materials, generalities, 996 
-, geometrical, 997 
Charge density waves, 1548 ff 

- and incommensurate phases, 1549 
Charpy test, 2280 

Chemical diffusion, 607 ff 
Chemical potential, 416 
Chemically induced boundary migration, see 
“Diffusion-induced grain-boundary migration” 
Chromium 

antiferromagnetic phase transitions, 20 
Chromium-oxygen-sulphur system, 1313, 1316 
Clapeyron equation, 423 
Clausius-Clapeyron equation, 423 
Climb, see “Dislocations” and “Creep” 

Close packing, 7 ff, 16, 98 ff 
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Coarsening 

competitive, 1437 (see also “Ostwald 
ripening” 

discontinuous, 1458 ff 
- of eutectoids, 1458 ff 
Coating technology, see “Protective coating 
technology” 

Cobalt-rare earth magnets, 25 19 ff 
Cobalt-silicon alloys, 1458 ff 
Coble creep mechanism, 1269 ff 
Coffin-Manson law, 2295, 2303 
Coherent and incoherent interfaces, 2107 ff 
Coherency loss, 2144 
Cohesive energy, 84 ff, 89, 148, 152 
Coincidence site lattice, 844 ff, 1075 
Cold-working, 

-, enhancement of diffusion by, 634 ff 
Combustion, corrosion problems, 1 292 ff 
Common tangent rule, 475, 511 
Competitive coarsening, see “Ostwald ripening” 
Composite materials (metal-matrix), 2567 ff 
aluminum-silicon carbide, 2572 ff, 2585 ff, 
2591 

alumina fibers (Saffil), 2569 
chemical reaction at fiber-matrix interface, 
2579 ff 

creep, 2183, 2611 ff 
— , thermal-cycling enhanced, 2612 ff 
definition, 2568 
deformation behavior, 2581 ff 

— fatigue, 2606 ff 

— : fracture, 2596 ff, 2604 ff 

— at high temperature, 2611 ff 
— : inhomogeneity of flow, 2587 
— : macroscopic yielding, 2587 
--: matrix flow, 2584 ff 

— : misfit strains from differential thermal 
contraction, 2584, 2589 ff 
— : tension-compression asymmetry, 259 1 
— : strain hardening, 2592 ff 
— : stress relaxation, 2594 
-: ductility, 2597 ff, 2601 ff 

— as function of dispersoid fraction, 2602 
-: elastic properties, 2581 ff 

— : differential Poisson contraction, 2588 
— : effect of fiber aspect ratio, 2584 
— : matrix stresses analysed by Eshelby 
model, 2581 ff, 2592 
— , prediction, 2581 ff 
— , prediction compared with experiment, 
2583 

-, fiber-reinforced, 2568 ff 


-, in-situ grown, 774 ff, 

-: interfacial debonding and sliding, 2594, 
2598 

-: interfacial bond strength, 2598 
-: matrix cavitation, 2598 ff 

— , critical hydrostatic stress, 2598 
-: mechanical properties, see “deformation 
behavior” 

-: misfit strains, see “deformation behavior” 
-: particle pushing, 2572 
-, particle-reinforced, 2568, 2570 
-: plastic deformation, see “deformation 
behavior” 

-: processing, liquid-phase, 2569 ff 
— : directional oxidation, 2577 
— : Osprey processes, 2574 
— : preforms, binder, 2570 
— : reactive processing, 2576 ff 
— : solidification, 824 
— : spray deposition, 2574 ff 
— : squeeze infiltration, 2569 ff 
— : stir casting, 257 1 
-: processing, solid-state, 2577 ff 
— : bands, ceramic-rich, 2578 
— : diffusion-bonding of foils, 2579 ff 
— : extrusion, 2577 
— : hot isostatic pressing, 2579 
— : physical vapor deposition, 2581 
— : plastic forming, 2579 
silicon carbide monofilament, 2568, 2615 
-: stress-strain curves, 2603 
-: thermal cycling effects, 2612ff 
thermal expansion, 2609 ff 
-: thermal stresses, 2609 ff 
-: titanium-matrix composites, 2580, 2586, 
2600, 2614 ff 

-: void formation, 2575, 2598 ff 
-: wear resistance, 2595 ff 

— , dependence on fiber content, 2596 
-: whiskers, 2570 
Compositional superlattice, 902 ff 
Compounds 

-, intermctallic, see “ Intermetallic 
compounds” 

Compton scattering, 1 126 
Congruently melting compounds, 347 
Conodes, 473 

Considilre’s criterion, 2694 ff 
Constitutional 

- supercooling, 721, 724 
-vacancies, 1 86 ff 
Continuous annealing lines, 1602 
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Continuous ordering, 1370, 1490 ff 
amplification factor, 1491 
Continuous casting, see “Casting” 

Continuum mechanics and dislocation mechanics, 
1947 ff, 2001 ff 
effective strain rate, 2003 ff 
evolution of deformation resistance, 2003 ff 

- (and) internal stress, 2128 ff 

- (and approach to) multiphase materials, 

2182 ff 

— : creep, 2183 
— : rafting, 2182 
-, polymers, 2694 ff 

representative volume element, 2001 
Cooling rates in rapid solidification processing, 
1752 ff 

direct measurement methods, 1753 ff 
estimates based on microstructural features 
(indirect methods), 1753 
Coordination number, lOff, 339 ff 
Coordination polyhedra, 6ff, 341 
Copper alloys 

dispersion hardening, 2112 
solid-solution hardening, 2026 
Copper-aluminum alloys, 1152 ff, 1468, 2014, 
2344, 2347 ff 

Copper-beryllium alloys, 1156 
Copper-cobalt alloys, 1390 ff, 1421, 1440 
-, precipitation hardening, 2051 ff 
Copper, explosively deformed, 2406 
Copper-gold alloys, 195 ff, 1133, 1150 ff, 1187, 
1544 ff, 2058 
Copper group metals 

-: crystal structures, 21 ff 
Copper-manganese alloys, 1160 
Copper-nickel alloys, 2026 
Copper-nickel-chromium alloys, 1490 ff 
Copper: recovery from deformation... is it 
possible?, 2402 ff 
Copper-silicon alloys, 1418, 2026 
Copper-titanium alloys, 1392, 1489, 1493 
-, spinodal decomposition, 2055 
Copper-zinc alloys, 1157 ff, 1161, 1409, 1426, 
1468, 2029, 2064, 2078 ff, 2112, 2353 
Correlation energy, 88 

Corrosion, hot, of metallic materials, 1292 ff 
-: extreme, modelling of, 1 340 ff 

- (by) hot salt, 1317 ff 

--: fluxing theory, 1320 ff 
--: coal-fired gas turbines, 1323 ff 
measurement, 1337 ff 
— : pseudo-scale theory, 1323 


--: sodium sulphate, 1319 ff 
— : vanadate-induced attack, 1323 

- (by) solid deposits, 1338 

-: test and measurement methods, 1325 ff, 
1337 ff 

Cottrell atmosphere, 1867 ff, 1970, 2041 ff 
Cottrell method of analysing fatigue hysteresis 
loops, 2314 

Cottrell-Stokes law, 1915 
Covalency, 61 ff 
Covalency, degree of, 61 
Crack(s), (see also “Fracture”) 

-: atomic structure, 2245 ff 
— : bond forces, 2249 
— : force law problem, 2247 
— , modelling, 2245 ff 
-, atomically sharp, 2216 
-: BCS model, 2239 ff 
-: brittle crack initiation, 2277 

chemical environment effects, 2265 
-: continuum crack and “lattice crack” 
compared, 2248 ff, 2253 
crack opening displacement, 2234 

- (and) dislocations compared, 2208 ff 

— crack equivalent to a pile-up of 
prismatic dislocations, 2231 

-: dislocation emission, 2254 ff 

— -: emission criteria, 2255 ff, 2260 ff 
— : Rice criterion, 2258 

— : Rice-Thomson criterion, 2256 
— : ZCT criterion, 2258 
-: dislocation-crack interaction, 22 1 7 ff, 
2231 ff, 2235 ff 

-: ductility crossover criterion, 2258 
energy release rate, 2225, 2229 
equilibrium configurations of cracks and 
dislocations, 2235 ff 
Eshelby’s theorem, 2225 ff 
-: extension force, 2225, 2229 
-: fatigue crack initiation 

— in ductile metals, 2362 ff 

— (at) grain boundaries, 2372 ff 
-: fatigue crack propagation, 2376 ff 

-: Griffith criterion (condition) for crack 
stability, 2236 ff, 

— : mixed mode effects, 2262 ff 

— for continuum and lattice models 
compared, 2252 ff 

— : thermodynamic condition, 2254 
HRR (Hutchinson, Rice and Rosengren) 
crack-tip field, 2242 ff 

- initiation, see “brittle crack initiation” 
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interfacial, 2265 ff 
/-integral, 2225 ff, 2229 ff, 2243 
lattice trapping, 2248 ff 
oscillatory crack closure, 2267 
-: precipitate pinning, 

(general) shielding, 2238 ff 
slow crack growth, 2248 ff, 225 1 
strain energy density function, 2221 
stress analysis, 2220 ff 
stress-shielding (screening) dislocations, 
2233, 2237 ff 

antiscreening dislocations, 2235 

- (as) stress concentrator, 2209 

- stressing modes, 2212ff, 2223 ff, 2380 

- stress intensity, 2268 

stress intensity factors, 2222 ff 

- tip stress singularity, 2222 

- velocity, 2248 ff 
Creep, 1958 ff 

amorphous alloys, 1797 ff 
-, Andrade, 1934 ff, 1961 ff 

- cavitation, 1253, 1263 ff 
(dislocation) climb models, 2186 ff 

-, Coble, 1269 ff 

crossover temperature, 2169 ff 
-, diffusion-, see “Nabarro-Herring-Coble” 
diffusion-compensated creep rate, 2186 
dislocation cell structure, 1839, 1922, 1930 
dispersed-phase alloys, 2134 ff, 2154 ff 
— : mechanisms, 2155 
-embrittlement by impurities, 1275 ff 
-, grain-boundary sliding during, 1993 ff 

— compared with gliding in grains, 1995 
--, spurt-like, 1996 

-: grain-size effects, 2168 ff 
-: Harper-Dom creep, 1973 
-, high-temperature, 1958 ff 
-, impression, 1961 
-, inverse, 2196 
-, irradiation-induced, 1700 ff 
-, logarithmic, 1934 ff 
-, low-temperature, 1933 ff 
microcreep, 2023 
-: minimum creep rate, 1964 

- (of) metal-matrix composites, 26 1 1 ff 
-, Nabarro-Herring-(Coble), 1988 ff 

— as a process of material transport, 1994 
— : changeover from Coble creep to 

Nabarro-Herring creep, 1991 ff 

— in sintering, 2636 

- not affected by diffusion, 1934, 1958 

- of ordered alloys, 2064 ff, 2078, 2080 


- of oxide-dispersion-strengthened alloys, 2 1 84 
-, power-law, 1960 ff, 2646 

— breakdown range, 1969, 1999 
precipitation-hardened alloys, 

-, primary, 1960, 1963, 1967 
-, rate 

— : dependence on grain size, 1991 ff 
— : dependence on stacking-fault energy, 

1 964 ff, 1 986 ff 

— : dependence on stress, 1964ff 
— : dependence on time and temperature 
linked, 1968 

— : Dorn equation, 1964 
— : functional form, 1961 ff 
-: creep-rupture ductility (life) 

— : effect of grain-boundaries, 1263 ff 
(of) solid solutions, 1969 ff, 1990ff, 2039 ff 
— : critical dislocation velocity, 1971 

— (controlled by) cross-slip, 2042 ff 
— , processes in, 1977ff 

— : solute drag, 1970ff, 2040 ff 
-, steady-state (secondary), 1960 

— through dislocation climb, 2040 ff 
— , processes in, 1977 ff 

-, subgrain(s) 

— , dislocation densities in, 1985 

— migration, 1982 

— misorientations, 1983 

- tertiary, 1960 

-: thermal recovery, static, balancing strain- 
hardening, 1973 ff 
-: threshold stress, 2185 ff 
-, transient changes 

— , at low temperatures, 1933 ff 

— after a stress drop during steady-state 
creep, 1987 

Critical resolved shear stress for glide, 1885 ff, 
1926, 2024 

-, concentration dependence in solid solutions, 
2024 ff 

-, ionic crystals, 2038 ff 
Crowdion, 537 
Crystal growth 
-, single, 809 ff 

--, Bridgman method, 810 
— , Czochralski method, 810 
— , floating-zone method, 810 
Crystal structure, see “Structure” 

Curie law, 2502 

Curie temperature, 2503, 2509 

Curie-Weiss law, 2504 
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Darken-Gurry plot, 161 
Darken’s equations, 609 ff 
Daltonides, 206 
Dauphin^ twin in quartz, 868 
Debye-Waller factor, 1 104 
-, “static”, 1133 

Decagonal symmetry, 378, 382 ff 
Defect structures, 1 86 ff 

Deformation 

- bands, 2427 ff, 243 1 ff (see also ‘Transition 

bands”) 

-, cyclic, 2336 ff 

- mechanism, in iron, 1 584 ff 

- mechanism maps, 1268 ff, 1887, 1958 ff, 

2001, 2002, 2379 

- (of) polymers, 2692 ff 

- textures, evolution, 1943 ff 

Taylor model, 1943 
twinning, see “Twinning” 

Dendrite 

cell-to-dendrite transition, 748 ff 

- formation in solids, 1421 ff 
microsegregation around dendrites, see 

“segregation”, below 
primary arm spacing, 741 ff 
— , comparison with cell spacings, 745 
secondary arm spacing, 746 ff 

- segregation, 749 ff 

— and solid-state diffusion, 752 

- tip radius, 732 ff, 1429 ff 
Dendritic growth, 731 ff, 739 ff 

-, anisotropy, 737 ff, 742 
branches, 746, 1430 
coarsening, 746 ff 
computer modelling, 755 

- in eutectics, 765 
instability in solids, 1421 ff 

— : dendritic growth in solids and in 
liquids compared, 1425 
examination of nonmetals, 739 
interdendritic fluid flow, 789 ff 
theories, new, 755 
-velocity, 736 ff, 751, 813 

- with peritectic solidification, 776 ff 
Density of (electron energy) states, 66, 74 ff 

-; transition metals, 83 ff 
Diamond structure, 4, 6, 11, 25, 99, 283 ff 
-, hardening, 2038 ff 
-, nanocrystalline, 920 
-, the ultimate polymer, 2700 
Diatomic molecule 
-, heteronuclear, 61 
-, homonuclear, 61 


Differential scanning calorimetry, 1786 ff, 1790, 
2401 ff, 2722 ff 
Diffraction theory 

-.dynamical, 1 044 ff, 1082 ff 
-, kinematical, 1094 ff 

Diffuse scattering of radiation, 1118 f f , 1134 ff, 

1 1 39 ff. 1145, 1 148 ff 
Diffusion, 536 ff 

-: activation volume, 558 

-: amorphous alloys, 643 ff, 1731 ff, 1778 ff, 

1 804 ff 

-, anomalous, 573 
-: Arrhenius behavior, 1661 ff 
-, chemical, 541 ff, 607 ff 
— in ternary alloys, 611 

- coefficient, see “Diffusion coefficient” 

-, collisional, see “Ion-beam mixing” 

-: complex mechanisms, see “Fast diffusion” 

-: concentrated alloys, 595 ff 
-, correlation effects, 548, 550 ff, 598, 621 
-: correlation factor, 543, 550, 591 
-creep, 1 268 ff, 1988 ff 
-: critical slowing down, 610 
-; Darken’s equation s, 609 ff 

- dilute alloys, 542 ff, 582 ff 

— : diffusion in terms of jump frequencies, 
584 

— : linear response method, 586 ff 
— : solute diffusivity as a function of 
solute concentration, 588 
— : solute and solvent diffusivities, ratio, 
591 ff, 594 

--: standard model, 583 
-, dislocation-, 621 
-: divacancies, role of, 538, 579, 591 
-: Einstein relation, 546 
-: electromigration, 612 ff, 616 ff 
-: exchange mechanism, 536 
-, extrinsic temperature region, 558 
-: (anomalously) fast diffusion, 593 ff, 1187, 
1746, 1807 ff 
-: Fick’s first law, 542 
-: Fick’s second law, 545 
— , limitations of, 552 
-, grain-boundary, 620, 623 ff 
— , atomic model, 624 ff 
— : effect of impurity segregation, 1255 ff 
— : role in diffusion creep, 1268 ff 
-: interstitial diffusion, 592 ff 
interstitial mechanism, 537 
— : dumbell mechanism, 592 ff 
— : Zener formula, 582 
-: intrinsic diffusion region, 558 



Subject index 


S9 


- inradiation-enhanced, 635 ff 

- isotope effect, 558 ff 

— , reversed, 594 
jump frequency, 547 ff 
Kirkendall effect, 608 ff, 1625 
macroscopic theory, 539 ff 
Manning’s random alloy model, 596 ff 
Matano plane, 546 
-, mechanisms, 536 ff 
mixed mechanisms, 538 
molecular dynamics approach, 560 
Monte Carlo method, 561, 597 
Nemst-Einstein relation, 550 
non-equilibrium defect concentrations, 
effect of, 633 ff 
numerical simulation, 559 ff 
ordered (long-range) alloys, 599 ff 
— , with B2 structure, 602 ff 
— , with Ll 2 structure, 604 ff 
— , with other structures, 606 ff 
— : use of spectroscopic methods, 601 
— : six-jump cycle model, 601 
— , variation with temperature for CuZn, 
2079 

-, pipe-diffusion, 619 ff, 621 ff 
pressure effects, 558 
quenched-in vacancies, effect of, 633 ff 
-, radiation-enhanced, 638 ff 
-, random-walk theory, 546 ff 
-, self-, 572 ff 

— , prediction, 581 ff 
— , empirical relationships, 582 
-, short-circuit, 539, 619 ff 

--: short-circuit networks, 622 
-: short-range order, effect of, 598 
-: solute-vacancy binding energy, 592 
-, surface, 626 ff 

— : experimental results, 630 ff 
— : effect of contaminants, 632, 1254 
-: Thermomigration, 611 ff, 615 
-: vacancy mechanisms, 538 ff 
— , relaxation mechanism, 538 
— , theories, 554 ff 
— : vacancy aggregates, 538, 579 
— , vacancy concentration, 553 
— : vacancy jump frequencies, 589 ff 
— : vacancy wind term, 585, 589, 610 ff 
-: Varotsos formula, 582 
-: Zener formula, 582 
Diffusion coefficients 
-: activation energy, 557 
-: anelasticity approach, 566 ff 


-, anomalously high, 593 ff, 1187, 1746, 

1 807 ff 

- at infinite dilution, 542 

-, chemical (interdiffusion), 544, 608 ff 
— : experimental methods for measuring, 
563 ff 

-, classification, 543 ff 
-: Darken’s equations, 609 
-: empirical prediction methods, 582 
— : Keyes relation, 582 
— : Nachtrieb relation, 582 
— : Van Liempt relation, 573 
— : Varotsos formula, 582 
— : Zener formula, 582 
-: experimental methods, 562 ff 
-: frequency factor, 557 

- in dilute alloys, 542ff, 582 ff 
-, interdiffusion, see “chemical” 

-, intrinsic, 540 

-, phenomenological, 540 

— , Onsager reciprocity relation, 540 
-: pressure variation, 558 
-: relaxation methods, 565 ff 
— , Gorsky effect, 568 
— , magnetic relaxation, 569 
— , Snoek relaxation, 567 
— , Zener relaxation, 567 ff 

- self-, 544, 

— , in iron, changes due to phase 
transformation, 1560 

— , studied by inelastic neutron scattering, 
1187 ff 

— , in pure metals, 572 ff 
— , tabulation, 575 ff 
-, solute, 544 

spectroscopic methods (NMR and 
Mossbauer), 570 ff 

— : quasielastic neutron scattering, 572 
-, surface, 629 

-: vacancy wind effect, 6 10 ff 
Diffusion creep (diffusional flow), see “Creep” 
Diffusion-induced grain-boundary migration, 

623 ff, 1461 ff, 2447 

-, attributed to elastic coherency stress, 1463 ff 
Diffusion-induced recrystallization, 1467 
Diffusional processes (in solid-state changes), 

1371 

Directional short-range ordering, 2535 ff, 2553 ff 
Discommensurations, 1550 
Dislocation(s), 1832 ff 

- activation volume, 2 1 80 

-: “atmosphere” drag, 1867 ff 
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attractive junctions, 1863 

- (in) body-centred cubic metals, 1845 
bowout, 1842, 1855 ff, 1860ff, 2114ff 
Burgers vector, 1832 

Burgers vector density, 2241 

- cell formation, 1 978 ff, 2 1 34 ff 

— : flow stress in relation to cell size, 
1839, 1922, 1930 

- climb, 1863 ff, 1866, 1960, 2040 ff, 2186ff 

— : climb resistance, 2186 ff 
— : general climb model, 2187 

- core energy, 1845 

- core structure, 1 844 ff, 2084 ff 

— , planar and nonplanar in intermetallics, 
2084 ff, 2089 
Cottrell atmosphere, 1867 

- created by moving grain boundaries, 897 
critical velocity in a solid solution, 1971 

- density 

— : changes during creep, 1985 

— (in) deformed iron, 1590 ff 

— (in) metal-matrix composites, 2584 
relation to yield stress, 1925 

- diffusion, 

- dipole, 1848, 2307 

— : loop patches, 2306 
-, edge, 1832 ff 

- elastic field, 1834 ff 

- etch pits, 1921, 1926, 

— , solid solutions, 2014 
fatigue structures, see “Fatigue” 

Fisher mechanism, 

Fleischer-Friedel mechanism, 1903, 2018, 
2187 

-, forest, 1862 

— : cutting, 1903 ff, 1926 ff 
— : flow stress in relation to forest 
dislocation density, 1 838 ff 
-, Frank partial, 1848 

friction stress, see “Solute drag” 

- (in) gallium arsenide, 1849ff 

-, geometrically necessary, 2124, 2358 
Granato-Liicke internal friction theory, 
1856 

-, image strain (stress), 1840, 1881, 2120 
initiation of precipitation, 889 
interaction between dislocations, 1837 
internal stresses (dynamic) 1984 ff 
-, intrinsic (in interface), 1527 

intrinsic resistance to motion, 1 895 ff 
— : interplanar resistance, 1895, 1913, 1937 
— : intraplanar resistance, 1895, 1913, 1937 


-jog, 1 853 ff 

— , extended, 1854 
— : production, 1904 
— : superjog, 1854 
-jog drag, 1865ff 
-: kinks, 1844 

— : motion, 1854ff 

— types, 1844 

- line tension, 184 Iff 

— (of) a bowed segment, 1842 

- locking mechanisms, 2016ff 

— : chemical locking, 2016ff 
— : elastic locking, 2017 
— : electrostatic locking, 2017 
— : stress-induced order-locking, 2017ff 
— : superimposition of different locking 
and drag mechanisms, 2020ff 
-: Lomer-Cottrell barrier, 1847, 2015 

- loop analysis in the electron microscope, 

1064 ff 

- loop formation, 1063, 2121 

- loop lattice, 893 ff 

- mechanics in relation to continuum 

mechanics, 1947 ff 

- mesh-length (link-length), 1839, 1923, 2417 

— : principle of similitude, 1923, 1928, 
1981 

— : relation to yield stress, 1923 
-, misfit, 2145 

-: (dislocation) microstructure, 1920 ff, 1972, 
1975 ff 

--, solid solutions, 2014 ff 

- motion at high homologous temperatures, 

1863 ff 

- motion at low homologous temperatures, 

1854 ff 

-: Mott-Labusch mechanism, 2018 

- node, 1834, 1839 

— , extended. 1848 

- (in) ordered phases, 1 850 ff 

— : core structure, 

— , slip systems, 1853 
— : superdislocation, 1 850 ff 
-: Orowan relation, 1869 
-: osmotic climb forces, 1863 ff 
-, partial, 1846, 2081 

Pcach-Koehler force, 1836 ff, 1864 ff, 1867 
-: Peierls barrier (stress), 1843 ff 

- pile-up, 1858 ff, 2195, 2198 

- pinning, 1855 ff, 1 897 ff, 2044 ff 

— : direct observation, 2047 ff, 2189 

— in alloys, 1860 ff 
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— : particle bypassing, 2046, 2119 
— : particle shear, 2044, 2048, 2116, 

2194 ff, 2201 

— : (effect of) particle size, 1901 ff 
— : thermally activated penetration, 1893 ff 
plastic punching, 2594 
point forces acting on, 1 855 

precipitate interaction, see “pinning” 
prismatic loop, 2121 ff 
Schwarz-Labusch mechanism, 2192 
-, screw, 1 832 ff, 1845 
-, secondary, 

- (in) semiconductors, 1 849 ff, 1 855 
-, sessile, 1926 

— in Ni 3 Al, 2089 

-, Shockley partials, 1847, 2181 

short-range order destruction by dislocation 
motion, 2021 

slip systems, 1 852 ff (see also “Slip”) 

— in body-centred cubic crystals, 1852 
--in face-centred cubic crystals, 1852 

— in hexagonal close-packed crystals, 1852 
-: small-angle scattering, 1 178 ff 

-: solute drag and locking, 1 866 ff , 2016 ff, 
2018 ff 

— : microcreep, 2023 
— : superimposition of different 
mechanisms, 2020 ff 
— : thermal activation, 2021 ff 
-sources, 1857 ff 

-: stacking-faults associated with, see 
“Stacking-faults” 

-: stair-rod partial, 1847 
-: stair-rod dipole, 1854 
-storage, 1920 ff 
-, super-, 1 850 ff, 2056 ff, 2081 ff 

— , motion at high temperature, 2061 ff 

— (and) planar faults, 2081 ff 
-, superpartials, 2081 

-, surface, elastic field near, 1 839 ff 
-: threshold stress for detaching a dislocation 
from a dispersoid, 2188 
-: Thompson tetrahedron, 1846 

- tilt boundary, 1078, 2413 

-: transmission electron microscopy, 1056 ff 
-: width of core, 1843 
Dispersed-phase alloys, 1897 ff, 2 1 06 ff 
-: coherency loss, 2144 
-: creep, 2134ff, 2154 ff, 2183 
-: high-temperature behavior, 2133 ff 
-: internal stress, 2128, 2136, 2138, 2155 


- (with) large particles, 2 1 24 ff 

— : misorientation of matrix near particles, 
2125 ff 

-, particle bypassing, 2119 
recovery, 2127, 2134 
-: recrystallization, 2158 ff (see also 
“Recrystallization”) 

-: subgrain formation at high temperatures, 
2134 ff 

-: tensile properties, 2111 ff 
-: threshold stress for detaching a dislocation 
from a dispersoid, 2188 
Dispersion strengthening, 1897 ff, 2106 ff 

- distinguished from precipitation hardening, 

1899 

Displacements, atomic, in crystals, 

-, thermal, 1102 ff, 1133 
-, static, 1105, 1133 
Displacement cross-section, 1649 
Displacement spike, 1684 
Diplacement threshold energy, 1648 ff 
Di-vacancy, 1643 

Dodecahedral symmetry, 378, 391, 400 
Doolittle equation, 1732 
Dom equation, 1964 
Double diffraction, 1038 ff, 1166 
Droplet emulsion technique, 693 ff, 698 ff 
DSC lattice, 847 

Ductile-brittle fracture transition, 1259 ff, 2280 ff 
grain-size effect, 2281 
strain-rate effect, 2281 
transition temperature, 2280 
Dumbbell atoms, 1659 

Duplex structure, microstructural change in, 878 ff 
Duwez gun, 1748 

Dynamic recovery, 1924, 1929, 2003 
Easy glide, 2029 

Edge dislocations, see “Dislocations” 

Effective interplanar spacing, 1238 
Einstein relation (random walk theory), 546 
Elasticity and anelasticity, 1 879 ff 

-: anelastic deformation, 1 880 ff, 2132 
— : isomechanical scaling laws, 1 999 ff 
elastic properties of metal-matrix 
composites, 2581 ff 

-: elastic strains developing during plastic 
deformation, 1923 ff 
rubberlike elasticity, 2735 ff 
Electrochemical effect, 147 
Electrochemical measurement of activity, 467 ff 
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Electrodeposition, study by scanning tunneling 
microscopy, 978 

Electromigration, 611 ff, 616 ff, 632, 886 
-, use for purificiation, 618 
Electron band formation, 63 ff 
Electron concentration, 107 ff, 147 ff, 325 ff 
Electron-beam microanalyser, 970 ff, 989 
Electron channelling patterns, 968 ff 
Electron energy bands, 50 ff 
Electronegativity difference, 108, 1 14 ff, 147, 161 
Electron energy loss spectroscopy, 1087, 1091 ff, 
1217 

Electron irradiation, 1648 ff 
Electrons-per-atom ratio, see “Electron 
concentration” 

Electron phases, 108 ff. 111, 166 ff, 225 
-, hexagonal, 170 
Electron probe techniques, 992 ff 
Electron theory of metals and alloys, 48 ff 
Electronic specific heat, 173 ff 
Elements 

-, crystal structure, 2, 12 ff 
Elinvar alloys, 2541 
Ellingham diagrams, 429 ff, 1294 ff 
Ellingham line, 430 ff 
Ellipsometry, 960 

Embedded atom method (EAM), 2247, 2256 
Embrittlement 

-, hydrogen, 2217 ff, 2282 ff 
-, liquid-metal, 1386, 2286 
Energy band 

volume dependence, 72 ff, 84 ff 
Energy-dispersive X-ray analysis, 970 ff 
Energy gap, 70 

Energy levels of atoms, see “Atomic energy 
levels” 

Enthalpy of formation, see “Heat of formation” 
Enthalpy, 416, 499 
Entropy, 415 

-catastrophes, 1731 
-, configurational, 436 
measurement, 419 ff 
ESCA, 989 

Eshelby’s model of misfit strain, 2581 ff 
Etching, metallographic, see “Metallography” 
Eutectic, see “Phase diagrams” and “Solidification” 
Eutcctoid coarsening, 1458 ff 
Eutectoids, lamellar spacings in, 1460 ff 
Eutectoidal decomposition, 1451 ff, 1468 ff 
Ewald sphere, 1101 ff 
Extended X-ray absorption fine structure 
(EXAFS), 1183 


Fast diffusion, 593 ff, 1187, 1807ff 
Fatigue, 2294 ff 

- (in) age-hardened alloys, 2340, 2354 ff 
anisotropy factor, 2343 ff 
bicrystals, 2343 ff 

chemical environment, 2374 ff 
Coffin-Manson law, 2295, 2303 
copper-aluminum alloys, 2347 ff 
crack initiation 

— (in) ductile metals, 2362 ff 

— (at) grain boundaries, 2372ff 
— , mechanisms, 2369 ff 

— : role of PSBs, 2363 
crack propagation, 2376ff 
— : elasto-plastic fracture mechanics, 2378 
— : short crack growth, stage I, 2381 ff 
— , stage II, 2385 ff 
crack-tip blunting, 2389 
cyclic (plastic) deformation 

— compared with monotonic deformation, 
2336 ff 

— (of) polycrystalline metals, 2338 ff 
cyclic hardening in fee metals, 2295, 2297, 

2300 ff 

— in bee metals, 2333 ff 
cyclic softening, 2295, 2300 ff 

cyclic stress-strain curves (CSSC), 2295, 

— for single crystals (orientation 
dependence), 2309 ff 

defect structure studied by small-angle 
neutron scattering, 1181 
deformation mechanisms, 23 1 2 ff (see also 
“rapid hardening, models”) 
dislocation cell structure, 2324 ff 
dislocation dipoles, 2307 
dislocation patterning (structures), 2308, 
2361 

— (in) copper-aluminum alloys, 2350 ff 
— : loop patches, 2306, 2311, 2317, 2321 
— : low-energy dislocations (LEDs), 2327, 

2332 

— : maze structure, 2331 ff 
— : transition from loop patches to PSBs, 
2315 ff 

— walls (dipolar), 2320, 2333 
-: environmental effects, 2374 ff 

— , in vacuo, 2375 
-: extrusions and intrusions, 2363 ff 
— : formation mechanism, 237 1 ff 

- failure boundary maps, 2379 

-: grain-boundary migration during high- 
temperature fatigue, 2447 ff 
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grain-size effects, 2340 ff 
hysteresis loops, 2314, 2348 
history of phenomenon, 2294 ff 

- life, 2303 ff 

- limit, 2294 

- (and) linear elastic fracture mechanics, 2296 
metal-matrix composites, 2606 ff 
non-linear (dislocation) dynamics, 2360 

- (of) oxide-dispersion-strengthened alloys, 

2189 ff 

Paris curve, 2296 
persistent Liiders bands, 2347 
persistent slip bands (PSB), 2043 , 2295 , 
2313, 2316 ff, 2321 ff 
— , models of dislocation behavior in, 
2326 ff 

— , non-uniform strain in, 2322 
— , nucleated at (annealing) twins, 2317 
— : demonstration of strain concentration 
at, 2323 ff 

plateau stress, normalized, 2305 
— , models, 2329 
point-defect emission, 2331 
protrusions (bulging), 2324, 2364 
rapid hardening, 2304 
— : models, 2313 ff 
recovery, 2408 

saturation stress , 2305, 2321 ff 
S-N curve, 2294, 2304 
slip irreversibility, 2370, 2376 
solid solutions, 2043 

-, stainless steel, 2354 ff 

steady-state (saturation) stress amplitude, 
2303 

strain bursts, 23 1 2 ff 
strain localisation, 2304, 2321 ff 
striations (ductile), 2387 ff, 2390 
Taylor lattice, 23 14 ff, 2317 
testing methods, 2297 ff 
— : constant amplitude stress tests, 2297 ff 
— : constant plastic strain amplitude tests, 
2298 ff 

— : increasing stress amplitude tests, 2298 
— : results compared, 2339 
— : variable amplitude tests, 2299 ff 

- (and) texture, 2342 ff 
threshold for crack growth, 2381 

metal-matrix composites, 2606 
(annealing) twins, stress-concentrating 
effects, 2342 
WOhler machine, 2294 
Fermi energy, 66 


Fermi sphere, 65, 108 

-, distorted, 109, 153, 171, 176 
Fermi surface, 71 

- and charge-density waves, 1549 
Ferrimagnetism, 2503 

Ferrite, 1568, 1570ff 

- morphologies, 1571 

- solid-solution hardening (and softening), 

1593 

strength, 1589ff 

Ferromagnetism, 123 ff (see also “Magnetism”) 

Fibers, polymer, 2700ff 

Fibonacci sequence, 377 ff 

Fick’s first law, 542 

Fick’s second law, 545 

Fictive temperature, 2723 

Flory-Huggins equation, 2684 

Flow stress, see “Yield stress” 

Flux-line lattice 

neutron scattering, 1181 
Fractals, 866 
Fractography, 2213ff 
Fracture, (see also Cracks”) 
amorphous alloys, 1798 
-, brittle, in practical situations, 2275 ff 
Charpy test, 2280 
-, chemically enhanced, 2271 
crack shielding, see “Cracks” 
critical Griffith stress, 2237 
-, ductile, 2220, 2277 ff 

— at interfaces, 2269 ff 
ductile-brittle transition, 1259 ff, 2280ff 

— : grain-size effect, 2281 
— : strain-rate effect, 2281 
— : transition temperature, 2280 
(and) grain-boundary impurities, 1259 ff 
grain-size effects, 2277, 228 1 
Griffith criterion, 2236 ff 
HRR crack-tip field, 2242 ff 
hole growth, 2278 ff 
hydrogen embrittlement, 2217ff, 2282 ff 
-, ideally brittle, 2220 
-, intergranular, 2270 ff 

liquid-metal embrittlement, 2286 

- mechanics approach, 2276 ff 

— in fatigue, 2378 

- (of) metal-matrix composites, 2596 ff, 

2604 ff 

- modes, 2212ff, 2223 ff, 2380 
-, models, limitations, 2244 ff 
-: necking, 1 949 ff 

-: R-curve, 2278 ff 
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stress intensity factor, 2222 ff 
summary of concepts, 2272 ff 
temper-brittleness, 1270 ff, 1281, 1612, 

2285 ff 

toughness concept, 2213, 2238 

- toughness parameters, 2236 

— of metal-matrix composites, 2604 ff 
transformation-toughening, 2286 ff 
-, work of, 1259 ff 
Frank partial dislocation, 1848 
Frank-Kasper phases, 225, 237, 306 ff, 392 
Frank-Read dislocation source, 1857 ff 
Frank- Van der Merwe model, 1222 
Free-electron approximation, 64 ff 
Free energy, 

-, Gibbs, 416 
-, Helmholtz, 416 

- of mixing (Gibbs), 436, 439, 475 

--, ideal, 445 
-, standard, 426 
Free volume, 1731 ff, 2699 
Freezing, see “Solidification” 

Frenkel defect (pair) 1648 ff, 

-concentration, 1654 
-: effect on electrical resistivity, 1655 
-: formation enthalpy, 1666 
-production by irradiation, 1683 ff 
Friedel sampling length, 1900 
Friedel-Fleischer theory, 1903, 2018, 2187 
Fusion welding, 803 ff 

Gadolinium 

-: allotropy linked with magnetic changes, 33, 43 
Gallium 

- crystal structure, 22 ff, 34 

Gibbs adsorption isotherm, 453 ff, 458, 1205 ff, 
1249, 1252 

Gibbs-Duhem equation, 439 
Gibbs energy of fusion, 492 
Gibbs free energy, 416 
Gibbs phase rule,450 
Gibbs-Thomson effect, 683, 733, 760 
-, for lamellae, 1453 
Gibbs-Thomson equation, 1423 
Gibbs-Wulff theorem, 1381 
Glass 

-: Doolittle equation, 1732 
-: free volume, 1731 
-, polymer, 2720 ff 
-: thermodynamics, 1734 

- transition, 649, 1729 ff, 1733, 2720 ff 


Glassy reaction layers at interfaces, 863 ff 
Gold-silver alloys, 1 1 52 ff 
Gorsky effect, 568 
Grain aspect ratio, 2170 
Grain-boundary 

- allotriomorphs, 1571 

-: boundary periodicity, 849 
-: broken bond model, 850 ff 

- character distribution, 866 

- cohesion 

— : effect of solute segregation, 1258 ff, 
1262, 1270 ff 

-: coincidence models, 847 ff 
coincidence site lattice, 844 ff 
-: computer simulations, 858 

- design, 866, 1282 ff 
diffusion, see “Diffusion” 

-: DSC lattice, 847, 1870ff 
-: dislocation model, 853 ff, 1869 ff 
-, doped, in nanocomposites, 925 ff 
-embrittlement, 1259, 1270 ff, 2270ff 

- energy, 

— , in terms of bond density, 852 
— , in terms of dislocation models, 853 ff, 
1879 

- engineering, 2463 

- enrichment factor, see “Segregation” 

- fracture, 1259 ff 

- microchemistry, see “Segregation” 

- migration, 2440 ff 

— : acceleration by vacancies, 2450 ff 
— : ‘Beck approach’ , 2442 
— , defects created by, 896 ff 
— , diffusion-induced, 623 ff 
— , impurity drag, 2440 ff, 2443 ff 
— : Kronberg-Wilson rotation, 2440 
— : low-angle boundaries, mobility, 2446 
— : misorientation effect, 2445 ff 
— : particle drag, 889 
— : (in) primary recrystallization, 2440 ff 
— : (effect of) recovery, 1588 
— : segregation effects, 1248 
— : special orientations, 2448 ff 
— : strain-induced migration, 2435 ff 

- models, limitations of, 856 ff 

- (in) nanocrystalline materials, 911 ff 

— , atomic structure, 916 ff 
-: O-lattice theory, 846 

- pinning, 1009, 2159, 2467 ff 
-: planar structure factor, 85 1 
-: polyhedral unit models, 855 

-: quasiperiodicity in boundaries, 850 
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secondary dislocations, 1076 

- segregation, see “Segregation” 

-sliding, 1960, 1992 (see also “Creep”) 

— : during creep, 1993 ff 
— (of) individual grain boundaries, 1995 
— : Lifshitz-type, 1992 
— : Rachinger-type, 1992 
Sigma (5) value, 845 ff, 2462 
-, small-angle, 2446 
-, special, 848 

structural unit models, 848 ff, 1077 
symmetry model (Pond), 1871 
tilt boundary, 1078, 2413 
transmission electron microscopy of, 1075 ff 
-, vacancies in, 2450 ff 

- (as) vacancy sinks, 2632 
Grain growth, see “Recrystallization” 

Grain (orientation) clusters, 865 
Grain refinement, 810 ff, 1811 

critical supercooling, 8 1 1 
-, energy-induced, 814 ff 
inoculation methods, 812 ff 
Grain size 

- aspect ratio, 2170 

- (prior) austenite, 1604 ff 

— : creep rate, effect on, 1991 ff 
-, determination, 1006 ff 

- distribution, 1008 
effects in fatigue, 2339 ff 

- effects in nanocrystalline materials, 918 ff 

- in solidification, 700, 8 10 ff 

yield stress, effect on, see “Hall-Petch 
relationship” 

Granato-Liicke internal friction theory, 1856 ff 
Graphite structure, 288 
Grassfire transformation, 1015 
Grazing-incidence X-ray scattering, 858 ff 
Greninger-Troiano orientation relationship, 1514 
Griffith crack and criterion, 2236 ff 
Growth of precipitates, 1393 ff 

-, diffusion-controlled, 1402 ff, 1404 ff 
-, dual martensitic and diffusive, in 
aluminum-silver alloys, 1407 
-: growth instabilities, 1421 ff 
— : absolute instability, 1424 
— : relative instability, 1424 
-, interface-controlled, 1402 ff 
-: interface velocity, 1399 

- involving long-range diffusion, 1400 ff 
-: kinetics, 1415 ff 

-, (with) ledges, 1396, 1405 ff, 1409 ff 
— : computer simulation, 1410, 1412 ff 
— : ledge formation, 1415 


-: linear growth models, 1 427 ff 
— : needle-like crystals, 1427 ff 
-: massive phases, see “Massive 
transformation” 

-: metastable phases, 1398 
-: mixed control, 1402 
-: rates, 14 15 ff 
-: solute drag, 1396ff 

Growth of solid from liquid, see “Solidification” 

Growth steps, see “Growth of precipitates, (with) 
ledges” 

Guinier approximation, 1 1 63 ff 

Guinier-Preston zones, see “Pre-precipitation” 

Hafnium 

-: polymorphism, 20, 24 

Hagg phases, 225 

Hall-Petch relationship, 1008 ff, 1589 ff, 1605, 
1811, 1815 ff, 1859, 2168 ff 

- and fracture, 2277 

Hamiltonian, 59 

Hardening (see also “Yield stress”) 

-: diamond structure, 2038 ff 
-, fee solid solutions, 2011 ff 
-, forest, 2133 
-, latent, 2133 
-, magnetic, 

-: NaCl structure, 2038 ff 
-, order-, 2055 ff, 2192 

— : maximum at intermediate order, 2060 
— : quench effects, 2062 
— : temperature effects, 2063 ff 
— : theory, 2059 ff, 2195 ff 
-, precipitation-, 2043 ff, 2106 ff, 2141 ff 
— : A1 alloys, 642, 1805 ff, 2049 ff 
— , classification, 2141, 2192 
— : deformation modes, 2147 
— : dislocation pinning, 1861, 1 897 ff 
— : hardening mechanisms, 2147 ff 
— (under) high stress, 2144 ff 
— , iron-carbon alloys, 2052 ff 
— , kinetics, 634 
— : reversion, 1807 

- (see also “Pre-precipitation” and 

“Superalloys”) 

-, quench-, 2062 ff 

- (due to) rapid solidification, iron, 1594 
-: short-range order, 2017, 2021, 2061 ff 
-, solid-solution, 1593 ff, 2011 ff 

— , bcc solid solutions, 2034 ff 
— , fee solid solutions, 2023 ff, 2143 
— , hep solid solutions, 2032 ff 
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— : plateau hardening, 2024 ff 
— : stress equivalence, 2022 
— , theory, 2016ff (see also “Dislocations, 
locking mechanisms”) 

Heat capacity, 417 ff 

Heat of formation, simple metal phases, 141 
Heat transfer in solidification, 670 ff 
Helmholtz free energy, 416 
Henry’s law, 442 

Hening-Nabarro-Coble creep, 1988 ff 
Heterogeneous nucleation, see “Nucleation” 
Heusler alloys, 194, 272 
High-resolution electron microscopy, 1035, 

1079 ff, 1110, 1112 

- applied to amorphous alloys, 1777 

- applied to grain interfaces, 858 ff 
image reconstruction, 1084 
optical transfer function, 1081 ff 
(of ) quasicrystals, 372, 389, 399 
Scherzer focus, 1083 

weak-phase object approximation, 1083 ff 
High-strength low-alloy steels, see “Steels” 

Holes, octahedral and tetrahedral, 277 ff 
Honl correction, 1121 
Homeotect structures, see “Polytypism” 
Homogeneous equivalent medium, 2182 
Homogeneous nucleation, see “Nucleation” 

Hot isostatic pressing, 2579, 2644 

- maps, 2647 ff 

sensors for measuring compact dimensions 
in situ, 2649 

technological considerations, 2648 ff 
Hot pressing, 2644 ff 

— : densification models, 2645 ff 
densification stages, 2645 
Hot-salt corrosion, 1317 ff 
Huang scattering, see “X-ray scattering” 
Hume-Rothery phases, see “Electron phases” 
Hume-Rothery rules, 142 ff 

- and strain in solid solutions, 162 
Hydrogen 

-, atomic energy levels, 53 

- diffusion, 593, 1187 

- embrittlement, 2217 

-, migration in stress gradients, 895 

heats of solution in metals, calculation, 118 

- in iron, 1253, 1279, 1615 

- in niobium, 1384 

- solubility in Laves phases, 177 
Hydrogen embrittlement, 2217 ff, 2282 ff 
Hypercooling, 1756 


Image analysis, see “Quantitative metallography” 
Incommensurate phases, 1549 
Incommensurate-to-commensurate transformations, 
1550 ff 

Inelastic scattering, 1126 ff 
Icosahedral symmetry, 378, 384, 391 ff, 396 ff 
hypercubic phases, 395 ff 
Ingot structure, 78 1 ff 
chill zone, 781 ff 
columnar zone, 782 ff 
columnar to equiaxed transition, 786 ff 
computer modelling, 783 ff 
equiaxed zone, 785 ff 
inclusions, 794 ff 
lnoculants, 8 12 ff 

Interatomic pair potential, 95 ff, 98, 121 
Interface 

-, adsorption at, 1203, (see also “Segregation”) 
— , thermodynamics, 1205 ff 
-, coherent, 1396, 2107 ff 
-cohesion, 1258 ff, 1262, 1270 ff 
coincidence model, 844, 847 

- -controlled growth of precipitates, 1402 
-, curved, 458 ff 

-, diffuse, 707 

-energy, 850 ff, 1210 ff, 1395 

— as affected by segregation, 1249 ff 

- enrichment factor (ratio), 1209, 

- (and) fracture, 2269 ff 
Frank-Van der Merwe model, 1222 

-, glissile, 1524 

— : conservative motion, 1526 
-, heterophase, see “interphase” 

-, incoherent, 2108 

- instability in solid-solid transformations, 

1421 ff 

-, interphase, 859 ff, 1078 ff 

- kinetics, 700 ff 

-, ledged, 1405 ff, 1409 ff 
-, martensite-parent, 1 524 ff 
-microchemistry, 1202 ff (see also 
“Segregation”) 

— and materials design, 1280 ff 

— : methods of measurement, 1209 ff 
-, moving, causing transformation, 1451 ff 
-: segregation, see “Segregation” 

-, semi-coherent, 864, 1379, 1524 ff, 2108 
-, solid-liquid, see “Solidification, liquid-solid 
interface” 

-: thermodynamics, 1205 ff, 1228 

- transmission electron microscopy, 1075 ff 
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Interfacial process (in solid-state changes), 1371 
Interference-layer contrast, 957 ff 
Interferometry in optical microscopy, 960 
Intermediate phases, 166 
-, homogeneity range, 490 
-, solid solubility in, 137 ff, 151, 166, 178 , 
490 

Intermetallic compounds 

binary, electron per atom ratio, 107 
binary, relative size fac tor, 107 
binary, stability of structure, 102 ff 
commonest structure types, 323 
-, congruently (or incongruently) melting, 49 1 
coordination number, 231 
— , ratios, 228 
coordination polyhedra, 229 
— , as building blocks, 238 ff 
crystal-chemical relationships, 263 
-, crystal structures, 206 ff, 2141 ff 
data bases and books, 264 ff 
representation, 214 ff 
— : statistical distribution of types, 315 ff 
cubic structure types, 343 
definition, 206 

derivative and degenerate structures, 247 
“gazetteer” of structures, 355 ff 
Gibbs energy of formation, 492 
-, ideal and approximate formulae, 211 
-, identifying symbols, 209 ff 
- in phase diagrams, 489 ff 
interstitial structures, 249 ff 
isotypic and isopointal, 221 
lattice complexes, 217 ff 
Laves’s stability principles, 326 ff 
layer stacking sequence, 23 1 ff, 246 
mechanical properties, 2076 ff 
non-stoichiometric, 501 
-, order in, 193 ff, 248 
oxidation, 1309 

recombination structures, 260 ff 
reduced strain parameter, 334 ff 
-, site occupation formulae, 213 
-, solid solubility in, see “Intermediate phases” 
-, space-filling principle, 326 ff, 331 ff 
-, stability, 3 17 ff 
-, stacking symbols, 233 ff 
-, stoichiometric ratios, 317 
-, strength as function of homologous 
temperature, 2077 

-, structural notations, alternative, 241 ff 
structure families, 247 ff, 265 ff 
structure prediction, 345 ff 


-, structure types, 220 ff 

— : atomic-environment classification, 
342 ff 

— , systematic description, 264, 267 ff 
superstructures (superlattices), 248 ff 
-, ternary, 507 

— : structure distribution, 321 
-, type names, 224 ff 
vacant sites, ordered, 248 
Internal friction, 

Bordoni peak, 1857 
Granato-Liicke theory, 1856 
Niblett- Wilks peak, 1857 
Internal oxidation, 2108 ff 
Internal stresses 

dispersed-phase alloys, 2128ff 

- during creep, 1984ff 
Interphase boundaries, 859 ff 

chemistry, 862 ff 
crystallographic structure, 864 

- with reaction (intermediate) layers, 862 ff 
Interstitial (self-) 

- agglomeration, 1673 ff 

— : cluster size, 1674ff 

- configuration, 1663 ff 

- created by dislocation intersection, 1904 

- diffusion, one-dimensional, 1706 

- dumbbell configuration, 1140, 1659ff, 

1673ff 

dynamic properties, 1658ff, 1672ff 

- enthalpy of formation, 1656ff, 1 665 ff 
enthalpy of migration, 1666ff 
experimental approach, 1663ff 

- -free steels, 1594 ff 
ion-channeling method, 1680 

- lattice, 894 

-: mechanical relaxation method, 1681 

- mechanism of diffusion, 594 ff 
-: Mossbauer effect, 1681 

multiple, 1662ff 
-: phonon coupling, 1 1 84 

- position, see 'Interstitial position" 

- production, 1647ff 

- properties 

— , calculation, 1654ff, 1657 

- relaxation volume, 1663 

- saddle-point configurations, 1656 ff 

- solid solutions, 139 

— , thermodynamic analysis, 501 

- -solute interaction, 1 676 ff 
-, split, 1659 ff 

-, trapping by solutes, 1678 ff 
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- -vacancy interaction, 1651 ff 

— : close pairs, 1653 
— : spontaneous recombination, 1651 ff 

- X-ray scattering from, 1136 
Interstitial positions 

body-centred cubic structure, 1562 
Invar alloys, 2540 ff 
Inverse melting, 1734 ff 
Ion-beam mixing, 637 
Ionic bond, 61 
Ionicity, degree of, 61, 137 
Ion microprobe analysis, see “Secondary-ion 
microscopy” 

Ion-probe techniques, 989 ff 
Ion-scattering spectroscopy, 1214 ff 
Iron, 1 556 ff 

- allotropy, 20 ff, 30 ff, 1416 

— : effect of substitutional solutes, 1 566 ff 
— : property changes at phase change, 

1560 

— : thermodynamics, 1558 
— : role of entropy of demagnetization, 
1558 ff 

-carbides, 1563 ff 

— precipitate microstructure, 2053 

- -carbon phase diagram, 771, 1565 

- -carbon solid solution, 1561 ff, 2035 

— : precipitation hardening, 2052 ff 
— : discontinuous yield, 2052 ff 

- -chromium-cobalt permanent magnet alloys, 

2517 ff 

-, cleavability, 2217 

-: diffusion rates of interstitial and 

substitutional solutes compared, 1563 

- dislocation density in deformed iron, in 

relation to flow stress, 1590 ff 
-: fatigue behavior, 2334 ff, 2382 
-: interstitial alloys, 1561 ff, 

--: fatigue, 2334 ff 
— : flow stress, 2035, 2037 
-: interstitial plus substitutional alloys, 1568 ff 
-nitrides, 1563 ff, 1571 

- -nitrogen solid solution, 1561 ff, 2037 
-: octahedral and tetrahedral voids, 1562 

-, phase transition, 1416 (see also “allotropy”) 
-, phosphorus in, 1208, 1214, 1215, 1237, 
1272, 1582, 2271 

-: properties of pure element, 1557 ff 
-: solubility of elements in, 1556, 1563 
strength of ferrite, 1 589 ff 
substitutional alloys, 1 566 ff 
— : effect on form of gamma-field, 1 566 ff 


-, sulphur in, 1224, 1582 
-: vacancies ina-iron, 1558 
-: yield stress, in dependence on temperature 
and grain size, 1 583 ff 
Iron aluminides, 2078 

- as soft magnetic materials, 2533 ff 
Iron-chromium alloys, 2035 
Iron-oxygen-sulphur system, 1312 ff, 1316 
Iron-silicon steels, see “Silicon steels” 

Irradiation (effects) 

-: amorphization, 1758 ff 

- (in) amorphous alloys, 1804 

-: atom redistribution, 640 ff, 1708 
biased point-defect annihilation, 1697 
-: cavities, electron microscopy of, 1066 
-: defect clusters, 1 689 ff 
-: dislocation wall lattice, 1703 
-effects, miscellaneous, 1682 ff 

— : collision (displacement) cascade, 

1684 ff 

— : displacement spike, 1684 
— : intracascade defect reactions, 1688 ff 
electron, see “Electron irradiation” 

-, fast heavy-ion, 1690 ff 

- -enhanced diffusion, 635 ff 

- -induced creep, 1700 ff 

- -induced Guinier-Preston zones, 1709 

- -induced phase transformation, 643, 1709 

- -induced precipitation, 640 ff 

- -induced segregation, 640 ff, 1708 
-: loss of order, 1687 

swelling, 1695 ff 
— , reduction, 1698 ff 

-: void formation, 1695 ff (see also “cavities”) 
-: void rearrangement, 1706 ff 
-: void lattice, 1701 ff 

Janecke coordinates, 518 
lellium, 861 
Jogs, 1853 ff, 1904 

Johnson-Mehl-Avrami-[Kolmogorov] (JMA[K]) 
kinetic equation, 1435 ff, 1788, 2421, 2674 
-: relation to soft impingement, 1435 ff 
necessity for a spatially uniform driving 
force, 1436 
Jominy test, 1579 

Jones theory of solid solubility, 151 ff 

!Kagom6 net, 234, 246 
Kauzmann paradox, 1731 
Kerr effect, 957 
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Kikuchi lines, 969, 1040 
Kinematical diffraction theory, 1094 ff, 1117 f f. 
Kinking, 1912 ff 
Kirkendall effect, 608 ff, 1625 
inverse, 1709 
Kossel patterns, 969 
Kronberg-Wilson rotation, 2440 
Kurdjumov-Sachs orientation relationship, 1571 

Labusch’s theory of hardening in solid solutions, 
2019 ff 

Langevin law, 2502 

Langmuir adsorption isotherm, 456 ff, 1252 
Langmuir-McLean theory, 12 19 ff 
Lanthanides 

- crystal structures, 28 ff, 39 ff, 100 

-, dependence of properties on atomic number, 
351 ff 

Laplace equation, 2631 
Laser surface treatment, 1 760 ff 
Lattice complex concept, 217 ff 
Lattice strain in solid solutions, 161 ff 
Lattice spacing, 

- in primary solid solutions, 180 ff 

- in ternary alloys, 181 ff 

Lattice stability, see " Structure stability" 

Laves phases, 176 ff, 3 10 ff 
heats of formation, 117 

Lead 

unusually large atomic radius, 25 
Ledges, see “Growth of precipitates” 

Lever rule, 473, 506, 715 
Liquid-solid interface, see “Solidification” 

Line compounds, 206 
Lifshitz-Slyozov- Wagner theory, 873 
Liquid crystals, 2680 
Liquids 

-, fragile and strong, 1733 
specific heats, 1733 
Liquid simple-metal alloys 
heats of formation, 116 
Liquid-metal embrittlement, 1386, 2286 
Liquid-solution calorimetry, 2402 
Liquidus, 472 

Local density functional, 50, 90, 101 
Long-period superlattices, 195 ff, 894, 1544 ff 
Lomer-Cottrell barrier, 847, 2015 
Liiders bands, 1586, 2023 
-, persistent, 2347 

- (in) polymers, 2695 ff 


IVTackay icosahedron (cluster), 395, 406 

Macrosegregation, 789 ff 

Magnesium 

- -aluminum alloys, 1457 

- -cadmium alloys, 2032 ff 

- crystal structure, 16 

-, solid solutions based on, 183 

- -zinc alloys, 2033 
Magnetic 

- aftereffect, 2507 

- anisotropy, 2505, 2509, 2512 

— , amorphous alloys, 255 1 ff 
— , directional-ordering, 2535 ff, 2553 ff 
— : shape anisotropy, 2512 
— , slip-induced, 2535 
— , thermomagnetic, 2535 

- annealing, 2535 

- coercivity, 2507 

— in relation to microstructure, 25 1 3 ff, 
2521 

-: curling, 2513 

-: defects and domain- wall pinning, 2514 

- domain wall(s) 

— pinning, 2514 

— thickness, 2512 

- domain(s), 2505 ff 

— , nuclcation and growth, 2512, 2514 

— reversal, 2510ff, 2520 

— reversal in relation to microstructure, 
2513 ff 

— rotation, 25 10 ff 

- force microscopy, 976 

- ‘hardening’ in relation to mechanical 

hardening, 2514 

- materials, see “Magnetic materials” 

-: maximum energy product, 2507 

- measurements, 2507 ff 

— : Hall-effect probe, 2508 

- permeability, 2506, 2527 

- properties of materials, 2501 ff 

— , fundamental, 2502 ff 

- relaxation, 2556 

- scattering of neutrons, 1 1 23 ff 

- structure factor, 1124 

- susceptibility, 2502, 2506 
Magnetic materials, 2501 ff 

-, amorphous, 2543 ff 
— : anisotropy, 255 1 ff, 

— , anisotropy, induced, 2535 ff, 2553 ff 
(see also “Directional short-range 
ordering”) 
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— : core loss, 2557 
— : Curie temperature, 2546 ff 
low-field properties, 2555 ff 
— : magnetostriction, 2553 , 2555 
— : preparation, 1748 ff, 2544 ff 
saturation magnetization, 2546 ff 
temperature dependence of 
magnetization, 2549 ff 
-, permanent, 251 Off 

cobalt-platinum, 2523 ff 
— , cobalt-rare earth, 2519 ff 
— : crystal-anisotropy materials, 25 1 9 ff 
— : effect of plastic deformation, 2518 
— : electrodeposited rod-shaped materials, 
2516 

— : hard ferrites, 2522 ff 
— , iron-rare earth, 2521 ff 
— : list of properties, 25 1 1 
— : manganese-aluminum-carbon (non- 
magnetic constituents), 2523 
— : shape-anisotropy materials, 2525 ff 
— : spinodal alloys, 25 1 6 ff 
— , two-phase (ferromagnetic plus 
paramagnetic), 2517 

- (for) recording heads, 2543 
-, soft, 2524 ff 

— : high-permeability alloys (permalloy, 
supermalloy), 2536 
— : invar alloys, 2540 ff 
— : iron-aluminum-(silicon) alloys, 

2533 ff 

— : iron and low-carbon steels, 2525 ff 
— : iron-cobalt alloys, 2541 ff 
— : iron-silicon alloys, see “Silicon steels” 
— : nanociystalline alloys, 2542 ff 
— : nickel-iron alloys, 2534 ff 
--: square-loop alloys, 2539 
Magnetic measurements in metallurgy, 2558 ff 
-: hysteresis loop, applications, 2559 
-: thermomagnetic analysis, 2558 
-: magnetic anisotropy, 2559 
Magnetically modulated structures, 260 
Magnetism 

- and lattice parameters, 184 ff 
core loss, 2510, 2528, 2557 

-: demagnetizing field, 2509 
-: diamagnetism, 2502 
-: directional short-range ordering, 2535 ff, 
2553 ff 

-: eddy-current loss, 2507 
-: exchange for ces , 2503 
-: hysteresis curve, 2507 


-: residual magnetization, 2507 
-: saturation magnetization, 2507, 2546 ff 
-: skewed-loop alloys, 2540 
-: square-loop alloys, 2539 
-: superparamagnetism, 2513 
Magnetociystalline anisotropy energy, 2505 
-: anisotropy constants, 2509 
Magnetometer, vibrating-sample, 2508 
Magnetostriction, 2505, 2510, 2553, 2555 
Manganese 

- -aluminum-carbon magnetic alloys, 2523 
-: ciystal structures, 20, 27 ff 

Maraging steels, 1607 ff 
Martensite 

- aging, 1580ff 

-, crystal structure, 274 
-growth, 1524 ff 

- -like structures in rapidly soldified pure iron, 

1594 

-, low-carbon, 1603 

- (to) martensite transformation, 1543 ff 
-morphology, 1510 ff , 1522 ff, 1576 

--, banded, 1522 

--, butterfly, 1525 

— : laths, 1522 ff, 1526, 1576 

— : midrib, 1524 

— : needle shape, 1522 

— , thin-plate, 1525, 1576 

- nucleation, 1530 ff 

- -parent interface, 1524 ff 

— , dislocations in, 1522 ff 

- plates, 1 5 1 0 ff 

-: premartensitic state, 1550 
-: semicoherent interfaces, 1524 

- (in) steels, 1572 ff 
-strength, 1 602 ff 

— as function of carbon content, 1603 
--as function of tempering, 1606 

-, stress-induced, 1540, 1912 

- substructure, 1517 ff, 1522 
-: surface martensite, 1522 
-: surface relief, 15 10 ff 

- temperature, 1509 

- tempered, 

— strength and ductility, 1604 ff 

- tempering, 1579 ff 

- variants, 1538 ff 

Martensitic transformation, 1508 ff, 1572 ff 
-, athermal and isothermal, 1531 
-: Bain distortion and correspondence, 1512, 
1515, 1520 

-: butterfly morphology, 1525 
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critical stress, 1535 ff 
crystallographic theory (phenomenological, 
15 14 ff 

— : complementary shear, 1514 
— : dilatation parameter, 1521 
— : lattice-invariant deformation, 1514, 
1526, 1531 

— , mathematical description, 1518 ff 

- (as) displacive transformation, 1532 ff 
— : driving force 

— , chemical, 1 532 ff 
— , mechanical, 1533 ff 
Greninger-Troiano orientation relationship, 
1514 

habit plane, 1511 ff, 1515, 1517, 1521 
hysteresis, 1527 
inhomogeneous shear, 1517 ff 
invariant-line strain, 1514, 1520 
invariant-plane strain, 1511, 1520 
mechanical effects, 1531 ff 
— , temperature, 1536 

M % temperature, 1509, 1535, 1572, 1574 ff 
— : effect of precipitation on, in steels, 1574 
orientation relationships, 1512 f f , 1516, 

1571 

oxides, 1544 
pseudoelasticity, 1541 ff 

- (in) rapidly solidified steels, 1815 ff 
-, reverse, 1527 

rigid-body rotation, 1513 
shape-memory effect, 1538 ff (see also 
“Shape-memory effect” 

-: shape strain, 1510 

stabilization of austenite, 1575 
-, thermoelastic, 1 527 ff (see also 
“transformation-induced plasticity”) 

-, thermodynamics, 1529 ff, 1533 

transformation-(induced) plasticity, 1532, 
1536 ff 

twinning, 1517ff 

Massive transformation, 1393, 1398, 1417, 1577 
Malano method, 546 

Maximum resolved shear stress law, see “Schmid 
law” 

Maxwell element, 2726 ff 
Mechanical alloying, 2109, 2167 
Mechanical milling, 1766 ff 
Mechanical threshold, 1886 
Mechanical properties of single-phase crystalline 
materials, 1878 ff, 1 957 ff (see also “Elasticity”, 
“Plastic deformation" and “Creep”) 
Mechanochemical reactions, 923 


Melt, transient conductance measurement, 1761 
Melt-extraction, 1749 
Melt-spinning, 1749 

Melt subdivision method of studying nucleation, 
693 ff 
Melting 

-, inverse, 1734 ff 
-, surface, 978 
Mendeleev number, 102, 211 
Mercuiy 

- crystal structures, 22, 32 
Mesotextures, 2460 ff 

grain-boundary character distribution, 2462 
grain-boundary misorienlation distribution, 
2460 ff 

-i Rodrigues method, 2460 
Metal-ceramic interfaces, 859 ff 
Metallic character, criteria, 149 
Metallic glasses, see “Amorphous alloys” 
Metallography, 

-, definition, 944 
etching, 950 ff 
— : anodic oxidation, 952 
— : interference-layer contrast, 952 ff 
— : ion-etching, 951 
grinding, 947 

image analysis, see “Quantitative 
metallography” 
polishing, 948 ff 
— , chemical, 948 ff 
— , electrolytic, (electrochemical) 948 ff 
— , thermal, 948 
— : ultramicrotoming, 949 
-, quantitative, see “Quantitative 
metallography” 

replica techniques for TEM, 950 
specimen preparation, 945 ff 
specimen sampling, 945 ff 
stereology, see “Quantitative metallography” 
Metal-matrix composites (see also “Composites”) 

- by solidification, 824 ff 
Metal recycling, 1283 ff 
Metastability (in alloys) 

categories 

— , compositional, 1727 ff 
— : configurational freezing, 1728 
— , kinetic, 1727 
— , morphological, 1727 ff 
— , structural, 1727 ff 
-, methods for achieving, 1725 ff 
microstructural manifestations, 1724 
-, nature of, 1726 ff 
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Metastable phases by undercooling, 699 ff, 

Metastable structures, 192 ff, 771, 1562, 1569, 
1724 ff 

Metastable equilibrium at melt-solid interface, 

684 

Metastable phase diagrams, 684 ff, 701, 772, 1735 

Microchemistry of grain boundaries and surfaces, 
1202 ff 

Microhardness, 961 

Microscopy 

-, acoustic, 980 
-, analytical electron, 1086 ff 
-, atomic-force, 974 ff 
— , applications, 977 ff 
-, atom-probe field-ion, 982 ff 
— , applications, 983 ff 
-, Auger-electron (scanning), 986 ff 
-, electron-channeling, 968 ff 
-, field-electron, 983 
-, field-ion, 981 ff, 1626 
— , applications, 983 ff 
-, fluorescence, 988 
-, high-resolution electron, see 

“High-resolution electron microscopy” 

-, optical, 945 ff 

— , confocal, 958 ff 
— , high-temperature, 959 
— : illumination, 955 ff 
— : interference contrast, 958 
--: interferometry, 960, 1211 
— , near-field (scanning), 959, 

--: phase contrast, 957 
— (with) polarized light, 956 ff 
— : resolution and depth of focus, 955 
— , scanning, 958 ff 

-: orientation imaging microscopy, 865, 969 ff, 
2462 

-, photo-electron emission, 985 ff 
-, quantitative television, 

-, scanning Auger electron, 986 ff 
-, scanning electron, 961 ff 
-, scanning transmission electron, 

— : contrast modes and detectors, 964 
— : contrast, atomic-number, 967 ff 
— : contrast, backscattcred electron mode, 
962 

— : contrast, cathodoluminescent, 971 
— : contrast, electron-channeling, 968 ff 
— : contrast, magnetic, 970 
— : contrast, secondary-electron mode, 962 
— : contrast, topographic, 967 


— : depth range, 963 
— : images, 965 
— : signal processing, 963 
— : specimen preparation, 966 
— : stereomicroscopy, 97 Iff 
— : X-ray mapping, 970ff, 1217 
-, scanning acoustic, 979 ff 
— , applications, 980 
-: scanning techniques, various, 976 ff 
-, scanning thermal wave, 979 ff 
-: scanning tunneling, 973 ff 
— , applications, 977 fif 
-, surface, 943 ff 

-, thermal wave, see “scanning thermal wave 
microscopy” 

-, transmission electron, see ‘Trans- mission 
electron microscopy” 

-: tunneling spectroscopy, 976 
— , applications, 979 
-, X-ray, 987 ff 

Microsegregation, 726, 749, 1204 (see also 
“Segregation") 

Microstructural transformations, 866 ff 
-: coarsening by Brownian motion, 882 
-, driven by interfacial energy reduction, 

870ff 

- due to electric fields, 886 

- due to magnetic fields, 885 

- due to stress fields, 885 ff 

- due to thermal cycling, 884 

-_ in presence of temperature gradients, 883 ff 
-, experimental techniques for studying, 1372 ff 

- initiated by moving dislocations, 889 
Microstructure, 844 ff, 944 ff 

-: characterization, 865 ff, 

-: definition (constituent elements), 844, 944 
development, 870 ff 
-, self-organized (periodic), 890 ff 
-: superalloys, 2076 

Miedema’s model for heats of formation, 1 1 1 ff, 
141, 349 ff 
Miscibility gap, 478 
-, liquid-liquid, 483 
-, solid-solid, 478 
Misfit strain 

- from differential thermal contraction, 2584 
-: Eshelby’s model, 2581 ff 

Mixing energy (Gibbs), 475 
Mohr diagram, 2129 ff 
Mossbauer effect 

interstitial atoms, 1681 
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Molecular dynamics simulations 

- (of) crack structure, 2246 ff 

- (of) irradiation effects, 1685 ff, 1691 
Molybdenum-rhenium alloys, 2038 
Monotectic, 483, 771 ff 

Monotonic Laue scattering, 1 145 
Morse potential, 1624 
Mosaic structure of crystals, 1132 
Motional narrowing (in NMR), 570 
Mott (metal-insulator) transition, 81 
Mott-Labusch mechanism, 2018 
Mould-metal system 
-: air gap, 673 

-, computer-modelling, 680 IT 
-: freezing at mould wall, 676 ff 
heat transfer, 673 ff 

Multiphase alloys, mechanical properties, 2106ff 
Mushy zone, 672, 792 

Nabarro-Herring-Coble creep, 1988 ff 
Nanocomposites, 923 
Nanocrystalline materials, 908 ff 
-: catalytic properties, 935 
-: consolidation, 916ff 

- (with) doped grain boundaries, 925 ff 
-: generation methods, 914 ff 

-: giant magnetoresistance, 932 ff 
-: grain growth in, 2479 ff 
-: luminescence from nanocrystalline porous 
silicon, 933 ff 

- (for) magnetic recording, 932 
-: soft magnetic, 930, 2542 ff 

-: technological applications, 928 ff 
Nanoglasses, 921 ff 

Nanostructured materials, 900 ff, 1800ff 
-: magneto-caloric cooling, 931 ff 
Nearly-free electron approximation, 64, 151 
N6el point, 2504 
Neodymium 

- crystal structure, 39 
Nemst-Einstein relation, 550 
Neutron 

-: absorption coefficient, 1 1 20 ff 
-radiation, 1 1 1 9 ff 
-sources, 1128 ff 
Neutron scattering, 1 1 16 ff 
-: aluminum-r alloys, 1140 
Bragg peaks, see “X-ray” 

-, diffuse near Bragg peaks, 1134 ff 
-, diffuse between Bragg peaks, 1 1 39 ff 
-: diffusive motion, 1 187 ff 


inelastic, 1126ff 
isotope replacement, 1145, 1155 
-, magnetic, 1 1 23 ff, 1179 
order (short-range), 1144ff 
-, small-angle, 1 161 ff (see also “Small-angle 
Scattering”) 

Niblett-Wilks peak, 1857 
Nickel, recovery from deformation, 2403 
Nickel-aluminum alloys (mainly Ni 3 Al), 1 173, 
1178, 1180, 1186, 1218, 1241, 1260, 1261, 
1308, 1391 ff, 1426, 1441, 1447, 1488, 1853, 
2046, 2076 ff, 2084, 2146, 2452, 2473 
-: plastic deformation and the flow stress 
anomaly, 2085 ff, 2195ff 
— : catalogue of features, 2086 
— : creep, 2196 
— : models, 2086 ff 
— : particle shear, 2201 
NiAl, mechanical properties, 209 1 ff 
Nickel-base high-temperature alloys, 2171 (see 
also “Superalloys”) 

-: micromechanisms of plasticity, 2190ff 
Nickel-chromium alloys, 1 157 ff 
Nickel-cobalt alloys, 2015 
Nickel-manganese alloys, 2059 
Nickel-oxygen-sulphur system, 1316 
NiO band structure, 80 ff 
Niobium alloys 

-, hydrogen in, 1384 
-: oxidation, 1309 

-: phase distortions due to solutes, 1 141 ff 
-superconducting Nb-Ti, examined by small- 
angle neutron scattering, 1 174 ff 
Nitrogen in iron, 1561 ff 
Noble metals 

-: crystal structures, 21 
-, lattice spacings in solid solutions of, 180 ff 
Nondestructive testing, 2276 
Nowotny phases, 258 ff 
Nuclear magnetic resonance, 570 ff 
Nucleation 

- alloys, solidification, 695 ff 

- (in) amorphous alloys, 1784 ff 

- and growth transformations, 1 369 ff, 1374 ff 
-, cavity, 1265 

-: critical radius, 688 ff 

- (of) disorder, 1766 

-, experimental methods, 693 ff 
-: experimental findings, 1389 ff 
— : orientation relationships, 1389 

- from the melt, 687 ff 

- (at) grain boundaries, 1 807 
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- heterogeneous, 689, 697 ff, 1378, 1385 fi, 

1389 

— (at) dislocations, 1387 

— (at) GP zones, 1387 

— (at) grain boundaries and edges, 1386 ff 

— (at) grain boundaries, with lattice 
matching, 1388 ff 

— : test of theory, 1393 ff 
-, homogeneous, 689, 1374 ff, 1389 ff, 1756f 
-, metastable, 1389 (see also “Pre- 
precipitation”) 

- (in) primary recrystallization, 2425 ff 
-, pure metals, solidification, 693 ff 
-rate, 69 Iff 

strain effects, 1384 ff 

- theory, 1374 ff 

— : critical radius, 1375 
— : experimental tests, 1390 ff 
nucleation rate, 1376 
Nusselt number, 1756 

Octagonal symmetry, 378, 381 ff 
O-lattice theory, 845 ff 
Omega phase formation, 1546 ff 
Optical microscopy, see “Microscopy” 

Orbitals, 4 ff, 5 1 ff, 59 

Order in solid solutions, 121, 193 ff, 198 ff, 

252 ff 

antiphase domains, see “Antiphase 
domains” 

creep, 2064 ff, 2078, 2080 
destruction by irradiation, 1687 
diffraction pattern, 1039 ff 
diffusion in ordered phases, 599 ff 
dislocations in ordered phases, see 
“Dislocations” 
flow stress, 2059 ff 

- hardening, see “Hardening” 
lattice parameter change, 2060 ff 

-, long-range, 198 ff 
-: magnetic field effects, 

-, magnetic, in relation to chemical SRO, 
U58ff 

-: mechanical properties, 2059 ff 
-: neutron scattering, 1 144 ff 

- parameter, 198 

-: recrystallization, 2471 ff 
-, short-range, 198 ff, 

— : computer simulation, 1149 ff 
— , directional, 2535 ff, 2553 ff 
— , in liquids, 501 


— : kinetics, 570 
— parameters, 1 145 ff 
— : quasichemical theory of, 450 
— , studied by diffuse scattering of X-rays 
and neutrons, 1 144 ff 

-: superdislocations, 1850 ff, 2056 ff, 2081 ff 
-, vacancies in, 1646 ff 
-: X-ray scattering 

— , short-range order, 1 1 42 f f 
Order-disorder transformations, 251 ff, 494, 1544 ff 
Ordered crystal structures, 252 ff 
-, electron microscopy of, 1039 ff 
-, stability, 121 
Ordering 

- and clustering, thermodynamics of, 437 
-continuous, 1370, 1 490 ff 

- energy, calculation, 119 ff 
Orientation function (parameter), 2680 ff 
Orientation distribution function, 2456 
Orientation imaging microscopy, 865, 969 ff, 2462 
Orowan loops, 1893, 1900, 1948, 2115 ff 
Orowan mechanism, 2 1 1 4 ff, 2148 

Orowan stress, 2046, 2185 
Orthogonal plane-wave method, 73 
-: repulsive contribution from, 73 
Ostwald ripening, 460, 873 ff, 1437 ff, 2144 

- (at) early stage of precipitation, 1444 ff 
inhibition by solute segregation to particle 

interfaces, 1274 ff 
-: late-stage coarsening, 1442 ff 
-: radius distribution, 1438, 1441 
--, effect of this on kinetics, 1439 
-: scaling laws, 876 
-: stability against coarsening, 877 
-: technological applications, 878 
Overshoot in slip, 2029, 2056 
Oxidation 

- (of) alloys, 1306 ff 
-, cyclic, 1328 

-: dissociative mechanism, 1301 

- (of) intermetallics, 1309 
-, internal, 1309 

-: internal stress, measurement, 1330 ff 
-: kinetics, 1297 ff 

— , measurement, 1325 ff 
— , parabolic, 1299 
— : Wagner’s theory, 1299 ff 
life prediction modelling, 1338 ff 
-, mechanism, 1298 ff, 1328 ff 

- (of) metallic materials, 1292 ff 

- (in) multicomponent atmospheres, 1311 ff, 

1335 ff 



Subject index 


S25 


preferential, 1294ff 

- (in a) solution, thermodynamics, 449 ff 
-, selective, as a function of alloy 

composition, 1306 ff 

-, surface, inhibition by segregants, 1279ff 
thermodynamics, 1 293 ff 
-, transient, 1308 
Oxide layers 

-, diffusion in, 1 303 ff 
electrical properties, 1303 
macrodefects, measurement, 1334 ff 
mechanical properties, 1 304 ff 
scale adhesion, 1309 ff 
scale failure, detection, 1333 ff 
spallation, 1305 ff 

-, stress generation and relief in, 1305 ff 
Oxide-dispersion-strengthened alloys, 1310, 2107, 
2184 ff, 2187 

high-temperature fatigue properties, 2 1 89 ff 
-, recrystallization, 2203 ff 
Oxides 

-, amorphous, 1296 

-, crystalline, non-stoichiometry, 1296 ff 
Oxide stability, 1293 ff 

- (of) mixed oxides, 1314ff 

Packing densities (atomic) in elements, 12 
Pair distribution function, 1769 ff 
Particle drag on grain boundaries, 889, 1443 
Particle hardening, see also “Dispersion- 
strengthening” and “Hardening, precipitation-” 
macroscopic behavior, theory, 2 1 82 ff 
particle shearing, 2044, 2048, 116, 2194 ff, 
2201 

threshold stress, 2185 ff 
Pauli exclusion principle, 48 
Peach-Koehler force, 1836 ff 
Pearlite, 1564, 1570 ff, 1600 
Pearson (structure type) symbol, 223 
Peclet number, 7 14 ff, 733 
Peierls barrier (stress), 1843 ff, 1 894 ff 
Pencil glide, 1585 

Penrose tiling, see “Quasiperiodic tilings” 
Peritectic, see “Phase diagrams” 

Peritectoid, see “Phase diagrams” 

Permalloy, 2536 

Periodic table of the elements, 14, 54 ff 
Persistent slip bands, see “Fatigue” 

Perturbed y-y angular correlation, 1636, 1638 
Phase (interphase) boundary, 453 ff 
-, limiting slope, 488 
-, metastable, 699 ff 


Phase diagrams, 472 ff 
-, binary, 472 ff 

calculation from thermodynamic input, 495 ff 
— , optimization of phase boundaries, 496 ff 
— , ternary and multicomponent systems, 

5 16 ff 

classification, 482 ff, 524 ff 
compilations, 530 
computer-coupled analysis, 495 
-, constant-composition section, see 
“temary-isopleth (section)” 

-, eutectic systems, 480 ff 
— , ternary, 507 
extension rule, 493 
gaseous phase in, 503, 519ff 
interdiffusion, use of for measuring, 529 
invariant reactions, nomenclature, 515 
-, iron-carbon, 1565 
-: law of adjoining phase regions, 513 
-: measurement techniques, 525 ff 
-, metastable, see “Metastable phase 
diagrams” 

-: miscibility gaps, 478 ff 
-, monotectic, 483 
-, multicomponent, 514ff 
-: peritectic, 483 ff 
— , ternary, 508 
-: peritectoid, 493 
-, with potentials as axes, 5 1 8 ff 
-: quenching techniques, 528 
-, syntectic, 485 
-, ternary, 503 ff 

— : isopleth (section), 512 
— : isothermal sections, 509 ff 
— : polythermal projection, 506 
-: thermal analysis, 526 ff 
-: thermodynamic interpretation, 443 ff, 474 ff 
-: tie-lines, 473 
-, topology of binary, 492 ff 
-, topology of ternary, 5 1 1 ff 
-: two-phase fields, extrema in, 477 
-: zero phase-fraction lines, 515 
Phase equilibria, 472 ff 

-: equilibrium constant, 426 
-, heterogeneous and activity measurement, 464 
- in a one-component system, 422ff 
-: stability diagrams, 434 
-: triple point, 424 
Phase morphology, 866 
Phase rule, 450 

-: components, 451 
-: degrees of freedom, 450 
-: species, 451 
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Phase stability, 140 ff, 434 
calculation, 142 ff 

Phase transformations, see “Transformations” and 
“Solidification" 

Phonon modes, 1141 
Phonon spectra 

by inelastic neutron scattering, 1183 ff 
Kohn anomalies, 1185 
Phonon wind, 883 

Phonons, role in diffusion theory, 555 ff 
Photon probe techniques, 994 ff 
Pilling-Bedworth ratio, 1305 
Piobert-Liiders band, see “LUders band” 
Piston-and-anvil quenching, 1749 
Pitsch orientation relationship, 1572 
Planar flow-casting, 1749 ff 
Plastic deformation ( see also “Deformation”, 
“Dislocations” and “Slip”) 
activable cluster, 1887 ff 
activation area for dislocations, 2180 
activation parameters for plasticity, 1891 ff, 
2180 

activation time, 1884 

activation volumes, apparent and true, 2180 
amorphous alloys, 1796 ff 
-, asymmetric, bcc metals, 
athermal stage, 2180 
cyclic and monotonic deformation 
compared, 2336 ff 

critical resolved shear stress for glide, 

1885 ff 

- in presence of diffusion, 1957 ff 
instability in tensile deformation, 1949 ff 
jump experiments, 1892 

kinking, 1912 ff 

- resulting from dislocation glide, generalities, 

1881 ff 

stress-strain curves, see “Stress-strain 
curves” 

thermally activated, 1887 ff 
Plasticity 

-, continuum (phenomenological), 1946ff, 
2698 ff 

— : Mohr diagram, 2129 ff 
— : von Mises condition, 1946, 2590, 

2698 

Plutonium 

allotropy, 34, 44 
Pnictides, 36 
Point defects, 1 622 ff 
-clusters, 1 180 ff 
-: condensation, 896 


- created by intersecting dislocations, 1904 

- created by moving grain boundaries, 896 ff 
-: effect on precipitation, 894 ff 

-: emission during fatigue, 2331 
-: lattice, 894 

-, small-angle scattering from clusters, 1180 ff 
-, X-ray scattering by, 1 136 ff. Point 
compounds, 206 
Poisson’s ratio, 1880 
Polarized-light microscopy, 956 ff 
Polysynthetic twinning, 2096 ff 
Pole figures, 2456 ff 

Polishing, metallographic, see “Metallography” 
Polycrystals, plastic deformation of, 1940 ff 
Polygonization, 241 Off 
Polymer science, 2663 ff 

alloys (blends), 2682 ff 
— : critical solution temperatures, 2685 
— : entropy and enthalpy of mixing, 

2683 ff 

— : polymer-polymer miscibility, 2684 ff 
-: amorphous polymers, 2665 ff 

— , chain conformations (structures), 

2730 ff 

— : chain conformations and solvent 
effects, 2733 ff 
— : chain statistics, 2732 ff 
— , textures in, 2677 ff 
— : viscoelasticity model, 2729 ff 
-: annealing of polymers, 2671 
-: chain folding, 2670 ff 
-: concept of crystallinity with respect to 
polymers, 2668 ff 
-: conjugated polymers, 2713 ff 
-: copolymers, 2689 ff 

— , block, , 907 ff, 2689 ff 
— , random, 2691 ff 
-: crazing, 2707 ff 

— : anisotropy of craze initiation, 2710 
— : craze criteria, 2707 
— : environmental effects, 2710 
— , microstructure and mechanisms, 27 10 ff 
— , propagation, 2709 ff 
-: crystal thickening, 2671 
-: crystals, single, of (poly)diacetylene, 2672 
-: crystallinity, percentage, 2670 
-: crystallization, sluggishness of, 2668 
-: deformation (plastic) of polymers and 
metals compared, 2692 ff 
-: director, 2679 
-: drawing of polymers, 2697 ff 
— : natural draw ratio, 2697 
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equilibrium diagrams, see “phase diagrams 
of polymeric systems” 
electrical conduc tion, 2712 ff 
— , conjugated polymers, 2713 ff 
— , applications, 27 1 8 ff 
fibers, 908, 2700 ff 
— , conventionally drawn, 2703 ff 
— , high-performance, 2705 
— , Kevlar, 2672 
— , microstructure, 2704 
— , theoretical axial modulus, 2700 ff 
fibrils, 2673 
glass transition, 2720 ff 
— , control, 2724 ff 
— , interpretation, 2725 
— : melt or rubber?, 2725 ff 
liquid-crystalline polymers, 2705 
lyotropic phases (systems), 2667, 2687 
naming of polymers, 2668, 2669 
non-periodic layer crystals, 2692 
phase diagrams of polymeric systems, 

2684 ff 

(poly)acetylene, 2713 ff 
— , band structure, 2714 
— , polarons, 2717 
— , solitons, 27 1 5 ff 
(poly)ethylene 

— : modification of crystal morphology, 
2672 ff 

— : relationship to diamond structure, 
2702 

polymer-solvent systems, 2686 ff 
relationship to physical metallurgy, 2664 ff 
rubberlike elasticity, 2735 ff 
— : affine deformation of a network, 2735 
— bond rotation in real chains, 2731 ff 
— : dependence of entropy on strain, 

2737 ff 

entropy spring concept, 2736 
— : high-strain anomaly, 2739 ff 
— : stress-strain curve, 2738 ff 
rubbers, 2725 ff 
— , structure, 2734 ff 
— , vulcanization, 2726 
semicrystalline, 903 ff 
— : spherulitic crystallization, 905, 2673 
textures of polymers, 2676 
--: orientation functions (parameters), 
2680 

— : rolling textures, 2680 ff 
— : texture (strength) parameter, 2679 ff 


thermoplastics, 2655 ff 
— , amorphous (non-crystalline), 2665 ff 
— , drawing, 2696 
— , liquid-crystalline, 2667 
— , semicrystalline, 2666 ff 
thermosets, 2665 
-: thermotropic polymers, 2667 
viscoelasticity, 2726 ff 
Polymorphism, lOff 
Polytypism, 7 ff , 257, 286 ff, 310ff, 384 
Porod approximation, 1165 
Porosity, 793 ff 

- and gas in melt, 793 ff 

- and sintering, see “Sintering” 

Porous silicon, 933 ff 
Portevin-Le Chatelier effect, 2042 
Positron-annihilation spectrometry 

- and the Fermi surface, 175 

- and interstitials, 1681 

- and vacancy concentrations, 1633, 1636 ff 
Powder metallurgy, see “Hot Pressing”, “Hot 

isostatic pressing" and “Sintering” 

Powder solidification, 679 ff 
Praesodymium, crystal structure, 42 
Precipitate(s) 

-, coherency, 2107, 2109 
-: -dislocation interaction, see Hardening, 
precipitation-” 

- dissolution, 143 1 ff 

-: equilibrium shape, 1380 ff, 1405 ff, 1426 

- -free zones, 895 
grain-boundary migration, 

- growth, 1 393 ff (see also “Growth”) 

- growth instability, 

- growth under stress, 1465 ff 

imaging in the electron microscope, 1067 ff 
incoherent, see “Interface” 

- lattice, 892 

needle morphology, 1396 
-, plate-like, see “Widmanstatten precipitates” 

- reversion, 1433 ff 

-: segregation to interfaces, 1274 ff 
-, semicoherent, see “interface” 

-, shearable, 1898 

-: solute pileup at growing precipitates, 

1 244 ff 

- stress (in and around), 

-, Widmanstatten, see Widmanstatten 
precipitates" 

Pre-precipitation, 1140, 1143, 1 1 55 ff, 1 166 ff, 
1369, 1385, 1485, 1709, 1806 ff, 1861, 2360 



S28 


Subject index 


Precipitation 

- aided by moving dislocations, 889 

- combined with coarsening, 1444 ff 
competitive growth 

— : early stages, 1435 ff 
competitive dissolution of small 
precipitates, before precipitation is 
complete, 1443 ff 
-, discontinuous, 1456 ff 
-, driving forces for, 1365 ff 
-, enhanced by point defects, 894 ff 
growth, see “Growth” 

- hardening, see “Hardening” 

- in nanoporous materials, 915 

- (of an) intermetallic phase, 

thermodynamics, 1367 
-, irradiation-induced, 896 

Johnson-(Avrami)-Mehl kinetics, 1435 ff, 
1788, 2421 

nucleation, see “Nucleation” 
soft impingement effect, 1426, 1435 ff 
strain energy effects, 1383 ff 
-thermodynamics, 1366 ff 
Preferred orientations, see ‘Textures” 

Pre martensitic effect, 1550 
Primary solid solutions, solubility in, 150 ff 
Principle of similitude, 1923, 1928, 1981 
Protection of metallic materials, 1343 ff 
Protective coating technology, 1343 ff 
diffusion coatings, 1345 ff 
future trends, 1354 ff 
laser processes, 1351 
overlay coatings, 1348 ff 
-: physical vapor deposition, 1349 ff 
spraying processes, 1350 ff 
Protective coatings 

-, mechanical proerties, 1353 ff 
-, oxidation and hot-salt resistance, 1351 ff 
-, thermal stability, 1352 ff 
Pseudoelasticity, see “Shape-memory effect” 
Pseudopotential (empty-core), 73 ff, 95, 150 

Quantitative metallography (quantitative 
microstructural analysis), 989 ff 
-: image analysis, 997 ff 
— , automation, 999 
--, instrumentation, 1001 
-: mathematical morph ology, 1014 ff 
-: stereology, 1001 ff 

--: applications, passim, 1001 ff 
— : arrangement parameters, 1013 ff 


— : contiguity, lOlOff 
— : curvature, 1012 ff 
— : grain size, 1006 
— : interface density, 1004 ff 
— : mean intersect area, 1006 
— : orientation of interfaces, 1010 ff 
— : particle size distributions, 1007 ff 
— : planar features in relation to three- 
dimensional variables, 1002 
— : shape distributions, 1008 , 101 1 ff 
— : topological parameters, 1012 
— : volume fraction analysis, 1003 
Quantum numbers, 51 
Quasicrystals (quasiperiodically ordered 
structures), 372 ff 

approximants, 373, 379 ff, 385 
-: external; facets, 400, 405 

higher-dimensicnal approach, 376 ff 
hyperatoms, 385, 392, 403, 407 ff 
-, one-dimensional, 380 
-, orientational order in, 375 
-, structure, 379 ff, 395 ff, 404 
superspace groups, 385, 398 
-, symmetry, 378 
-: tiling, 375, 390 
-, two-dimensional, 380 

X-ray structure analysis of an alloy of 
decagonal symmetry, 388 
Quasi-elastic neutron scattering, 572 
Quasiperiodic tilings, 374 ff 
Quasiperitectic equilibria, 508 

dial (electron) probability density, 56 ff 
Radiation effects, see “Irradiation effects” 
Radius of gyration, 1164 
Rafting, see “Superalloys” 

Random walk motion 

- in a crystal, 546 ff 

- in a glass, 649 ff 
Raoult’s law, 436 

Rapid quenching from the melt, see 
“Solidification, rapid” 

Rapid solidification processing (RSP), see 
“Solidification, rapid” and “RSP crystalline 
alloys” 

-: pseudo-RSP, 1758 
Rare earth metals, see “Lanthanides” 

Rayleigh instability, 880 
Reaction equilibrium in solutions, 447 ff 
Read-Shockley equation, 1870, 2412 
Reciprocal lattice, 68, 1043, 1097 ff 
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Recovery from deformation, 240 1 ff 
aluminum, 2403 ff 

annealing textures, effect of prior recovery 
on, 2418 

cell formation, 1978, 24 1 2 ff 

cell evolution, 1980, 2418 

cell size in relation to flow stress, 1981 

- (in) copper... does it exist?, 2402 ff, 2407 
(role in) creep, 1973 ff 

dislocation density reduction, 1978 
-, dynamic, 1924, 1929, 2003, 2030ff, 2127, 
2408 

— : dynamic secondary recrystallization, 
2486 

fatigue-strain enhanced, 2408 
impurity influence, 2403 
— : iron alloys, complete recovery, 2405 ff 
kinetics, 2405 ff 
— , theories of kinetics, 24 1 7 ff 
-, (of) mechanical properties, 2405 ff 
-, meta-, 2408 ff 
-, ortho-, 2410 

polygonization, 2410 ff 

- (in) steels, 1587 

stored internal energy and its recovery, 

2401 ff 

stress-enhanced, 2406 ff 

Recovery of electrical resistivity after irradiation, 

1 692 ff 

Recovery of electrical resistivity after quenching 
, 1634 ff 

resistivity per interstitial, 1 654 ff 
resistivity per vacancy, 1629 ff 
stage I, 1667 ff 
stage II, 1674 ff 

stage III controversy, 1622 ff, 1636 ff, 1640, 
1670 ff 

-, use to determine volume of vacancy 
formation, 1628 

- (and) vacancy concentrations, 1634 
Recrystallization, 2419f 

annealing textures, see “Annealing textures” 
classification of phenomena, 2400 

- diagram, 2421 ff 

-, directional, 1818, 2205 
-, dynamic, 1999ff, 2453 ff 

grain-boundary migration, see “Grain 
boundary” 

grain growth, 870 ff, 2474 ff 
— , epitaxial, 2491 ff 
— : grain-size distribution, 2476 
— : impurity influence, 2475 


— kinetics, 2476ff 
— : mechanism, 2474 ff 

— (in) nanocrystalline materials, 2479 ff 

— (and) pores, 2642 ff 

— : second phase influence, 887 ff, 2476 

— (and) sintering, 2492 ff, 2642 ff 
— : stagnation in thin films, 2490ff 
— : texture inhibition, 2477 

— : thickness inhibition, 2476ff 

— (in) thin films, 2489 ff 

- kinetics, 1588, 2421 ff 

— : effect of minor solutes on precipitates 
in steels, 1588ff 
laws of recrystallization, 2419 
-, metadynamic, 2164, 2454 

neutron radiation influence, 2451 
nucleation, 2425 ff 
— : models, 2427 
— , oriented, 2427 ff 
— : role of inhomogeneity of orientation 
after deformation, 2428 ff 
— : strain-induced grain-boundary 
migration, 2435 ff 

— nucleation, stimulated, 216, 

— : subgrain coalescence, 2435 ff 
— : techniques of investigation, 2425 
— , twin-based, 2438 ff 

- (of) ordered alloys, 247 1 ff 

— : antiphase domain creation during, 

247 Iff 

— : retardation of grain-boundary 
migration, 247 1 ff 
-, primary, 

— : annealing textures, 2205 
— : critical strain, 2420 
— : growth of grains, see “Grain-boundary, 
migration” 

hot working, see “dynamic" 

— : impurity influence, 2423 ff 
— : kinetics, 1588, 2421 ff 
— : Kronberg-Wilson rotation, 2440 
— : microgrowth selection, 2435 

nucleation of grains, see “nucleation” 
recrystallization-controlled rolling, 2455 
retardation due to recovery , 2424 
-, secondary, 2482 ff 
— : driving force, 2483 
— , dynamic, 2486 

— : role of disperse phase, 2485, 2487 

— (and) sintering, 2492 

— , surface-controlled, 2487 ff 

— texture, 2486 ff, 2488 
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- (and) sintering, 2492 ff 

- (in) steels, 1587 ff 
-, tertiary, 2487 ff 

threshold strain for recrystallization, 2420 

- (of) two-phase alloys, 2158 ff, 2203 ff, 

2463 ff 

— : grain-boundary pinning, 2467 ff 
— : micromechanisms, 2163 ff 
— : misorientation near large particles, 
2125 ff, 2466 

nucleation at particles, 2463 ff 
— : effect of particle spacing, 2161 ff, 

2464 ff 

vacancies in grain boundaries, 2450 ff 
Zener force, 1009, 2159 
Recycling of metals, 1283 ff 
Reduced dimensionality, 900 ff 
Relative valency effect, 147 
Relaxation methods in diffusion measurements, 
565 ff 

Renormalization, 91 
Replacement collision sequence, 1651 
Reversion, 1807 
Rheocasting, 826 ff, 829 
Richard’s rule, 419, 476 
Rigid band approximation, 109, 151 
Rodrigues method, 2460 
Rough liquid-solid interface, 702 ff 
Roughness transition at surfaces, 626 
RSP (rapid-solidification-processed) crystalline 
alloys, 1 809 ff 

aluminum alloys, 1795 ff, 1810, 1812 ff 
steels, 1594, 1809 ff, 1814 ff 
superalloys, 1 8 17 ff 
Rubberlike behavior 

- in alloys, 1542 ff 

- in polymers, 2735 ff 

Samson phases, 314 ff 

Scanning electron microscopy, see “Microscopy” 
Scanning transmission electron microscopy, 

1217 ff 

Scanning tunneling microscopy, see “Microscopy” 

Scheil equation, 715, 749, 751 ff 

Schmid’s law, 1852, 2086 

Schmid sham resolution tensor, 1 882, 1 885 

Schreinemakers’s rule, 511, 513 

Schrodinger equation, 48 

Screw dislocation, see “Dislocations” 

Secondary-ion mass spectrometry, 1215 ff 

Secondary-ion microscopy, 1217 


Segregation 

adsorbate-adsorbate interactions, 1 229 ff , 
1232ff, 1272ff 

- and materials design, 1280 

- (during) austenizing, 1582 
-, competitive, 1272ff, 1281 ff 

complex effect of chromium on, 1272 

- (in) complex metallurgical systems, 1233 ff 
effect on mechanical properties, 1263 ff 
enrichment factor (ratio), 1209, 1222 

— : correlation with solubility, 1222ff 
-, equilibrium, 1202, 1203, 1218ff, 1239 
Fowler theory, 1229, 1231, 1233 
-, free energy of segregation 

— , to grain boundaries, 1221 ff 
— , to surfaces, 1225 ff 
— : temperature dependence of, 1230ff 
grain-boundary segregation, 1202ff, 2271, 
2285 

— (at) asymmetrical grain boundaries, 
1237 ff 

— : composition-depth profiles, 1213, 

1216 

— , computer simulation of, 1238ff 
— : correlation with segregation at 
surfaces, 1240ff 

— (and) grain-boundary diffusion, 1254 ff 
— : micrographic techniques, 1216 ff 

— : grain-boundary segregation diagram, 
1224, 1226 

— at moving grain boundaries, 1248 

— (in) steels, 1214 ff, 1263 ff, 1595, 

1612 ff 

— : orientation effects, 1225 

— (at) symmetrical grain boundaries, 

1235 ff 

- in multicomponent systems, 1234 
interaction of distinct segregants, 1272 

-, interfacial, methods of measurement, 

1209 ff 

interfacial, thermodynamics, 1205ff 
irradiation-induced, 640 ff, 1708 

- kinetics, 1242ff 
Langmuir-McLean theory, 1219 ff 
Maxwell-Boltzmann relation, 1219 

-, non-equilibrium, 640, 1204, 1218 ff, 

1244 ff, 1708 

-, quench-induced, 1245 ff 
site competition, 1232 ff, 1243 
-, stress-induced, 1248 

substitutional segregation model, 1229 
surface,! 225 ff, 1240ff 
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- (and) surface diffusion, 1254ff 
ternary systems, 1272 

- theory, 1218 ff 

— , quasichemical, 1225 ff 
Selenium 

- crystal structures, 26 ff, 38 
Self-diffusion, 572 ff 
Semicrystalline polymers, 903 ff 
Sendust alloy, 2533 ff 
Serrated flow, 1869 

Shape analysis, 1010 ff 
Shape-memory effect, 1 538 ff 
pseudoelasticity, 1541 
— : rubber-like behavior, 1 542 ff 
thermomechanical recovery stress, 1541 
superelasticity, 1541 ff 
— : martensite-to-martensite 
transformations, 1543 ff 
training, 1540 
-, two-way, 1540 

Shear planes, crystallographic, 260 
Shockley partial dislocation, Short-range order, 
see “Order in solid solutions” 

Sigma phase, 178 
Silicon 

-, amorphous, 1729, 1761 
-, liquid, 1729, 1761 

phase change under pressure, 1768 ff 
-, porous, 933 ff 

Silicon steels (ferromagnetic), 1252, 1614 ff, 

2526 ff 

domain configuration, 2528 ff 
gamma loop, 2526 
grain size, 2530 ff 
-, high-silicon, 2533 

magnetic properties, 2526 ff 
— : effect of stress, 2528 ff 

— in relation to deviations from ideal 
grain orientation, 2528 ff 

production methods, 253 1 ff 

— in relation to magnetic properties, 2532 
recrystallization, 2484 

— : grain-oriented, 1614 ff, 2528 ff 
(effect of) surface smoothness, 2531 
Silver-aluminum alloys, 2025, 2029 
Silver-gold alloys, 2024 
SIMS, see “Secondary ion mass spectrometry” 
Single-crystal growth, 809 ff 
Sintered aluminum powder, 2107 
Sintering, 2627 ff 

- (of) amorphous powders, 2638 ff 
densification, 2638 


dislocations, role of, 2632 ff 
driving energy, 2630 ff 
effect of chemical reactions, 263 1 ff 
grain-boundary role, 2632 ff 

- (and) grain growth, 2492 ff, 2642 ff 
-, liquid-phase, 2650 ff 

- maps, 2636 

microstructure development, 2642 ff 

- monosized particles, 2641 

- neck growth equation, 2633 
pore drag and coalescence, 2643 
pore geometry, 2630, 2643 

- porosity, time dependence, 2638 
pressure-sintering, see “Hot pressing” 

(and) secondary recrystallization, 2492 ff 
shrinkage, accelerating and retarding 

influences, 2639 ff 

shrinkage kinetics (equation), 2636, 2640 
numerical approaches, 2640 
shrinkage, local, 2637 
particle center approach, 2635, 2637 
particle size distribution and pore size 
distribution, 2641 
-, pressureless, 2628 
-, solid-state, 2628 ff 

technological outlook, 2653 ff 

- (and) surface energy, 2630 
undercutting, 2635 
zero-creep technique, 2630 

Size factor, 144, 154 ff, 157 ff, 330, 348 

Slip 

- and glide distinguished, 1883 

- band, 

— , persistent, see “Fatigue” 
bcc crystal, 1852, 1907 
coarse slip (in) fatigued alloys, 2043 
-, cross-, 2090, 2123, 2200 
easy glide in fee alloys, 2029 
fee crystal, 1852, 1907 
hep crystal, 1852, 1907 

- irreversibility in fatigue, 2370 
lattice rotation, 1884 ff 

- lines (bands) 

— , pure metals, 1918 ff, 1933 
— , solid solutions, 20 1 3 ff 
overshoot in fee alloys, 2029, 2056 

- planes, 1 852 
-systems, 1852 ff, 1906 ff 

tabulation, 1908 

Small-angle scattering of X-rays and neutrons, 
1161 ff 

alloys, 1 1 66 f f 
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- from dislocations, 1 179 ff 

- from point-defect clusters, 1180 ff 
multiple scattering, 1182 

-: precipitation in aluminum-zinc alloys, 
1166ff, 1486 ff 
Snoek effect, 567 
Sodium, 

Wigner-Seitz theory of bonding, 51 
Sodium chloride structure, hardening, 2038 ff 
Solidification, 670 ff 

amorphous alloy formation, 1728 ff 
-, binary alloy, 709 ff 

cell formation, 725 ff, 731 ff, 754, 765 
cell spacing, 74 1 ff 
collision-limited growth model, 706 
-, computer modelling, 680 ff, 704, 706 
constitutional supercooling, 721 
— , criterion, 724 
constrained growth, 732 ff 
continuous growth of solid, 704 ff, 710 
-, controlled, 679, 681 ff 
convection, 780 

- cooling rates during rapid quenching, 1752 ff 
dendrite formation, 73 1 ff (see also 

“dendrite” and “dendritic growth”) 

-, diffusion-controlled, 714, 717 
-, directional, 679, 681 ff 
disorder trapping, 712 ff 

- (in) drop tubes, 1757 
electron-beam surface treatment, 
equilibrium freezing, 7 14 ff 

-, eutectic, 756 ff 

— : branching-limited growth, 765 
classification, 757 

coarsening after solidification, 878 ff 
— colonies, 765 
— : competitive growth, 765 ff 
coupled growth, 758 
— : coupled zone, 765 ff 
— , divorced, 767 
— : growth rates, 758 ff, 765 ff 
— : liquid/solid interface, 758 ff 
— : lamellar instability, 762 
— : lamellar vs rod growth, 758 
— : modification, 815 ff 
— : non-facetted-facetted, 763 ff 
— , rapid solidification, 768 ff 
supercooling, 761 
facetted growth, 708 
fluid flow, 780 ff 
grain size, 700 
heat transfer, 670 ff 


- (at) high undercoolings, 1756ff 
hypercooling, 1756 
inclusions, 794 ff 
ingot structure, 78 Iff 
interface kinetics, 700ff 
interface temperature, 7101T 
laser surface treatment, 
liquid-solid interface 
— , diffuse, growth, 707 
— , ledged, 1410ff 
— , local equilibrium, 683 ff 
— , non-planar, 720 
— , planar, 714ff, 720 ff 
— , shape, 714ff 
— , sharp, growth, 704 ff 
— , structure, 702 ff 
— in ternary alloys, 754 
-: macrosegregation, see “Macrosegregation” 
microgravity, effect of, 821 ff 
-: microsegregation, see “Microsegregation” 
miscibility gap, 77 1 ff 
-, monotectic, 483, 771 ff 

— , directional solidification, 773 ff 
morphological (instability of planar 
liquid-solid interface, 720 ff, 726 
--: cellular structures, 725 ff 
— : effect of fluid flow, 729 ff 
— : experiments, 725 ff 
— : microsegregation, see 
“Microsegregation” 

-: non-equilibrium freezing 
— : no solid diffusion, 715 
— : partial mixing in liquid, 718 ff 
nucleation of solid, 687 ff, 1756 ff 
-: partition coefficient, 683, 728 

— , dependence on interface velocity, 710 
-, partitionless, 737 
-, peritectic, 775 ff 
--, aligned, 778 
porosity, 793 ff 
-, powder, 679 ff 

predendritic nuclei, 673 
-, rapid, 771, 775, 779ff,820ff, 1724,1748 ff, 
2544 ff 

-, rapid, practical methods, 820 ff, 1725 , 
1748 ff 

— , atomization, 820, 1748 
— , chill methods (including melt- 
spinning, melt extraction, etc.), 677 ff, 
821, 1748 ff 
— : consolidation, 1752 
— : cooling rates in, 1752 ff 
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— : crystalline alloys, see “RSP crystalline 
alloys” 

plasma spraying, 1749 
— : pseudo-RSP, 1758 
— , self-substrate methods, 1759 ff 
spark-erosion, 1752 
— : splat-quenching, 1748 
— : surfaces, 1759 ff 

- rates, direct measurement, 1761 ff 
response functions, 709 ff 
rheocasting, 826 ff, 829 

solid diffusion during freezing, 716 ff 
solidification path, 754 
solute-trapping, 685, 7 12, 770 
subdivided melt method, 693 ff, 1756 ff 
-, ternary alloys, 752 ff 
thermodynamics, 682 ff 
-, weld zone, see “Welding” 

Solid solubility, 136 ff, 145, 150 ff, 485 ff 
Solid solutions, 136 ff 

-, aluminum-base, 182 ff 
-, atomic size in, 154 ff, 159 ff 
classification, 138 ff 
creep, 1969 ff, 2040 ff, 2064 ff, 
deformation twinning, 203 1 ff 
-, dislocation motion in, 1896 

electronegativity influence, 108, 1 14 ff, 147, 
161 

electron phases, 108 ff, 111, 166 ff, 170, 

225 

fatigue, 2043, 2346 ff 

- hardening, see “Hardening” 

-, Henrian, 485 

-, inhomogeneous, thermodynamics, 1481 
-, interstitial, 139, 1561 ff 
-, iron-base, 1 56 1 ff 

— : solubility of carbon in iron in 

equilibrium with different phases, 1562ff 
— : solubility of nitrogen in, 1564 
lattice spacing in, 1 80 ff 
mechanical properties, 2010 ff 
noble-metal based, 1 80 ff 
ordered, 121, 193 ff, 198ff, 252 ff 

- recovery (microstructural), 1979 

size effect influence, see “size factor” 
solubility prediction, 346 
stacking faults in, 191 
thermodynamic properties, analysis, 496 ff 
— , excess properties, 496 
— , optimization, 496 ff 
transition-metal based, 154 
Vegard’s law, 164, 330 ff 


Solid-state amorphizalion reactions, 1764 ff 
Solid-state chemistry of intermetallic compounds, 
206 ff 

Solidus, 473 

Solute drag, 1396 ff, 1478, 1866 ff, 1970 ff, 2018, 
2440 ff 

-, dilute solid solutions, 2019 
-, concentrated solid solutions, 20 1 9 ff 
Solute pumping, 895 
Solute-trapping, 685, 712, 770, 1744 
Solution-softening, 2035 ff 
Solutions, 

- regular, 439 ff 

-, thermodynamics of, 435 ff 
-, activity in, 438 

Sonochemical method of making amorphous iron, 
1763 ff 

Sonoluminescence, 1763 
Space group symbols, 5 ff 
Spallation maps, 1306 

Spectrometry 

-, Auger-electron, 989, 1212 
-, electron energy loss, 1087, 1091 ff, 1217 ff 
ion-scattering, 1214 ff 
photon probe techniques, 994 ff 
positron-annihilation, 175, 1633, 1636 ff, 
1681 

secondary-ion mass, 1215 ff 
Spark-erosion, 1752 
Sphere packing, 7 ff 

Spheroidization of cylindrical inclusions, 880 ff 
Spin waves, 2549 
Spinodal alloys 

magnetic properties, 25 16 ff 

Spinodal 

coarsening (late) stage, 1486, 1489 
-, coherent, 1484 
-, conditional, 1493 

-decomposition, 1167 ff, 1 175 ff, 1369 ff, 

1480 ff, 1581, 2055 
— : fastest-growing wavelength, 1483 
-: role of thermal fluctuations, 1485 
Splat-cooling, see “Solidification, rapid” 

Stability diagrams, see “structure, maps” 

Stacking fault(s), 189 ff, 1 846 ff 
-, complex, 1 850 ff, 2083 

- energy, 189 

--in fee solid solutions, 2030 ff 
— in two-phase alloys, 2046 
-, extrinsic, 190, 1848 
-, intrinsic, 190, 1846 

- in L 1 2 phasses, 2086 ff 
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-, measurement, 190ff 

(in) solid solutions, 191, 1074 

- tetrahedra, 1066, 1839, 1848 

-, superlattice extrinsic, 2099, 2150 
-, superlattice intrinsic, 2088, 2149 
-, twin growth, 190 
Standard molar Gibbs energy, 485 
Standard state, Henrian and Raoultian, 442 
Steels, 1556 ff ( see also “Iron”) 

alloying elements, important, 1557 
-, ausforming, 1609ff 

austenite grain size (prior), 1605 ff 
-, austenitic, 1568, 1610 ff 
bake-hardening, 1597 
brittleness, 

— : caused by impurity segregation, 

1270 ff, 1275 ff, 1281, 1582, 1612 
-, carbides in, 1563 ff, 1569 
continuous casting, 799 ff 
copper in steels, 1601 
deformation, 1583 ff 
-, dual-phase, 1601 ff 

- (for) electrical applications, see “Silicon 

steels” 

-, ferritic, 1568 

hardenability, 1578 ff 
-, heat treatment, 1577 ff 
-, high speed, 1610 
-high-strength low-alloy, 1600 ff 
-: hydrogen embrittlement, 1279, 2217 ff, 
2282 ff 

-: intercritical annealing, 1601 
-, interstitial-ffee, 1594 ff, 1615 
-: iron-carbon phase diagram, 1565 
-, killed, 1615 
-, low-temperature, 1611 ff 
-: magnetic properties, 

-, manganese in, 1568 
-, maraging, 1607 ff 

-: martensitic transformation, see “Martensitic 
transformation” 

-: mechanical properties, 1589 ff 
-: microstructure, 1573, 1575, 1577, 1600 

- (for) nuclear applications, 1613 ff 

— : for fusion reactors, 1614 
-: pearlite, 1564, 1570ff 
-: prior austenite grain boundaries, 1582 
-, rapidly quenched, 1594, 1809 ff, 1814 ff 
rvalue, 1596 
-: recovery, 1587 
-: recrystallization, 1587 ff, 2470 
-: recrystallization-controlled rolling, 2455 


-, rimming, 1615 
solidification, 1615 ff 
-: solid-solution hardening, 1 593 ff 
-: solute partititioning, 1456 
-: stabilization of austenite, 1575 
-, stainless, 1611 
— , fatigue, 2353 
-: strain-aging, 1596 ff 

- strength ranges in different types of steel, 1591 
-, structural, properties of, 1594 ff 

-, super-clean, 1613 

-: tempered martensite embrittlement, 1582 ff 
-: temper embrittlement, 12701T, 1281, 1612, 
2285 ff 

-: thermo-mechanical treatment, 1 609 ff 
-: tool steels, 1610, 1794, 1815 
-: transformation diagrams, 1577 ff 
-: transformation reactions, 1570 ff 
-, transformer, see “Iron-silicon” 

-, ultra-high-strength, 1607 ff 
-, ultra-low-carbon, see “interstitial-free” 
Stereology, see “Quantitative metallography” 
Stokes-Einstein relationship, 1798 
Stoner criterion, 124 

Strain hardening, 1862, 1913 ff, 2049, 205 (.see 
also “Stress-strain curves”) 

- of alloys with small particles, 21 15 ff 

- of metal-matrix composites, 2592 ff 
Strain localization, 1949 

Strain rate, effective, 2003 ff 
Strain softening, 1939 ff 
Stress-corrosion cracking, intergranular, 1276 ff 
Stress relaxation 

-: dispersed-phase and precipitation- 
strengthened alloys, 2126 ff, 2179 ff 

- in metal-matrix composites, 2594 

- in polymers, 2728 

-, used to determine activation volumes for 
plastic deformation, 2180 
Stress-strain curves, 1915 ff, 2010ff 
-: bcc crystal, 

-: Considfere’s criterion, 2694 ff 

-: critical (resolved) shear stress, 1885 ff, 1926 

-, cyclic, 2300 ff, 2308 ff 

— compared with monotonic deformation, 
2336 ff 

-: easy glide, 19 15 ff 

-, fee crystals (solid solutions), 201 1 ff, 

2023 ff 

— : dynamic recovery, 2030 
— : effect of temperature, 2012, 202 Iff 
— : linear hardening, 2029 ff 
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hep metals, 1916 
latent hardening, 1932 
-, metal-matrix composites, 2603 
-, multiphase alloys, 21 13 ff 
polycrystals, 1940 ff 
— , relation to stress-strain curves of 
single crystals, 1943 ff 
— : Sachs average, 1942 
— : Taylor factor, 1942 ff 
— : Taylor model, 1943 
-, rubbers, 2739 ff 

stage I, 1915 ff, 1926, 2113 
stage II, 1916ff, 1926 ff, 2029 ff, 2113 
stage III, 1916ff, 1929ff, 2113 
— , solid solutions, 2012, 2030 
stage IV, 1917 ff. 1930ff 
stage V, 1917 ff 
-, superalloys, 2146 

theoretical models, 1924 ff 
-, true, 2694 

-, two-phase alloys, 2112 ff, 2127 
Stretcher strains, 1597 
Structure (crystal) 

-, alternative graphical representations, 218 
axial ratio, see “Axial ratio” 

-, binary alloy phases, 102 ff 

-, intermetallic compounds, 206 ff, 2141 ff 

-maps, 102 ff, 345 ff 

-: nomenclature, 13 ff 

-, prediction, 2 

-: simple metals, 2 ff, 95 ff 

-: size-factor influence, see “Size factor” 

-, silicon, 99 ff 

- stability 

— , elemental metals, 95 ff, 488 
valence effect, see “Valence compounds” 
Strukturbericht symbols, 226 ff 
Subgrain(s) 

- boundaries, see “Creep”, “Dispersed-phase 

alloys” and “Recovery from deformation” 

- coalescence, 2435 ff 
Sulphides at surfaces, 1311 ff, 1318 ff 
Superalloys, 2142 ff 

coalescence of the precipitates, see “rafting” 
-, deformation mechanisms, 2147 ff 
-, dislocations in, 2048 
-: duplex structures, 2165 
-, grain-size effects, 2168 ff 

— , dependence on y’ fraction, 2172 
-: micromechanisms of plasticity, 2190 ff 
-, microstructure, 2076 


-: multiphase precipitation hardening, 2165 ff 
-: persistent slip bands, 

-: plasticity of the y matrix, 2196ff 
— : dislocations in matrix corridors, 

2200 ff 

-: rafting, 2157ff, 2182, 220 If 
-, rapid-solidification processed, 

-: resistance to coarsening, 878 
-: secondary recrystallization, 

-: single-crystal plasticity at intermediate 
temperatures, 2198ff 
-, stress-strain curves, 2146 
-, temperature dependence of flow stress, 
2147 

Supercooling, see "Undercooling" 
Superdislocation, 2056 ff 
Superelasticity, 1541 
Superlattice (superstructure), 140, 248 ff 
-, long-period, 195ff 
-, semiconducting, 902 ff 

- stacking faults, 22088, 2099, 2149ff 

- types, 194ff 
Supermalloy, 2536 
Supeiparamagnetism, 2513 
Supeiplasticity, 1997 ff 

- mechanism, 1998 ff 

- of nanocrystalline ceramics, 928 ff 
Supersaturation, 1377 

Surface 

- analysis techniques, 1211 ff 

- concentration, 453 ff 

- diffusion, 626 ff, 977 ff 

— : effect of adsorbed elements, 1254 

- enrichment ratios, measured and predicted, 

1229 

- free energy, 1210 

— as affected by segregation, 1249 ff 
-microchemistry, 1202 ff 

- premelting, 978 
-protection, 1 292 ff 

- segregation, 454, 1202 ff, 1225 ff 

— : correlation with grain-boundary 
segregation, 1240 ff 

- structure, 626 ff, 977 ff 

— by X- ray diffuse scattering, 1 139 

- tension, 456 

-: thermodynamics, 453 ff 
Surfaces, rapid solidification processing, 1759 ff 
Synchro-shear, 2151 

Synchrotron radiation (X-ray) sources, 1121, 
1123, 1 1 69 ff 
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T antalum-rhenium alloys, 2035 
Taylor factor, 1942, 2345 ff 
Taylor lattice, 2314ff, 2317 
TD (thoria-disperse) nickel, 2109, 2139 ff, 

2160 

Tellurium 

- crystal structures, 26 ff, 38 
Temper-brittleness, 1270 ff, 1281, 1612 
Tempering of martensite, 1579 ff 

Tensile deformation, see “Plastic deformation” 
Ternary composition triangle, 503 ff 
Textures (see also “Mesotextures”) 

annealing, see “Annealing textures” 

-, casting, 784 

-, deformation, 1943 ff, 2455, 2459 

orientation functions (polymers), 2680 ff 
orientation distribution functions, 2456 

- (of) polymers, 2676 ff 

- (and) r value, 1596 

secondary recrystallization, 2486 ff 
-, wire-, in metals, 2675 ff 
Thermal cycling, 884 

Thermal expansion of metal-matrix composites, 
2609 ff 

Thermal gradients, 612 ff, 883 ff 
Thermobalance, recording, 1327 
Thermobaric quenching, 1768 
Thermochemistry, metallurgical, 4 17 ff 
Thermodynamics, 

ideal behavior, 442 
laws of, 414 ff, 419 
-, metallurgical, 414 ff 

- of irreversible processes, 539 
Thermomechanical treatment of steels, 1609 ff 
Thermomigration, 611 ff, 615 
Thixocasting, 829 

Thompson tetrahedron, 1846 
Thomson-Freundlich equation, 460 
Thorium 

- crystal structure, 39 
Threshold stress, 2185 ff 
Tie-line, 473 

Tight-binding approximation, 64, 77 
Tilt boundary, 1078, 2413 

- mobility, 2415 

Time-temperature-transformation diagrams 
steel, 1455 ff 
Tin 

- crystal structures, 25, 35 
unusually large atomic radius, 25 

Titanium 

allotropy, 19 , 24 


Titanium aluminides 

-, dislocation cores in, 2099 ff 
phase equilibria, 2095 ff 
TiAl, mechanical properties, 2093 ff 
TiAl/TijAl two-phase alloys, 2094ff 
— : two-phase 'single crystals’, 2096ff 
T a curves, 686 ff 
Tool steels, see “Steels” 

Topochemical investigative techniques, 989 
Toughness, 2213 , 2238 
Trace elements, 1202ff 
Transformation-toughening, 2286 ff 
Transformations in the solid state (see also 
“Precipitation”) 

-, athermal, 1508 

charge-density waves, 1548 ff 
-continuous, 1451, 1480 ff 
-, (of) highly defective phases, 868 
-, diffusive, 1364ff 
-, discontinuous, 1451, 1456ff 
— : lamellar spacing in, 1460ff 
-, displacive, 1364, 1532 (see also 
“Martensitic transformation” 

— , diffusional-displacive, 1545 
driving forces, 1365 ff 
-, eutectoidal, 1451 ff 

experimental techniques, 1372 ff 
-, first-order, 1371 

- growth, see “Growth” 

-, higher-order, 1371 

-, incommensurate, 1549 ff 

- involving long-range diffusion, 1400 ff, 1418 ff 
-, irradiation-induced, 643, 1709 

-, martensitic, see “Martensitic transformation” 
-, massive, see Massive transformation” 

-, nondiffusive, see “Martensitic 
transformation” 
microstructural, 866 ff 
nucleation, see “Nucleation” 

(associated) plasticity, 1880 ff 
problems, outstanding, 1495 ff 
precursor phenomena, 1 140 ff 
recrystallization reactions, 1379 
-, reconstructive, 1364, 1532 
-, spinodal, see “Spinodal" 

- (in) steels, 1570 ff 

-, thermoelastic, 1527 ff 

- toughening, 2286 ff 
Transformation-induced plasticity, 1536 ff 
Transformation diagrams, 1577 ff 

-, continuous-cooling, 1578 
-, isothermal, 1578 ff 
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Transformer steel, see “iron-silicon” 

Transition bands, 2432 ff (see also “Deformation 
bands”) 

Transition metals 

atomic sphere approximation, 79 
-, atomic radii and volumes, 15 ff, 18, 94 
band structure, 77 ff 
bulk properties, theory, 90 ff 
cohesive energy, 93 ff 
crystal structures, 1 8 ff, 99 ff 
energy levels, 55 

heats of formation, calculation, 1 12 
hybrid bands, 82 ff 

-, intermediate phases based on, 178 ff 
lattice spacings in solid solutions, 184 ff 
magnetic properties, theory, 122 ff 
solid solutions based on, 154 
-, valence states of, 149 
Wigner-Seitz radius, 94 
Transmission electron microscopy, 1034 ff 
-, analytical, 1086 ff 

— : beam-spreading, 1090 
--: electron energy loss spectrometry, 
1087, 1091 ff, 1217 ff 
— : error correction, 1090 ff 
— : thin-film approximation, 1089 ff 
— : spatially resolved valence electron 
energy loss spectrometry, 1112 
bend contours, 1049 
-: bright-field image, 1036 
-: charge-coupled device cameras, 1111 
convergent-beam diffraction, 1040ff, 1111 
-: dark-field image, 1036 
-: diffraction contrast, theory, 1042ff 
-: dislocations 

— imaging, 1056 ff 

— : Burgers vector, determination, 1061 ff 
— : dipoles, 1059 ff 

— : dislocation density, determination, 1062 
— : dislocation distribution, 1921 ff 

— (of) dislocations in fee alloys, 2014 ff 
— : dislocation-particle interaction, 2047 ff 
— : g.b product, 1057 ff, 1063 

— : loops, 1063 ff 
— : strain contrast, 1054 ff 
superdislocations, 1110 
double diffraction, 1038 ff 
-: dynamical diffraction theory, 1044 ff, 1052 ff 
— : absorption, normal and anomalous, 
1046 ff 

— : column approximation, 1050 
— : image intensities, 1047 ff 


— : Pendellosung, 1047 
— : thickness contours, 1047ff 
electron energy loss spectrometry, see 
“analytical” 
excitation error, 1044 
extinction length, 1044 
-: field-emission guns, 1035 

foil thickness measurement, 1042, 1090 
Frauenhofer diffraction, 1096 
grain-boundary images, 1075 ff 
-, high-resolution, see “High-resolution 
electron microscopy” 
imperfect crystals, diffraction, 1050ff 
-: instrumentation advances, 1110 

interface, heterophase, imaging, 1078 ff 
interface, translational (faults, antiphase 
boundaries), 1072ff 
-: Kikuchi lines,969, 1040 
kinematical diffraction amplitude, 1099 ff 
kinematical diffraction theory, 1051, 1094ff 
Moird patterns, 1042 
ordered crystal patterns, 1039ff 

- (applied to) phase transformations, 1373 
precipitates, imaging, 1067ff 

— : black-and-white contrast, 1068 
— : coffee-bean contrast, 1068 
— : matrix contrast, 1068 
— : structure-factor contrast, 1069 
resolution, 1034ff 

scanning (STEM) mode, 1037, 1217 
-: strain contrast, 1042, 1054 
strong-beam image, 1054 
void imaging, 1066 
weak-beam image, 1044 
Tresca criterion, 2698 
Triple point, 424, 450 
Trouton’s rule, 420 
'ITT' diagram, see ‘Time-temperature- 
transformation diagrams” 

Twin 

-, annealing, 897 

— (in) bcc metals, 2479 
— , formation, 2477ff 

- boundary, 1872 
mechanical, 

- (in) ordered alloys, 2065 ff 
-, transformation-, 15 1 7ff 

Twinning 

-, deformation, 1907ff, 203 Iff 

- (in) ferritic steels, 1587 

— : crystallography, 1911 
— : nucleation, 1910 
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-, multiple, 2439 

- (in) ordered alloys, 2065 ff, 2096 ff, 2151 ff 
polysynthetically twinned crystals, 2096 ff 
recovery-twins, 2438 

Two-phase alloys, see 'Dispersed-phase alloys’ 
and “Hardening, precipitation-” 

Ultimate tensile strength, Undercooling, 694, 
697, 1377 

-, constitutional, 721 

-, formation of metastable phases by, 699 ff, 
1729 ff 

- (in) precipitate growth, 1399 
solidification at high undercoolings, 1756 ff 

Uranium 

- polymorphism, 39 

Vacancy(ies), 1623 ff 

- agglomerates, 1642 ff, 1703 
atomic relaxation around, 1624 

- concentration, thermodynamics of, 437 ff 

- concentration, determination of, 1627 ff 
-, constitutional, 1 86 ff , 600 

- (from) dislocation intersection, 1905 
-, di vacancies, 1643 

— , binding enthalpy, calculation, 1627 
-: differential dilatometry, 1 627 ff 

electrical resistivity per vacancy, listing, 
1629 ff 

enthalpy of formation, 

--.calculation, 1623 ff 
— , experimental determination, 1626 ff 
— , listing, 1629 ff 
-: entropy change, 

— , calculation, 1623 ff 
— , experimental determination, 1626 ff 
— , listing, 1629 ff 
-: (in) grain boundary, 2450 ff, 2632 

- interaction with solute atoms, 1644 ff 

- -interstitial interaction, 1651 ff 

— : close pairs, 1653 

- lattice, 894 

- migration 

— , activation enthalpy, 1635 ff, 1639 ff 

- (in) ordered alloys, 1 646 ff 
positron-annihilation spectroscopy, 1633 
properties, listing, 1629 ff 

-, quenched-in, 1 1 69 ff 

- relaxation volume, 1625, 1628 

— , listing, 1629 ff 


- solute binding energy, l644ff 
-, structural, see “constitutional” 

-, thermal equilibrium, 1623 

-: trivacancies, 1643 

- wind, 610ff 

Valence compounds, 139, 322 
tetrahedral structures, 324 
Valence states, 62 ff 
Valence (valency) of metals, 148 ff 
Vapor pressure and activity, 46 1 ff 
Vegard’s law (or rule), 164, 330 ff 
-, deviations from, 164 ff, 330ff 
Vicinal planes, 855 
Virtual adjunct method, 676 
Viscoelasticity of polymers, 2726ff 
Viscosities of molten metals and alloys, 1743 
Void formation, see “Irradiation” 

Volume size factor, see “Atomic size factor” 

Von Mises yielding criterion, 1946, 2590, 2698 

agner-Lifshitz-Slyozov theory of Ostwald 
ripening, 873 ff, 1437 ff 
Warren-Cowley parameters, 1 145 ff 
Water, phase diagram, 425 ff 
Wave function, 51 
Welding, 803 ff 

fusion zone, 803 ff 
-: heat-affected zone, 804 ff 
-: macro- and microstructure, 807 ff 
-: solidification rate, 807 ff 
Widmanstatten precipitates, 1389, 1405, 1396, 
1416, 1418, 1431, 1470 
-, coarsening, 1448 ff 

Widmanstatten ferrite, 1571 
— , formation kinetics, 1474 ff 
-, dissolution, 1433 
Wigner-Seitz 
cell, 76 

-, theory of bonding, 48 ff, 76 ff, 88 
-, radius. 76, 86 ff, 88 
Work hardening, see “Strain hardening” 

Work softening, 1939 ff 
Wulff construction, 1382 
Wulff plane, 1381 ff 

Wyckoff sequence (for crystal structures), 224 

X-ray absorption and scattering 

absorption coefficients, 1 120 ff 
absorption edge, 1121 
angle of total reflection, 1131 
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Bragg peak broadening, 1 132 ff 
Bragg peak intensity (and changes), 1118 , 
1132 ff 

Bragg peak shifts, 1 1 30 ff 
Compton scattering, 1 12 
-detectors, 1130, 1139 
-: diffuse scattering, 1 1 1 8 ff, 

— between Bragg peaks, 1 1 39 ff {see also 
“monotonic Laue scattering”) 

— components, 1 148 ff 

— near Bragg peaks, 1 1 34 ff 

— (due to) point defects, 1664 ff 
extended X-ray absorption fine (EXAFS), 

1183, 1777 
-: fluorescence, 1121 
Honl corrections, 1121 
Huang scattering, 1 1 35 ff , 1147, 1665, 

1673 ff 

- inelastic scattering, 1 126 ff 

— , coherent, 1126 
— , incoherent, 1 1 27 ff 
isomorphous and isotopic substitution, 1771 ff 
line broadening due to plastic deformation, 
1924 

pair distribution function, 1769 ff 
phonon role in inelastic scattering, 1126 

- (from) point-defect clusters, 1136 ff 

peak shifts due to plastic deformation, 1924 
-: radial distribution function, 1770 
-: scattering, 1 1 16 ff 

single-particle scattering function, 
size-effect scattering, 1 1 32 ff 
small-angle scattering, 1161 ff {see also 
“Small-angle scattering...”) 
spurious radiation, 
surface sensitivity, 1131 ff 
-: thermal diffuse scattering, see “diffuse 
scattering” 

-: X-ray photoelectron spectroscopy, 1213 ff 
X-ray sources, 1121, 1128 ff 
-: X-ray topography, 988 

Zwischenreflex scattering, 1139 

Y ield anomaly, see “Anomalous flow behavior 
in LI 2 phases” 

Yield, discontinuous (yield phenomenon) 

- in fee solid solutions, 2028 ff 

- in lithium fluoride, 1938 ff 

- in non-ferrous metals, 1939, 194 1 

- in polymers, 2695 ff 


- in semiconductors, 1938 

-in steels, 1585 ff, 1596 ff, 1869, 1938, 

2053 ff 

- (due to) strain softening, 1939 ff 
Yield stress 

- (in terms of) continuum mechanics (yield 

criteria), 1946 ff 
— : Mohr diagram, 2129ff 
— : (for) polymers, 2698 ff, 2709 
— : von Mises condition, 1946, 2590, 
2698 

— : Tresca criterion, 2698 
critical resolved shear stress for glide, 

1885 ff 

-, dependence on cell (subgrain) size, 1930 ff, 
1981, 1984, 2416 

dependence on dislocation density, 1925 
-, dependence on grain size, 2168 ff {see also 
“Hall-Petch relationship”) 

-, dependence on mesh length, 1923 
dependence on order, 2059 ff 
-, Fleischer-Friedel theory, 1903 
forest dislocation cutting, 1903 ff 
-, Labusch, 2020 

-, mechanisms determining, 1 894 ff 
— , extrinsic, 1 896 ff 
— , intrinsic, 1894 ff 
metal-matrix composites, 2584 ff 
particle resistance, 1897 ff 

- of polymers, 2693 
solute resistance, 1896 
superposition of different resistances to 

plastic deformation, 1905 ff 
threshold stress, 2185 ff 
Young’s modulus, 1880 

Zener relationship, 1009, 2159, 2467 ff. 2642 

Zener relaxation, 567 ff 

Zero creep technique, 1210, 2630 

Zinc, recovery from deformation, 2401 ff 

Zinc group metals 

- crystal structures, 21 ff 
Zintl phases, 225 ff 
Zirconium 

purification by electromigration, 619 
fast diffusion, 595 
allotropy, 20, 24 

Zone-hardened Al-Cu alloys, 205 1 
Zone-melting (zone-refining), 7 19 ff 
Zone-refined iron, 1588 







Colour picture on front cover: 

Simulation of an alloy dendrite growing into a supercooled 
liquid using the phase-field method. The colours show 
variation of composition (atomic fraction Cu) in the liquid 
and solid for parameters approximating a Ni-Cu alloy 
with 0.41 atomic fraction Cu. See ch. 8, par. 7.5 
(Courtesy of William ). Boettinger and James A. Warren). 
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